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nycTb U-perylH!pHoe peweHHe 91111HIITH'!ec!{oro .llHcjJCpepeHUH811bHOro ypaBHeHHSI (2) 

npH c ~ 0 U-nH60 KOHCT8HTa, 111160 .llOCTHraeT M8KCHM811bHOro 3Ha'!eHHSI TOIIbKO na rpa

nnue. o6naCTU 0 no9TOMy, .eCIIU U,f• KOHCT8HTe
1 

OHO He MO:>KeT 6biTb peryliHpHO BO. BCeX 

TOttKax m -Mepnoro 9BK11H.llOBoro rrpocTpaHCTBa Em; cywecTBYIOT o6nacTn : G j , i= 1,2, .. .n~, 

B KOTOpbiX U He orrpe.neneHo. 

, 6y .neM o6osna'laTb ttepe3 S j 
''· 

n pe.lliJ0118raeM, 'ITO S j - KyCO'iHOr118.llK8SI IIOBepXHOCTbo 

3aMKHYTbie 06118CTU Gj + Sj Bb!6HplleM T8K 1 '!T06bl OHU He UMeliU 06lllHX TO'leK. 

06osna'IHM 'Iepes G
0 

o6naCTb,conep:>Kalllyio BHYTPH ce6SI see saMKHYTbie o6nacTu 

G; + sj' j =1,2, ... n. nosepXHOCTb s 00 orpaHH'lllBlliOlllYIO 

KycottHorna.nKoii:. 

G01 6y.neM rrpe.nnonaraTb 

n 
B o6nacTH Go + S 0 -~ 

1=1 
G· 1 pewenue U .non:>KHO 6biTh perynHpHbiM 

npe.UCT8BHM U K8K cyMMy cnaraeMbiX 

.- n 
~. U=Vo+~ u . 

. 1 1, 
. != 

( 1 ) 

llpH'leM Uo SIB11SieTC51 peryn51pHb!M B Go peweHHeM (2), a Kll:>K.llOe H3 uj,j=1,2, ... n-

pewenue (2), KOTOpoe perynHpHO B G 0-(Gj+ Sj) H HMeeT OC06eUHOCTb XOT51 6bi B o.n-

06nacTH G. , i = 1,2, ••• n 
1 

KOMIIOHeHTllMH lfliH pe.nyKUHOHHbiMH KOMIIOHeHT8MH, a rrpe.llCT8B11eHHe U B BH.lle CyMMbl 

pe.nyKUHOHHhlX KO~IIOUeHTOB - pe.nyKUHeii:. 

Ka:>K.noe. rHes.no Boo6we MO:>KeT 6~I;:I:,: pas6u.fo Ha HeCKOIIhKO rHes.n. Ecnu pe.nyK-

UHSI T8Kll51• 'ITO .lllllibHeti:wee yBeli!f'!eHHe 'IHC118 rHe3.ll HeB03MO:>KH0 0 OHll Hll3biB8eTCSI 

f1011HOH, a ee KOMIIOHeH1'bl - 911eMeHT8pHb!MH 0 

HarrpHMep, HbiOTOHOBCKHil rroTenuuan U B rrpocTpancTBe, OKpy:>KaiOweM .nBa 

O.llHOpO.llHbiX mapa, eCTb HeTpHBH811bHOe pewenHe ypaBHeHHSI Tlfll8 ( 2) II pH c=O • U 

HMeeT OC06eH.HOCTH B .llBYX TO'IK8X - B UeHTpe M 1 rrepsoro wapa u B ueHTpe 

BTOpOrO mapa. noaTOMy, ecnu Bbi6paTb 06118CTb G 1 .C IIOBepXHOCTbiO S 
1 

TaK> '!T06bi 

aHa co.nep:>Kana snyTpu ce6H M 
1 

H o6nacTb c
2 

c rrosepxnocThJO s
2 

TaK, Y:To6bJ 

ana co.nep:>Kana BHyTpH ce6SI M2. rrpuY:eM c1 + s1 He liMeeT o6wux TOY:eK c G2 + s2 •. 

