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PaccMoTpHM cne.llylOIUYlO cncTeMy H3 O.llHOro nnneiinoro., cnnrymtpnoro. HnTer;panb:-

noro ypasnennSI H O.llHOro anre6paH'Ie'cKOJ,"O nennnelh10ro ypasneHHSI 

u(s) =·A- _.::..a_ 
s 0 - s 

1 
+l/1r f v(ir) 

• 1 a_, s 

2 2 
v(s)=·U (s) +:v (s)) 

da· (1) 

(2) 

r.lle u( s) , v( s ) .. neH3BeCTHbie I}:JynKUHH, onpe.llenennbre B nnTepsane ( :-1,1) H cyMMii" 

pyeMbre co cTeneHblO p , p > lj s 0 ·, a, A-3B.ll811Hbie semecTseHHbie KoncTaHTbi a ~ 0, 

lsol< 1• 

< /1/ 
KaK noKa3ano s ) see pewe~mg aToii cncieMbi 38.ll8lOTCSI I}:JopMynaMn 

r.lle 
1 

L(s) = v +1/I'T In 1 -s+! 
1+s k 

~ 1 +Ck S + f 1 +US 

9.-:'s .ta·-<S 

0 (a).- ney6biB8lOUl8SI CHHrynSipHSSI I}:JyHKUHSIXJ 1 

"' CT8HTbi,• y .llOBneTBOpSilOWHe COOTHOWeHHSIM ~ 

R >O, lcl<l 
k - k -

v ' 

1/ A ! R - .f1 ad e (a) == 0 
+ v _, k . k ck ·1 1 +·a :1 

v +:1/rt In I 1 - 8 

1 + s 
0 

(3) 

dO(a) 
1 + a 2

' 
(4) 

(5) 

(6) 

d O(a) = 0 
1+ a2 

1 ' 

1;a +:2/1'7 _1_·_ +! R 1 + ci +J d0(c1) == 0. 
s2- 1 k k ( c - s H -1 (a- :s ) 2 

(8) 

0 k 0 0 

(7) 

x) /2/ 
· . CnnrynSipnoH: I}:JynKuneii H83biBBeTCSI (eM. ) oTnH'IHBSI OT nocTOSIHHoii nenpe-

pbrsnag I}:JyHKUHSI C 'KOHe'IHbiM H3MeHeHHeM 1 npOH3BO.llH8SI KOTOpOH llO'I'IH Be3.lle p8BH8 

nyn10. 
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PaccMoTpHM cnyqail, KOf'.llB O( a) = 0 If liMeeTcsr 'J'OnbKO Koaeqaoe '!Hcno To'leK 

ck • Tor.lla u(s) If v(s)'-IIenpepbiBHhie If npe.llcTaBnsriOTCSI cpopMynaMH (3), s KOTOpbiX 

N 
L(s) =v +:1/" In 1- s + I. R~c 1+c~cs • 

· 1+·s k=1 ck-s 
(9) 

· QqeBlf,llHO 
1 

u(ck) = v(ck) = 0. 

K poMe Toro, KBK nerKo Blf.lleTb Ha /9 I, ecnii ck II ck+l. ~.llBe nocne.llOBaTenbHble TO'IKII, To 

L (ck+O)=-oo, L(ck+l-0) =+:oo, 

II TaK KaK L (s) aenpepbiBHB s HHTepsane ( ck , ck+J ) , To s aTOM IIHTepsane cyme-

cTsyeT xoTsr 6bi O.llHB TO'IKa, s KOTopoa L (s) o6pamaeTcsr s ay~b· B sToil TO'IKe 

u(s) o6pamaeTCSI TO:»ee B Hynb1 8 v(s) - B 9,lllfHIIUY1 KBK BII,llHO Il3 (3) • 
I 

PaapeWlfM COOTHOW9HH9 (2) OTHOClfT9nbHO v(s) 

v (s) = '12 +:,.,.(s) v'Y-t-u2(s), (tO) 

r',ll9. 1-L(s~,..;.cpyHKUlfSI 1 .npHHlfM810lll8SI TOnbKO 3H8'19H!!sr·±_l. Vf3 (2) Blf.llH?• 'ITO lu(s)l$.:'12 

II 0 ~v(s) ~ 1 • QqeBII,llH0 1 1-L(s) =-,1 B TO'IK8X1 'r,lle v(s) =-0 II /l(s) =+· 1 TBM J 

r,lle. v(s) =-1 • TaK KBK v(s) o6pamaeTCSI B aynb B TO'IK8X c k If B e,lllfHIIUy-Me:»e.llY . 

