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A H H 0 T a U K R 

nnR peweHHR O.OHOMepHoro ypaBH9HKR Wpe.OKHrepa npe.onaraeTCR perynRpHb!tl: 

M9TO.O, OCHOB8HHb!tl: H8 npHMOM Bbl'iKCIJeHHH S -MaTpHUbl H COXp8HRIOlllHtl: a<i:J<i:JeKTHa­

HOCTb npH 6eCKOH9'iHOM paCTR:a<:9HHK 061J6CTH B38HM0.09ti:CTBHH, KOr.Oa 3T8 o6naCTb 

cTaHOBHTCR >>A. • MeTo.o npHMeHHeTCH K Hccne.ooaaHHIO KaaaHKnacCH'iecKotl: acHMnTo-

THKK na,o6apb9pHOrO 0Tp8:a<:9HKSI .OIISI npOK3BOnbHb!X llOT9HUH81JOB0 noK838HO, 'iTO 9T8 

8C HMllTOTHK8 38BHCHT B lllRpOKHX npe,oenax OT HenpepbiBHOCTH Bb!COKHX npOH3BO.O-

Hb!X llOT9HUHana, 

Summary 

A regular method is proposed for the direct calculation of the S- matrix for the one­

dimensional Schrodinger equation. The method stays effective in case of the wide interaction 

regions > > A and is applied to the investigation of the quasi-classiCal asymtotic behaviour 

of the overbarrier reflection from arbitrary potentials. :The asymptotic behaviour is shown to be 

largely dependent on the continuity of the-high derivatives of the potential. 



I. B B e n e H H e 

0ueHK 8 KBSHTOBhlX a ¢ ¢eKTOB, K OTO p hle 38BHC HT OT n eTanel ITOBene HHH ITOTeH­

UHana B o6na cTH, conep:>Karuel oT HeCKOnbKH X no MHOrHx nnHH a o nH ne-EpolnH, rrpH ­

aonHT K TpynHOCTSIM rrpH perueHHH ypaaHeHHSI WpenHHrepa, T a K KSK HaaecTHhie pery­

nHpHbie MeTOllbl peweHHSI STOrO ypaBHeHHSI 6hiCTpO Tep SI!O T a¢¢eKTHBHOCTb rrp11 pac­

WH peHHH 30Hbl B38HMOneiCTBH5lo 3 TH TpyllH OCTH OK83b!B 810TCH 3H8'fHTenbHbiMH ll8 }Ke 

s onHoMepH~M cny'fae, KOTOp biil: 6yneT o6cy:>Kn a TbCH B H a cToHruel p a6oTe . THITH'fHhiM 

( onHoMepHbiM ) a¢¢eKTOM, rne Hen baSI orpaHH'fHTbCSI paccMoTpeHHeM Manoro y'faCTK a 

llOTeHUHana, SIBnHeTCH Han6apbepHOe OTpa:>K eHHe OT WHpOKH X H rnanKHX llOTeHUH8nb-

/l 2;3 4 / 
HbiX 6 a pbepoa, nnH oueHKH KOToporo 6bin rrpenno:>KeH pHn HeperynHpHhJX MeTonoa ' '. 

I 1 2 3 4/ 
MeTOllbi, Hano:>KeHHbie B pa6oTax • ' ' , rrpHMeHHMbi K noaonbHO yaK oM y Knac-

c y IIOTeHUH8nOB H ll810T TOnbKO KB83HKnacCH'feCKy!O 8 CH Ml1 TOTHKY Koa¢¢HUH8HT8 Han ·-

6 a pbepHOrO OTpa:>KeHHSI ( KolloOo) 0 He II03BOnHH OUeKHTb IIOpSillOK B e nH'fHHbl H C K O p OC T b 

6>.. 
y6biB 8 HHH OT6poweHHb!X qneHOB rrpH CTpeMneHHH rrapaMeTp a K B83HKnaCCH'fHOCTH a=A-

/1/ 
K Hyn10. HaH6onee MHoroo6erua10ruet1: B CMbicne o6ruHoCT!i peaynhTS TOB 6bJna pa6oTa 

rne nnSI ypaaHeHHH WpenHHrepa 6bina rrocTpoeH a npH6nH :>K eHHaH ¢yHKUHH !pHHa 11 Ha.H:­

neHa HeKOTOp8H HHTerpa nbH8SI OUeHKS K.H.Oo K CO:>KaneHH I0 0 TSM He 6binO yK833HO HH 

onHoro K OHKpeTHoro noTeHuHana (xoTH, KaK 6yneT rroKaaaHo , H X cyruecTaye-r uenbi i 

Knacc), nnR KOToporo aTa oueHKa naeT ny'fwae peaynhTBTbi , 'leM rrepB biH 'fneH pHna 

/2 3 4/ 
TeopHH aoaMyiUeHHt!:. B. p a 6oTax • ' 6bin a H at!:neHa acH:MITTOTHKa K.H.o. nnH He-

CKOnbKHX llOTeHUH 8nOB 0 HM910IUHX rrpOCTy!O 8H8nHTH'feC Ky JG CTpyKTypy , ecnH HX ¢op­

M8nbHO paCCM8TpHB8 Tb K8K ¢yHKUHH KOMIIneKCHOrO X • ~3 STOtt CepHH pa6oT HaH6o-

/ 4/ 
nee n106orrbiTHa p a 6oTa , rne rnanKRti: net!:cTBRTenbHbii rroTeHuRan aaM eHHeTC SI aK-

BRBaneHTHBIM eMy KOMIIneKCHbiM IIOTeHUH8nOM 0 KOTOpbltf RMeeT He60nbiUYIO o 6n aCTb 

peaKoro H3MeHeHRSI R nnR ·KoToporo a¢¢eKTH:BHbi o6bi'fHbie perynHpHbie MeTOllbi • . 