. . 
•. 
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Toraa Gl n: G2 6y ayT rH~aaaMn:. n OTeHun:an rrepaoro w apa ul n: liOTeHurran BTOporo . 

wapa U 2 6y ayT peayKUIIOHHhiMH KOMliOHeHT8MHo PeayUHpOB8Tb - 3H8tut:T
1 

HCXOa.ll lf3 3Ha-

tieHH.11 U, ~8HTH cpyHKUHH ~ H U2 t OTBetiBIOWHe rrepetiHCneHHhiM Bh!We Tpe60BllHH.11M. 

B aaHHOM cnyt:~ae peayKUH.Il nonHa.ll, 

.B 9TOH pa6oTe Mhl 6y;:teM lf3Yti8Tb BOrrpoc 0 peayKUHH peWeHHH al{(pcpepeHUHBnb

Hb!X ypaBHeHn:ii annHliTHtieCKOrO nma. CcpopMynHpyeM 5 TeopeM, KOTOpbie, B OCHO.BHOM
0 

6 . 11/ .llBn.lliOTC.Il 0 OOllleHlf.llMH peaynbT8TOB pa6o:rbl • 

TeopeMa 1. nycTb rrepBbie npOH3BOaHbie. cpyHKUHH aik I e; ' i, k ... J,2, ... n 

HerrpepbiBHhi B G0 + S0 If rrycTb an.11. ypaBHeHn:it (2) u (3) H o6nacTn: G
0 
+~S 0 cymecTay-~ 

lOT cPY.HKUHH rpn:Ha. 

Tor a a Ka)Kaoe OTnHtiHOe OT KOHCT8HTbl peweHHe (2) t KOTOpoe pery.'l.llpHO B n 
G0 +5 0 -.I Gj, peayun:pyeMo. 

]=1 
L1oKa3aTenbCTao. 06o3HBtiHM qepe3 M annn:rrTrrtieCKHfi onepaTop 

n n 
M = I _a_ (a. _a_) +I~ __j}_~ei + c 

i,k=l a xi zk a xk i=l ax; . 

H p8CCMOTpHM cpyHKUHIO U = U (x
1

, X~ .. , Xm) 0 KOTOpag B o6naCTH 

.llBn.lleTc.ll petyn.llpHbiM peweHrreM ypaaHeHrr.ll 

M U=·O. 

H~M noHaao6rrTC.Il n: ypaaHeHn:e 

NV =·0 . , 
rae N-corrp.ll)KeHHhiH K M orrepaTop. 

n· 
Go+ S0 :- I 

}=1 

(2) 

(3) 

G. 
1 

0603H8tiHM qepe3 U* (P,Q) cpyHKUHIO rpuHa ypaaHeHH.Il (3) n: o6nacTn: Go+ So. 

nepeMeHHyiO TOtiKy 0003H8tiHM qepe3 Q • a cpHKCHpOB8HHYIO - qepea p. YcnoBHMC.Il, 

tiTO an:cpcpepeHurranbHOe ypaaHeHn:e yaoaneTaop.lleTc.ll no Toil nepeMeHHofi, KOTopa.ll 

Harrn:c·aHa Ha BTopoM MecTe. Hanpn:Mep, U*( P,Q) 'y aoanenaop.11eT ( 2) no rrepeMeHHofi 

Q·. 

AHanorHtiHYIO cpyHKUHIO rpn:Ha an.ll (2) 0003H8tiHM qepe3 V* (P,Q ). 

¢yHKUHH U* H v• HOpMn:pyeM ycnOBHeM 

f M U*( P,Q) dr =J NV* (P,Q) dr =·-,1, 
(G ) ( G

0
) 

rae dr- an:cpcpepeHun:anbHbiii aneMeHT m -MepHoro aaKnrraoaoro rrpocTpaHcTaa .a Toq-

Ke Q. 

