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found iri 

equations 

Bae.lleHHe 

1. B nocne.llHHe rO.llbi 6onbwoe xonH'IecTao pa6oT 6bmo nocasnueHo Hccne.llo

aaHHIO aHanHTH'JeCKHX CBOHCTB HHTerpanoa ¢>eitHMaHa B TeopHH B03MyllleHHH. 8 
11-51 

pa6oTaX ~HHMaHHe 6hlnO COcpe.llOTO'ieHO B OCHOBHOM Ha H3y<JeHHH CBOACTB HH-

Terpanoa ¢>eftHMBHa DpH eBKnHJlOF\hiX 3H8'IeHHSIX BHeWHHX HMnynhCOB 0 3TO OKa3a

nOCb .llOCTaTO'IHbiM .llnSI nonyqeHHSI 06bi'IHbiX .llHCnepCHOHHbiX COOTHOWeHHH, HO He 

no3aonHno .llOKa3aTb cnpaae.llnHaocTb .llBOitHbiX cnexTpanbHbiX npe.llcTaaneHHA MaH-

161 171 
JlenbCTaMa • Y CTaHOBneHHBSI B aHanHTH'IHOCTb aMnnHTY .llbl pacceSIHH_SI M e30H8 

Ha Me3oHe Ia n1060M nopH.llKe TeopHH B03MyweHHiil a HexoTopoA xo·.~nnexcHoA o6-

18 91 
nacTH TaK:1Ke He pewaeT aToii 3a.lla'IH. B pa6oTax ' 6bmo noxa3aHo, 'ITO ypaa-

131 
HeHHH, nony'IeHHbie naH.llay .llnSI oco6biX Toqex a eaxnH.llOBoii o6nacTH, onpe.llensr-

IOT H KOMnneKCHbie OC06E!HHOCTH .llHarpaMMbl ¢>eHHMaHa. 

B HacTOHweA pa6oTe Ha ocHoae aTHX ypaaHeHHA nony<JeHbi I§ 21 napaMeTpa

qecxHe ypaBHeHHSI noaepxHOCTH co6cTaeHHhlX oco6eHHOcTeii .llBHHoA .llHarpaMMhl. B 

e 3 nonyqeHHbie ypaBHeHHSI npoHnniOCTpHpOBaHbl .llBYMSI npHMepaMH. B KB'IeCTBe 

110,18-201 
nepaoro npHMepa paccMoTpeHa H3y'IeHHaSI paHee qeTbipexyronbHaH .llHa-

rpaMMa. 3aTeM Hccne.llyeTcs .llHarpaMMa ynpyroro pacceSIHHSI• H3o6pa:1KeHHaH p e6-

paMH H BepWHHaMH TeTpa9.llpa IHHOr.lla H!13biBaeMaSI pacneqaTaHHbiM KOHBepTOM I,· 

B cnyqae O.llHHaKOBhlX Mace Ha acex nHHHSIX JlHarpaMMbl IBHyTpeHHHX H BHeWHHXI. 

nonyTHO I § 1 I nonyqeHa KBB.llpaTH'IHaSI cpOpMa npOH3BOnbHOA JlHarpaMMhl, Bb!pa

:1KeHHaH qepe3 MaTpHuy HHUH.lleHTHOCTH. B JlODOnHeHHH B paccMOTpeHa JlHarpaMMa 

C06CTBeHHOA SHeprHHt KOTOpaSI SIBnSieTCSI npocTeAWHM npHMepoM paCXOJlSIWei!:cH 

.llHarpaMMhl. Ha aTOM npHMepe npoHnniOcTpHpoBaHo noHaneHHe T.H. "HecpH3H'IeCKHX 

OC06eHHOCTeitw HB BTOpOM pHMBHOBOM nHCTe pBCCMaTpHBaeMOH cpyHKUHH. 

§ 1. K Ba.llpaTH'IHaSI ¢opMa .llHarpaMM bi ¢>eAHMaHa 

2. PaccMoTpRM npoR3BOnhHYIO .llHarpaMMY ¢>eAHMaHa c n y3naMH H 

BHyTpeHHHMH nHHHSIMH. Bee JIHHHH .llHarpaMM bi opHeHTHpyeM, npH'IeM BHem HHe nH-

HHH HanpaBHM K COjTBeTCTBYIOillHM y3naM, a HBnpaaneHHSI Ha BHyTpeHHHX nHHHSIX 

38./la.llHM _npOH3BOnbHO. CTpyKTypy Taxoii .llHarpaMMhl M0:1KHO nonHOCTbiO oxapaKTe-

pH30B8Tb HeKOTOpOH MaTpHueii E H3 n C'l'pOK H CTOn6UOB0 nnSI 9TOrO '>a-
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HyMepyeM B OT.lle1lbHOCTH Y31lbl H BHyTpeHHHe 1IHHHH LIHarpaMMbla 31leMeHT f. 
IV 

MaT pH Ubi E onpenenSieTcH cnenyiOIUHM o6paaoM: 

1, eo1IH 1IHHHSI V BbiXO,llHT H3 Y3118 i) 

t = I 
iv 1 , eC1IH 1IHHHH V BXOLIHT B yaen i 1 

I 1.11 

0, ecnH yaen i He rrpHH8,ll1le:>KHT 1IHHHH V. 

xl 
TaKaH MaTpHua aaabxBaeTcSI MaTpHueA HHUH.lleHTHOCTH. 

nycTb k -HMrry1lbCbi Ha BHyTpeHHHX 1IHHHSIX 0 v . P1 -BHelUHHe HMUY1lbCbi 

He axo

xx/ 
LlHT BHeWHSiH 1IHHHSI. 3aKOH COXpaHeHHSi HMrry1lbC8 B Y3118X LlHBrpaMMbi HMeeT BH.ll · 

LlHarpaMMbi; HMrrynbc ~ To:>KnecTBeHHO paBeH HY1IIO, ecnH a yaen i 

e 
I t k _ 

v=l IV v- p1 , 
i 1, 2, .•• n . 11.21 

Ll1IH COBMeCTHOCTH CHCTeMbi ypaBHeHHH 11.2 I Heo6XOLIHMO Bblfi011HeHHe 38KOH8 

COXpaHeHHSi BHelUHHX HMrry1lbCOB 

n 

I 
1=1 

p =0· 
1 

3TO cne.:IyeT ~ H3 Toro, 'iTO B K8:>K.llOM CTOn6ue MaTpHUbi E 

Ta OT1IH'iHbi OT HY1ISI 1 rrpH'ieM O,llHH H3 H'HX paBeH }, a .llpyroA 

T91lbHO, cyMMa aneMeHTOB B KB:>KLlOM CT011 6ue paBHa HY1IIO. 

11.81 

T01lbKO .llBa aneMeH~ 

-1 H, cnenoaa-

B Ka'ieCTBe rrpHMepa npHBe.lleM MaTpeuy HHUHneHTHOCTH .ll1IH .llBYX .llHarpaMM 

pacceHHH5! 1 paCCMOTpeHHbiX B § 3 • ..[lnH qeTbipexyr01lbHOft ,llHarpaMMbi1 rrOK838HHOft 

Ha pHC. 1 ln. 61, M8TpHU8 E 1 HMeeT BHLl 

( 

1 0 0 -1 ) 
E= -1 1 0 0 

1 0 0 -1 1 
0 -1 1 0 

Ll1IS! LIHarpaMM bl B c!JopMe TeTp89.llpa ln. 7 1 pHC. 2 I !1.18TpHU8 HHUHLleHTHOCTH paB-

a a 

xl 1111 • 
M aTpHUa HHUHLleHTHOCTH BBe,lleHa nyaHKape B 1,901 r. 0 TOrr01IOrHqe-

~KHX CBOftCTBaX rpac!JOB H 0 p01IH MaTpHUbi HHLlHLleHTHOCT!l CM _112' 13,141. 

xxl 115 231 ' 
CM. TaK:>Ke ' • ct>opMyna 11.21 SIB11HeTcH qacTHbiM cnyqaeM o6mero 

Bbipa)KeHHSI Ll1ISI ~ -rpaHHUbi OLIHOMepHoH: uerrH lcMJ121 rnaBa 7 I. 

8. 

rpaMM&I 

1IHRHH 

paaea 

r.lle 



f. 
IV 

YllhCbl 

He BXO

XX/ 
BH.ll · 

/1.2/ 

3SKOHa 

/1.3/ 

.llB8 9119M 9H-:-

B, cnenoea-

ByX LIHarpaMM 

IIOKS38HHOA 

HOCTH paB-

TOIIOliOrH'Ie
,14/. 

o6mero 

F 

5 

1 0 0 -1 1 0 

-1 1 0 0 0 1 
E2 = 

0 -1 1 0 -1 0 

0 0 -1 1 0 -1 

3. npH H3Y'I9HHH 8H81IHTH'I9CKHX CBOiCTB BK118.ll8 B S -MaTpHUy OT .llHa-• 
rpaMMbl ¢eAHMaHa .llOCTaTO'IHO paccMOTpeTh cnyqaii 1 KOr.na KB:>K.llOA BHYTP9.HHeA 

-I 
liHHHH .llHarpaMMbl COOTB9TCTByeT CK81IS1pHbiA MHO::>KHT91Ih ( k 2-m2 + if ) . 

v v 
B STOM cnyqae BKna.n OT .nHarpaMMhl I c TO'IHOCThiO .no 'IHcnosoro MHO::>KHTenR I 

pasea lim 
£#0 

,f- n+ 1 

, r.n e 

00 

~ = (~17 )2D 17 2 f 
0 

f 
exp 1-i I 

v=l 

D f D 

x f ... · f U d\ exp 1- i/4 I _ 1 _ (I 
f = 1 f v=l av f = 1 

p X I . 
f f !'lA! 

