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§ 1. ,llml npOCTOTbl Mbl paCCMOTpHM CHCTeMy, COCT051HRe KOTOpOI ODHCbJBae~ 

C51 T01lbKO O.OHHM napaMeTpOM J: , y .OOB1leTBOp5110WRM ypaBHeHHIO .OBH>KeHH51 

( 1 ) 

npe.ano1IO>KHM TBK.>Ke, 'ITO CHCTeMa HCDbJTbiB8eT C1ly'l8IHbJe T01l'IKH 1 pacnpe.aeneHHble BO 

BpeMeHH DO 38KOHY nyaCCOHB C HHTeHCHBHOCTbiO n 1 H3MeH5110WHe MrHOBeHHO napa

MeTp J: HB Be1IH'IHHY . ~ • .llHcpcpepeHUH81lbHOe pacnpe.aeneHHe T01l'IKOB DO BeliH'IHHe ~ 

, KOTOpa51 C'IHT8eTC51 

H3BeCTHOA. 

vl3-3a B03,aeACTBHSI cnyqaiHbiX T01l'IKOB napaMeTp J: T8K>Ke CT8HOBJIITC51 cny

qaAHoA Be1IH'IHHOA, ODRCb!BaeMOA DliOTHOCTbiO Bep051THOCTH f(J:, t) • ¢lyHKUHSI f(J:, t) 

Y.OOB1leTBOp51eT1 KBK H3BeCTH0 1 KRHeTH'leCKOMy ypaBHeHRIO 

lL + d(vf J + nf - n f f ( .1: - ~. t) cp ( ~) d ~ .. 0 , ( 2 ) 
at a .1: 

.01151 peweHHSI KOTOporo HY»<HO 38.08Tb H8'1811bHOe pacnpe.ae11eHHe f (.1:,0) • 

603MO»<Hbl p831IR'IHble HHTepnpeTBUHR H CDOC06bl BbiB0.08 KHHeTH'leCKOro ypaBHe-

HH510 BCe OHH OCHOB8Hbl H8 CODOCT8B119HHH COCT051HR51 CHCT9Mbl B H9KOTOplill TeKyWHI 

MOMeHT BpeMeHH H B cne.ayJOWRI 38 HHM MOM9HT t + dt • nocK01lbKY 51B119HH51 1 

HMeiOWHe MeCTO npH BK1IIO'IeHRH CHCTeMbl i He p8CCM8TpHB810TC51 1 nony'leHH09 T8KHM 

CDOC060M ypaBHeHRe (2) ODRCblB8eT DOBe.Q9HH9 CHCT9Mbl DpH 11106bJX H8'181lbHblX ycno

BH51X; KOHKpeTHblt BH.O H8'181lbHbiX yC1IOBHI npHB119K8eTCSI T01lbKO Ha 38K1IIO'IHTenb

HOM 3Tane, nocne nonyqeHH51 o6wero peweHH51 KHHeTH'lecKoro ypasHeHHSI. 

B C11y'lae 11HHetHbJX CHCTeM 1 .01151 KOTOpbiX BblD011HeH npHHUHD cynepD03HUHH 1 

OK83blB8eTCSI B03MO:»<HbJM T8K:»<e H9CK01lbKO HHOe paCCMOTpeHHe BOnpoca. 6 UeJI51X 

Har11SIHOCTH Mbl npoBe.QeM .ero H8 KOHKpeTHOM npRM.epe HOHH38UROHHOI K8M9pbl 1 .01ISI 

KOTOpoA BpeM51 C06Hp8HH51 {). npeHe6pe>KHMO Mano no cpaBH9HHIO c xapaKTepHbiM 

BpeMeHeM uenH K8Mepbl (/).<<RC) • YpaBHeHRe .OBHJKeHH51 HMeeT H B 3TOM cnyqae 

BH.O 

-.J!.!._ + b c 0 , 
dt 

( 1') 



"t.. 
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rne k ~ 11 RC 1 a X HM99T CMbiCn TOKa 1 1IpOTeKaJOIUero IIO COIIpOTHBneHHIO R 1 

BKni0'19HHOMy B ll 91Ib KaMepbl. Ton'IKH Bbl3biB810TCSI IIOIIall8HH9M HOHH3YIOIUHX qac1'HU1 

rrpH'IeM ~ ~Q!RC , rne Q - aapHll, BhillenHJOI.IlHACH BHyTpH KaMepbi. CooTaeTCTByroruee 

KHH91'H'I9CKOe ypaBH9HHe HM99T BHll 

~-kfKx!1 +nf -nfi(x-e,t>¢<e>de-=o, 
at ax 

(2') 

/1 2/ 
H ero CBOACTBa xopowo H3Y'I9Hbl (eM., HanpHMep, 

1 
). 

f "lycTb B HaqanbHbiA MOM9HT OTKnOHeHHe X = 0 , T.e. f(:r, 0) = 8 (x) • MO:lKHO 

IIOKa3aTb1 'ITO 1IpH TaKHX Ha'lanbHbiX ycnOBHSIX cpyHKUHSI f (x, t ) ynoaneTaopHeT He 

TOnbKO ypaBH9HHIO (2') 1 HO T8K:lK9 H H9KOT0pOMy llpyroMy BCIIOMoraTenpHOMY ypaaHe

HRIO • .l].ng rrony'leHJISI aTOrO ypaBH9HRSI Mbl 6ylleM RHTepecoaaTbCSI 1 KaK R 06hi'IH0 1 ae-

nR'IHHOA TOKa X t B H9KOTOpblA MOM9HT t • PaCCMOTpRM 6eCKOH9'1HO ManhiA HH-

Tepaan BpeM9HH dt 1 1IpOW9llWHA IIOCne BKni0'19HRSI KaMepbl B MOM9HT t"' 0 • ECIH 

B T9'19HR9 3TOro R~Tepaana He 6yneT HH OllHOrO T?n'IKa (aepOSITHOCTb TaKOrO C06bi-