___..; 
I 

l 
L 

I 

J { V' 

(G + S 
0 c 

3aech 

, rae } 

-noBel 

rae 

K01 

cn1 

HOI 

lo 

T 

J. 
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cpopMyny lp!UIB B 38MKHYTOH 
n 

o6nacTH G0 + S
0 

- ~ 
i==l 

G. 
1 

f I V*(P, Q )(MU)- UN [ V*( P, Q )] dr.==JI a[ V*(P, ()au -ua V*CP,Q~ + bU V*(P, Q) l dr. 

(G + S - ~ Gj ) (S +}: Sj) a 11 a 11 • 

o o J=·t . ol-:'1 

3.uecb 

m 

b == ~ e y
1 

, 
I= I I 

, f'.lle }( - aanpaBJISI!OlllHe KOCHHYCbl BHeWHeii HOpM8JIH K noaepXHOCTSIM 

- llOBepXHOCTHb!H 

.llJISI p E 

f'.lle 

8JieMeHT, 11 - KOHOpM8Jlh, 

n 
G 0-~ G. cpopMyna 1puaa npHBO.llHT K cooTHOWeHIISIM~ 

i==l 1 . n 
UfP)= U0 (P)+ .~ Uj (P!, 

' 1=·1 

Uo(P)=-Jial V*(P,Q) au_u av~_LP,.Q)]+bUV*(P,Q)ldu 
(SJ . , :J11 a11 .· 

~(P)=·-'fl a[V*(P,Q)~-U aV*(P,Q)] + bUV*(P,Q)l du 
(Sj) a11 a11 

1 

(4) 

KOTopoe TO.>K.uecTaeHHO c pe.uyKUHOHHoii cpopMynoii ( 1). Ha.uo eme .uoKaaaTh, qTo ··" 

cnaf'aeMbre ~, U
1
, U

2
, ... U n - pe.uyKUIIOHHbre_ KOMnoHeHThi. B caM OM .uene ua conpSI.>Ken

HOCTH onepaTopoa M u N cne.uyeT V*(P, Q)=U*(Q,P). noaToMy 

UJP)= Jla[U*(Q,P) aU.;..U __ :aU*~.....L]+b UU*(Q,P)Ildu 
(~) a11 a11 

U.(P)=·-•Jia[U;(Q,P)..B!.....-UaU*(Q,P) ]+ bUU*(Q,P)ldu, (5) 
1 (S.) . a11 a11 

1 
<PyHKUIISI lp1IH8 U* (Q,P) y .llOBJieTBOpSieT ( 2) no p • vl3 ( 5) BbiTeKaeT, it TO 

7
0 

(P)-pei'ynHpHoe peweaHe (2) B G 0 , ·a Uj - pef'ynHpHoe pemeHHe (2) B G0 ·(Gj+S1J, 

T.e. Uo, ul'"' un SIOJISI!OTCSI pe.uyKUIIOHHbiMH KOMTIOHeHT8MH. TeM caMbiM TeopeMa 

.llOK838H8o 
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TeopeMa 2, nycTb o6naCTII GJ II Gj~ orpaHII'ieHHbie rroae.pxHOCTSIMII s~ s~· 1 II J1 

coaep.>KaT BHYTPII ce6SI G.+ S. , a 3aMKHYTbre o6nacTII G.'+ S~ 
1 1 1 1 

G'.' + s~· He IIMeiOT o6-
1 1 

umx TO'ieK c ocTanhHbiMII rHe3aaMII Gk+·Sk, k=·1,2, ... j-1, i+l, ... n. 

06o3Ha'iiiM qepe3. Ul II ur 3Ha'leHIISI, 

B Hee BMeCTO s.) COOTBeTCTBeHHo, s~ II s~· 

rrony'ieHHhle ITO ¢opMyne (4) IIOaCT8HOBKO~ 

1 1 1 

Toraa U! = u~· 
1 1 

anSI BCeX TO'IeK, KOTOpb!e HaxoaSITCSI BHe s~ 
1 

H BHe S~' 
. 1 . 