VIHTerpan /1.4/ no a , eoo6me rosop.s~, pacxo.nHTcR. O.naaKo cyruecTByeT Knacc 

.llHarpaMM 1 .llliSI KOTOpbiX STOT HHTerpan CXO.llHTCSI /TaKOBbi, HanpHMep
1 

.llHBrpaMM bit 

B KB::>K.llOM ysne KOTOpblX CXO.llSITCSI TpH liHHHH H B KOTOpbiX, KpOMe Turo, H9T co6-

CTB9HHO 9HepreTH'I9CKHX II9T91Ib. PacCMOTpHM CH8'18118 CBSI3HyiO .llHarpaMMy H3 

9TOrO KliBCca. VfHTerpan /1.4/ MO::>KHO npeo6pa30B8Tb K BH.llY 

I'.lle 

n 
1£ = 8 (I p

1
). 

i-=1 
~ (p), 

.f-n+1 

7: (p) = ' . 
< ( •417 }2n-1 

n-1 n-1 
X f ... f n d 4x exp I - i/4 I 

f=1 j J,k=1 

f 
exp I - i I a ( m 2 

- i £ ) I x 
v=l v v 

n -1 

d X X +i I p X I; 
jk j k j f 

j = 1 

I 1.51 
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d=~ ~~ 
ik v= 1 

11.61 

Uv 

I M bl npetlnonaraeM 1 "'TO B y3eJI n 
BXO,llHT HeHC'le3810IUBI TO:>K.lleCTBeHHO BRew·· 

HHH HMnyJibC P f; 0 I. TaK KaK .uHarpaMMa csst3Ha , onpe.uenHTeJib 
d (a) 

n 

MaTpHUbl 
(djk )(j, k=1, ... , n • 1 ) ae paBEl'!i aymo. Bb!DOJIHSISI HRTerpspoaaaHe no 

x 1' ..• , xn _ 1 , nony"'HM 

0 00 ~ 
.,. ( n-1.L 

00 da 
't (p) = -1 > ' f ... f n _jL_ 

o o v=l a2 
ll 

1 
n-1 -

-- exp I i ~ d p p - i ~ a ( m2 -it )l , 
cP(a) J,k=1 Jlt I k v=t v v 

e 
11.11 

rtle ( d1") 
-MaTpHU8 o6paTH8SI K ( djk ) (j, k=J, ... 1 ft•1) • 

'l-13 11.7 I BBtlHO, "'TO ¢yHKUHSI T (p) 38BBCHT JlHWb OT CKSJISipHbiX npOH3-
t 

aetleHHA aaewHHX HMnynbcoa Pj Pk • Bb!pa:>KeaHe 11.11 6blno nonyqeao H8MH 

H8 11.41 JlHWb tlJlSI nceB.llOeBKJ1Htl0BbiX HMDYJlbCOB p 1 HO aenocpetlCTBeHRO 

H3 ¢opMyJI&I I 1. 7 I BHtlH0
1 

'ITO npasast qacTb sToA ¢opMyn&I onpe.ueneaa npH nro-

6&1"- p C BeiUeCTBeHHbiMH CKanstpHbiMH npOH388.ll8RIIHMHo 

'iT06bi Bbl.llenHTb {j -¢yHKUBIO H3 HHTerpana 11.41, Mbl DpOHHTerp11pOB8JlB 

no x., H aTHM HapyWHJlH CHMMeTpHIO DO.llbiHTerpaJibHOrO Bblpa:>KeRBSI OTHOCBTeJII:i-

~0 X -oB. 3aMeTHM O.llH8KO, 'ITO Oope.uenHTQJlb d(a) OCTSJICSI 6bl TeM :>Ke 

C4t-t&IM
1 

ecnH Mbi npoHHTerpHpoaanz no nro6oA nepeMeHHOf xi IBMeCTO 

3'1'0 cne,o.yeT H3 CHMMeTpHR npaaoA 'laCTH nerJCo npoaepSieMoro paaeacTaa: 

d11 ••• dt n-1 

d(a) s 

dn-1 1 ••• dn-1 n-1 

. = 1/n lim 1/A. 

x .... o 

dtl +X dt2••• dtn 

~~ ct2 +X. •• d2D 

.................................... 

dnt ~~··· ~n +>. 

xn 

I .ans nonyqe_HHst aT oro paaeacTBa .uocTaTo'IHO socnonb30B8TbCst TeM, 'ITO a csny 
n . ~ 

caoAcTB MaTpBUbi HHUH.lleHTHOCTB I d .. = 0 npR Ka:>K,aOM i .. 1, ••• , n 
j= 1 I] 

I. 

nycT& 

nocne 

=(2n-t-

r.ue 

A(a, p)•-

'Vf3 Bb!BO,Zl8 

'IBC9Jl 8V 

3Ta 

3888 



11.61 

npOH3-

OTHOCHTen~:,-

CHny 

•1, ... , n 

.. 

7 

-npOH3BOnbHbi9 nonO:>KHT9nbHbi9 'IHCna. 0603HS'IHM nepe-

MeHHble HHTerpRpOBSHHSI B 11.71 'lepe3 a: H caenaeM saMeay nepeMeHHbiX 

a~ = ;\av , v = l, ... , f , 

npH'IeM HOBble nepeMeHHb19 aV f fiO,ll'IHHHM ycnOBHIO 

l: a a =1 
J.=l v v 

nocne HHTerpHpoaaHHH no X oT 0 ao oo nonyqaeM: 

T (p)= 
f 

f 
... (2n-t-3)! j ... j 8 nut Jav av) 

0 0 cP(a)[Q(a,p) +it ~ a ]2n-r- 2 

r 
n 

~o=l 

r.lle 

A(a, p)=--1 -
d(a) 

J.=l v 

2 
Q(a,p) =A(a,p)-M (a), 

0 p ···P 
1 n-1 

p d ••. d 
I 11 tn-t 

p d ••• d 1 
n- t n-1 1 n- 1 n-

t 
M2

(a) =I a 
v=l v 

11.81 

I 1.91 

H3 BbiBO.lla BHaso, 'ITO Bblpa:>KesHe 11.81 se 3aBHCHT oT Bb16opa nono:>K&Te.rtbHbiX 

'IHcen a
11 

IH OHH MoryT 6h1Tb Bbi6paabl, B 'laCTHOCTH, Bee paBHhiMH eaHsHue I. 

3Ta H938BHCHMOCTb MO:>KeT 6!!1Tb .llOKa3aHa H H9fi0Cp9,llCTB9HHO H3 11.81 H CBSl-

• 
3aHa CO cne.llyiOLUeA rpynnoA npeo6pa30BaHHA, OCTaBnHIOLUHX HHBapHaHTHbiM HHTe;'""· 

pan 11.81 • n YCTb a R a' (v=l , ••. ,f) 
v v 

npOH3BOnbHbie nono:>KHTenbRbie 

'IRena H nyCTb 

f -t f 
11: a 

, 
I a a a a a 

v 1!1 1!1 
s=·t 

1!1 1!1 v 
s=t 

11.101 
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HeTpy.aso :Ba.deT&, 'ITO npeo6paaosasHe,o6paTsoe K 11.101., aMeeT TaK"oA >Ke sa.a: 

~ 
a ={I a 

II s 
s= 1 

, l-1 ~ , , , 
a· "' a a a s s s II 

s=1 

11.11/ 

H 'ITO nocne.aosaTen&soe npHMesesae npeo6paaosasaA THna 11.10/ I c paaHbiMH 

a I csosa BBnBeTcB npeo6paaoaasHeM TaKoro >Ke THna; cne.aoaaTen&so, npe-
11 

o6paaoBaHHB THna 11.10/ .aeAcTBHTen&HO o6paayiDT rpynny. HKo6HaH npeo6paaosa-

HHB /1.10/ pases /eM • .Uononsesae A/ 

f ~ 
a , l: a a =-{ 

a I . ,,., 8 8 

a a I. a' a 
II 

B B 
s=-1 

/1.12/ 

ViMeSI B BH.llY 
1 

'ITO 3B8M8H8T91Ib B HHTarpa1IbHOM Bblp8>K9BBJI .lld f (•P) SIBJUI8TCSI 

o.asopo.asoA ¢ysxuael OT a cTenesa f , aa 11.12/ nonyqaeM, 'ITO BBTerpan 

T (p) 
00 00 

f ... .f 
1 8 ( 1-us• a 11 a,) 

d2(a)[Q (a,p) +iO]Jil-t-2 

f 

n da.Jl. 
all! 

/1.13/ 
0 0 11=1 

II (2 n - f - 2 )! 