THSI p8BHa 1-ncJt ), TO K KOHUY dt rro-rrpe:lKHeMy 6ylleT X=0 • flpouecc B xa-

Mepe OllHOpOlleH BO BpeM9H11 1 T.e. 38BHCHT TOnbKO OT pa3HOCTH BpeMeHji II03TOMY B 

paCCM8TpHBaeMOM Cnyqae aenH'IHH8 xt 6ylleT COBIIallaTb C aenH'IHHOft Xt-dt 

flpelliiOnO:lKHM Terrepb1 'ITO B HHTepaane cJt 1Ip0H30Wen TOn'IOK (aepOSITHOCTb TaKoro 

C06hiTHSI p8BH8 ncJt ). Torna K MOMeHTy ero BKnall B OTKnOH9HH9 ]{t COCTa-

BHT ~. , rne e - aenH'IHH8 )laHHOrO TOn'IK81 a CyiUeCTB9HHaSI nnsr BCero nanbHeA~ 

wero H3no:lKeHHSI tPYHKUHSI a(t) HMeeT CMbiCn OTKnOHeHHSI CHCT9Mbl B MOM9HT t 

ecnH x(O) •1 H cnyqaAHbie TOn'IKH •abiKnJO'IeH&I•. VIa ( 1') cnenyeT, 'ITO a cnyqae 

HOHH3aUHOHHOA K8M9pbi 

a (t) = e-kt. 

VIa nHHeAHOCTH cHcTeMbi cnenyeT, 'ITO a paccMaTpHaaeMhiX ycnoBHHX 

xt "' ea + "t-dt • 

VITaK, c aepoHTHOCTbiO 1-nclt , HHTepecyroruasr Hac cnyqaAHaH aenH'IHHa 

(3) 

"t "' "t-dt 
cnenyeT, 'ITO 

H 1 C BepOHTHOCTbiO ndt, x =ea(tJ + xt-cJt t. 
• 0TC10lla HeMenneHHO 

f (x, t) = (1-ndt) f (x, t -dt) +ndt f f(x -~, t- dt )¢($ cJ.;, 

'ITO p8BHOCHnbHO p8B9HCTBY 

f ( x, t + dt ) .. ( 1 - n d t) f ( "· t ) + ndt f f (" -a e. t' rl> ( e) de 

i 

n pH M&llb!X dt 

lllKX 

YpaaHeHHe (4) 

CHCT8M8Mi 

He MO>K8T 

p83nH'IHbl8 

coana.aaiOWBI 
xx) 

no&HSIM 

K8K 

AKanorB'IHO 

RcHo 1 'ITO 

ypa&H8HKII (5 

a .an• (51
) 

X 

neab!X 



(2') 

• MO)KHO 

He 

ypasHe

o6hi'IH01 se

ManhiA HH-

f..,O • ErnH 

(3) 

5 

npa M&llbiX cit I (z, t +cit ) -I (z, t ) + Q1__ cit 1 OTKY na nocne COOTBeTCTBYIO-

at 
WHX COKpaweHHI BbiTeKaeT HCKOMOe yp88H9HHe: 

(4) 

Yp88H9HH9 (4) HMe9T1 KOHe'IH01 o6wee 3H8'1eHHe H OTHOCHTCSI K nJ06biM nHHeftHbiM 

CHCT9M8Mi nnH OfiHCAHHSI K8KOft-nH60 KOHKpeTHOft CRCTeMbl Hy>KHO TOnbKO HCfiOnb3o-

88Tb COOT89TCTEIYIOWYIO ell 4JyHKUHIO a (t) , X8p8KTepH3YIOWYIO C!IOltCTBa p8CCM8TpH-

8AeMoft CHCTeMbl, 

Heot5xonHMO CHosa nonqepKHYTb, 'ITO npH shisone ypasiJeHHH (4) 6bmo cywe

cTseHHhiM o6p830M HCfiOnb3088HO Hynesoe H8'18nbHOe ycnOBH9, npH npyrOM H8'18nb-

x) 
HOM ycnOBHH p8CCM8TpH889MOe ypaBH9HHe npHHSinO 6hl RHOI BRll • TaKHM o6p830M 0 

He MO>KeT 6biTb pe'IR 0 CB9ll9HHH ypasHeHHSI ( 4 ) K ypasHeHHIO ( 2 1
) i STO COsepweHHO 

p83nH'IHb19 yp88HeHHSI C pa3nH'IHbiMH Ot5WHMH peweHHSIMH, RMeiOWHMH TOnbKO OllHH 

C0Bfi8ll810WHI sneM&HT-'l8CTHOe peweHHe 1 COOT!IeTCTBYIOWee Hyne!lbiM H8'18nbHblM yc-

xx) 
nOBHSIM 

llnR annJOCTpauHH sToro yTsep>KneHHSI paccMoTpHM senR'IHHy i . YMHO)K8SI 1 

K8K Ot5bi'IH01 yp88HeHHe (21
) H8 Z H HHTerpHpySI no Z 1 nerKO nony'IHM yp8BHeHH9 

dr + u·- ne. 
dt 

AHanorH'lHO H3 (4) B cnyqae ROHH38UHOHHOI K8Mepb1 cnenyeT yp88H9HRe 

- dJ' = n[ e-kt. 
dt 

(5) 

(51) 

~CH01 'ITO yp88H9HHSI (5) R (5') H9nb3SI CBeCTH llpyr K llpyry, 06wee peweHHe 

ypa&H9HHSI (5) RM99T BHll 

a nnR (5') 

x) 
nocKOnbKy p8CCM8TpH8810TCSI TOnbKO nHHeiHb19 CHCT9Mbl 0 HCnOnb30B8HH9 Hy-

neBbiX H8'18nbHbiX ycnOBHI He npH!IOllHT K K8KHM-nHt50 peanbHbiM orpaHH'IeHHSIM o6-

WHOCTR, 

xx) 
PaccMaTpRaaeM&Je ypasHeHRH cosnanaJOT, ecnH a el • B STOM cnyqae 

yp88H9HH9 (4) COXp8HSI9T CBOI BHll npH nJOI5biX H8'18nbHbiX ycnoBHSIX1 npH'IeM BXOllSI

WRI a Hero HHTerpan coananaeT c aHanorR'IHhiM HHTerpanoM s ypasHeHHH (2 ). no

CKOnbKy V w da "'0 1 COOTB&TCTBYIOWHI •meH B ypasHeHHH ( 2) T8K>Ke <JaW;nanaeT. 

cU 
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x.,- nl 
-k-

c.. 