DoKa3aTenbCTBO, npiiMeHHM (4) BHa'lane anSI s; > IIOTOM .anSI s, II Bbl'iTeM 

BTopoe ypaaHeHIIe II3 rrepaoro: 

U.' - U. = f{ a ( V* ~ - U a V* ] + b U V* l d a . 
1 1 (S.' +S.) av av 

1 1 

3aech S/ +·Sr - IIOBepXHOCTb1 orpaHII'IHBaiO!ll8SI KOnbUeByiO o6naCTb G~ -G. 
1 1 

npH IIOMO!llH ¢opMynbi lpiiH8 9TO paBeHCTBO MO.>KHO 3aiiHCaTb 

U~ - U, =-f ( V*(MU) -U(NV* JXdr, 
1 1(G'-G) . . ' 

J.1HTerp1IpyeM ITO Q, a ¢RKC1IpOB8HHyiO TO'IKY p Bb!61IpaeM · T8K1 'IT06bi OH8 

HaxoaiinBCb BHe. Sj H BHe SJ • SlTo 03H8'18ElT1 'ITO B IIO.llPIHTerpanbHOM Bb!pa.>KeHIIII 

V*(P,Q) II U=U(Q)y.ooaneTaopHIOT cooTBeTcTaeHHo (3) II {2) ao acex TO'iKax o6nac-

TII IIHTerp1IpOB8HIISI, noaTOMy u/-Ui= o. 
U."- U,=O II, cneaoaaTenhHo, U.' =U~'. 
1 1 1 1 

noao6Hb!M o6p830M . .OOKa3b!BaeTCSI, 'ITO 

TeopeMa 3, nycTb noaepxHOCTb sk orpaHH'IIIBaeT o6naCTb Gk • B KOTOpOH u 
perynSipHo, Tor.oa Uk=O • 

noK838TenbCTBO, npu IIOMq!llii ¢opMynbi f'pHHB Bb!pa.>KeHHe 

3BIIIIChlBBeTCSI K8K 

• 

Uk(P)=-f[a(V*~-U av• )+bUV*]da 
(Sk) av . av 

Uk (P) =-J ( V* (MU) -U(NV*J] dr 

(Gk) 

-

KaK IIC 

Ullpye· 

tf0 , i 
KOTOp 

npu 

peryr. 

paBHI 

l 

Utc. 
aHT 

Bbr'l 

(S· 
] 

HBn 

H ~ 
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B Gk u perymipHO n ,no n'penrronO)K8HH!O V*( P, Q ho)!~e pery.rHipHO B ck • TC1K 

K8K nomocHaH TO'iK8 p HC1XOL1HTCH BHe Gk. noaToMy uk ( p )<= 0. 

TeopeMa 4. nycTb npn LlClHHOH CHCTeMe f'H83Ll Go, G;, j ""1,2, ... n U pe;,y-

UHpyeTCSI K8K I1pH TIOMOUJ.H cpyHKUIIH U0 , Uj' j<= 1.2 . ... n , T8K H npn TIOMOW.H cpyHKUHH 

tlo, Vi' j<=1,2, ... n • Torna, ecnn c < u , cyw.ecTBYJOT pew.eHIHI (2), ·w. , j= 1,2, ... n 
- J 

KOTOphle perynHpHhl B Go-(G;+ S;) COBI18Ll8!0T c U; - uj • 
AoK838TenbCTBO. noncTaBnHH (I). B (4 ), H8XOL1HM 

n 
U.(P)<=-fla[V*(P,QJ_2lf__;_-u. ~J:.!.(El...Q]+ bV; V*(P,(') Ida 
1 rs.; a, ' a, 

PEG0 -I (G.+ S,), 
l==1 J 1 

1 
npn Bb!BOL18 3TOH cpopMynhi 1IpHHHM88TCH BO BHHM8HH8 1 'iTO I1pH i ;.6 i pew. euue U i 

perynHpHO B Gj +·Sj • no3TOMJ H3 TeopeMbl 3 Bb!T8K88T 0 'iTO BCe HHTerpanbi BHLlil 

[I a [ V* ( P, () _ au_j - TJ; l_V*.(['.LQ) ] -t: H1 V* ( P, () I dr, ii: j 
(S.J a, . . a, . 