HHB8pHaHTeH OTHOCHTe1IbHO npeo6pa30BSHBSI /1.11/a 

OTMeTHM, 'ITO npeo6paaosaaBB 11.10/ 
f 

yC1IOBHH, 'ITO 3HSM eHST enH I_ a' a Jl B B 
. s= 1 

se.aoMo TaK, ecnH IKaK B saw eM cnyqae I 

H /1.11/ BM9IDT CMbiC1I 1IHWb DpH 
f 
I. a a' 

B B 
ae paBHbl syniD; &TO aa-

... 1 
see a H a ' seoTpHuaTen&Bbl H &e 

II ""'"JI 

ot5pamaiDTCB o.asospeMeHHO B synh. O.asaKo Tpe6osasae seo6pawesaB B syn& 

3HSM9HST91ISI npeo6pa30BSBHSI /1.10/ CTSHOBHTCSI seTpHBH81IbHbiM 1 9C1IB Mbl H3M9:-

HHM KOHTyp HHTerpHpOBSHHSI /no a / H BBe.aeM B paCCMOTpeHB9 KOMDneKCBbl9 

a /eM • .aanee n. 4 t 2/. 

i 

¢opMbl 

113 

pbiX 

nexcsol 

Me>K.ay 

OT p 



/1.11/ 

I c paaHbiMH 

em.so, npe

npeo6paaoaa-

/1.12/ 

f (.p) SIBIUI8TCSI 

'iTO BRTerpan 

/1.13/ 

nHWh IIpB 

&To aa-

It OMIIneltCH b19 

9 

§ 2. Oco6ble TO'iKH .uHarpaMMbl 

4. Oco6ble TO'iKH cPYHKUHH T(p) onpe.uensuoTCSI ¢opMoA Q(a,p) • 3ToA :>Ke 

cPOPMOit onpe.uenSIIOTCSI H OC06bJe TO'iKH perynS1pH30B8HHOf'O Bblpa:>KeHHSI BKna.ua OT 
/151 

.uHarpaMMbl a cnyqae, Kor.ua HHTerpan 11.7/ pacxo.uHTCSI /eM. ; a .[lononse-

HHH B paccMoTpes npHMep npocTeAweA pacxo.uSimeAcSI .uHarpaMMbi - .uHarpaMMbi 
• 

co6CTBeHHOit 9HeprHHf. ¢opMyna /1.9/ .naeT SIBHOe Bbipa:>KeHHe KB8Llp8TH'iHO·it 

¢opMb1 Q (a, p) ni06oA .nHarpaMMbl ¢eAsMasa. 

VIa /1.13/ cne.uyeT, 'iTO ecnH Q (a, p) :/• 0 nps acex seoTpHuaTen&HbiX 

a J ae paBHbiX o.usoapeMesso syniO, TO cPYHKUHSI T(p) asanHTH'iHa B TO'iKe P. 

t{To6bl HCCne.uoB8Tb 8H8nHTH'ieCKHe CBOitCTB8 cPYHKUHH T(p) B TO'iK8X, B KOTO-

pb!X ypaasesHe Q (a, p) z.O &MeeT pewesHe nps seKOTOpblx a H3 o6naCTH HH-

Tet'pHpOB8HHSI1 MO:>KHO .ue¢opMHpOB8Tb KOHTyp HHTerpHpOB8HHSI B /1.13/ B KOMn
x/ 

neKCHOA o6naCTH 3H8'ieHHA a • • nps nepexo.ue K KOMnneKCHbiM a s CBSI3b 

a v 
, 38Ll8B8eM8SI 8 -<PyHKUReA B /1.13/ COXpaiSeTCSI. 

/8/ B pa6oTe , sa ocuosasHH neMMbl, c¢opMynspoaassoA B npRno:>KeHHH A pa-
/18/ . 

60Tbi , IIOK838HO, 'iTO He06XOLlHMbie ycnOBHSI cymecTBOB8HHSI oco6eHHOCTR B 
/3/ 

eBKnH.[lOB.OA o6naCTH 1 rronyqeHHble nas.uay t OCT8IOTCSI ·seo6XO.llRMbiMH ycnOBRSI-

MH cywecTBOB8HRSI H 1IpOH3BOnbHOA KOMrrneKCHOA oco6eHHOCTH rnaBHOit B9TBH cPYHK~ 

UHH T (p) • 

Cornacso &THM ycnOBHSIM, .unSI Toro, 'iT06bi HHTerpan 11.13/ KaK cPYHKUHSI 

OT p HMen OC06eHHOCTh B TO'iKe , seo6XO.[lHMO, 'iT06bi CHCT9M8 r 
yp8BH9HHit OTHOCHTenbHO a 

. a Q (a, P..) 
a---~ ,o, ... , a Q(a,p) 

= 0 . /2,1 I 
1 a a 

1 

x/ 
M eTOLl asanaTH'lecKoro .npo.uon:>KeHHSI HHTerpanos, aaBHCBlllHX oT napaMeT-

pa, rrpH IIOMOlllH .ue¢opMHpOB8HHSI KOHTypa HHTerpHpOB8HHSI RBnSieTCSI Kn8CCH'i9CKHM 

B TeopHH auanHTH'iecKHX cPYHKUHA. B auanorH'isoA aa.uaqe .ung ¢ysKuHA .usyx rrepe.
MeHHbiX 9THM rrpHeMoM rronJ:.aosancB A.uaMap/16/ eme B Kosue npownoro BeKa. 
npHM9HHT9nbHO K HHTerpanaM, COOTBeTCTByiOlUHM LlH8r}:!aM8M ¢eitHM8H8 1 9TOT Me• 
TOLl asanHTH'lecKoro npo.uon:>K eHHSI scnon&aosancSI a117,8,9, 18/. 
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HMena peweHne, y.aoaneTBopsnomee ycnoBHIO 

e 
I a a = 1 

Jl Jl 
v=l 12.21 

TO'IKY Po HaaoBeM oco6oA TO'IKOI ,aHarpaMM hi. CoaoKynaocTb TaKRX To'leK p 
0 

3aBHCHT OT Bbi6opa nono:>KHTen&BbiX 'IHCen a
1 ' ... , at • 3Ty COBOKyn-

HOCTb 0603Ha'IHM S (a)= S (a
1

, .. , ~ ) • Oco6oA noaepxsoCTblO .asarpaMMbl 

Ha30BeM TeopeTHKO-MHO:>KeCTBeHHYIO CYMMY 

s = u 
a > 0 
Jl 

S (a
1

, ... ~ ). 12,31 

B cHny o.aHopo.asoc~n: cHcTeMbl 12.1 I, oco6asr noaepxsocTb S COCTOBT R3 Ta-

KHX TO'IeK p
0 

, ,anSI KOTOpbiX 9Ta CHCTeMa HMeeT B9TpHBHanbBOe peweBH9o 

0TMeTHM, 'ITO llOHSlTHe OCOOOI noaepXHOCTH ,aHarpaMMbl H9CKOnbK.O ycnOBHO. 

n_oaepXHOCTb S He co.aep:>KHT acex .OCOObiX TO'IeK. MHOr03Ha'IHOI <i>YBK.UHH T (p) 

IHa nonsoA pHMaHoaoA noaepxsocTn: sToA cpyHKUHHI • .LlononHHTen&&ble ocooessoc-

TH B03HHKalOT 3a C'leT B03MO:>KHOrO 06paiU9HHSl B · Hynb Onpe,aenHTenSI d (cz)) 

axo.asrmero a asaMesaTen& no.abisTerpan&soro BblpaX<eHHSI a 11.131, Kor.aa pac-

t:MaTpHBalOTCSl He TOnbKO nonO:>KHTenbHbie a o 3TH OC009HBOCTH O.UHaKO BHKOr• 

,a.:, He ne:>KaT Ha rnaBHOM pHMaHOBOM nHcTe /sa T.Ho '<PH3H'I9CKOM' nHCTe/ <i>YHitl 

UHH T (p) , onpe.aenessoA npH aemeCTBeHHbiX p <t>opMynoA /1.131 t UOSTOMY 

x/ S Mbi He 6y,aeM llpHHHMaTb HX BO BHHMaBHe • C ,apyrol CTOpOHbi, noaepXHOCTb 

He COCTOHT H3 O.UHHX TOnbKO '<i>H3H'IeCKHX" OCOOeHHOCTel. K aK YBH,UHM Ha pst,ae 

npn:Mepoa /§ 3/, osa acer.aa co.aep:>KHT H oco6essocTH 1 se neX<amHe sa rnassoM 

pHMasoaoM nn:cTe ¢yHKUHH T (p). Oco61>1e TO'IKH HHTerpana /1.131 npH aewecT

BeHHhiX CK8n!rlpHbiX npOH3Be,aeHHSlX BHeWHHX HMnynbCOB UpHHa,aneX<aT TOI '18CTH 

UOB9pXHOCTH s , KOTOpasr COOTBeTCTByeT peweHHSlM / al , ••• , ••• , Clf I 
' 

cn:cTeMbi 12.1 I c seoTpsuaTen&HbiMH cz 

x/ 
Hann:'IHe TaKHX 'ae<PH3H'Iec~tHX • oco6easocTeA, KOTOpbie K ToMy X<e se 

38BHCSIT OT MaCe Ha BHyTpeHHHX nHHHBX, npoHnnlOCTpHpOBaHO B/Q/ Ha UpHMepe 
aepwn:saoA qacTH. CM. TaK:>Ke .aononaeaHe B aacTosrmeA pa6oTbi1 r.ae sTo no~ta
·aaso sa eme 6onee npocTOM npHMepe co6cTBeaao-saepreTH'IecKoA 'laCTH. 