-let 
e + c" 

3To paanH'IHble CHCTeMbl cpyHKUHll: 1 HO Ko!l:lKJJ.8H H3 HHX COJJ.ep:>KHT cpyHKUHIO 

"~ -kt r =~ ( 1-e ), 
k 

HBnH!Oll.lYIOCH peweHHeM HHTepeCy!Oll.lell: HaC 38Jl8'1H npH ycnOBHH "(0) ., 0 

(6) 

§ 2. CymecTBOBaHHe HapHJJ.Y c o6bi'IHbiM KHHeTH'IeCKHM ypaeHeHHeM TBK:>Ke 

H ypaeHeHHH ( 4) noaeonaeT npe:>KJJ.e ecero npoeecTH HX conocTaeneHHe, 'ITO cyme

CTBeHHO o6nerqaeT peweHHe COOTBeTCTBy!Oll.lHX CT8THCTH'IeCKHX 38Jl8'1, 8 cnyqae 

HOHH38UHOHHOll: K8Mepb! Mbl MO:>KeM 1 HanpHMep, Bbi'IeCTb ypaBHeHHe ( 4) H3 ( 2') 1 

'ITO JJ.8eT: 

k d(~ = n f f(lC-a!) cp($ d! -n f I (1e- !) cp ($ d! • 
dlC 

(7) 

Mb! BHJJ.HM 1 'ITO 'ISCTHaH npoHaBOJJ.HaH 2.!__ 
iJt 

HC'Ieana, H BCH 3/lBHCHMOCTb OT Bpe-

MeHH CBH38H8. C OJJ.HHM TOnbKO napaMeTpOM a(t) , 3To peaKo ynpomaeT JJ.BnbHeA:-

wee paccMOTpeHHe, B 'IB:CTHOCTH, yMHO:>KaH (7) Ha "m H HHTerpHpyH no lC 

cpaay nonyqaeM anre6paHqecKOe ypaBHeHHe 1 CBSI3b!B810IUee %iii C MOMeHTilMH 

MeHbwero nopHJJ.Ka: 

n(lC+a!)m-n(x+!)m +kmxm .. o. (8) 

EcnH HCXOJJ.HTb H3 O.llHOrO TOnbKO ypaeHeHHSI (2' ), TO JJ.nSl OllpeJJ.eneHHSI MOMeHTOB 

npaXO.llHTCSI nonb30B8TbCH CHCTeMOll: CBSI38HHb!X Me:>KJJ.Y Co6oll: JJ.Hcpcj:JepeHUHBnbHb!X 

ypaaHeHHll: 
di'm )m Iii m 
---"' n (1e+! -·nlC -km% • 

dt 

nocneJJ.OBBTenbHOe peweHHe CHCTeMbl ( 8') SIBnSleTCSI 1 KOHe'IH0 1 6onee CnO:>KHb!M 

JJ.enoM, 'leM peweHHe CHCTeMbi ( 8). 

( 8') 

TaKoe ynpomeHHe HMeeT MecTo eo MHOrHx cnyqagx, PaccMOTpHM, HanpHMep, 
·. x) 

TayHCeHJJ.OBCKYIO naBHHY 1 p83BHB810ll.ly!OCSI npH sneKTPH'IeCKOM pa3pHJJ.e B raae 

x) 
B JJ.BHHOM cnyqae eenH'IHHa a HMeeT CMblcn 'IHcna..sneKTpoHoB, o6paayiO-

ll.lHXCH Ha nyTH S OT OJJ.HOro HCXOJJ.HOrO sneKTpOH8, CymeCTB8HH01 'ITO C8M8 a 
HBnSleTCSI cnyqaftHOll: BenH'IHHOll:, HO STO o6CTOSITenbCTBO He npeiiSITCTByeT paCCMOTpe

HHIO 34Jl8'1H, 

f 

nycTb 

sneKTpOH C 

T.e, a efZ (a) 

CBSI38HHb!X C 

t{ TO KacaeTCH 

B H s+da 

C JJ.pyroll: c 

CSI,K 



(4)na(2'), 

(7) 

OT Bpe

.ll8nbHell-

no x , 

(8) 

( 8') 

CnO:lKHblM 

1 H811pHMep, 

raaex). 

, o6paayro-

I 

7 

nycTb aneKTpoH eoa.aaeT npH npoxo:>K.oeHHH s raae nyTH ds O,llHH BTOpH'!:Hblft 

aneKTpOH e BepOHTHOeTblO ads , rae a 388HeHT TOnbKO OT nanpH:>KeHHOeTH nonH 1 

T .e. a .. a (s) • EenH o6pa3yrowases nasHua npOXO.!lHT nyTb S , TO epe,llHee '!:Heno 

CBH3aHHbiX e Hel aneKTpOHOB onpe.oenHeTeH 1 O'!:eBR.!lH0 0 Bb!pa:>KeHHeM 

s 
N exp(f ads). (9) 

D 

LITo KaeaeTeH senH'!:HHbl ~ , TO o6bi'!:HbiM enoeo6oM, eonoeTasnHH ssneHHH B TO'!:Kax 

