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ABSTRACT: 

It is shown in this paper that relativistic wave equations for 

particles with spin 1/2 which are different from Dirac equations 

exist. Particles described by these 11 anomalous 11 equations can have 

one or more self masses and the corresponding fields have,positive 

definite charge density. The electromagnetic interaction of partic­

les described by the simplest ''anomalous" equatioh~ is investigated, 

magnetic moment, cross-sections for Coulomb and Compton scattering, 

and self energy are determined. All these quantities differ from ana­

logous expressions for electrons. 

I n t r o d u c t 1 o n 

Attempts to find relativistic wave equations of known type 

//3, JJ~. . '\ ,,..:.__ 
\;·. :;, c•! - ·l.,, . 1 rp = l 1 

\) ''y > ,v'v ) . ., 
(1) 

for particles with spin 1/2 but differnnt from Dirac equations were 
-· . I 

not successfull. The proofs of Wild· l 1 ·· ~nd Gelfand and Yaglom 

. · L 2_} about the uniqueness· of Dirac equations have spoken against' 
, .. 

them. Btit their· proofs are not general. They are based on the assump:.... 

tion that the.equations for particles with the spin 1/2 can be derived 
'·-------·---------------------------------------------------------------

L 

. ·c:>nly in the framcof the representation of full ~orentz group for maxi- •. 
------~---------------------------------------~----------------------
mum value of spln 1/2 Q, ' 

-------------------~--
Because such assumption has no reason 'Ne can attempt to look . ' ,, 

for new equations for particles with. spin 1/2 starting from some other 

represent.?,tion/of full Lorentz group. We have taken the representat­

·ion DR for maximum value· of spin J/2 and we have been aThle to show 

that 11 anomalous"eq,uations·for particles with spin 1/2 do exist., 



1. Relativistic form of the anom~lous equations .. ,,,,.. ______ ............... _,__,.,. ___ ,,., ..... ------·-·-·-•· .. -·-----·-••·-"--'-"--'-' ... -
I:f' the equa.tionq (l) a:re covariant, ·mo.trices /1; 

11 
i'u\fil fol­t , 

(2a) 

(2b) 

(2c) 

- ,' 

where l u. 1.i rep:r.1esent inf:tnitesimal;v small J."otations and c is 
/ 

· the inversion matrix. 

With the help of these equa:t:tons and the kntmn :repi·esentation 

of thil fulJ Lorentz group i.e.! representation o:f Zu.i· o.nJ. r., vie 

can find matrfces /'/ • There ar0 three· inequivalent rep:r·esenta-

- I ! t·, ttons of t~ 1) Ce,JI:, -:: .. 
I 

:f? or max. tJpin J/2: 12. rows, 8 rows and 4 

rows which we denote.by t:i. re spec ti •1ely. 

We have studied more deeply oniy such cases in which the repre-

sentn.tions of I ,t,i, , 1 are give·n by direct 
/ . 

sums: 

It was shown 111 C Jj that matrice.s (6.Y for .ever,iy algebra with 

max:tmum spin J/2 can be decomposed into direct product of Dirac mat-

.· rices ftJ 
(. 

and certain adjoint matrices 
--., 

~. · '•\ ,'·v I J 
/'.J I , .. ' , ' \ t\ 1 '."'\, · l, I .__, ' ' . i· 

The explicit general form of matrices 

(no sumation!) 

was also derived 

in {J} by use of equations (2a,b,c) only. But the coefficients 

of me.trices ,,{. v are net determined o'nly by invariant condition, it 

is necessary to impose on them further restrictive conditiohs: the 

field must have positive. defini t charge density and the ma.trices p 1 ............... __ ... _..., ................. _________ ~ ___ ,. ________ ._,.,,. ___ ..., _ _,. _________ _ 



J -

must be irreducibel. 