• 

Ecn• 

ae paaao 

rpaMMbl. 

Ecna 
1241 

38HO B I 

HOI 

lsTO 

r.ae A( 

K838Tb, 

YpaaseaHe 

sToro ceM 



12.21 

T8KHX TO 'I ex P 
0 

0 3Ty COBOKyn

.llH8I'p8MMbl 

12,31 

COCTOHT H3 Ta:-

ycnoaao. 

T (p) 

oco6eaaoc-

d (a)) 

xor.lla pac-

, noaepxHOCTb S 

yBH.IlHM H8 pSI.Il8 

H8 rnaBHOM 

npH aemecT-

' •••t ••• , af I 

ToMy *e ae 

Ha npHMepe 

r.lle sTo noxa

qacTH. 

11 

EcnH cpe.llB peweaaa cacTeMbl 12.1 I HMeeTcH Taxoe, 'ITO HH O.llHO H3 a 
I/ 

He paBHO aymo, TO TO'IKY p p 6y .ll9M H83biB8Tb C06CTB9HHOA oco6oA TO'IKOA ,/lHa-

rpaMMbl. B STOM cnyqae cymecTByeT peweaae cacTeMbi 

aQ.<a,ro) o, ... , a Q(a, Po) = 0, (a
1

=/·'0, ... , af I: 0) ·: a, 12.41 

E cna B 4JopM e Q (a, p ) aexoTopoe a 
11 

paaao aymo, To xax 6btno noxa-
/24/ 

38HO B ITeopeMa 211 9T8 4JopMa COOTB9TCTByeT ./lH8rpaMMe, nony'I9HHOA 83 HCXO.Il-

aoA CTHraaaaaeM naaaa Jl B TO'IKy. npa 3TOM BH9WHHA HMnynbC B 9TOA Toq-

Ke paBeH CYMMe BHeWHHX HMnynbCOB, npHnO)K9HHblX Ha KOHU8X nHHHH Jl 

HeTpy./lHO BH./l9Tb, 'ITO 38.1l8'18 0 H8XO)I{Jl9HHH Bcex OC06biX TO'I9K .llBarpaMMbl 

CBO.IlHTCSI K 0TblCK8HHIO C06CTB9HHblX OC069HHOCTeA ./l8HHOil: JlH8I'p8MMbl H BCeX 

./lH8rpaMM 1 nony'leHHblX H3 Hee CTSIJ'BB8HH9M T9X HnH HHbiX nHHHA B TO'IKy. 

5. PaccMOTpHM MHO*eCTBo acex co6cTBeHHbiX oco6biX To'leK .naarpaMMJ>I 

lsTo MHO*ecTBO MO*eT 6b1Tb a nycTblM I. Bae.neM O.llHOpO.IlHYIO KBa.llpaTH'IHyro 

cPYHKfiJIIO OT p 

-2 -2 
L (a,p)=M (a)A(a,p), 12.51 

r.lle A (a, p) 
2 

M (a) onpe.llene&bi 4JopMynoa 11.91. HeTpy.llHO no-H 

K838Tb 0 'ITO CHCT9M8 ypaBH9HHA 12.41 SKBHBaneHTHa CHCTeMe 

12,61 

-2 a L (a, p0 ) = o, 
Jl =·1, .•. , f. . 

a a 
Jl 12.7 I 

Ypaaaeaae 12.61 3a.llaeT napaMeTpaqecxoe ceMeil:cTBo a npocTpaHCTBe aaewHHX 

HMnynbCOB p • Ycnoaaa 12.7 I 03Ha'laiOT, 'ITO Tpe6yeTcH HaiTH ora6aromy10 

9TOI'O CeMeii:CTBa • ..Unsr 3TOJ'O Mbl paCCMOTpHM noBepXHOCTb) COnpSI)K9HHYlO C 12.81,. 
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HITH, 'ITO TO :>Ke caMoe, KB8.llp8TH'IHYIO cpopMy, o6paTHYIO K /2.5/ IT.e. 38.ll8Bae

MYIO o6paTaoA MaTp&ueA I. Cornacao /1.6 I H /1.9/ 9Ta cpopMa HMeeT BH.ll 

e 
L 2 (a, x ) "' M 2( a) I 

v==l 

1 

a 
II 

n-1 2 

(I (Ill XI ) • 
I"' ·1 

12.81 

Vf3 TOro, 'ITO KB8.llp8TH'IHbi9 cpOpMbi L2 (a, x) 
~2 x/ 

a L (a, p ) o6paTHhi apyr apyry , 

nerKO nony'IHTb, 'ITO 

L 2 
(a, Y2 a L2 

(a, x) 

a x 
/2.9/ 

2 
)==L (a,x) 

a L 2 c J ( Y2 a, X , KaK H p -BeKTOp C 4 ( n • 1 ) COCT8B1ISIIOUlBMB 
2 a x 

Y:, ~, i = 1, 2, .•• n-1, p = 0, 1, 2, 3 ). 
a x

1
_ 
P OnpeaenHM aeKTOp p cpop~ynoA 

p=Yl a L 2 (a, x) 

a x 
L (a, x ) aL(a,x) 

ftx 

TaK KaK ¢opMbi L2 B L 2 aaaBMHO o6paTHbi• To npB 

MY1IC'A 12.10/.) 

Y2 
2 

aL (a,p) 
=·X • 

a P 

12.10/ 

P, onpeaensreMOM <Pop-

/2.11 I 

YpaaaeaHSI 12.10/, npB cpHKCHpoaaaahix ,a, MO>Kao paccMaTpBBaT& JtaJt napaMeTpH

'I&CJtHe ypaaaeaasr noaepxaocTB 12.61, ecna x ne>KHT sa noaepxaocTH 

L 2 (a x ) =-1 , 1 12.12/ 

conpsmeaaoA K /2.6/ 
• 

x/ 06paTHM BHHM8HH9 H8 8H81IOPHIO Memay CORpSI;>t<9HBbiMH O.llHOpO.llHbiMH <PYBK•· 
UHSIMH L H L H narpaa:>KeaoA H raMHnbTOaoaoA <PYHKUHSIMB B KnaccH'lecJtoA 

Mexaa&Ke /cMJ211 rn. X, § 54-55/. 

'ITO 

X 

Aellaelll 
• 

>K9BRR 

Hcuoa• 

unnva•• 

Cllopwy 

B 



.e. aaLlaBae-

BRLl 

12.81 

x/ 
LlPYI' LlPYI'Y , 

/2.9/ 

12.10/ 

ensreMOM cpop-

/2.11 I 

napaMeTpa-

/2,12/ 

.. u•uvu.a hiM R cpyHK:
Kli8CCR'I9CKOA 

13 

.0Hcp¢epeHuHpyB no a 

'ITO cPYHKUHSI 
a 2 . 

L (a, x ) 

To:>K.uecTBo /2.9/ • Y'IHTbiBaB /2.11 I H Hcnonb3yB To, 

SIBnSieTCSI OLlHOpOLlHOA: KB8Llp8TH'IHOA: ci:JopMOH OT 

a 
a a 

)/ 

2 a "'2 aL2 (a,x) L (a, x ) + __ L (a, 'h -"-=---'--'::.L-=-<--

aa a X 
)/ 

v =1, ... ,e. 

) "'0 I /2.13/ 

Via 12.13/ cneLlyeT, 'ITO LlnB Toro1 'IT06bi HMeno MecTo 12.7/ npH p , onpe-

LlensreMOM cPOpMynoA: /2.10/ 1 Heo6xn.aHMO H Ll0CT8TO'IH0 1 'IT06bl 

a c?ra, x) 
________ = o, v = 1, ... , e. 

a a 
)/ 

/2.14/ 

TaKHM o6paaoM, Mbi LlOKaaanH, 'ITO noBepxaocT&• conpB:>KeHHaSI K orH6aiOrueA 

ceMelcTBa noBepxHocTeA 12.61, BBnBeTcsr orH6aiOrueA ceMeAcTBa conpsr:>KeHHbiX no

BepxHocTeA 12.121. 