.llBYMH nocne.llOB8T9nbHbiMlf TO'IKaMlf C k 1 TO ecnH eCTb XOTSI 6bi ,llBe TO'IKH C k 1 1-L(B) \ 

He SiansreTCSI KOHCT8HTOile npH 9TOM T8K K8K v(s) aenpepbiBH81 1-L(s) MO:»eeT MeHSITb 

CBOlf 3H8'1eHHSI. B TeX TO'IK8X1 f',lle senlf'IHH8 UO.ll KOpHeM o6p8lll89TCSI B Hynb1 T.e. 

r.lle v(s) =· '!2 • Me:»<:,lly . .llBYMSI COC9.llHlfMH TO'IK8MH Ck If CHI eCTb XOTSI 6bi . .llB9 TO'I-

KII 1 B KOTOpbiX 1-L (s) MeHsreT csoe aaa'leHIIe. TaK KaK v(-1)=v(1)=0, TO ,.,.(-1)=/l(1)=-1. 

H, cne.lloBaTenbHO, 1-L (s) · MO:»eeT M9HSITb CBOII 3H8'1eHlfSI TOnbKO '19THOe 

'IIICno.paa. 

PaapewiiM (2) oTHOCIITenbHO u(s) 

u(s) = 71(s)yv(S)~v2(s) 71(s)=·± 1. (11) 

TaK KaK 

u'(ck) =11 rk >0 1 

TO B TO'IKBX C k 71 ( S) MeHsreT CBOe 3H8'1eHHe 1 a TBK:»ee XOTSI 6bi B O,llHOil TO 'IKe 

Me:»<:.lly .llBYMSJ: nocne.llOBBTenbHbiMH c 1c .• He1-py .llHO BII.lleTb1 'ITO 

U (- 1 +. ( ) < 0 1 U ( 1 - f) > :0 1 

TBK 'ITO 71 (s) ,llOn:»<:HO MaHSITb 3H8'1eHlf9 HetteTHOe 'iiiCnO pas. 
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MomHo nocTaBHTb cne.ayrouma eon poe: ecnH 3a,aaHa p. (s) ( HnH TJ (s) ) 1 T.e. 

38.ll8Hhl TO'IKH 1 B KOTOpblX MaHSI9TCSI 3H8K B ( 10) (COOTB9TCTB9HH~ ( 11) ) 1 TO MO>KHO nH. 

H8ATH peUieHHe u(s)l v(s) • y,aoeneTBOpSIIOUiee (10) (cOOTB9TCTB9HHO (11)) H oy,aeT 

nH T8K09 peUieHHe e,aHHCTB9HHbiM. 

B ceBaH c aTHM eonpocoM MO>KHO c.aenaTb cne,ayiOUiee 3aMe'laHHe. EcnH 3a.aaa-

H8Sl cpyHKUHSI p. ( S) MeHSleT CBOe 3H8'19HHe B 2 n TO'IK8X1 TO B cpOpMy~e ( 9) 

.aonmao OhiTb N $ n -+. 1, TaK KaK, ecnH 'N > n +:1 , To HMeeTcsr xoTsr ob1 n +2 

TO'l9K C11: H n +:1 HHTepeanoB Me>K,ay HHMH H COOTBeTCTBYIOUiae #-'(B) ,aon>KHO 

·; MeHBTb 3Ha'leHHe xoTSI Obi 2n +:2 · pa3a. Ecim e (9) B03bMa·M N •n + 1 , TO HMeeTcB. 

2n + 3 ceooo.aah!x napaMeTpoe clc 1 r lc H v • 0HH .aon>KHhl' y .aoeneTeopBTb 

K8K pa3 2n +3 COOTHOUieHHSIM - TpeM .COOTHOUI9HHSlM (6)-(8) H 2n COOTHOUieHHSIM1 

MeHSl9T CBOa 3H8'19HHe B 2n 38.ll8HHblX TO'IK8X1 I 

' 
T.e. v(s} •· Y2 B 9THX TO'IK8Xe 3TO ,aenaeT ee.pOSlTHblM YTB9p.llHTanbHblil OTBeT Ha 

nocTaeneHHbiil• eonpoc. O.aHaKo, ocTaeTCSl aeac~&IM1 oy,aeT nH nony'leaaasr cHcTeMa. 