B HSCTOSIIUet!: pa6oTe rrpennaraeTCSI perynHpHbii MeTon peweHRH OJ.lHOMepHoro 

ypaaHeHHSI UJpenRHrepa 

cj/' (x) + v (x) t.jJ (x) = 0, ( l ) 

rne v(x) = k2 
(x) = 2 (E- U(x) ) t KOTOpbltf IIpRMeHHM 0 B IIpH:Hl\HIT e, nnH n l06biX v(x) , HO 

H8R6onee · a¢cpeKTKB8H nnH WRpOKRX IIOTeHUK8nbHb!X 6apbepOBo M eTOll OCHOBSH HS 

H9IIOCpenCTB9HHOM Bbl'iHCneHHK S -MaTpHUbl 0 CBH3blB810IUei!: 8Ml1nRTyny II p SIMOH H 

X C 8MIInHTY ll8MR B IIpOH3BOnbHOH TO'fKe X • 
0 I 



, 
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AuanorH'!Hbie MeTO.Ubi, npe.nHa3 H a '!eHHbie .nnH TpexMepHor o cny'!aH, npHae.neHhi a neK-

r ~ 151 
!!HH nayoe p a , O.UH8KO HCnOnb30B8HHble T8M 8MTinHTY.Ubl MOryT OCUHnnHpOB8Tb 

1-18/l< e B Cny'!a e HC'i938IOille Manoro 0Tp8)!{eHH5l, 'ITO 38Tpy.UHSieT IlpHMeHeHHe <=>THX 

MeTu.noa .nnH aHanH3a BCHMITTOTHKH K.H.o. Mbi 6y.neM HCrronb30B8Tb .npyrHe aMnnHTy­

.Uhi , He HMeiOillHe IlpOCTOf'O 3-x MepHOf'O 0606Ill9HHSI, HO 38TO 6nH,3KHe K KOHCT8HT8 M 

BCer.na , KOr.na 0Tp8)!{9HH9 p8BHOM9pHO Mano. 

2. A M rr n 11 T y .n hi 

Ha3oBeM cj:JyHKUHH F (x) 
1 F2 (x) , onpe.neneHHhie paaeHCTBOM 

+1~ 'A - -Y. F; ( x) = ~ e ( v if' + iv tj; ·· ) , 
2 

" ,; = J k (x) dx, (2) 

8MI1nH Ty.U 8MH II pHM OH H 0Tp8)!{9HHOH BOnH. Pa3pewasr (2) OTHOCI1TEi'nbHO 1/J If ~,,' . 
IIMeeM ,; 

ljJ (x) = 
-Y. -v. -1 -c 

v F e + v F e , 
1 2 

ifi'(x) = ivY. F 
,c 

e -t( (3) e"'-ivy.F 
1 2 

Llacpcpe peHUHpyH p8B9HCTBO (2) O.UHH p83 ITO X H Bb!p8 )!{8 5J 38T9 M ~~ 

F; , S npH flOMOillH ( 3) 11 ( J), nony '!89M CHCTeMy ypaBHeHH H 

1/J ' , 1/J "'!epe3 

d F_ (x) ~ F2 (x) e -21 ·~ (x) 

(4) dIn v (x) 

21~(x) d F (x) = y,. F (x) e 
1 dIn v (x) 

Cne.nye T ocTaHOBHTbCH H a MOTHBax aw6opa onpe.neneHHH (2). HarroMHHM TOT 

cPOKT, LITO 8MilnHTy.na BOnHbi, OTpa)!{eHHOH OT TIOT9HUH8nbHOM CTyneHbKH .OnliHOH /1x(<,\ 

II BbiCOTOH t\v<< V , nponopUHOH8nbH8 ~ V H He 38BHCHT OT TO'! H OM cPO p Mbl CTyneHb-

KH . 3TO CBOHCTBO MO/I<HO p8CCM 8TpHB8Tb K8K ycnOBHe TOro, 'ITO BBO.UHMbie HeKOTOpb!111 

cj:JopMO.nbHbiM rryTeM 8MfinHTY.Uhi HMeiOT H a rnH.UHbi tl cpH3H'!ecKui1 CM biCn. Ha MaTeMaTH ­

'!eCKOM 5l3b!Ke 9TO ycnOBHe MO/I<E:T 6b!Tb 38IlHC8HO cne.nyiOWHM o6p830M: 8Mil nHTY.Ubl 

.UOn>K Hbl HMeTb KyCO'IHO-HenpepblBHyiO npOI'I3 BO.UHYIO ITO v(x) 
.Un5l flpOH3BOnbHOrO 



KjC 0 4H O -H Gtlpc•pi>!Bil OJ' OX ) ~"(X) () , , l Oi".l CTLI H OBK<J Ubipi.:lii, GHI!\1 (2 J 13 ilfl:ll~)'l<l '-J iiC'Th 

) 
dF 

CI ! C TBM bl (4 !!OK.13 b ii3L1BT , 4TO npOii 3 BOL1 H b Je -- -- t:teiicTB!iTB!lbH O o6 : JC!J1 . l ill T li Yii.III.J\111 
dv 

CBO HCTB8MH Henpepb! BHOCTH , tV\ 0/h HO !IOK838Tb, 4TO f !I0 6 L>IB 8Ml l !l!ITjD. bl Q t.) , o6oo-l 2 

LU8 10Wli 9 K O HCT8HTbl c
1

, C
2 

B B b!p cl)KBH I~H lJ·', HO CJ! f'l illi 
' free 

H€ITOCT051HH bi X noTBHUH 8 1108, o611 8 JJ.a!01UH:B yn OI\.IHHYTb!M 8b!We C BOH C TB OM JJ.Hc.j H_jJepG lllL!f-

pyeM OC TH no v(x) H yJJ. OBJ19 T8 0pH!OlUHB CHCTBMB yp a 8H BHIIH BHJJ.8 

_ d_¢_1._ 
d ' v 

__ :!__1>__2_ 
d v 

6 /, (x) , 
' I 2 

( 5) 