Vfa /2.14/, HCUOnb3ySI /2.8/, /1.9/ H /1.12/
1 

MO:>KHO nony'IHTb SIBHbie Bbipa-

:>KeHHSI LlnSI av • .QeA:cTBHTen&Ho, Ha 12.14/ nony'laeM 

J.1 cnon&aysr HOpMHpOBKy 12.21 H nonarag 

n-1 
R !!! I f· xi ' II i=l IV 

nony11aeM 

e 
IR§I -1 

a ... (I a l I Rvl 
II s=1 s 111 m s II 

Cl>opMynhl .unsr a . )/ 
npHo6peTaiOT oco6eHHO npocToA: BHLl, ecnH 

B aTOM cny11ae, Hcnon&ayg /2.12/, H3 12.16/ nony'laeM 

12.15/ 

12,16/ 

2 
nono:>KHTb a = m • 

II II 
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a = IR"I " --. /2.16a/ 
m" 

EcnH Xi npHHHMBIOT ni06bi9 KOMnneKCHbi9 3H8'19HHSI 1 TO K8.>K,ll8SI cPYHKUHSI 

n-1 
IR I =y('i £· x.)2, y=l, ... f 

" i=1 111 ' /2.17/ 

.a:ayaHa'IHa. EcnH Xi B9IU9CTB9HHhi1 TO ,llnH "'cPH3H'l9CKHX"' C06CTB9HHbiX OCQ6ea-

HOcTelt I R
11 

I nono.>KHTeJlbHhi. 

no.acTaBnHSI 3H8'19HH9 a /2.16/B /2.8/ nony'la9M 1 'ITO R938BHCHMO OT 

Bbi6opa no no .>KHTenbHhiX 'IHcen 

paBHO L (a, x) 

a 

" 
1 9KCTpeManbH09 3H8'19HH9 cPYHKUHB 

f 
L (x) = ext L (a, x) = 'i nt, 1~1 · 

a tr-=1 
12.18/ 

TaKHM o6paaoM, orH6aiOmaB ceMeAcTBa no:aepXHOCTeA 12.12/ onpe.aen.ReTcH ypa:a-

HeHH9M 
f 
I 

y=l 
m IR I = l · 
" " 

no.acTaBnHH y /2.19/ 9KCTpeManbHbi9 3H8'19HBSI 

/2.18/ H /2.19/, nonyqaeM 

r.ae B9KTOpbi R 
" 

p. 
1 

a L (x) 

a xi 

f 
I 

Y=l 

R 
t· m 

lk I 
" 

111 " 

onpe.aeneHbi cjlopMynoA 12.15/. 

12.19/ 

a /2.16/ H Y'IHTbiB8R 

/2.20/ 

CMbiCn npOB9.ll9HHbiX npeo6p830B8HHA COCTOHT B 38M9H9 CBCT9Mbi ypaBH9,... 

HHA /2.6/ H /2.7/ 9KBHBaneHTHOA eA CHCT9MOA ypaBH9HHA /2.10/, /2.12/ ·a /2.14/,' 

KOTOpaH o6na.aaeT TeM np9HMYIU9CTBOM 1 'ITO fi03BOnSieT aneM9HT8pHO RCKniO'IHTb. 

nepeMeHHbie a H3 ypaBH9HHA /2.14/ R nocne fiO.llCT8HOBKH B /2.10/ nony'IHTb 

/2.20/. 

/ 



12.16a/ 

HKUH.S 

12.171 

12.181 

TCSI ypaB-

12.191 

H Y'IHTbiBSS 

12.201 

bl ypaa&e-

121 ·a 12.141, 

0 HCKniO'IHTb. 

101 nony'IHTb 

15 

YpaBHeHHH 12.201 npeacTaBnHIOT co6oA napaMeTpaqecKHe ypaBHeHHH noaepx

HOCTH co6cTaeHHbiX oco6eHHOCTeA aHarpaMMbl. TaK KSK ypaaaeHHSI 12.201 onHo-

pOUHble HyneBOA CTeneHH OTHOCHTeJlbHO X , To nepeMeHHbie X MO)KHO 

C'IHTSTb He38BHCHM biMH, He CBSI38HHb!MH ycnOBHeM 12.191 • 

3aMeTHM
1 

'ITO ypaBHeHHSI 12.201 COBnaayT C 38KOHOM COXpaHeHHSI HMnynbCS 

B yanax naarpaMMbl 11.21 t ecnH C'IHT8Tb, 'ITO HMIIYJlbC H8 JlHHHH II Ha noaepx-

HOCTH OC06b!X TO'IeK HMeeT BHa 

k =m 
II V 

12.211 

IR I v 

EcnH a
11 

aaaaiOTC.S ¢opMynoA 12.161, To BeKTOpbl k11 1 onpeaeneHHbie ¢opMy-

13 41 
nol 12.21 I yaoaneTaopSIIOT ycnoBHIO sKcTpeMyMa ' 

' 
12.221 

3nec& C -npoaaaon&Hbll aaMKHYTbll KOHTYP aaarpaMMbl c aaaaaHbiM aanpaa-

neaHe o6xoaa, 

aanpaaneaaeM nHHHH 11 

, ecna aanpaaneaae o6xoaa KOHTypa C coanaaaeT c 

H f -=--1 v 
xl 

B npOTHBHOM cnyqae • 

VIa 12.21 I, a 'lacTaocTR, nony'laiOTCSI acxoaable ypaBHeHHSI 12.41, a <flopM e , 

131 
KOTOpyiO npaaan HM naaaay 

12.231 

napaMeTpH'19CKH9 ypaBHeHHSI noaepXHOCTH C06CTB9HHbiX oco6eHHOCTeA 12.201 naiOT 

TSK*e reoMeTpa'leCKHI cnoco6 anSI HaXO*aeaHSI oco6eHaocTel naarpaMM bl npa 
110 31 

noMowa TaK aaablaaeMbiX ayan&HhiX aaarpaMM ' • Bee "anHHbi" 12.17 I oTnH'I-

xl .QOK838T9JlbCTBO COOTHOlll9HHSI /2.221 MO)KeT 6b!Tb nony'leHO npH IIOMO!Uit 
T.H. STOpOI MaTpHUbl HHUHaeHTHOCTH ICBSI3b!B8IOIU91 KOHTyphl H JlHHRH naarpaMMbl 
ICM., aanpaMep,/141 n. 13.3/ c. 931. B cny11ae, Koraa a 11 aaaaiOTCSI <:}JopMy-
nol 12.16a/ IT.e., Koraa a - sz2 I R .. a k • 3TH aeKTOpbi cacTeMaTH~ 

/221 V . V V II 1221 
'19CKH HCIIOJ1b3YIOTCH B • 3anHCblB81l ypaaHeHHSI 12.1/ 1 /2.3/ H /5.1/ pa60Tbi 

C IIOMOWbiO M8TpHUbl HHUHaeHTHOCTH H HCKJ110'18SI nepeM9HHbl9 /3jk , Mbl IIOJly'laeM 

npyrol BbiBO.ll napaMeTpH'19CKHX ypaBH9HHI 12.201. 
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Hhl oT HynSI, nocKonbKY Mhl &MeeM .oeno c co6cTBeHHhiMH oco6eHHOCTSIMH. Ecna 

B yaen i He BXO.OHT BH9WHSISI nHHHSI, TQ P. !E 0 
0 lo 

H /2.20/ aBTOMaTH"'9CKil .oaeT 

eeKoTopyiO cBSI3b Me>K.oy napaMeTpllMH x j Ia HMeHeo1 npoaaso.oHhle oT L (x) 

no cocTaBJISIIOWHM aeKTopa x
1 

paBHbi eyn10 I. Tpe6o&aHae, 'IT06hl seeweae HM-
0 

nyn&chl ne>Kana ea nosepxeocTH Mace, T.e .. "'T06hl P.'f • M.2 , TaK>Ke npa-
' I 

BO.QHT K HeKOTOpol .QOllOJIHHT9JlbHOA CBSI3H Ha napaMeTpbl 

nonyq&Tb as 12.201. 

X t ~OTOpyiO ne;rKO 

§ 3.npHM9pbl npHM9H9HHSI napaMeTp&qeCKIIX ypABH9Hll8 

llOBepXHOOTII OC06b1X TO"'9K 

e. PaccMOTpliM .osa xapa.KTepHbiX np&Mepa npHM9B9HHSI o6wel Teopaa, pa3-

BHT08 B npe.Qbi.Q}"UleM naparpaciJe, K HaXO>K.Q9BHlO C06CTBeHHbiX OC06eHBOCT98 

.OBYX .QHarpaMM ynpyi'OI'O paCC9SIHH9e M hi BOBCe He CTp9MHMCSI . npH STOM K Ra&-

60JibW98 o6weocTH, a aao6opoT HaMepeeso Bb16HpaeM npoCTble npliMephl, "'T06hl 

SICHee npoHnJIIOCTpHpOBaTb M9TO.Q. 

HaqeeM c xopowo paao6paeeoro npaMepa qeTbipexyronbHOA .oaarpaMMhl pac

/1~-20/ 
C9SIHH9 , np&"'eM OI'paHH"'HMCSI .llJl9 npOCTOTbl cnyqaeM paBHbiX Mace /eM. 

pH c. 1 I 
l - -It 

l 

t l 

It , l 

p H Ce 1. 

p2= p2= P2 =p2= m2=1· 
1 2 3 4 Jl 

/3.1/ 

MaTpHua HHUH.OSHTHOCTH sToA .llHarpaMMhl Bhlnecaea B n. 2. Ypasaeaea /2.20/ 

.llnSI C06CTB9HHbiX OC069HHOCTeA .llHarpaMMbl HM910T BH.ll 

/ 



ne;rito 

TeopHH, . paa- • 

STOM It HB.B-

13.11 

12.201 

17 

, ~- x2 + x1 - x!l , 
1 I xt- x2 I lx1 -xsl 

, X2- XI +~. 
2 I x 1 - x21 I x21 

p = - __1 - __!_L_ 
4 lx I I x I 

2 8 

Ka>K.ooA nHHBB .oaarpaMMbi cooTBeTcTayeT aeKTop 

HnH, no.opo6aee, 

R = X -X , 
1 1 2 

R = 
2 

PaaeacTBo 12.221 a aTOM cnyqae npHo6peTaeT BHLl 

ycnoaHR /3.1/ nns aeKTopoa Rv oaaa'laiOT: 

R2 R,. 