It. is not too difficult to show that the case ·for n = 0 is not 

exmissible and that the case for n = 1 gives only the well-known 

equations for particles with spin J/2 and on~ self mass. 

n • 2 is more compl:tcated. Now we can choose th• coeffi­

cients of matrices «-i1 in severel ways: first we get the equations 
.;•; .. V 

• .. ·/found by Ginsbu:cg [{l and Bhabha {5} for particles with tko 

,~ spin state.s J/2 and 1/2 and two masses /I; ~J') and ttl /Jv resp., se-
.,,- .. ..., 

oond. the Harish-Chandrti equations for particles with two spin states 

with one mass only, and. third two diffe_rent cases wbich lead to the 
,, . . ' 

·equations for particles with spin 1/2 ar..d one proper masse Matrices 

'\. oG µ. in ~he both II anomalous" cases are S -rows and 

... · i' ollowing form:. 

. . . . . . 
.,',,,-' . 

I, 

1/" 
! 

r I . 

I 

- 5 
I 

have the 

... y ~-Y: 
I ~/ ' 

I 
I 



where 

In the first anomalous oaso we have: 

(.lb) 

(Jc) 
. 

•Tho matrices ') _, are irreducible if and only 1r 

and they aa.tisfy the relations 

·.·.: .. 2_~- f. ,,·/" ,,J ,1 ,1 ?. _·., '1 .- ,r) l··· r,; J, .. ...;:t. ·--.:.· .. 
\ 

. h◄ ll,, ; ,.I!) ,) /".Q , \' JI '._J ',, . J f .· . ' 
I ,I : ' / _,' C' i ~'· I 

where ·-:· · inea.na tho cum over all permutations of indioese 

':rhe ooef:.f'io ionto of matrices , '-, are not completely determined 

b,r the relations _(.3). One ooetticient is free.and represents :f'roe 

parameter of the part,1ole • Its role will be clear later • .............. ~~~--~----..-.--~--l"or higher n, i.e.. J-1 ·-, , we obtain among the various equat-

ions for particles with spin j/2 further equations for· particles 

with spin 1/2. The;r·desoribe.the particles with n-1 mass-states 

/. 6_/ and oonta1ri n-1 free parameters. 

!n the following we restrict ourselfes only to the simplest 

anomalous wave equat1onso It.is convenient to write down them ex­

. pl1c1tl1 · 1n ·Rari ta-Schwinger form: 
' ' I' I ' ) u. 

(

/ IJ .'\ ,, l ( , ,. , Jt.1 }. . , \; ' . A , i _ t 8 >' 
-. 'V () • -f ~ \, ,- ()'.' t , !/ l v\ I .-+- f' , \ ~ ~ ... •. t, 

/, / . y ,' ' I , ,,., ~ / J 
, ,: (J \I ~ \ 

, .., ':\ B )1,• , · ti-· . 
'f' s/~ll,,' .~ .. ~1<,~;t~<)•' ;(, r_ lt·•X, J 

. ' . ,, 



where 

1:n the first anomalous oasc we have: 

II I I 

·, i· I'\ ' I ,' (.lb) 
and_ 1n the aeoon4 

(Jc) 
Tho ma.trices . 1) ,, are irrcduoible if and only' it 

I , 

I~. :-L :!:: f<: 
.. ' 

'I I ,i., k, I ) 

I ✓ j ·, I "' 

and the7 . satisfy the rela.t1ons 

where ~ · meano tho sum over all permutations of indices" 

~he ooeffioionta of matrices , are not completely determined 

b1 the relations .(3). One coefficient is free.and represents free 

parameter of the part~ole. Its role will be clear later • ............... _~----~~------~~~-~ 
Po~ higher n, i.e. )'/ > we obtain among the various equat-

ions for particles with spin 'J/2 further equations for· particles 

with spin 1/2. They :·_describe· the partloles with n-l mass-states · 

{ ~) and oonte.1ri n-1 free parameters. 