/2 I 
s H s + cJs (eM., Hanp&Mep, ) ; ans Hee MO:>KHO nony'!:HTb ypasHeHHe 

dfi'J .. 2a N2 + a N • 
cis 

(10) 

C .opyrol eTopOHbl1 &HanH3 HBneHHI B Ha'!:ane naBHHbl npHBO.!lHT1 KAK nerKO y6e.!lHTb-

eH, K ypaBHeHHIO 

< to•) 

KOTOpoe enpaBe.!lnHBO TOnbKO ,llnH naBHHbi 1 e03,llaHHOI O.!lHHM H8'lanbHbiM sneKTpoHOM • 

ConoeTasneHHe ( 10) H ( 10') epa3y .oaeT HeKoMoe peweHHe 

-2 -2 -
N • 2N -NJ ( 11) 

KOTOpoe TaKHM o6pa30M nonyqaeTeH 6e3 HHTerpaUHH no S 

B ps.oe enyqaes ypaaHeHHe (4), paeeMaTpHsaeMoe eaMo no ee6e 1 oKa3biBaeTeH 

6onee y .!l06HbiM .!lnH Henonb30BaHHH 1 'leM KHHeTH'leeKOe ypasHeHHe •• 06bi'!:HO STO 6b!Ba-

eT TOr.!l81 KOr.!la B H8'1AnbHbii MOMeHT BpeMeHH noBe,lleHHe eHeTeMbl OK83biB8eTeH 

6onee npoeTbiM, 'leM B npOH3BOnbHbii TeKyWHI MOMeHT0 npe.onono:>KHM1 H8npHMep1 

'ITO eOCTOHHHe eHeTeMbl OnHeb!BaeTeH HeeKOnbKHMH B38HMOeBH38HHbiMH napaMeTp8MHi 

eCnH see OHH B H8'18nbHbii MOMeHT paBHbi Hynro H eenH eny'IAIHble TOn'IKH .oeleTsy

IOT TOnbKO H8 O.!lHH H3 HHX 0 TO ypaBHeHHe (4) MO:>KeT 6b!Tb eyweeTBeHHO npowe 

eOOTBeTeTByiOWero KHHeTH'leeKoro ypasHeHHH. 

B KA'leeTBe nepsoro npHMepa paeeMOTpHM HOHH3aUHOHHYIO K8Mepy e KOHe'IHHbiM 

speMeHeM e06Hp8HHH /);. o .[lnH nonHoro OnHeAHHH COeTOHHHH eHeTeMbi He06XO.!lHMO 

38,llaTb He TOnbKO TOK X 1 HO H paenpe.oeneHHe 38pH.!lOB BHyTpH pa6o'lero npoeTpaH

eTBa KaMepblo B eBH3H e STHM Henonb30B8HHe KHHeTH'leeKHX Y,PABHeHHI HaTanKHB8eT-

eH H8 eyweeTBeHHble TeXHH'leeKHe Tpy.!lHOeTH 1 H 1 H8eKOnbKO HAM H3BeeTH0 1 eOOTBeT-

eTBYIOWHe ypaBHeHHH noKa 'ITO He Han&e8Hbl H He peWeHblo 



<... 

8 

Me)KIJ.Y TeM, c paccMaTpHsaeMoA HSMH TO'IKH apeHeH, cTaTHCTH'Iecxoe noaelJ.eHHe 

CHCTeMbl no-npe)KHeMy OnHCbiB8eTCSI ypasHeHHeM (4} npH HeCKOJlbKO HHOM BHIJ.e tPYHK-

UHH lJ (t) 1 KOTOp8S1 MO)KeT 6biTb nerKO BbJ'IHCneHa H B STOM CJly'lae (eM., HanpH-

/2 3/ 2 
Mep1 

1 
}. YMHO)K&SI ( 4} H8 X ne6o H8 X H HHTerpepyg no 

ypaBHeHHSI 

di" = n ~ a • 
dt 

d;2=n~2 a2+ 2n ~ x, 
dt 

peweHHSI KOTOpbiX npH HyneBbiX H8'18JlbHbiX YCJlOBHSIX HMeJOT BHIJ.: 

t 2 - t 
- - - 2 x=n~ f a((J)rB , x 2 = i' + n~ f a2((J) d(}. 

0 0 

X • nony'IHM 

(12} 

( 12'} 

06p8THMCSI Tenepb K 38/J.S'Ie 0 MHOrOKp8THOM KynOHOBCKOM pacceSIHHH npH npOXO)KlJ.e

HHH 6bJCTpOA aapSI)KeHHOA '18CTHUbl 'lepea BeWeCTB0 1 C'IHT8Sl 1 K8K 06bi'IH0 1 yrnbl paccesr 

HHSI IJ.OCT8TO'IHO M8Jlb!MH, Jlng npOCTOTbl Mbl 6ylJ.eM paCCM8TpHB8Tb npoeKUHIO Tp&eKTO .. 

pHH '18CTHUbl Ha K&KyJO -nH60 nnOCKOCTb, napannen&HyJO nepBOH8'18JlbHOMy H&npasneHHIO 

lJ.BH)KeHHSI, CocioHHHe cecTeMbl xapaKTepHayeTCSI llBYMSI napaMeTpaMH - yrnoM (} H 

60KOBbiM OTKJlOHeHHeM X 1 BeJ1H'IHH8 TOJl'IKOB ~ COOTBeTCTByeT H3MeHeHHIO yrna B 

8KTe aneMeHT8pHoro pacCeHHHSI1 HHTeHCHBHOCTb TOJl'IKOB n OnpelJ.enSieTCSI nnOTHOCTb~ 
I 

cpelJ.bi H a<jl<jleKTHBHbiM ce'leHHeM pacceSIHHSI, Ecne nyTb1 npoAileHHbiA 'ISCTHueA, o6oa-

H8'1HTb 'lepea t 1 TO KHH9TH'I9CKOe ypasHeHHe HM99T BHIJ.: 