13.21 

R no ¢opMyne /2.15/, 
v 

13.3/ 

13.41 

/3.5/ 

Kor.fla ItBa.opaTbi aaewaHx BMnyllbcoa ¢HKcapoaaabl) a .oHarpaMMe c 'leTb!pr:.MR 

8H9WHHMH nHHHBMH OCT8.10TCB Ll88. He38.BHCHM biX HHB8.pH8.HTa, ltOTOpbie M bi Bbl6epeM, 
161 

cne.oys Maa.oellbcTaMy , cnenyiOIUBM o6paaoM: 

2 
B•(p +p)' 

2 
t=(p+p); 

R,R, 
I R II R I 

1 8 

1 2 1 8 

R 2 R, 2-t __ , 
IR llR I 

2 4 
2 

thuB.BetawA .H"'. ;~):;:" I 
qepHWX IICCJie.llOBallWI 

6H£Jl.t1(Yr~;"!-{A 

2-B 

2 

13.6/ 

13.11 
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YMHO}KaH cKanHpao paseacTBo 13.4/ nocneLloBaTellbHO aa Rl ' R2 , 

R 4 H non&ayHc&-TeM, 'ITO no npe,llnono}KeHHIO IR11 I~·O ITaK KaK Mbl RIUeM 

COt5CTB9HHbl9 OC069HHOCTR LlHarpaMMbl/t Mbi npHXOLlHM K CHCTeMe ypaBH9HBI 

IR I +Y; IRI+~IRJ+~ I R 1·01 
t 2 2 a • 

~- I Rl I + I R .. l + % I R I + ~~ I R I ... 0 I 
• a 2 • 

2 
- t I R I + ~ I tl I +- l R l + ~ I R ·' .... o I 
2 t 2 a 

~ IR I+ 
1 

2-s 
2 

ltl. I+ ~ ltl. I + lR I ;ooO • 
2 a ' 

K sTol cHcTeMe MO}KRO Ll06aBBTb ypasaeaae 12.19/: 

IR.I+ ltl.21 + lRal.-1 R,l· l. 

13.8/ 

13.9/ 

Bbi'IHTaH aa nepsoro ypasaeaaH 13.8/ TpeT&e a aa BTOporo - 'leTBepToe a y'IHTbl

saa 18.9~ nonyqaeM 

IR 1 I•IRal!!!>.l IRI-IRI-~-x. 
2 ' 

/3.10/ 

npR fiOMOIUH 13.10/ H3 fiEpBbiX LlBYX )p8BR9HHI /3.8/ nonyqaeM cne.llyiOruae 

napaMeTpH'19CKH9 ypaBH9HHSI OC06ol fiOBepXHOCTR B HHB8pB~HTRbJX nepeM&HRbiX: 

~(t-4)- ~->. 
>. 

11a 13.11 I cne,llyeT, 'ITO 

~~(s-4) .. 

(s-4)(t-4) =4~ 

>. 
~->. 

18.111 

13.12/ 

'ITo oaaaqaeT o6pameaae B HYllb onpe.lleneTenH cacTeMbl 13.8/ a o6ecne'IHBaeT 

COBM9CTHOCTb 8TOI CHCT9Mbl. CneLlyeT OTM9TBTb 1 'ITO ecnB OLlHO H3 'IHCen S , 

Tt H ~ semecTseaao, To semecTseHHbl H ocTan&Hble 2 'IRena. Ha <PHaH'IecxoM necTe 

npe semecTBeHHbiX s H t , a 11 nono}KHTen&Hbl, a TaK xaK a ceny /2,16a/ a
11
•Ul) , 

TO H3 /3.1(V cne.llyeT, 'ITO 0 < >. < ~. 

i 



13.8/ 

18.9/ 

R Y'IRThl-

/8.10/ 

cne.oyiOwae 

nepeM9HRhiX: 

18.111 

13.121 

o6ecne'laaaeT 

t2,16at a-u~ 1 
II II 1 
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7. B Ka'lecTae aToporo npaMepa paccMoTpHM ..a.aarpaMMY a c}JopMe TeTpaanpa 

- TSK H83bJaaeMbl:i! wpacne'l8T8HHbi:i! KOHaepT"' /eM. 
1291 

t rae o6cy.>K,aaeTCSI 3Ha

'l9HH9 aTo:A naarpaMMbii c paBHbiMR MaccaMH aa scex naaaBx /pac. 2/. MaTpa-

US RRURJl8HTHOCTR STO:i! .llRSf'PSlMMbl E 2 npaseneaa a n. 2. 3aMeTHM• 'ITO aToT 

npaMep 2. 

1 

p R c. 2. 

aaaqaTellbHO cno.>Kaee. qeM npenbl.llYlllRR a no cax nop He 6bill nonaocTbiO paao-

6paa a naTepaType. B naaaoM cnyqae aeKTOpbi R /eM. 12.15/ I BbipamaiOTCSI 

qepea nepeMeaable x j cnenyiOlllHM o6paaoM 

R =X-X, 
2 2 a 

AaanorH'IHO /3.10/ MO.>KHO noKaaaTb, 'ITO 

\R \=\R\=~, 
II 6 8 

npR'19M 1 B CRliY 12.19/ 

R a 

II 

/3.13/ 

/3.14/ 

/3.151 

TaK K&K KBanpaTbl aaewaax aMnynbcoa no npennono.>KeHRIO paaHbi Me)l<llY 

co60it TO B9KTOpbl p + p e p + p H p + p OpTOf'OH8llbHbl llPYf' npyry. 
1 2 2 a x/ 1 a 

3To noaaonSieT aaecTB opToroaanbHhll 6aaac a naaeAaoft o6ono'IK9 aTHX aeKTo-

poa, a KOTOpoM 

x/ B T&KOM 6aaace cKaJlSlpaoe npoaaaenaae nayx aeKropoa 
BRJl ·X. y +:X_y + :r y t npH'l9M COCT8BJ1Sl!OlllH9 x1• 

:%Y =-, t -~ "2 -a ~ 
aoo6me roaops. KOM nneKCHblMR qacnaMB. 

X H i HM99T 
SlaliSIIOT C9~ 
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.P +p =_1_(R
2
-R)+_1_(R

5
iR

8
)=(..js,0,0) 

1 2 A2 ' A8 

p + p =_1_(R -R )+-1-(R8 -R
5

)=(0,..ju,O) 
2 s A s 1 A 

1 a 

p + p = _1_ ( R
1 

+ R ) - _L ( R
2 

+ R ) = ( 0, 0, ..jt) , 
t a A 8 A ' 1 2 

s+t+u=4. (3.16) 

B aToM 6aaHce seKTOphl -R , R , R HMeiOT BHLl: 
1 2 8 

) , R =x -x =(0, -v'h.n.2 +A2 -A 2 ), 
1 I 2 I "1 3 2 V'h.(~2+A2 -A2 

I 2 3 

R2 = X2- x3 = ( V'i( ~ + A2 - A3 ) , 0 , -. v~ ~ + A 2 - A2 ) ), 
• 2 8 I 12 8 

13.17/ 
R = x = < o, V'h ( A2 + A2 _ A 2) , ..; 'h. < A 2 + A2 _ A 2 ) ) • 

8 3 1 a 2 12 a 

BeKTOphl R 

' 
R • R Bhlpa*aiOTcsr qepea aex cne.nyiOWBM o6paaoM 

II 6 

R=-R -R -R, R·R+R, R ·R+R. 
'1 2 8 IS 12 6 2 8 

no.ncTasnsrsr sTB Bhlpa* ea&sr .nnsr R
11 

B /3.16/ 1 Mhl nonyqaeM cne.nyiOwBe Bhlpa-

)f{eH¥51 .nnsr MSH.nen&cTaMOBCKHX nepeM9HHhlX s, U 1 H t 

2 2 2 
~~ s = t\:2 + X 11 - X 

A2 A2 
2 8 

~ u = ~ + ?l - A2 I <I 

~1 A23 

'h t 
2 2 2 

~~ + A2 - Xa 
~ A2 

1 2 

(A +A )~ 
2 8 

( \ +A a) 2, 

2 

( AI+ A2) • 

· .Qanee Mbl .non>KHhl HCKniO'IHTb Ll aa Ha Tpex napaMeTpoB A 1 A • 
l 2 

fiOn&aySICb /3.15/ H ycnOBHeM S + t + U = .4 • KOTOpoe B nepeM9HHbiX 

BHLl 

4 ( A8 + A 8 + A8 ) = ( A + A + A ) 8 • 
1 2 8 1 2 8 

Vfa /3.15/ H /3.19/ MO>KHO HCKniO'IHTb nepeMeHHhle 

i 

A 
2 

B A 
8 

/3.18/ 

A 
8 

Aj 
• 

HMeeT 

/3.19/ 



(3.16) 