C0Bll 8J].8!0 T C F, f
2 

C TO'-IHOCTblO JJ.O HBCjLUBCT8€HHblX HOpMHp0804H b!X K O HC T 8 HT, 

!leHCT8!1TBi1bHO , npOH38011bl-lb!H cpy HKUH OH8i1 OT V , H B npepbiBHO nepe>.OJJ. 51 Wl1H 8 

k x + const npH CTpBMJlBHIHI llOTBHUH8J18 K nOCTOSIHHOMy, llMB€T 81-!JJ. {; 4 1) , rne 

1J - rrpoH380JlbH8H cj:J yHKUHH, nucj:Jcj:JepeHnHpyeMaSI no v • Cneno8aTenbHo, 

rne ¢
1 

f 
1 

= e~~'IJ 
1 2 

t/J = ¢ f elf; + ¢ f e -1t; , 
1 2 2 

• Llucj:J d,JepeHUl-1 pys ( 6) no x 

w '= iv'hA,. e1f -i v y, A,. f e-1!;+ _dv [ e1( __ d_ ( A,. -If; d ¥> f ¥> 
2 

¥> f ) + e _____ ( ¢ t ) 1 
· 1 1 2 dx dv 1 1 dv 2 2 

(6) 

H npHHH:M8SI 80 BHHM8HHB KyCO'-IHY!O HenpephlBHOCTb cpyHKUHH 

d __ (c;) f) MLl BHJJ.HM 1 
dv ' 

4TO cyureCTBOB8HHB 
~~' M O>KBT 6biTb o6ecnB'-IBHO TOI1bKO 8 T OM CJ)y'-! a e, BCJ111 8 b !p8)1< B -

HH B B KB8JJ.p8THhlX CK06K8X p88HO HYJllO H 

\1: if 
tfi ' = iv '¢ f e 

1 1 

-I f 
f , 

2 e ( 7) 

T 8 K K 8 K B npOT!18HOM CJlY'-1 8 9 npOH380JJ.H8SI 
v , CjWBCTB OB8 HHB K OTOpOH He npenno -

naraeTCH, soiineT 8 Bbrpa)l{eHHe JJ.1151 if,' . V13 cpa8HBHH51 (6), (7) c (3) o <t e BHJJ.HO, 

'-ITO yp8 8HBHH51 J].1!51 cp
1 

MOr j T 6hlTb ITOI1y'-IBHhl H3 (4) ITOJJ.CT 8 HOBKOH 

2 ~ 
1-1 6yJJ.yT HMBTb BHJJ. (5), TOJlbKO BCllH V f 1= const • 

2 

x) Llanee T 8 KHB cpy HKUIIH 6yJJ.yT H 33b!B8TbC51 KOpOTKO JJ.HC\JcpepeHll!!pyeMb!MH 

no v(x). 
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HeTpy .aHo aaMeniTb, 'ITO ~ , F2 HBnHIOTCH KaK paa Koaci:JCPH UHeHTBMH ITPH 

sonHOB hiX cP YHKUHHX v-"4 e ±,1.; B KBB3HKnaccH'!ec~~:oM ITpH6nH)KeHHH BeHTuenH-KpaMepca-

x)/6 7/ · 
6 pHnni03H8 ' • 3TO ni060ITb!THhiH cP8KT 1 T8K K8K C006pa)KeHHH 1 ne)K81llHe B OCHOBe 

cj:JO p Myn \2) - ( 4) 1 He HMeiOT HH'Iero 061llero C 06hi'IHbiM Bb!BO.UOM KB8 3HKn8CCH'I:eCKI'I'<. 

BOnHOBbiX cP YHKUHH H3 8CHMITTOTH'!eCKOrO paanO)KeHHH ITO CTeiTeHHM fl ( TO'I:Hee 1 ITO 

t>.t.. 
CTeiTeHHM -~..-) • 

3. ~aTpHua pacceHHHH 

3aiTHilleM (4) B M8TpH'IHOH cj:JopMe 

r.ae 

d F = g (~ F % d In v , 

F = ( 
F; 
F ) ' 

2 
15W 

-(0 e -21.;) 
- 21;:: 

e " 0 

~arpHUhi B (,;) ITPH paaHhiX .; He KOMMYTHPYIOT Me)K.ay co6ott. 

PellleHHe ypasHeHHH (8) Mo~eT 6biTb aaiTHCBHo B BH.ae X 

x1 

F(x1 )=X(exp f ~ gdlnv(x))F(x
0

), 

( 8) 

-aKCITOHeHTbl 

(9) 

xo 
r .ae aHaK X -ITpoHase.aeHHH oaHa'!aeT, 'ITO MBTPHUhl g ([! = g [.; (x) J .aon)KHhi 6biTb 

p accrasneHhl B uopH.aKe soapacTaHHH X cnesa HaiTpaso ( HnH y6hiBRHHH x , ecnH 

. /8/ 
X 1 ( X 0 ) • 3aMeTHM, 'ITO ITOHHTHe ynopH.UO.'!HeHHOH 3KCITOHeHTbl 1 BBe.aeHHOe ¢ atiHM8HOM t 

C OBIT 8.[l 8 eT C ITOHHTHeM MynbTHITnHK8THBHOrO HHTerpana f ( l + f(x) dx ) , BBe,aeHHblM 

B 1887 ro.a y BonbTeppa H oaH8'18IOlllHM 6ecKoHe'!Hoe npoHase.aeHHe 

f3 x={3 
n . 

f ( 1 + f dx ) = lim fi ( 1 + f (xi ) /1 X I ) • 
( 10) 

a n~QO x =a 
11x ~o 1 

1 . /9/ 
CsotiCTBf'i MynbTHITnHK8THBHbiX HHTerpanOB no,apo6HO o6Cy)K.U810TCH B MOHOrpacj:JHH • 

x) ~e)K.ay ~ , F2 H aMnnHTY .aaMH BKE ITpH6nH)KeHHH HMeeTcH, ITOMHMO .aP,y­

rHx, cne.ayiOlllBH paaHHua: B BKE npH6nH)KeHHH npH v <0 6epyTCH cP YHKUH H I v-Y.I e ± 1( 

a s (3), (2) aHaK Mo.aynH ITepe.a v:!: '~•orcyrcrsyeT. EnaroaapH aToMy,cornacHo (2))F
1 

,F
2 

B cer.aa HCllhlThlB810T CK8'10K npH nepexo.ae '!e p ea TO'!Ky ITOBOpOT8 H H3BeCTHOe •oT-

CYTCTBHe 8H8nHTH'I:eCKOrO ITpO.UOn)KeHHHu nepecTaeT 6b!Tb IT8p8.UOKCOM. 