H3 2n+:3 ypaeaeHHSl HMaTb peweHHe (oTHOCHTenbHO clc 1 ric 1 v ), y.aoeneTBOp~IOUiee 

ycnoBHBM (5). KpoMe Toro, ecnH .aame,cymec:TeyeT e.i:I.HHCTeeaaoe peweHHe aToil: 

CHCT~Mb11 TO Henb3B nH Te >Ke C8Mb19 u(11) H v(s) no~yitHTb H3 cpopMyllhl (9). H np~ 

-i. HeKOTOpOM N <.n + . .l , TaK KaK 3apaaee He SICHo, 'ITO Me>K~y .aeyMSI nocne.aoeaTenhHbiMll 
' . 

p.(ll) MeHSleT 3H8'leHH9 TOnbKO ,llBa pa3a - MO>KeT OblTb OHa M9HSleT-. 

csr 'leT&rpe unu 6onee pa3. 

AiJanOI'H'IHble 38Me'laHHSI MO>KHO c,aenaTb OTHOCHTenbHO TJ (s) H cpopMynb1 (it) •. 

EcnH B&IcKa3aHHa5l rHnoTe3a eepaa,1 T.e. ecnn npH n10ooA 3a,aaaao·a ~t(s) cyme-

cTeyeT 9,llHHCTBeHH09 peUieHHe U(s) V(B) y ,ll0~1JeTBOpSIIOUiee ( (Q) t TO 9TO 03H8'la-
~...:,., 

eT, 'ITO HMeeTO,Sl ~.llHHCT~eHHOa peUieHHe ypaeHeHHSl 

I 

u(s)•·A,:;.~ +:lhrJ_1 _(~+JL(u}vJ.A-u2(u) ) duJ 
s- s •1 u·- a 

0 

nony'leHHOe H3 ( 1)- (2) HCKniO'leHH9M V (s) • 

To me caMo·e MO>KHO cKa3aTb H o6 ypaeaeHHH 

.I 

'1(1!1} v V(•J- v2(s) .. A --8 -+ l/w f ·· v{u} du· 
s -s -1 u·- s 

0 

(12) 

.. 

(13) 

nony'leHHOM ·~cKniO'leHHeM u(s) • Oopamasi HHTerpan KowH a ( 13 ), nony'laeM ypaeaeaHe 
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v(s)=-Y1-s2 f-. _1_(71(a)yV(a)-v2(a)-•A.+ _a_)~ 
·· ' 11 -1 ~ .. · · s - o a· - s 

. 0 
~. 

OooaHaqaSJ 

F(s) 
=· 

11 • ~C1A u·-• s 

=(A __ a_)· 1111 [n·(J-."sy-r-sT)(1+s+~) 
. so -a ,, ) (1-s+y1-~)(1+f!-~) 

~· a 

s -s ys2-q 
0 0 . 

MO)KHO (14) aanHCBTb cne.ayiDLuHM' oopaaoM: 

'· 
v(s) =·F(~J:.: v~·. j 77~a>vv(a)..,.,v2(C7> 

• 11 ·.. -1 · V 1-a2 · 
da· 

a·-· s 
...,. ~ . :i 

·:-.~·.·:· 

( 14) 

sign s , 
. 0 

(15) 

'• -T BKHM · OOpaaoM B ypaa~.eHHH . ( 12) { COO"I:BeTCTBeHHO {15)) Bbi.lleneHo, . llO~Bif.lllfMO
My, ·e.llHHCTBeHHOe :'pSWEaHHeJ If ecnH 1y Hfl_..C ~eCTb HeKOTOpbiti MeT.O.Il .llnSI 'IHCneHHOrO 

· ·pe;,ueimsi 3Tor.o; ypaaHeHHSI, To TeM 'caMbiM Mbi CMO)KeM HatiTH moooe peweHHe Hawea 