J 
paBHhi Hymo. 

- n 
noncTaBnHH B ( 4) cpyHK,UHIO u"" Uo + I 0 . 

i=1 
n·ono6Hh!M o6pa30M H8XOL1HM 1 '!:TO 

u. (P) =-f! a [ V*(P, Q) atJj_ -U. JLY'.!CE&_ J +bu. V* (P, (I) Ida, p EG- ~ ( G,+ S.). 
1 rs.; .a"' 1. _a, 1 i=l ' 1 

U;(P) nony4eno onHH pa3 np11 TIOMOUJ.H nosepxuocTHoro HHTerpana, 8 KOTOphrii sxo-

LlHT u. 
J 

II BTOpOH pa3 Ilpll TIOMOlll.H TIOB8pXHOCTHOf'O HHTerpana, B KOTOphlfi BXOLlHT U. 
1 

Bbr'irrTaSI cooTEieTcTBYJOUJ.He Bhrpa)KeHHH , nonyqaeM 

J1 a [V*(P,Q) _!_f_U;-UtLcu. -tJ.; aV*(P,Q~ + b(U.-U. )V*(P,QJ lda·=O 
rs . J a "' 1 ' a , . . .. . . ' 1 

1 

CfJyHKUHH 

W. ( P) = · J I a ( U* ( Q, P) if!lj_:!!;) - ( u. - iJ. J _a__Tl~19J.fl. 
1 rs. J ~ 1 1 a, 

1 

HBnHeTcH perynHpHbiM pew.enH'eM ( 2) B G 0 

] + b(U.-U.) U*(Q,P)Ida, 
] 1 

(6) 

(7) 

npnMeHHM cpopMyny lpHH8 B o6naCTH G - ( G. + S . ) nnH tPYHKUIII1 U
1
. - u

1
. 

0 1 1 
n V* (P, Q): 
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Ui - Uj :::-J{ a[ V* (P
1 

Q) a(U; -Ui)7 (Ur rp a V*(PIQ)] + b (Ur Uj) V*(P1 Q) 1 da· _, 
' (~) av av ' 

- --n a [ V* (pI Q). a ( u; - Uj) - ( ur U·) aV*(P I Q) ] + b (U. - u. ) V* (pI Q ) 1 d a • av 1 .:1.. 1 1 
( si) 

nonCT8BliM (6) u (7) B (8). (rlepen noncTaHOBKoii: (7) U* (QI P) 38M8HSI8M 

na V* ( P1 Q) ) • Haxonn:M, 'iTo n 
wi ( P) .... ui ( P) ..., ui ( P) 1 

P f G
0

- I (G.+·S. ). 
.' . 1' 1 

1""·1 

TaK KaK c$_p paaeHCTBO n:MeeT cuny. u B 6onee wupoKoii: o6nacTu 

- P f Go- (G. +:5.). 
' 1 1 ~(P)=q(PJ-f1(P) 

ToJibKO 'iTO nonyqennoe paaeHCTBO u ( 7) noK83biB810T TeopeMy. 

0K83biB88TCSI
0 

'iTO penyKUHSI onH03H8'iH8 C TO'iHOCTb!O no pewemrfi ypaBH8Hl1SI 

· ( 2); K~T9Pbie perynstpHbi B Go •. Ecmi penyKuuS!. cicymecTBnena npu noMOlllli ¢opMy

J1bi rpuna 3ana'iH .llupxne, penyKUHOHllbie KOMllOHeHTbl 8liY1Il1PYIOTCSI na s 0 • Ecnu 
• I 

TeO~ 

HpOl 

KOM 

,T8U 

np: 

6bi 

6u: 