7 

nayxpS!LlH8 SI M8TpHU 8 
x1 

s (X 1 I X 0) ~ X ( exp r lf4g dIn v ) I ( 11) 
xo 

npeo6pa3yJOW8H F (x 
0

) a F(x
1
),yHHMonyn!i! p Ha (a c1wy 38KOHa coxpaHeHHSI noToKa 

tr g ~o H MO)KeT 6 h1 Tb pa3no)KeHa a p.11n 

) X1 1 XI 

S=l + 1 Y., gdlnv +[Y.g( ,; ) [~;. g((} dlnv(x 1)dlnv(x)+ .. . ( 12) 
X X o o x1 + 1 ~ 

3ToT p.llLl cxonHTC.Il acerna, Korna cymecTayeT HHTerpan f e_;z ~(x) 
X 

TBK 'ITO ( 9) naeT o6mee peweHHe ypaaHeHHSI WpenHHrepa 
0
( 1). 

dlnv(x), 

He BCSIK8SI YHHMOLlynHpH8.1l M8TpHU8 MQ)KeT 6h1Tb S -MaTpHueif , T 8 K K8K KpOMe 

ycnOBHSI aneMeHTbl S -MaTpHUbl y LlOBneTBOpS!IOT LlBYM LlHqJCpe peHUH -

anbHhlM ypaaHeHHSIM 11 MoryT 6b1Tb Bhipa*eHbi npyr qepe3 npyra. HanpHMep, ecn11 

H3BeCTHbl aneMeHTbl S 
11

, S 
22 

, TO 

S ~ exp ( c + ? S ' 
12 J 22 

Jt 

rne C - npOH3BOnbH8SI K OHCT8 H'P8 o 

5
12 

Ll 8 9TCSI cPOpMynoif 

-1 
S

11 
( S

22 
S

11 
-1) dx ) I 

Ecn11 H3BeCTHhi naa He38BHCHMhiX peweHHSI r/Ja (x) 11 r/1{3 (x) ypaaHeHHSI ( 1 ), 
~a F;f3 

MaTpHua S MO)KeT 6biTb HanHcaHa a SIBHOH c}:lopMe. B aeneM M aTpHUY F-. ( F F ) , r ne 

2a 2/3 
-1 

CTon6Uhi nony'laJOTCSI n o ncTa HOBKOA r/Ja , r/1 (3B ( 2). T o r na S (x 1 1 x" J ~F(x,) F (x
0
). B K8'leCTBe 

npHMepa npHBeLleM S - M8TpHUY LlliSI npS!MOyrOllbHOrO CK 8 'iK8 OT V 0 K V 8 T O'lKe X : 

S(x+0 1 x-0)= ( 

ch Y., ln ~ sh Y., ln _!_.exp ( - 2i( (x) ) · 
Vo Vo 

sh Y. ln~ . exp ( 2if,(x) ) ch Y, In _x_ 
16 V0 

npH HCnOllb30B8HHH M8TpH <lbl 

WHH 8 + "" , D.8eTCSI Bblp8)KeHHeM 

\ F (oo) \2 • 
1 

( 11) CllenyeT f!OMHI1Tb, YTO nO T OK 'i8 CTHU , YXO D.SI-· 
2 

I F
1 

( oo ) \ exp l -2lm[ f,(oo) -((--«>)]I , a He npOCTO 

4, M anoe o Tpi:im:e a H e 

Pa3no*eHHH, nono6Hhle ( 12), none3Hhl K8K 11CTO'iHI1 K n pS!MblX oueHoK S - MaTpH­

Ubl, llOnHOCTbiO He3 1l81{CHMblX OT OUeHOK 06bi'lHOH TeOpHH B03MyWeHHH, HyneBOH qneH 

pHna ( 12), s ,_ 1 , coananaeT c BKE npH6nH*eHtieM. Eonee HHTepeCHbiM npHMepoM, 
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KOTOpbiH 6y .aeT ceH:q ac o6cy)K.Q8TbCH , HB11HeTCH nepBb!ll: •meR, f "f..g dIn V , KOTOpb!H 

X) . 
.aae ;' OUeHK y K09q:JCJ)IfUHeHT8 H a .a6apbepHOf'O OTpa)KeHHH 

R 2ig 11 dIn v ; r e 74 v > 0 . ( 13) 

Ill 
3Ta OUeHK8 6binB BnepBb!e Hall:.QeHa B , T.Ue, K8K y )Ke ynOMHH8110Cb Bb!We, He 6bin i!l 

BbiHCHeH£1 ee o6naCTb npHMeHHMOCTH. Bon poe 0 CBOHCTB8X OUeHKH ( 13) CT811 ewe 6o-

12 31 ' 
nee TeMHbiM llOClle p a 60T ' 1 r.ae 6hinO Bb!CK838HO He060CHOB8HHOe yTBep)K.Qe HHe, 

'iTO ( 13) He ,aaeT HH'ief'O HOBOI'O no Cp8BHeHHID C nepBbiM qneHOM pH.U8 TeopHH B03-

MyWeHHH . 