In the following we restrict ourseltes only to the simplest 

anomalous wave equations. It:1s convenient to write down them ex­

pl1c1ti,·1n ·narita-Sohwinger form: 

.... (.zu·lt.+ ~- I', ,.Jv/v \'~/-✓", +~.:: \i<t)~.t,.,, B .,~ 
. .· 0 (, . ' 
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Here ,t and v(-1, are usual Dirac spinors, 1£r{Vis spinvector 

introduced by Rarita and Schwinger [7] , J\,1 are orBinary Di­

rac matrices. 

2o Free anomalous particle ____________________ .,,.. ____ _ 

It is easy to verify with the help of the form (4), that the 

equations describe particles ,Posessing spin 1/20 If we have free par­

ticle without any interaction we get from (4) the equation for spi-

nor 

)j~& cJ)t\ 
/ 

0 
.and subsidiary conditions 

(6) 

by which -X.~.. and 
p y 
~ are determined.completelyo The equation (5) is 

usual Dirac equation as we had also tb expecto It is necessa.r1 to 

stress that for anomalous particle in interaction is impossible to 

derive for spinor ~, or }(;,, the Dirac equation. The equations (6)--. 
. ~ 

there are 20 subsidiary condit?ous there - exclude the superfluous 

states with spin 3/2 and 1/2. 

I . 

I' 



J. Electromagnetic interaction -

The wave equations for free anomalous particle can be deri­

ved from Lagrangian because the matrix I\- satisfying the condi-

tions 

exists. · 

The "switch on" of the electromagnetic field does not represent 

any principial difficulty. We can define the interaction term in the 

elassical way by 

The electromagnetic interaction does not change the number of sub­

sidiary conditions only their fDrm is different from (6)~ 

To examine the behavio1m of anomalous particle interacting 

with electromagnetic field we have calculated: (a) the intrinsic 

magnetic moment, differential. cross-sections fo:r (b~ Coulomb and ,., 

(c) Compton scattering, and (d) self energy of the particle. 

a. Intrinsic magnetic moment 

In the non-relativistic approximation we can derive the in-
. ! 

trinsic magnetic moment of the anomalous par·ticle (e .go by the me-
~ 

thod used in [a] ). In both cases the magnetic moment has the 

value (measured in Bohr's magnetons). 

where <,? 
d 

,,is 

and for 

( ,,.1 r~ ~ I A 
~ - "--.. r, I , ;_ 

is 
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f'aotorv Q 
' ,f . iJ 

are exoluded 1 because in 

these oases the wave equations a.re reducib!l. 

b. Coulomb scattering 

.The Coulomb scattering was calculated in the first approximat­

_ion of the perturbation theory by Feynman method. Hi,gher approximat­

ion and radiative co:crections were not considered because mathemat:t= 

cal difficulties •. We took for the transition amplitude the express1oP. 

Ufoll 

The differential cross-section for the scattering on fixed 

center is then given by 

z. , t (}- - 2 ? ~ fl· ()..~ 
} r.- te 1:5.) u c,costJ ' /"- , 1 1 -:r, . ,, )(.( Jr' ao~ k 1-r·· -J---- -- . ·C-)2 - :, ·I· 1 + C.0-> \) f• !.(,, ', ! 1- u --- - Un I 
. - \ ,J, f 'Di (if - en i/ p-- - . \- ·11 Ma -

I . ,_ - ,. ~ {j I ; 

Last term in the square bracket represents just the deviation 

from similar expression for eledtron. It is cq_used by the existence 

of anomalous magnetic moment. J,.\.J. differs also from crosa-seo-

tion for ordinary 1/2 spin particle with anomalous electromagneti9 

interaction as was used in the theory.of Pauli. 