(}~+ni-nfl(x.O-~t)cp(~)d~=-~, f=f(x.O,t). (13) 
ax at 

B yp8BH9HHH ( 13} nepeMeHHbl9 X H (} 'nepeMeW&Hbi', nOCKOJlbKY OT B9JlH'IHHbl (} 

38BHCHT CKOpOCTb H3M9H9HHSI napaMeTp& X • Jlng nony'I9HHSI K8KHX-nH60 X8p8KTe-

pHCTHK pacnpelJ.9J19HHSI no X Mbl lJ.0Jl)KHb1 1 K8K 113B9CTH00 CH8'18J18 p8CCMOTp9Tb pac-

npelJ.eJ19HHe no (} • Tax, HanpHMep, lJ.JlSI Bbi'IHcneHHSI ~ Mbl lJ.OJl)KHbi Bbi'IHCJlHTb 

i 2 
1 38T9M -{}x H TOJlbKO TOrlJ.8 MO)KHO nony'IHTb Bblp8)K9HH9 lJ.JlH ;

2 
• 

4To xaca~g nOIJ.XOIJ.8 1 HanaraeMoro B H&CTOSJWeA aaMeTKe 1 TO OH1 xax nerxo 

BHIJ.9Tb1 no-npe)KH9MY npHBOIJ.HT K yp&BH9HHIO (4), B KOTOpOM a(t)= t • Cywe-

CTB9HH01 'ITO B nohy'leHHOe yp&BH9HHe OTKJlOHeHHe X BXOIJ.HT C8MO no Ce6e H 

MO)KeT paCCl'd8TpHB8TbCH 6930THOCHT9JlbHO K yrny (} 1 KOTOpb!A SIBJ1Sl9TCSI npoCTO 

H9KOTOpbiM nap&MeTpOM 0 nepBbJe IJ.B8 MOMeHT8 onpelJ.eJ1HIOTCH 1 K8K H p8HbW9 0 COOT

HOWeHHHMH ( 12' }, Vfa coo6p8)K9HHA CHMMeTpHH SICH0 1 'ITO i'=0 1 8 /J.JlSI B911H'IHHbl 

X2 H9M9/J.J19HHO nonyqaeM H3BeCTHOe Bbip8)K9HHe x 2 = n~ t 3/3. 

f 

Bo 

'I&Tb 

§ 3. 

poa&Tb 8 

SIBJlSeTCH 



, nony'IHM 

( 12) 

( 12') 

yrnhl pacceSI""" 

po,exJ~HJo TpaexTo~ 

aanpaaneaa10 

() H 

yrna a 

nnOTHOCTbiQ 

'laCTHUeA, o6oa-

(13) 

OT BenH'IHHhi () 

pac-

xax nerxo 

• Cy!lle

ce6e a 

COOT-

.au aena'IHHbi 

I 

. 

r 
,. 

9 

8 paccMoTpeaaoM npaMepe cny'laAHhle TOn'IKH anasma -aa napaMeTp () , xoTo

pbiA, B CBOIO O'lepe.Ob1 onpe.aensm CKOpOCTb B3MeHeHHSI HHTepecyiOIUero HAC napa

MeTpa .r • MO:lKHO 6blnO 6bi yKa38Tb MHOrO 38Lla'l Taxoro po.aa ( 6payHOBCKOe LlBH

:lKeHae, HOHH3aUHOHHaSI KaMepa 1 a· uenb KOTOpoA BKniO'IeHa CaMOHHLlYKUHSI B T.Ll. ). 

So acex STHX cnyqasrx npe.anaraeMasr HaMa MeTo.aaxa noaaonsreT 6onee 6blcTpo nony-

'laTb OKOH'IaTenbHbie peaynbTaThlo 

§ 3. PacCMOTpHM Tenepb ra30ByiO n&BHHY 1 '18CTHUhl KOTOpoA MOryT .aacpcpyH.aH

poBaTb B nonepe'IHOM HanpaaneHHH. npe.anonO:lKHMo 'ITO POLlOHa'lanbHHKOM naBBHhl 

HBnHeTCSI OLlHH snexTpoH. BeposrTHOCTb paaMHO:lKeHHSI Ha nyTa ds no-npe:lKHeMy 

npaMeM paaHol ads , 'IHCno snexTp_oaoa Ha rny6aae s o6oaHA'IHN 11epea N
8

) 

6oxoaoe oTxnoaeaae i- ro snexTpOHa oT JiepBGHa'lanbHoro aanpaaneHJUI -.r(•) 
• 

npe.anonO:lKHM TaK:lKe, 'ITO K8:lKLlhiA snexTpOH HCUhiThiBaeT TOn'IKH 0 H3MeHSIIOIUHe ero 

60KOBOe OTKnOHeaae Ha BenH'IHHY e cpe.aHee 'IHcno TOn'IKOB Ha e.aaaaue nyTa 

• tJ x) n 
0603Ha'IHM qepe3 fJ o ....,.na npOCTOThl BenH'IHHhl a H {3, 8 TaK:lK9 38KOH pac-

npe.aeneHHSI TOn'IKOB e Mhl 6y.aeM C'IHTaTb He 3aBHCSIIUIIMH OT S • 

Nil 

Y.=l: 
II I 

(I) 
.rll (14) 

I . 