H ai!..aeM .aocTaTO'iHOe ycnoBHe npHMeHHMOCTH oueHKH ( 13). OrpaHH'iHMCH cnyqa-

eM , K0f'tl8 OTp8)KeHHe paBHOMepHO M8110 1 TO eCTb 

X 2i /: 
I R (x) I = I f e , "A d In v I < p « l 

Tor.aa , KOK MO)KHO nOK838Tb HHTerpH pOB8HHeM no 'i8CTHM MHOf'OKp8THbiX HHTerp81lOB 1 

COCTBBllfllO lUi.lHX OCT8TOK pH.Ua ( 12) , 

I S - R I < p 
2 

'f2 f I d In v I 
21 (14) 

Tpe6yH, 'iT06hi a6C01l!OTH8H rrorpeWHOCTb OUeHKH R H e npeBbiWana oueHHBaeMoll: 

BellH'iHHhl, npHXO.UHM K .UOCT8TO'iHOMy YCllOBH!O 

-1 

e = IRI p 2 'f2 fld invl <l, (15) 

rr p11 BhmonHeHHH KOToporo oueHKa ( 15) rrpHMeHHM8 K noTeHu Hany v • YcnOBHe ( 15) 

He 9KBHB81leHTHO YCllOBH!O KB83HK118CCH'iHOCTH, 'iTO OC06eHHO 38MeTHO B .aaneKO~ KB83H­

K11 8CCH'ieCKOi!. o6naCTH, HO 06Cy)K.Q 8 Tb 9TOT BOllpOC Mbl ll0K8 He 6y.UeM. 

BapHBUHH norapH¢Ma v fldinvl = V!Invl, BXOtlHWBH B (15), Be.aeT 

ce6SI KBK "'2 In vmsx H B cnyqae p
2 <<1 RI He MO)!{eT HapywHTb (15)

1
.a a)Ke ecnH vmex 

vmln 
B .aecHTKH pa3 rrpeBhiwaeT Vmin • TaKHM o6pa3oM, oueHKa ( 13) MO)!{eT npHMeHHTb-

cs:I K TIOTeHUH8118M v(x) , KOTOpb!e BeCbM8 .aaneKH OT llOCTOHHHb!X H KOT0pb!6 He Mo­

f'yT paCCM8TpHB8TbCSI MeTOtl8MH TeOpHiJ: B03MyWeHHH. B KaqeCTBe KOHKpeTHOf'O npHMe­

p a yKa)!{eM rroTeHuHan v(x) (pHc. 1 ): 

x) EcnH noTOK qacTHU na.aaeT cneBa, tjJ = exp (ig) , TO 8MIT11HTY .a a oTpa)KeH-
In - 1 

HOH B011Hhl ,aaeTC H MHHYC M8TpHqHb!M 91leMeHTOM S ; t/J = -S, 1 S .2.2 exp(-i(} o!- Rexp(-if} , 
21 ret/ ~ 
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X -oo,O Q ,xi lx
1
,x

1 
+ 2 x

1 
+ 2, x

1
+ 2 + X 2 

x
1
+ 2 +x 2 ,oo 

} 

-2 
v(x) 1 ( 1- 2p

1 
X ) 25 ( 1 + 2p (X + 2 + X - X )] 

1 
2 1 2 

= _1_· In 5 p = - -rio In 5 ; X = 2 \ p \ 
-1 

r.lle 
PI 80 2 1 0 1,2 -:;- 1,2 

no.llC"'IITbiB8S'I 

21f 40 21~ 110 
2 1f 2 1.;(0) R=e ~(O)(Je pdf,+ ( e ' p dc ) = e ( -0,01 399 .. . + i0,"01206 ... ) 

1 2 ° 
0 50 

1 
II oueHHB8S'I "'HCl!eHHO p "' 30 , y6e :»<,[lae MCH, 'I TO e "' 0, 2 < 1 ~ H H 8 ll:,[l e HHO e R MO)KeT 

cny:»<HTh oueHKoll: .lll!H S 
21 

• .LlnH cp a sHeHHH rr p n s e .lleM 3H8"leHn e S 21 , rr ony q eHHOe To'! -

Hb!M peWeHHeM ypasH e HHH ( 1 ): S = e21·; (OJ 
21 

(-0,01404 . .. + i0,01210 ... ). 

Ecnn oTpa:»<eHHe cHl!bHO, pH.ll ( 12) Mo:»<eT cxo.llHTCH Me.nneHHO. B 3TOM cnyqae 

OllHIIM H3 CITOC060B ITOliY"leHHH S -MaTpHUb l B BH,[le 6biCTp0 CXO.ll H lUHXCH p 83liO )Ke HHM 

MO:»<eT Cl!y:»<HTb Cl!e.llyiOLUHll: MeTO.ll MO,!lel!bHbiX riOTeHUH 8 l!OB . 

Bo3bMeM a KaqecTse He38BHCHMoro rr e peMeHHoro ¢a3y ,; • B .ll 8 l!bHeH:w eM 1 ecm1 

B HeKOTOpOM Bblp8X<eHHH yqaCTByiOT O,[lHOBpeMeHHO HeC KOl!bKO riOTeHUH 8 liOB w
1 

(,;) 1 II" 

2

((} > 

TO ~)K,[lb!ll: paCCM8TpHBaeTCH K8K cPYHKUHS'I cso ell: c o6C TBe HHOM cP83bi: w(IJ(8= v( l)( ;, (IJ) , 

~= J j;f'i dx , rrpH"leM .llliH 3HaKorrepeMeHHbiX w rrpe .orron a !"aeTcH , 'ITO coor-
r'.lle 

seTCTByiOLUHe KOMITl!eKCHbie cPa3bl rrpHHHM8IOT O.llHO H TO :»<e MHO:»<eCTBO 3H8'!eHH M H 

ynopH.llO"'BB6HHe no X 3KBHB8l!eHTHO' yrropR.llO"'HB8HHIO riO \ ~ \ • 

HarrHweM ro:»<.oecTBO 

~~ ( d In w (
2
! ((,} + 

( 16) 

~I 

+ d In 
w( I) ( /:\ (2) 

S ' ) = S ( f, , ~ ) X exp 
w(2) (.;} 1 o 

r ( s (2) (.; , eo 
~ 

0 



'1 '::llld 

X 0 

01 



II 

r .ne 
(2) 