) ' 

/3.17/ 

o6paaoM 

R. 
a 
IOIURe B&Ipa-

~ t 
2 

&IX 

13.18/ 

• 
RMeeT 

/3.19/ 

21 

I 3.20/ 

/3.20/ B /3.18/ a nonaras , nony'laeM cneayiOwae napa-

MeTp&'lecxae ypaasesas anst co6cTBeHH&IX oco6eaaocTeA aaarpaMM&I 1 aao6pa>Kes

sa pac. 2: 

I X+-f::;r- J n~-X) ( 1- 2>.. - H2) 

2(X-%) 

V('h -X) U-2X-4 )..2) 

2(X- Jtt) 

8 
I . 

3 

I ' 

/3.21 I 

Oco6ast noaepxsoCTb anst TeTpaaapa o6naaaeT o'leBH!lHOA CHMMeTpaeA oTso-

cBTem.so nepecTaHOBKR s , u 8 t Ia csny aoaMo>KHOCTR nepecTaBHTb 

13.18/ A 
1 1 X

2 
B AJ I. Oasaxo 83 /3.15/, 13.19/ H 13.21/ MO>KHO yBK-

.aeTb ,apyry10) Mesee TpHBR8n&Hyi0 1 CHMMeTpHIO 9TOA DOBepXHOCTH• t{To6&I B&ISI

BIITb STy CHMMeTpBIO BB9ll9M HOBbie nepeMeH&&Ie: 

a-e = \j_s ' 
t TO 

e =~. e =~; 
2 16 8 16 

13.22/ 

Tor.aa, B cany 13.15/ a /3.19/ 

" + " + " = 1 • "8 + "8 + "8 = % 1 2 8 1 2 8 
/3.23/ 

B TO apeMst xax sa 13.21 I a aa ycnoaaa s +:t +:u .... 4 cne.llyiOT To>KaecTBeH&&Ie c 

/3.23/ ypaBBQ&BH .anst e. 
I 

/3.24/ 

3To noxaawaaeT, 'ITO /a cany /3.21// npeo6paaoaas&e 
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ll . .2 - ll 
~ = V2 P., + flo a P. ll 

ll ,.,. (p. - ,.,. - ,.,. ) 
1 1 ll a 

e = p.ll + P.a 
1 p.+p.-p. 

ll 3 1 

~ = ~ p.ll1 + ~~-~- P.\ 
a p.(p.-p.-p.) 

1 1 ll 3 

/3.25/ 

OCT8B11SieT Ha MeCTe noaepXHOCTb /3,24/, 3aMeTHM eme 1 'ITO .llByKpaTHOe npHMe-

HHe npeo6pa30B8HHSI /3.25/ npHBO.llHT K TO}KJleCTBeHHOMY npe o6pa30B8HHIO. 

Ha tPH3H'IeCKOM nacTe, ecna A S 1 U H t aewecTBeHHbl1 TO 

O<A<~. 

0TCIO.llli BH.llHO, 'ITO npeo6pa30BaHHSI /3.25/ BblBO.llSIT TO'IKY C tPH3H'leCKOA BeTBH 

oco6oA noaepxaocTH. 

YpaaaeHHSI /3.24/ a nepeMeHHblX s u B BM 910T BH.ll: 

3 3 PIT Y-fi+ r;6 + '16 =l, B+ U + t• 4 • /3.26/ 

He ace aeTBH oco6oA noaepxaocTa /3.26/ ne}KaT aa q:,aaaqecKOM nacTe. 

npa s > 0 aa tt>aaaqec~r.oM nacTe a cany /3.21 I 0 < A < ~ , a oco6ble 

TO'IItH cymecTByiOT 1IHWb npH S > 16 • npeo6pa30B8HBSI /3.251 nepeBO.llSIT 

"HetPH3H'IecKyiO" aeTBb a "tt>aaa'lec~r.yiO" a o6paTHo. B cany caMMeTpaa oco6oA no-

BepXHOCTB OTHOCHT91lbHO nepeMeHHblX s • u B t aHanora~Hble yTaep}K-

JleJHfSI cnpaB9.ll1IHBbl H .ll1ISI nepeMeHHblX U B t • 3TH yTBep}KJl9HBSI Heo6xo-

M 
161 . 

JlHMbl Jl1ISI Bb!BO.lla npe.llCTSB119HHSI liH.ll91lbCTaMa Jl1ISI paCCMaTpBBaeMOA .llBa-

rpaMMbl. 

.llOD01IH9HBSI 

A.. B bl'IHcneHae SIK06aaaa npeo6paaoaaHBSI I 1.101 

Sbo6aaH npeo6paaoaaHHSI 11.10/ MO}KeT 6blTb aanaca.if B BB.lle 

a , 
l=l 5t I= 

a a 
Jl 

A - ~ 1 a 1 - ~ t all .. • 

~2 at A -t\ll all 

~ e a 1 -~ea2 ... 

-~1 ae 

- L\ ae 

A-~eae 

i 

I A..l I 



13.251 

npaMe-

HHbl, TO 

13.261 

no-

neo6xo-

oA aaa-

IA.ll 

23 

rae 

/A,2/ 

f -1 f 
6.1'- = ( l: a' a ) l: ( a' a 

8 
- a~ a, J 

S=J S B S=J p. r-
a • s IA.31 

H3B9CTKOA cpopMynoA ansr onpellenaTensr onO'IHOI M8TPHilbl: 

A .. = A 8 .. , (B) = ( a ), ( C ) • ( 6., ) , 11 11 J,l ... D ·1 
nony'laeM 

I ... 

AO 

OA. 

Oa 
l 

Oa 
2 

···························· 
0 0 A CZf 

~ 6.2 6.fl 

I A.31 BHllHO, 'ITO 

. a, cnelii,O aaTenbHo, 

t t t- 1 ~ A 
•A-A .~ tz u 

fl•l ll p. 

cz 6. -o, 
ll ll 

t 
I • A , 

'ITO a cany I A.21 coanaaaeT c cpopMynoA 11.1~1. 

IA.41 

I A,5/ 

B. npHMep c llBArpauuol COOCTB9HROI 9HeprBH 

npoCTeAwasr llH8rp8MM8 co6cTaeaao-saepreTR'IecxoA "18CTH ( pHC, 3) 
MO>K9T cny>KHTb B K8'19CTB9 xopoweA annJOCTPAIIKH K llB)"M 
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I 
BOnpocaM, 38TpOHYTbiM B OCHOBHOM TeKCTe pa60Tblo Bo-nepB.biX, Ha npHMepe STOI: f . 
.!lHarpaMM bl BH,llHO, 'ITO OC069HHOCTH pery JISipH30B8HHOrO B.blp8)K9HHSI B CJiyqae pac- ! 

XO,llSilllHXCSI HHTerpaJIOB ¢leiHM8Ha .aeiCTBHT9JibHO Onpe.aeJISIIOTCSI T9MH )1(9 ypaBHe

HHSIM H 12.20 I, BbiB9ll9HH.biMH H8 OCHOBe paCCMOTp9HHSI OllHOA JIHlllb XB8llp8TH'IHOA 

q:,opMbi llHarpaMM.bl Q(a, p). 

m 

C:f~ 
M 

p H C. 3. 

Bo-BTOpbiX, sTa nuarpaMMa unmocTpepyeT o6cTosTeJibcTB0 1 ynoMHHaBureecs B § 2 

H B § 3, COrJI,!iCHO KOTOpOMy 'cPH3H'I9CKH9"' OC009HHOCTH COOTB9TCTBYlOT DOJIO)KHT9JibHbiM 

a , a 'HecPH3H'I9CKHe' - napaMeTpaM ¢eAHM8H8 C pa3HbiMH 3H8K8MH. npH STOM B CJiyqae 

C06CTB9HHO- SHepreTH'I9CKOA '18CTH paCCMaTpHBaeTCSI cPYHKUH~I OllHOA IKOMDJI9KCHOI/ 

nepeMeHHOD p 2 • H nOHSITHSIM 0 'cPH3H'I9CKHX' H 'H9cPH3H'I9CKHX' OC069HHOCTSIX 

nerxo npHll8Tb '19TXHA M8T9M8TH'I9CXHA CM.biCJie 

rne 

.Llna paccMaTpHBaeMoA .llHarpaMM.bl HHTerpan I 1. 7 I 

"" f 
0 

F, (p 2 ) • T, (p} • 

"" f ezp I i[ Q (a; p2) +·ir (a;+ a') Jl da! daa 
0 . 2 ( , , )2 

Q(a';p2)e 
, , 
~ , 

a' +a 2 
1 

at + a2 

2 , M2 , p -a -a 
1 2 

2 m , 

IB.l/ 

IB.21 

paCXOllHTCSI Ha HH)KH9M Dp9.ll9JI9 HHTerpHpOB8HHSI no a' • Mbi 6yneM noHHM&Tb 

HHTerpan 15.1 I B perynapH30B8HHOM CM.biCJiee nepeAneM K HOB.biM nepeMeHH.biM a 

H ~ no q:,opMyne 

i 

Pery 

~ (11 

rne 

M 



IIpHMepe 9TOA: 

B cnyqae pac

.lKe ypaaae

KBa.opaTH'IHoA: 

B, § 2 

rrono:>KHTen bHbiM 

IKoMrrneKcaoA:/ 

• OC06eHHOCT.SIX 

IB.ll 

IB.21 

hl 6y.oeM IIOHHM6Tb 

rrepeM eHHhlM a 

25 

a' = Xa , 
1 1 

a ' = X a = X ( _!_~a 1 ) , 
2 2 a 

2 

( 0< X < oo , IB.3! 