3ll.llB'llf 'Blf.lla ·'(3).- ( 9) t He· lfCUOnb3ySI SIBHblti BIJ.ll peWeHHSie . 3TOT MeTO.ll MO)KHO ObinQ 

· · ··<. 6'hJ• ·Hcnonb3oBaTb, HanpHMep, ·a cnyqae CHCTeMbi ypaaHeHHti THna ypaaHeHHti .anSI 11-• N 

u 'IT -•rr pacceSIHHSI, r.ae y)Ke ·Hen?SSI HatiTH SIBHbiti BH.ll peweHHA. KpoMe Toro, ecnu 
'• 

. Mbi Mornu Obi Henocpe.acTaeHHO uccne.aoaaTb aonpoc o cymecTaoaaHHH If e.aHHCTBeH.-.-;. t · r, ; '· , . ~ _,~ 1... ; f , · , -~ · ·, • , . 

HOCTU peweHHSI ypaaHeHHSI { 12), TO TeM CBMbiM Mbi HCCne.aoaanif Obi Bonpoc. 0 MHO-
. 'i ~ .,;. ,'t.. ~ : . . • ' 

)K~ecTae· peweHHti ilawea aa.aaq·u • u aToT· MeTo.a ·MO)KHO obmo Obi o6o6il.lHTb u Ha 

, "cabT~Mbi BhiWeyhoMSIHyToro. THna· •. 

Yfccne.ayeM onepaTOp B npaaotf 'IBCTH { 12 ). nyCTb fl(S) MeHSI9TCSI B TO'IKBX 

'1 '.cu2, .. , ' cuN •1 • npe)K.z:ie BCero Hy)KHO · llO.llX~.llSilllHM OOpaaoM. BbiOpBTb npOCTpaH-

.CTBO, B KOTOpOM Oy.lleM paCCMBTpHBBTb 3TOT onepaTop. ¢yHKUH9 llO.ll HHTerpanOM 

HenpepbiBHa TOnbKO .llJISI cpyHKUHti U(s) t Oopall.laiOlllKXCSI B _!.~· B TO'IKBX, r.ae fl(S) ·Me

HSieTCSl. O.aHaxo, TBKHe cpyHKUHH He nepeao.aSITCSl 3THM onepaTopoM a cpyHxuuu, oona

.aaromue TeM )Ke CBOtiCTBOM. noaToMy H)':)KHO PB(;CMBTpH_B~.Tb H Ta~me cpyHKUHH u(s), 

i:t~SI KOTOpbiX cpyHKUHSI llO.ll liHTerpanoM paapbiBHa. Ho TBKHe cpyHKUIIH nepeBO.llSITCSl 

'B. cpyHKUlfH., HeorpaHII'IeHHbie B TO'IJ{BX cu ,· t . C HHTerpHpyeMbiMH OCOOeHHOCTSIMHe no-
. . I . . . 

3TOMy BBe,lleM cne.ayromee llpOCTpBHCTBO. 0003HB'IHM 

J' ·' 

/ 

~ / 
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(L) =-1, (L) =1 • 
o N 

PaccM?TPHM npocTpaHCTBO L/ p (s)), cocToswee 113 TaKHX cPYHKUHit u(s), npuHHMaio

lUHX KOMnneKCHbi9 3H8'19HIHI, 'ITO npoHaBeneHHe p (s) I u(s) lp cyMMHpyeMO B HHTe- . 

psar.e (-1,1 ). Bse.aeM B LP(p(s)) HopMy 

1/p 
'!lull={/ p(s) ju(s)jP d~] • 

·I 

PaccMoTpHM onepaTop 

l 
Ku =·A- _a_ +:1/rr f ___!_ ['h + ~t<uhiY., -u2 (u) ] du . 

s
0 
-s _

1 
u·- s 

.EepeM Ty B9TBb KB8.Up8THOrO KOpHH 1 3H8'19HHH KOTOpOit H8XO.UHTC9 B sepxHeit nony-

nnOCKOCTH~ 

' OoKameM, 'ITO onepaTop K ne eCTb onepaTop cmaTJHl B npocTpaHcTBe L (p(s)). 
p 

OycTb u/a) 11 u
2
(u)-cPYHKUHH

1 
cosna.aaiOWire. aea.ae na uHTepaane (-1,1) KpoMe 

H9KOTOpOrO HHTepsana ( e 
1
1)) C ( (L)l o (L)l+·l) o 0tm STOM H8 HHTepsane 

<.;,, 
711

)c(.;, 
71

) u
1
(a)=·Vl, a u}u)=~-h ,r.ae O<.h<.¥.1. 