$ 03H&qaeT S - MaTpwuy D !!H llOTBH!.lHB!lB W(l) H KOTOpOe nerKO DOKB38Tb
7 

3BrrHChlBBH X - aKcnoa eaTy B Bw.ne rrpoW3Be.neHHH (JO ). Vl3 (16) oqeBHDHO, qTo ecriH 

d 1n(2{f) w(1J (2) 
d/f ' t TO ITOTeHuHB!lbl H W 9 KBHBBJieHThl 0 TO BCTb HMBIDT 

pasabre MaTpHUhi p a cceHHHH S (~ 1 , .; 
0

) • 

n W (2) (,,~ 
orryCTHM, qTo ITOT8HUHB!l ~~ HCllO!lb3yBTCH B KaqeCTBB MODB!lbHOr O H 

.nnH aero S -Ma Tpwua H3BBCTHa. Pa3naraH CTOHWyro B rrpasoil qacTw ( 16) X -aKcrro-

HBHTy B pHD, 8H8JIOrHqHblll ( 12), HMBBM 

~ 
'1 

( 1) 

s<lJ U;
1 

, f, 
0 

) = S<
2
> (~ 

1 
, f, 

0 
)+ { S(2\; 

1 
, ~) g (~ S<

2
> U;, f,

0
) % dIn 

w (.;') 
+ .... ( 17) 

,C 

'o 
w(2J (,;') 

8 W (2)= ~st 
qacTHOM cnyqae ~· , pa3no~eawe ( 17) rrepexo.nuT B ( 12) . PHIJI 

( 17) .n!l
n s ( l) 
n H 8HB!!OrH qHoe p a3JI O)KBHHB DJI H MBTpHUbl 

T 
I:; 

0 
-If ~1 

( 
e 1 e ,o 0 f [( 1 0 )i d(: + ( 0 1 ) l -I~) s ( lc) =X exp ~ d ln w ' 0 e 1 0 e ' o f 0 -1 , 1 0 

'o 

KOTOp8H 6onee y.no6H8 B CJiyqaef V < 0 , CXODHTCH t r OBOpH KaqecTBBHHO, KBK CTBlleH-

{3; 2 >z I (IJ (2) I 
HOH pH.n .nnH e ' r.ne f3 = r f d ln (w / w ) . TaKHM o6pa3oM, .nnH TOro, 

'Q"' s s<1>(c c) 
qTo6bl HBKOTOpb!H IlOTBHUHB!l W ~·;1 HMB!l -M a Tpwuy, 6JIH3KYIO K ·, 1 , ,

01
H MOr 

npWMBHHTbCH B K&qeCTBB rrpH6JIH~BHHO BKBHBBJIBHTHOrO ITOTBH!.lHd!ly 

HO, qT06b! BBpHBUHH OTHOWBHHH 
w"lJ ($ 
w (<;) 6bl!IB Mana ITO Cp£1BHBHHID C BDHHHUBH. rlpH-

MBp HCITO!lb30BBHH.Il pH.n a ( 17) LWH HBXO~DBHH.Il rrorrpaBKH K ¢opMyJIBM CBH3M KBB3H­

K!l8CCHqecKHX peWBHHll B TOqKe IlOBOpOTB DBH B rrperrpHHTB 
/1 Q/ 

Cy w eCTBBHHbiM KaqecTBOM MBTODB MODB!lbHblX ITOTBH!.li!B!!OB HBJIHBTCH TO, qTQ err 

a cpciJe KTHBHOCTb, B006Ule rOBOpH, HB CHH~a BTCH C yBBJIHqB HHBM p83MBpOB 06JIBCTH, B 

KOTOpOH llOTBHUH B !lbl W (J) 11 w"2J HB COBITBDBIOT. 

6. H a .n6a pbepHoe oTpa~eHI1e B KBB311KnaccHq ecKOM cny qae 

l.JaCTO MO~HO BCTpBTI1Tb yTBBp~DBHI1B 0 qTO B KBB3HKJI BCC !1qecKOM rrp e .nene, 

a=&. -+0 
>t 

, 0Tp8~BHI1B 9KCllOHBH!.li1BllbHO MB!!O o Me~.ny TBM , ITOBBDBHHB KCBcP¢HUHBH T3 

OTpa~eHH.Il B Wl1p0KHX npe.nenax 3BBHCHT O T TlfllB ITO TBH UW£1!18 11 

065138TB!lbHO 9KCllOHBHU11 B!lbHO MB!lb!M ITO a 

S
12

He .IIB!!H BTCH 
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0 6 Ill y10 K8pTI'!HY 3 8 BHCHM OCTH S21 OT 

LUH OU8HKH ( 13). npenrronO>KHM, 'iTO n -ag 

a MO>KHO nerKO yCT8HOBHTb npH IT OM O-

d n Inw (~ ( n) 
npoa3BOLlH8H "' In w(~ d .; n . I 

rne w ( ;J = w[.;(x)] = v(x) , cywecTayeT H HBnHeTcH Kycoqflo-rnanKoli. Tor n a , 

BBOLlH a apryMeHT rroTeHuHana w(~ napaMeTp KB83HKIT8CCH'!HOCTH a w= w(af,), 

p 8 CTHT'HB810LUH lf w rrpH a ... 0 , H rrpoH3BOLlR a KB>KLlOM qneHe pHna ( 12) nnH 

H e KOTOpOe 'iHCno HHTerpHp088HHlf ITO '!8CTHM 0 HMeeM 

R 
21~ Y [ e ., d In w (a f,) = ~ 

n 
a: 

(- 2 i )" 
21.; 

e ti In(n) w (. f,) 

5
12 

11 I S - R I < n+1 
21 ' a const. Mbi BHLlHM, 'ITO oueHKa R y6biB8eT K8K a:" HnH 6biCTpee 

x) 
H HBnH e TCH, B006LUe r'OBOpH, 8CHMITTOTH'ieCKH TO'iHOlf ITpH a -> 0 LlfiSI K8)f(Ll0r'O 