H UQUhiTaeMCSI npoaHana3HpOB8Tb ee CBOICTBa B TO'IKe, OTCTOSIIUel H8 S +·ds OT Mec-

Ta aapo:lK.aeaasr naBHHhi. Ecna Ha Ha'lanbHOM HHTepaane He 6y LlYT HMeTb 

MeCTa HH aKT pa3MHO:lKeHHSI1 HH 60KOBOA TOn'IOK0 TO BenH'IHHa Y &+-cis 6y.aeT pas-

Ha y • BeposrTHOCTb Taxoro co6hiTHSI cocTaansreT, o'leBHLlH01 1-·ads -f3ds • Ecna s 
B HHTepBane ds npOH30ALl9T 8KT p83MHO:lKeHHSI (aepOSITHOCTb ads ), TO Ha .aanbHel• 

WeM nyTH a 6y.ayT p83BHBaTbC51 LlBe HeaaBHCHMhle naBHHhi 0 p0LlOH8'18nbHHKH KOTO

pbiX He HMenH 60KOBOro OTKnOHeHHSio MO:lKHO CKa3aTb1 'ITO B 9TOM cnyqae 

npa'leM cny'laAHhle aena'IHHhi y
8 H y~ He TOn!>KO He3aBHCHMhl 0 HO HMeiOT TaK-

:lKe O.QHH8KOBhle pacnpe.aeneHHSio 803MO:lKH01 HaKOHeU1 'ITO B HHTepBane ds npoa3oA-

.aeT TOn'IOK1 CMewaiOIUHI nepBOHa'l&nbHhll sneKTpOH B60K HA aenH'IHHY e ( BepOSIT

x) 
Jlnsr DpOCTOThl Mhl C'IHT8eM 1 'ITO LlHtPtPY3H51 Bhl3hiBaeTCSI CK8'1K8MH KOop.aa-

H8Tbi1 a He CKOpOCTHo TaKAS! 38MeHa 3aKOHHa1 ecna 3a HHTepecyiOIUee HAC BpeMSI 

npOHCXOLlHT Ll0CT8TO'IHO MHOro CK8'1KOBo 
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HOCTb TaKoro C06biTII51 pasHa fJ cJs ). Toraa Mhi 6yaeM HMeTb aeno c naBHHol, 

pa3BRBaiOIUeiC51 KaX R 06bl'IH851 1 HO CMeiUeHHOI TaK:lKe Ha Benii'IHHy e • f.1HTepecyiO

WYIO HaC senii'IHHY Ys Mbl 6y.lleM 0603Ha'laTb B STOM q:ny'lae CIIMBOnOM ,e..., 
B 

f.1Tax, noseaeHHe senH'IIIHhl 

nx•recxoA Ta6nauel: 
'•+ds xapaxTepaayeTc51 cneayiOIUel CHMBo-

Ys c sepoHTHOCTblO l-ads -{Jds 

ye+<ls ·I Y8 + Y: C BepOSITHOCTblO ads (15) 

,.; C Bepo51THOCTblO {Jds. 

Mbi 6yaeM C'IHTaTb, 'ITO cpyHKUifH pacnpeaeneHRSI TOn'IKOB rp(e) 51BnHeTC51 'leTHol, 

T 0 9o '.,Q • 8 STOM cny'lae .llllcpcpy31151 llpOIICXO.llRT CHMMeTpR'IHO H BhlllOnHeHo pa-

B9HCTBO 

-,._ -o . 

Jlm1 Bbl'IHCneHHSI -? 
B 

o6paTHMC51 K Ta6neue ( 15), ea KOTopol cneayeT • 'ITO 

~,_,_•0-a.ds-{Jds)!i"+ads(y + y'}
2
+fJds(y_e ) 2 , 

...,..... B B B B 

dy
2 

:-af2-fJy'1+a(y +y')l4f-tnye P. 
dt 

f.13 H934BRCHMOCTR Y II y' BblT9K4lOT paseHCTBa 

(y + ,y'f==? +1"+2y , ... ·21'1+2t -2~. 

B cooTBeTCTBRR c onpeaeneHaeM senH'IHHhi ,.; HM9eM: 

Na 
,~., l: (x(t+e> .. ,. +eN. 

II 1 II 

r,_(f·tJ +2e,. N +e2 N2 
6 B B B B 

nocxonbxy, ea CHMMeTpHII aaaa'IR cneayeT, 'ITO 

} 

(16) 

(17) 

TO .lln51 

J.1cnonb3ysll 

npa'leM 

HeHHH (} 

.nnH scex 

XO.llHT B 



(I5) 

'19THOI, 

pa-

(16) 

'ITO 

(I7) 

r 

l 
r 
j 
r 
L 

f 
i 
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TO IWSI 

Vlcrronb3yH rrony'leHHbie pe3ynbT8Tbi, rrpeo6pa3yeM ( I7) K BH.llY 

( 17') 

orrpe.aenHeTCSI B COOTBeTCTBHH C (9) H (II). PeweHHe ypaB-

H9HHSI ( I7') npH HyneBOM H8'18nbHOM ycnOBHH .aaeT 

- 2f3e at at -2 at 
y2, __ e (e -l)-f3~te. (I8) 

a 

BBe.aeM Terrepb cpyHKUHIO pacrrpe.aeneHHSI 6oKOBbiX oTKnoHeHHA f (x, s) , o.auHaKoByiO 

nnH Be ex aneKTpoHoB Ha rny6uHe s • Vl3 ( I4) cpa3y cnenyeT paBeHCTBO 

_2 
q, = N v~ + rw x • 

( I9) 

nocKOnbKY 
1 

B HHTepecyiOWeM H8C cnyqae X = y = 0 1 
TO COOTHOWeHHe ( I9) rrepe-

XOI!HT B 

OTKyna MO)KeT 6biTb Bbl'IHCneH8 H BenH'l.HH8 r 0 npH :3TOM rronyqaeTCSI: 

a 
(l-e-as - as ) N 

----r 

( I9') 

(20) 

EcnH 6bi BTOpH'l.H8SI HOHH38UHSI OTCyTCTBOBana, TO cpe.aHHft KB8.llp8T OTKnOHeHHSI rrep-

BH'l.HOft 'l.8CTHUbl rrocne IIpOXO)KI!eHJH! rryTH S COCTB.BnHn 6bl {3~2 S 1 T.e. 6bin 6bi 