OueHHM c}:lyHKUHIO 

I 
'I 

.I I 
I 
I 

P11c. 1. 

t/J(s) =·I 'Ku - Ku t l 2 

l 
t/1 (s) =-1/rr I f .1..hl. hi% -u2 (u) -·v lJ,. --u

2 
(u)] da 

. . . ' 2. 
-1 a· -·s 



,. 

Tl:lK Kl:lK 

TJ 
=1/lr 1 r _1_ 

~ u· _,s 

8 

u/u)+:u2 (u) ( u (u)-,u}u))d~·l~ 
v'%-u2(u} +:v'%-u2(u) ~ · 

1 2 

U==·U BHe(~,TJ) 
1 2 ,aa(~,TJ) ,.,_(u) =·const. 

nycTb s -TO'IKl:l BHe HHTepaana (~, r,) t HanpHMep, s <'~ • Tor.lla 

1J 
tfr (s) =·1/lr f _1_ " \UI T u \UI ( u (u) _,u (u) ) du· > 

1 2 -
~ u-' s y'.Y,.-u2(u) + v%- ull(u) 

1 2 

~)171 f1_·_1_. · u,.(u). + u/u) ( u
1
(u) -u }u)) du· 

t: u-' s v'% -u2(u) +.V% - u2(u) · 
~ 1 1 2 

_, 
TJl 

.= 11" r u·!s . 
l 

'1-h 
\lh ~ hdu·=·l/77 y'hy'l-h In I·TJ,-s I. 

~ -s 
l 

Bo3bMeM HHTepnan 6. BHe (~, TJ) ; HanpHMep, aneao OT Hero. Tor.lla 

II Ku1 -Ku
2

11 ·==·[/. p (s) (tfr(sl d s ff.J f p(s) (tfr (sf d 3 ]liP 

-1 6. 

> vn VR1 [ fp(sJ ( V~r . In I ;~~: I )p l~ S Vh, 
6. ~~ 

r.lle KOHCTl:lHTa C1 OT h He 3l:lBHCHT. 

C .llpyro:li CTOpOHhi, 
. 171 

1 . . p J.;p . 
II u1 -u2 ll =[ J p(s) I u (s) -u (sJ 1 ds 1 <'h f p(sJ ds =· c 

2
h. 

-1 1 2 1: 
~~ 

( 16) H ( 17 ) nony'laeM vb 

(16) 

(17) 



IIT<.u1 -T<.u211 

llu -ull 
1 2 

9 

c 
>--,· yh 

I'Jle C He 38BIICHT OT. h 
II J(u - f~u II 

• 0TC!OJl8 BIIJlH0 1 qTo rrpu Jl0CT8TQqHQ ManeHbKOM 

OTHOWeHUe 1 2 MO)KeT CT8Tb rrpOH3BOJlbHO 60JibWHM H, 

II u1- u211 · · 
orrepaTop X K He s:mnHeTCH orrepaTopoM C)K8TIIH HH rrpu K8KOM A 

CJleJlOB8TeJibH0 1 

• 

h 

nycTb. (.J. (s) "' const 

PaccMoTpiiM MHO)KeCTBO 

• B 8TOM cnyqae uMeiOTCH TOJlbKO ,'ToqKu w ,_1 u w "'1. 
0 1 

w aeweCTBeH!IbiX cpyHKUHH COOTBeTCTByiOIUei'O npOCTpaH-

CTBa LP(p(s)), yJloaneTaopHIOlllHX ycnoauiO 

I u(s) 1 < e. f<Y· 

noKa)KeM, qTo H8Jl 8TIIM MHO)KeCTBOM orrepaTop A K HBJIHeTCH orrepaTopoM 

C)K8TIIH rrpH JlOCTaToqHo MaJIOM A • )leiicTBIITen'bHO; rrycTb u , u £ 'In • TorJla 
1 ' 2 

1 

t/J (s) =I AKu
1 

-.'AKu
2

1 ='Airr I f _1_ 
·1 (1 -;S 

l 

IP.Ku
1

- 'AKu2 ll = f p(s) (rp (s) l ds 
. ·1 . 