(n) 
In w (.f) n • EcnH 

(n) 
B TO'!K8X .; J HMeeT CK8'iKH 6}n W Ll8 HHOT' O 

0 TO OTpa)f(eHHe 

y6biB 8 eT B TO'iHOCTH K8K an 

521 = ~ 
n 

a 

(-2i)" 
:r, 6. Irf".l.v e21.; Ia + 
J J I 

n 
a 

H s rrpenene a ... 0 uenHKOM ITpOHCXOLlHT OT CK8'iKOB 

0 (a) 

n-oli rrpOH3BOLlHOli W 

QqeBHLlHO, LlnSI 8H8nHTH'ieCKHX w (a.;) M8TpH'!Hhllf aneMeHT 5
21 

nonJ~< eH y 6bi-

B 8 Tb 6biCTpee ITI060lf CTerreHH a t H8ITpHMep, K8K a·lna HnH e - c; a 2 • B aToM cny-

q ae o u e HK8 R y):<e 6onee He SJB,,SJeTCSI 8CHMITTOTH'!eCKH TO'iHOli 0 XOTSI H OCT8eTCSI' 

TOT'O /K e ITOpS!LlK8, 'iTO S2• 

(TO eC Tb K8K e -c ; a ) HMeeT 

0Tp8)f(eHHe, 8CHMITTOTH'ieCKH M8nOe B 06bi'iHOM CM biCne 

MeCTO B LlOBOITbHO 'i8CTHOM cnyqae 0 KOT'Ll8 In( 1) w (a:;i -
J 

a H a nHTH'!ec K a H ¢YHKUHSI c KOHe'iHbiM '!HcnoM npocTbiX non10coa. Torna npH a ... 0 

521 "' R = V. f e21f, :£ c 

a f, - ia 
J 

d (a.;) ... rr/ 2 
-2 !!...o 

c
0

e a 

rn e a0 - H 8 HMeHbwee H3 scex nono>KHTenbHbiX a
1 

EcnH v " HITH 6onee BbiCOKHe npOH3BO.QHbie V CyLUeCTByiOT, OTHOCHTGnbH 8 SI 

OLUH6K a OUeHKH R 

OUeHKH .anH S21 

K a K ¢yHKUHSI R y6biB8eT noaonbHO Me.aneHHO. Eonee MOLUHbie 

/11/ 
MO)f(HQ fiOCTpOHTb npH fiOMOUlH npeo6p830B8HHSI naHrepa , KOTO-

poe C OC T OHT B cne.ay10Welf OLlHOBpeMeHHOli 38MeHe K8K He38BHCHMOT'O rrepeMeHHOr'~ 

T8K H BOnHOBOH <fJyHKUHH 

x) R 
npH H3MeHe HHH a oueHKa MO)f(eT nepHOLlH'!eCKH npoxo.aHTb qepe3 Hynh. 

B OKpeCTHOCTSIX T8KHX TO'leK oueHK8 R CT8HOBHTCSI HesepHOH 0 O.UH8KO OTHOCHTenb-

H 8 H LW H H8 o6nacTelf a , r.ae 9TO cnyqaeTCSJ, CTpeMHTCSI B Hyn!O npH a -> 0 
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X 
-2 

y = r h (x) dx 
( 18) 

r.ae h (x) - HpOI13BOJlbH851 .OBmK.Obl .OHc!:JcpepeHUHpyeM851 c!:JyHKUHH. no.OCT8BJJ5151 ( 18) B 

( l ), HM88M 

nonaraH 
1; = 

... ~ 
v 

2 -
d t'; 

d y2 

H 0603H8'1851 R .OJJH 

4 3 
v = h v + h h". 

-
qepe3 R , nonyqaeM oueHKy 

3TB OU8HK8 HM88T BITOJJH8 y.OOBJJeTBOpHT8JlbHYW 01HOCI1T8JlbHYW TO'lHOCTb B WH-

poKOM .awana3oHe cnyqaeB, BKJJW'18H 3KcnoHeHUH8JJbHO Manoe pacceHHwe. Bo3bMe M 

. /21 
'lBCTHb!H cnyqafi, p8CCMOTpeHHb!H BnepBbie noKpOBCKHM H .Op. , KOr.08 V = (ax-ia)( .a X 

r.ae Q(x) - CIH8JJHTH'!eCK851 cflYHKUHH, He HMeWLUBH HH Hynefi, HH OC06eHHOCTei1 B no;JO·· 

ce ITmxl<cri, cri >cr > 0 • EcnH oco6eHHOCTH npoH3BO.OHOi1 

TOH ITOJJOCbl He HBJJHWTCH CJJHWKOM MHOrO'lHCJJeHHblMH, TO S - MdTp11il8 B 8CHMriTOTl1 -

K8 a -> 0 He 38BHCHT OT Q , H MO)!{HO ITOJ10)Kl1Tb V =aX -ia , llepexO.OH K nepeMeH-

HOH t H ITO.OCT8IW5HI B 

-2a - -2!L 
s 2I=ce a R=re a, 

(12) ti = ~ -i~; faja =Uicr /a) , nerKO .OOKD38Tb, 
a 

r.ae Hl1 C t Hl1 r He 38BHCHT OT a B bl'l IIC JHI 5I 

:: 
r = y.. r exp ( 2i 

0 1 r:cc. o . 
5 

-o=. 