38 

¢opMy1Ibi rpuna COOTB9TCTBYIOT KpaeBOii: 3anaqe c KOCOii: npOH3BOnnofi, Torna H8 so 

aHHY1IRpyeTCSI KOC8SI npOH3BOnHaSI penyKUHOHHblX KOMllOH8HTPBo 1. 
2 

3 

4 

TaK KSK Mbi MO:>KeM npu6aBHTb perynstpnoe peweuue, npunuMaJOlllee onpenenen· 

Hbl8 Kp89Bbl9 3H8'i8HHSI H8 So (npennonaraeTCSI 1 'iTO COOTB9TCTBYIOlll8SI !<-P88B8SI 3ana·~ 

qa HM99T pewenue )> Mbl B COCTOSIHHH llOCTpOHTb penyKUHOH.llbi9 KOMllOH9HTbl 1 OTB8'i810-

lllli9 3anaHHblM KpaeBbiM ycJIOBRSIM, 

Mnorna 9TH KpaeBbte ycnoBHSI onpenenSIJOTCSI onno3Ha'iHO OT npuponbi 3ana'UI• 

HanpuMep, 6uoaneKTpuqecKHH noTenuuan U ynoaneTaopsteT (2), npuqeM aik"":oik A 1 

r ne 8ik - cuMaon KponeKepa, a cKanHpnan ¢ynKUHSI A - cneuu¢uqecKaSI aneKTpo-

npoaonnocTb TKanen. Ecnu o6MeHoM· aneKTpH'ieCKHMH· Toaapat-m c oitpy:>Ka!Ollleii cpe-
·. · · .· . ·. . au. 

noll MO:>l<.HO. npene6pe'ib
1 

TO ,H8 ·5o 9CT9CTB9HHO llOJIO:>KHTb .:.::.:::.L =·0 e' 3TO 03Ha-. ' an 
qaeT, 'iTO penyKuHSI onH03H8'iHa. B' qacTHOCTH) oqaru aneKTpu.qecKoli neSIT91IbHOCTu 

ro1IOBHOrO M03r8 'MO:>KHO H30JIHpOB8Tb onH03H8'iHOi H9CMOTpSI H8 HX B38HMH09 BJIHSI-

sue .• 
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· VIHor.ua U MO:>KeT 6biTb orrpe.ueneHo ao aceM rrpocT!.laHcTae. CcpopMyniipyeM 

TeopeMy ann aToro cnyqan. 

TeopeMa 5. nycTb So- map pa.oiiyca R 0 II rryCTb rrpii R 0 -+oo rrepabre 

HpOII3BO.llHbie a ik. II e i HerrpepbiBHbi a Go+ So II C$ 0 

Ecnii rrpii Ro-. oo CyLUeCTByeT cpyHKUIIH rpiiUa II ecnH U H pe.llyKUIIOHHbie 

KOMI10H9HTbl CTp9MHTCH K Hynro, TOr .[la U pe.oyunpyeMO O.llH03Haquo. 

TeopeMbi H cpopMynbi B aToll: pa6oTe. MoryT 6biTb rrone31Ibi rrpn Bbi.llenennn rpasn-

,TaUHOHHOro rrong .llaHHOrO Tenas ecnn OliO .oaHO BM9CTe C rpaBHTaUHOHHbi~H ITOnHMH 

u 112341 .upyrnx Ten, T.e. rrpn peweurm o6paTnon 3a.oaqn rroTeHunana ' • • • Onu MoryT 

Ill 6biTb ncrronb3oBaHbi rrpH Bbi.llenennn reocpnanqecKnx anoMannii H rrpu H3yqeunn 

6naneKTpHqeCKHX HBneHHH. 

AaTop Bbipa:>KaeT 6onbwyro 6naro.uapHoCTb Yl.r .neTI?OBCKoMy aa pn.u ueHHbiX 

38MeqaHHli 1 c.uenaHHbiX rrpu o6cy:>K.ll9HHH aToll: pa6oTbi. 
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