CyWeCTB9HHO MeHbille BenH'l.HHbl x
2 

HaM K8)KeTCSI
1 

'ITO HCCneL:IOB8Tb paCCMOTpeHHYIO 38I!8'l.Y C IIOMOlUblO 06bi'IHb!X 

KHH9TH'l.eCKHX ypaaHeHHA 6bmo 6bi 3H8'1HTenbHO cno)KHee. Mo)KHO nyMB.Tb, 'ITO aTo 
x) 

OTHOCHTCSI KO BCeM 6onee HnH MeHee cnO)KHb!M naBHHHb!M IIpOU9CC8M 

x) KaK HaM cTano H3BeCTHO, H.M.f'epacHMOBa ycrrewHo rrpuMeHuna orrHCbiBae-

Mbiit M9TO.ll nml Bbl'l.HCneHHSI cpnyKTy8UHit 'l.HCna '18CTHU B aneKTpOHHo- cpOTOHHOJ% naBH

He. ABTOp 6naro.aapHT H.M. f'epacHMOBY 38 coo6meHHe o ee Bbi'l.HcneHHSIX no HX 

orry6nHKOB8HHSI. 
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PacCMOTpRM eme O.QBH Dp&Mep, 8H8nH3 KOTOporo C DOMOUlbiO 06biifH&IX KHHeT&

IfeCKRX ypa8HeHHI Ka:lKeTcH , no MeHbmel Mepe, aaTpy.aHHTenbH&IM, B c8oe 8peMH 

B. H. BeKcnepoM H p•.aoM .apyrHx a8Topo8 6binH npe.ano:lKeH&I a accne.ao8AHbi npa6opbi, 

H3MepsUOUlH9 HHTeHCH8HOCTb p8.QR08KTH8HOrO HCTOifHHK8 no cpe.aHeMy TOKy 1 npoTeK&I0-

/4 -61 
meMy 8 uenH nponopuaoHanbHoro na6o reArepo8CKoro clfeTifHKa (eM,, HanpaMep, · }, 

B C80&M npocTelmeM 8a.ae OHH npe.acTa8nHJOT co6o10 RC -cxeMy, 8 KOTopyJO 

8MecTo eMKOCTH 8KnJOifeH .clfeTifHK. EcnH 'MepT80e speMH' ClfeTifHKa pa8HO HynJ0 1 To 

CO CT8THCTHifeCKOI TOifKH 3p9HHSI paCCM8TpH8aeM8SI CHCTeM8 HHifeM He OTnHif8eTCSI 

OT HOHH38UHOHHOI K&Mep&I, 

J1Hoe .aeno, ecnH 'MepT809 8peMH' r ,, 0 • B STOM cny'l88 p838HTHe CHCTeM&I 

onpe,aensteTCSI He TO nbKO ee COCTOSIHH9M 8 .Q8HHbii MOMeHT1 HO H ee npe.a&ICTOpHel, 

8 '18CTHOCTH 1 - ee COCTOSIHH9M 8 T9'19HHe npe.amecTByJOUlero HHTep8ana r • 06&1"1-

HOe KHHeTH"'eCKOe ypa8HeHHe no C8MOI C80el npHpo.ae SJ8nSJeTCSI ypa8HeHHeM noKanb

H&IM, nosToMy 1 a paccMaTpH8aeMoM cny11ae 15ea 88e.aeHHH K8KHx-nHI5o .aononHHTenb

JU•IX llolp4M8Tp0B QJIO H8 MO>K8T 6biTI:t .Q8:lK8 COCTUneHo, 1.J: TO K8C88TCSI yp88H8HHSI ( 4) 1 

TO C COOTB8TCTByiOWHMII H3M8H8HHSIMB OHO MO:lK8T lS&ITb nerxo oonylf&HO, Tpy .QHOCTH1 

CBR38KH&I8 C BnHSIHK9M Dp9Jl&ICTOpHB,3.Q8Cb OTDA.Q810T 0 DO~OMy 'ITO cpa3y oocne 8Kn10-

lf8HBSI CHCTeM&I. ope.Q&ICTOpBR oODpOCTy OTCyTCT8yeTf 

M&I 6y.ae:..o paccMaTp&aaTI:t 'MepTBoe apeMH' T.H. Henpo.aneaaJOwerocH Tana, 

npe.anonara•, 'ITO xa:lK.aoe nona.aaHae "'aCTHUbi 8 Clf9T'IHK1 a&I3&IBaJOwee ero cpaiSa-

T&IaaHae 1 opHBO.QHT K H8Me.aneHHOMY CK8"1KY TOK8 Z Ha 8enHifHHy ' (no DOBOLlY 
/11 I 

HCIIOnl:t3088HHOI T8pMHHOnOrBH 1 CM,, HanpHM9p, ), npe.anonO:lKHM T8K:lKe 1 'ITO 8 MO-

MeHT 8Kni0"18HHSI CHCT8M&I Clf9TifHK DO.QrOTOISn8H K cpai58Tbi88HHIO H Z (0) • 0 • Tor.a•. 

p8CCy:lK.Q8Si KAK p8HbW81 MO:lK9M 38DHC8Tb .QnSI Cny"'8SI t> r Tal5nauy: 

Zt C aepOSITHOCTbiO l-ndt 
z _, kt 

f+.dt JCk +ee C aepOSITHOCTbiO ndt 

(21) 

Ben& t < , 1 TO 

•t c· aepOSITHOCTbiO l-ndt 

.lf.dt 
_, 

, .. kt C aepORTHOCTbiO ndt 
(21') 

i 

HblM 

'ITO ,aaeT 

AHanorH'IHO, 

.[lnH "iT H 

d 

d 

A HanorH'IHO, 

BenH"'HHbi 

HbiX ynARHeJI 

1.J:epea 

B89TCH 

HH9 (22') 

CKnAJJ.&IB8H 



nput5op&I, 

CHCT9Mbl 

(4) 1 

0 • Tor.~:uw. 