[ \ l + ---- dt ) dIn ( l + 
36 f; 2 I 

5 ) I. 1,0000007 .. . 
36 f 2 

'lTO 

( ~ 9) 

I 

( KOHTyp 11HTerp11pOB8HHH npOX0.011T Hlf)!{8 TO'!KH 

, I 

.{; = .j \fs 11 38MbiK88 TCH B BCpXH Cii 
I -6-

nonynJJOCKOCTH) 11 OUeHI1B851 

HOCTH OUeHKH R 11MeeM 

S -R 
21 

np11 r!OMOLU11 ( 14 ), .OJJH OTHOCilTCJlbHOH norpetu-

S -R 
R 

c- r - 2 r I d I I 3 -I 6 C7 - 8 -5 <_E._ I/; nv ::;3 2 min r e 2a( _ a _ ) ] ~ 2.10. 
r 

CpaBH8HI1e ( 19) c TO'IHbif'-4 3Ha'leHI18 M 

x) 
CJJO)!{H b!M o6p830M , riOK83biB88T, '!TO 

I R! - a a 

c = j /2/ 
, ITOJJy'leHHb!M B pa6oTe .OOB OJlbHO 

R HMeeT H8 C8MO:v1 .a e ne 3H8'li1TeJJbH O MCBL-

wyw norpeWHOCTb, '1 8 M 3TO .aonyCK8eTCH H ·~ paBeHCTBOM ( 20), 

x) /2/ 
B K03cflcPHUH8HT 0Tp8n<:8HI151 HCIITHCB H ITO OW116Ke B83.0e C 06paT H b!lvl 

3H8KOM (eM, npwMe'IBHHe Htl l- Tp, 8 H cp. C /3; ), 
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B T O speMSJ K8K ¢ opM8JlbHaSJ cTopo H a TOiibKO '!TO M:3J10:>KeHHoro o6cy:>K.Ue i~Y.Sl 

KB83M:KJl8CCH'!eCKOH 8CHMTITOTI1KH .UOBOJlbHO Tp11BM:8JlbH8, ¢H3H'!eCKOe 3Ha'!eHI1e TIOJly'!eH- : 

Hh iX pe3yllbTaTos .uaneKo He TaK n po3 p a '!Ho. Deil.cTBHTenbHO, B03MO)KHOCTb aKcnepHMell-

T 8 JlbHOH nposepKH CyWeCTBOB8HHSI n -oil. npOM:3BO.UHOH M:JlM:, TeM 6onee, HeKOTOphlX 

8 H8JlM:TM:'!eCKM:X CBOHCTB TIOT8 HU M: 8 Jl 8 w(8 Ha KOMTIJleKCHOH TIJlOCKOCTM: 6onee '!eM COM " 

HHTeJ1bH8. C .Upyroil. CTOpOHhl, ilOJly'!eHHhle BhlWe pe3yllbT8Thl TIOK83hlBB~Tt '!TO annpoK­

CHM8UI1SI w(~ He K OTOpOil. ¢yHKUM:eA C 113BeCTHhlMM: CBOHCTBBMH, '!TO 06hl'!HO C'!M:TaeTCSI 

B03MO)KHbiM , SIBJlSI8TCSI HeHa.Qe)KHOH 11 He8.Q9KBaTHOH npoue.nypoil. B KB8311KJl8CCI1'!eCKOM 

cnyqae. 

7. 06Cy)K.U8HI1e 11 .QaJlbH8HWHe npo6neMbl 

K aK 6b!Jl0 yKa38HO repwTeHHOM c.c .• MaTpH'!HOe ypaBHeHH e ( 8) H nocne.uy~­

LLUIH ¢opM8Jll13M MO)KeT OKa38TbCSI TIOJ183Hb!M o6o6WHTb HB cnyqail. CHCTeMbl 38UenneH­

Hb!X O.UHOMepHb! X ypasHeHHH illpe.UHHrepa, B03HHKa~WHX B TeOpl1H CTOJlKHOBeHHH MOne-

KYllS!pHbiX HOHOB. 

Hsn e HH e oTpa~HHSJ OT HepOBHOCTBH TIOTeHUH8Jl8 M:MeeT rny60KOe pO.UCTBO C SIB-

Jl8Hl1eM Hecox p aHeHH SI KJ18CCH'!8CKHX 8.UH868TH '!eCKHX HHBapH8HTOB B KB aHTOBOH Mexa­

HI!Ke. noaTOMy B03M0)KHO, '!TO npe.UJ10)K8HHblH 3.U 8Cb TIO.UXO.U OK8)K8TCH TIOJle3Hb!M 

TaK}Ke 11 np11 paCCMOTpeHI111 9THX ilOCJle.UHIIX HBJleHHHo 

nonyqeHHhle pe3yllbTaThl npM:BO.UHT K HOBOA TO'!Ke 3peHI!H H a np!!po.Uy KBa311-

KJl8CCI!'!8CKOro np116JlH)K e HI!H BeHTuenH-KpaMepca -EpM:nn~aHa. 06w'!HO B Ka'! e CTBe 

11CTO'!HI1Ka aTor o np!!6Jli!)KeHHH yKa3wsae TcH a cHMDTOTH'!eCKoe p a 3JlO)K8HI!e n o cTene-

17/ 
HSIM 1J • 0.UH8KO 9TO p83JlO)KeHI!e !!MeeT OTBp8TI!TeJl bHb! e M8T8M8TH'!eCKI!e CBOil. -

CTB8 H He no3BOnSJeT HI! yny'!WHTb BKE npM:6Jlii)KeHHe, HH npoaHanH311pOB8Tb cepbe3HO 

o6nacTb ero npHMeHHMOCTII . Eonee Toro, pa3JlO)KeHHe no 1i Hecnoco6Ho .uaTb .U8)l<e 

K8'!8CTBeHHO~ 06bSJCHeHHet DO'!eMy HMeHHO ,UBa nepBbiX '!JleHOB 9TOrO p83JlO)KeHHSI 1 a , 

cKa)K eM , He O.UHH HJlH TpH, .ua1oT HCKn~'li1TeJJ bHO xopowee upH6Jlii)KeHI!e BKE. Me*.UY 

T e M, npH no.uxo.ue , npe.uno*eHHOM B H acTOSJWeil. pa6oTe, oco6aH ponb BKE npH6nH-

)K eHHSI SIBJlSieTCH ecTeCTB8HHOH H O'!eBI!.UHOH. 

B 3aKn~'!eHHe as Top xoTen 6bi Bbipa3HTb 6naro.uapHOCTb H. A . CMopo.UHHCKOMY 

H C.C.repwTeil.Hy 3a TIOCTOSIHHy~ TIOMOWb. 
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