a(s)) I ds. 
1 

nocJI9JlH99 H9p6B9HCTBO H8ITHC8HO Ha OCHOB8HHH orpaHHqeHHOCTH CHHrynHpHOI'O 

/3/ 
HHTerpanbHOI'O orrepaTopa B l, p ( p (s) ) (eM. ) • VIa ( 1_8}_: nonyqaeM 

. , . . e 1 . . p 1/p 
ll'Al(u -AKu ll<XM __ ( f p(s) !u(s)-u (s)lds] = 

1 2 . -~A-e2 ·1 2 l 

Cne.zioaaTenbHo, ecnu 

TO X K 
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Mo:»mo B ypaaHeHHSI ( 1)- ( 2) aaecTH napaMeTp ( cpaay) o (s) cne.nyrolUHM 

o6paaoM: 
u (s) =·cos o(s) sin o(s) < 

v(s) =-sin2 o (s) • 

Tor.aa ( 1)- (2) MO)!(HO aaMeHHTb ypaaHeHHeM 

¥2 sin 2o(s) =·A 
a 

s -s 
0 

1 • 2 + 1/17 J szn o (a) 

·1 u·-• s 

3TO ypaBH9HH9 MO)!(HO 38llHC8Tb T8K)!(9 B BH.U9 

du • 

o (s) = ¥2 arcsin 2 (A-_. _a_+lhr / sin20 (u) du). 
s - s ·1 C7 - s 

0 

(19) 

B TO"'Kax, r.ae o (s) · npHHHMaeT aHa"'eHHSI K _.;;-,. nepexo.auM H3 o.aHoti aeTBH 

arcsin B .apyryro. npu ~TOM) llO.UC"'HTbiB8SI "'HCJ10 .napaMeTpOB B cpopMynax, 

MO)!(HO npe.UllOJ10)!(HTb1 'iTO STH TO'iKH MOryT 6hiTb npOH3BOJ1bHO 38.U8Hbl. 

TaKHM. o6paaoM, MHoroaHa'iHOCTb pemeHH_,.SI -a paccMoTpeHHhiX ypaaHeHHstx, nony

qaeTcst na-aa Toro, 'iTO a paaHhiX HHTepaanax .anst s 6epyTcst paaHbie aeTaH cpyHK

UHll, KOTOpbl9 B HHX BXO.USITo 3TO SIBJ1eHH9 M0)!(9T HM9Tb MeCTO H B .apyrHX H9J1HHel\-

Hh!X ypaBH91lUSIXo 

n H T e p a T y p a 

1. P • .lJ.eH'i9Bo 06 O.UHOM HemmefiHOM CHHrynstpHOM HHTerpanbHOM ypaBHeHHH THna' 

ypaBH9l{Hit pacceSIHHSl noy. npenpHHT OvHl VI. Jly6Ha, 1861, P-890~ 

2. VI.n. HaxaHCOH. Teopust cpyHKun:n: aemecTaeHHon nepeMeRHoil, MocKaa, 1857,. 
ct>uaMaTrua. 

3. B.B.Xne.aenn:.aae. Tpy.ahl T61l:J'JHCCKoro MaTeMaTil:'ieCKoro HHCTHTyTa, TOM 23, 1856. 

PyKonncb nocTynll:na a ll:a.aaTeJ'JbCKil:fi oT.aen 

21 stuaapst 1862 ro.aa. 

X) no-BH.UHMOMy
1 

STll peayJ'JbT8Tbl CBSI38Hbl C H9KOTOPhiMH SlBJ191lHSIMil:t KOTOPbl9 
IIM9J'Jil M9CTO npH 'IIICJ19HHOM peweHHH ypaBH9Hil:Sl B MocKBe H HoBOCH61ipCKe. npn: pewe
HHII ypaaHeHHSI MeTo.aoM n:Tepauntt, nocne.aoaaTeJ'JbHhie npn:6J'JH)!(9HHSI acer.aa cxo.allnHCb 
K T8K H83biB89MOMY a.an:a6aTH'l9CKOMY peweHHio, KOTOpOe COOTB9TCTayeT tJ. (s) = const. 

I 
> 

:< 

/·· 

. ,. .. 
• .. ~ 