(21) 

(21') 
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Ha OCHOBSHHH Ta6nuu (21) H (21') MO)KHO cpa3y nony'IHTb COOTB9TCTBYIOUlee 

.o6o6meaue ypasaeHHH ( 4). B uenHx 9KOHOMHH MecTa, Mbi orpaHH'IHMCH Henocpe.ocTBeH-

Hb!M nony'leHH9M ypaBH9HHI .llnH ll: H -p- • npH t> r 

~+dt = ( 1-ndt )~ + ndt ( xt-r + ~ ekt ) , 

"'TO .oaeT 

d; =-nx + nx +n;e-kt 
dt t-r c, 

t> r. (22) 

AHanoruqao, cpa3y nonyqaeM 

d- - --kt 
_x_=- nx + n~ e , t<r. 
dt 

(22') 

r- .[ln!l. XT HM99M npH t > r 

I 

AHanoruqao, npu 

di2 
dt 

t < r • nonyqaeM 

- ""t""l! -2kt 
=-nx2+nc, -e 

(23) 

t > r • 

(23') 
t <r. 

BenH"'HHbi x u x 2 MoryT 6biTb HaA.oeHhi nocne.oosaTenbHhiM peweHHeM nony'leH-

Hb!X ypaBH9HHA CH8'18na B HHTepsane (0, T ) 1 38T9M ( r,2r) H To.llo 

lfepe3 .ll0CT8TO'IHO 6onbW09 BpeMH nocne BKniO'I9HHH CHCT9Mbl B Hel: ycT8H8BnH

B89TCH CT8UHOHapH09 COCTOHHHe 1 xapaKT9pHCTHKH KOTOporo MO)KHO onpe.oenHTb 6onee 

npocTbiM cnoco6oM, Ha'IHeM c Bhi'IHCneHHH x , .onH qero npoHHTerpupyeM ypasHe-

HUe (22') OT t=O .llO t=r H ypaBH9HH9 (22) - OT r .llO T9Kywero MOM9HT8 t • 

CKna.r:xhiBAH pe3ynbT8Thl H y'IH'rhiBaH, 'ITO x(O} = 0 , nony'IHM: 

t t --t -kO 
~=-nf x

0
dO+nfx

8
_r dO +n~ f e dO. 

0 0 0 

npoBO.llH BO BTOpOM HHT9rpane 38M9HY nepeM9HHbiX H Bbi'IHCnHH TpeTHA HHTerpan, 

npeo6pa3yeM aTo paseHC'JJ,} o K su.oy: 

x =-n 
t 

f ~d(J + nf ( 1 - e-kt ) 
k 

t- r 
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0TCIO.ll81 .lln51 CT8UHOH8pHOrO COCTOHHHH MO:lKHO 38DHC8Tb 

i"=-nri"+nZ!k, 
'ITO .ll89T 

ne 
x = k(1+nr) (24) 

AHanorH'IH0 1 HHTerpHpyH B COOTB9TCTBYIOlllHX npe.llenax yp8BH9HHH (23) H (23") H 

CKnA.llblBAH pe3yn&T8Tb!)nony'IHM .llnH CT8UHOH8pHoro COCTOHHHSI paBeHCTBO: 

00 

""""%2 .. -nr xll + ngll /2k + 2nTe·kr f Tfie·kB d8. 
0 

.Llns Bbi'IHCneHHSI B03HHitlllero HHTerpana YMHO:lKHM ypaBH9HHH (22) H (22') H8 -kr e 

DpOHHTerpHpyeM H CnO:lKHM pe3ynbT8Tb!. nocne HHTerpHpOBAHRSI DO 'IACTHM neB&H 

'18CTb P8B9HCTB8 .ll89T 

t 
- -kt k J - -k8 d8 x e + x

8 
e , 

0 
a npasas nocne npocTb!X npeo6pa30BAHRA1 npHBO.llHTCSI It BH.lly 

t t-r 
8 -n J x8 ek8 d(J + ne·kr f i(J ek d8 + ..!!§__ ( 1 - e·lkt) • 

0 0 2k 

0TCIO.ll81 .llnSI CT8UHOH8pHoro COCTOHHHH cne.llyeT paBeHCTBO 

k j x(J e-kO d8 -- n. ji8 e·kB d8 + n e·kr ti(} ik(} d8 + -!!.- , 
0 0 0 ~k 

'ITO .ll89T 
00 

J ie e-k(J d8 ne 1 
2k- k+n( 1- e·lr) • 

0 

no.llCTABnSISI STOT pe3ynbT8T B Bb!p8:lK9HR9 .llnH _? 
1 

nony'IHM! 

XII 

II 
n"f2 n117" ----+------.=-2k( 1 + nr) k+n( 1- e·kr) 

8·k r 
(25) 

k(1+nr) 

8 HAR6onee HHTepeCHOM 'IACTHOM cny'lae, KOr.lla BbiDOnHeHO ycnOBRe kr«l, 

- nl' xll.. .+ 
2k ( 1+nr) 

n~-2 2 -= x+ n {2 
2k(1+nr) }II( l+nr )II 

B STOM cny'lae .llHCnepcus 

i 

npH 

T&KHM 

1. 

2. 

3. 

4. 

5. 

a. 

7. B.H 
npa 



(24) 

) H (23') H 

22') H8 
-kr e 

ne8aH 

(25) 

kr«l, 

15 

(26) 

npH oqeHb 601t&WHX HHTeHCHBHOCTHX HMeeM 

1 _ e-kr 

TaKHM o6p830M 1 8 OTnHqHe OT cnyqag, KOraa 'MepT80e 8peMH' OTCYTCT8yeT, 

cpnyKTy8UHH OCT810TCH KOHeqHbiMH. 

A8TOp paa no6naroaapHTb VI.M. rpaMeHHUKOro, n.r. 3acTaBeHKO, r.VI. Konbmo-

88, B. VI. Or&eseuKoro H O.A.XpycTanesa 3a ueHHhie 3aMeqaHHH. 
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