The main difference against the cross-section :for electron is 

in non-vanishi?g high energy term. For high energies of the incident 
(~< 

particle cJ.... L tends to the constant value. 

c. Compton effect 
-------------------

The Compton _effect was considered by the same method as the 

Coulomb scattering. Starting from the transition amplitude 



= 8 = 

we calculated the cross-section o{Qr for the light polarised after 
1/ 

scattering in the same pla.'ne as the incident light and d. ~ for 

the outgoing light polarised perpendicularly to the polarisation · 

plane of incident lighto The exact eli:pressions are very complicated 

and therefore we write down only.approxi)jate results for non-rela­

tivistic and relativistic caseso 

In the non-relativistic limit is 

and in extreme rela ti v1stio limit: 

a 0 for large scattering angles: 

of~, • ·r1 (f:j: { i 
.. \. .. • 

d S?_ ) --~--- - - ..... - 1-......, ....... _ 
k'o JI? k (.) I • _\ .,... 

bo for small angles: 

where k 0 1s the energy of incident photon measured 1n the units 

of mass of the anomalous part ic 1 e o o/ G'-..i ia given by d (/I +o/ (lf 
J/ .I.. ·. r 

In the ext1!3'me 

is increasing 

relativistic case the fetal cross-section· 

) . Lt ci !t' . 
(}:: ,.. ,., : I · • r, · "' /.·' T .......... _. -, .,,.1 U :..,.. ,., .. · ,,.,... ":-. o 

,. . ( . ..' · ,,,tl_, ~, 
linearly with the e:n:f1~EY in contrary to the totql 
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non-relativistic case could become the basis of investigation for 
------------------------------~---~~-~---~-----------------~~ what kind of particles- to apply these anomalous equations •. 
----------------~-------------------------------------~-

d. Electromagnetic self-energy 
--------------~--------------

In analogous way as before the electromagnetic self-energy of 

the anomalous particle was caloulat_ed. We obtained 

I// ,. ' . ' '' 2 :: I l '. (/ ', - ) /) 6 I I? l • :.. (:i. - .- ' ) /'. I I; / . v,(l,...r·/1 = -.--:·--:-:---Jl; tl-,1: ,-':it 1 . ..:,-0a7-:Jq· Ut"N..~- <; (i -b:? . 
.;:. <,; l_, .::: 'fr,._.· .. ', , ' I O d' l: J ,,.., l' . - c-➔ O<;,;, - . • • 

where· c ·. is invariant quantitY,, and ,LL. is amplitude_ of the wave 

function. Although the'sel;t..:.ene;gy'd:tverges qua.dratically the theory 
--------------------------------------------------------~~ can by renormalised. The utilisation of this fact is.limited becau­

se complicated mathematic procedure by higher approximations. 

C o n c 1 u s 1 o n 

The behaviour of the anomalous particle interacting with elec­
e 

tromagnetic :field is dependent on the pa:ramet~ ·() • We can call it 
{j 

as a parame45 of anomality. For O = 0 we get the results known from-
u 

the theory of electron. 

It is very difficult to say-if the anomalous equations are use­

full for description of some particles with spin 1/2 as for example hy= 

per.ens, nucleons or J,:.,, mesons on the basis of results which we ob-
/ 

tained. Assuming especially the anomalous equations are convenient 

:for e,c., meson we must· put q ,(..:. . 1:, ace ording to the .,experiments of 
/ C ' 

Ledermann. Then all deviations :are· neglible and the electromagnetic 
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/ 

interaction does not unable us to distinguish between electron and 

f\ meson. Therefore we have just now begun to study other· type of · 

interactions. 
if;'> 

It is possible to introduce ,,;_ mesons interaction without any 

incompatibility with subsidiary conditions. But in this case the pro= 

blem is complicated in other manner. For a given type of interaction 
' . ~ . ' . 

- for ·example pseudovector - there are several independent invariants@ 
' {. 

and it is. diff.ecult to choose among .them the correct invariant form 

· .. / before· cS.lculc1 tions. 
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.. _ - •·- * For scalar field .y · with scalar coupling. to anomalous 
· particles f we_ hav~ fallowing linearly independent invariant fornuH 

<f'ftf J fff}~ <f J <p(/({;~~i~)~'<f, cp<f f/,f///"(3v<f 