PerynstpH30BaHiioe Bhlpa:>KeHHe HHTerpana IE.l/, HopMHpoBaHHOe ycnoaHeM 

F ( •r2) --·O ,. 1 11511 E "· • HMeeT cne.oyJO:II'-'n BH.ll cp. 

00 00 

da, da a 8 ( l -a 
( a +a )2 1 

1 2 

a - a 
1 2 

00 

a)f ~ 
2 o X 

-!X(a + d ) e 1 2 .. f f 
0 0 

X 

IB.-41 

flpH aemecTBeHHbiX p 2 
1 rrepexo.o.H K npe.oeny 

, a 
2 

= l - a , rronyqaeM 

IB.5/ 

r .oe 

I da , 

IB.6/ 

l 

A ( i) = rr f (J [ Q (a, p 
2

) ] d a , 
0 IB.11 

l npH X~ 0 
(} (x) 

0 IIpH X < 0 

3aMeTHM, 'ITO Bbipa:>KeHHe .llli.SI MHHMOil: '16CTH He 36BHCHT OT HOp-

MHpOBKH peryn.HpH30B6HHOrO Bbipa:>KeHHH 1 'ITO ecTeCTBeHHO, T6K K6K MHHM8SI '18C'ib 

He co.oep:>KHT paCXO.llHMOCTeA. 

flpH BemecTBeHHbiX 
2 z = p H3 IB.7 I rronyqaeM 



<.. 

26 

A ( z) = _!___ v'f.Z- ..:. ( M + m P ][ z - ( M - m ) 2] 0 [ z - (41 + m ) 2 ] . 
z IB.BI 

/oTMeTHM 0 'ITO Bblpa:>KeHHe 

1 v' [ z ..:. ( M + m )2] [ z - ( M - m ) 2] /6,9/ 
2v'z 

... ... 
paBHO MO.z:tynSIM TpeXMepHbiX HMnyn&COB Ha nHHHSIX· .z:tHarpaMMbi .. 
B CHCTeMe ueHTpa M8CC p = 0 /; H3 /6.6/ H8XO.!lHM 

lk11=!k21 

D(z) = 2 ~ Jui 2- m2 arctl y'2M- m + 
41 2M+ rr. 

+ llf2- m 2 

M2-
z-1.12 

z 
In M + ¢ (z), 

m 

/B.l 0/ 

r .c:e BH.!l cPYHKUHH cp (z) G8BHCHT OT TOro, B K8KOM HHTepBane H8XO.!lHTCSI Z 

cp(z) = 

¢ (z) 

cp(z) = 

_1_ y'(a2 _ z )(b2- z) 
z 

2 
z v' ( a2- z ) ( z - b2) arctg v' z - b 2 

a2-z 

1 -z- v'(z-8 2)(z- b2j In{ 1 + v'~:.f2 

( a = M + m , b = M - m ). 

I npH z ~ b 2 

npH b2 <;_ z < 8 2 

I np& a 
2< z , IB.lll 
= 

HecMoTpsr Ha To, 'ITO cPYHKUHSI ¢(z)aa.c:aeTcsr paanH'IHbiMH Bbipa:>KeHHSIMH cneaa H cnpaaa 
2 

OT TO'IKH z = b 2(=(M-m)J.e OHa aHanHTH'IH8 B OKpeCTHOCTH 9TOA TO'IKH H MO:>KeT 

6biTb 38UHC8H8 cl:JopMynoA 

cnpaae.anuaolt 

KOMnneKCH8SI 

.c:o 0<> 

IPYHKUHH 

r.ae A( x) 

IPYHKUHSI 

J!l z = 00 

caepxy 

npH z < b 

T8K 'ITO 



IB.B/ 

IB,9! 

B.l 0/ . 

z 

B.ll/ 

H cnpaaa 

eT 
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2 00 

¢(z)=2b-z'£ 1 
z n=O 2n+1 

I B.l2 I 

a2 + b2 2 2 
cnpaaeanaaoil: npH -oo<z< =M + m • "<PH3H'IeCKHil: nHcT" ecTb 

2 
KOMnneKCHSSI nnOCKOCTb Z C pa3pe30M no BeiUeCTBeHHOil: OCH OT a 2=(1rf+m )

2 

ao 00 t Ha KOTOpOil: ¢YHKUHSI 

F ( z ) = lim F ( z + i £ ) 

£-++0 
npH BemeCTBeHHbiX z npHHHMaeT aHa'leHHSI 16.8-11/. AHanHTH'IeCKHe caoAcTBa 

¢YHKUHH F (z) H8 ¢H3H'IeCKOM nHCTe OTpa)KSIOTCSI B aacnepCHOHHOM COOTHOWeHHHt 

cnpaBeanHBOM npH ni060M KOMnneKCHOM z
1 

He ne)KameM Ha nHHHH paapeaa: 

z- M
2 

F(z)=----
11 

00 

f A(x) 
X..:. M2 

(M+mf 

dx 

x-z IE.lS/ 

rae A(x) aaaaeTcst ¢opMynoil: /E.8/. CnpaaeanHBOCTb /E.13/ MO)KHO npoaepHTh 

HenocpeacTBeHHO anH aemecTBeHHbiX z < ( M + m) 
2 

• Ha ¢H3H'IeCKOM nKcTe 

¢YHKUHSI F (z) HMeeT aBe OC06bie TO'IKH THna BeTBneHHSI: Z =(M + m)
2

= a
2 

H z = 00 • noaTOMY aTy ¢yHKUHIO MO)KHO aHanHTH'IeCKH npoaon)KHTb 1 nepeceKSSI 

caepxy BHH3 nHHHIO paapeaa npH o npH aTOM Mbi nepeil:aeM Ha BTOpOA 

pHMSHOB nHCT ¢YHKUHH F ( z) • npoaon)KaSI TSKHM o6pa30M ¢yHKUHIO F ( z) no 

2 
TO'IeK Z < b ) Mbl npaneM K Bbip8)K9HH!Ot KOTOpoe OTnH'I89TCSI O'P II3.l01 nHWb 

TeM, 'ITO ¢YHKUH.A ¢(z) aanaeTc.A y)Ke He nepBbiM paBeHcTBOM /B.lll, a Km.m-

neCHbiM Bblpa)KeHHeM 

¢ ( z) = _ 1_ V ( a2 - z) ( b 2- z ) I In ( ...;tr-:2 + ~ 
(2 ) z y-ar.:::-z yor.:::z 

2 
npH z < b 1 

2 
TSK 'ITO Ha BTOpOM pHMSHOBOM nHCTe npH Z < b 

) - 211 i } 
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'F (z)~D(z)-2rr ___ i __ _ 
(2) 

-J ( a 2- z ) ( b 2- z ) 
z . 16.14/ 

H, cnenosaTenbHO, HMeeT nononHHTenbHbie oco6eaaocTH /no cpasaeHHlO co aaaqe

HHRMH Ha rnaBHOM nHCTe/ B TOqKaX 

2 2 z = b = (M- m) H z = 0 .. /6.15/ 

YpaBHeHHe oco6oA noeepXHOCTH 

o6peTaeT BH.ll 

S 12.201 nnR paccMaTpHBaeMoA .nuarpaMMbi npu-

p = ( M ± m ) x/lx! , 

T.e. 2 
z =p2=(M~ m). 

3HaK + IIpH 9TOM t cornaCHO o6meMy 3aMe'laHHlO, IIpHB9.ll9HHOMY IIOCne cP~pMynbi 

/2.17/ 1 COOTBeTCTByeT oco6eHHOCTH Ha cPH3H'I9CKOM nHCT9e 

HecPH3H'I9CKaR OC06eHHOCTb IIpH Z = 0 COOTB9TCTByeT 06pameHHlO B Hynb 

onpenenHTenR a a d(a) =a +a • 3To nerqe scero BH.ll9Tb B Bblpa>KeHBH .nna 

npOH3BO.llH~A: 

dF 

dz 

1 :l 1 :l 

00 00 

=-f f 
0 0 

a 1 a 2 8 (l -a 1a 1- a 2 aJ da 1 da 2 

(a 1 +a/ { ~ z - a M2 
- a m2+ i 0 ] 

a+ a 1 2 
1 2 
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PyKOfiHCb UOCTynH1Ia B H3.ll8Te1IbCKHA OT.nen 

9 HHBapH 1962 ro.na. 

PycCKHA nepeBO.ll 9TOA CTBTbH HMeeTCSI B c60pHHKe •HoBbiA MeTOLl B Teo

pH& CH1IbHblX B38HMO.ll eAC'J'BHA. ,LlBOftHbie LlHCUepCHOHHble npe.ncTaBJieHifH "
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