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YacTb 11 

§ 5. TpH THna pacnono>KeHH R aeTaeA MHO>KecTaa ·~;, ( ttl) 
0nH p851Cb Hli TeopeMy 4, Mbl npHCTynlfM K HliXO>K.OeHHIO r; ( t.) • C ::noR 

uenbiO a03bMeM .aellcTBHTenbHoe X: , y .aoaneTaops:r10wee Hepaa eHcTay 0 <:. )(: < f. 
~ O >. 0 y JlOBneTBOps:reT TeopeMe 4 1 If 0003H8'tHM ttepe3 ( x; {( t )J ~I ( tl t') f 

p ewe nJte CHCT eMbl (3.1 ), y.aoaneTaops:r10we e ycnos»s:rM: 

r.ae 

x' () 
) 

{i m }(; ( t} t 1
) - {; m ~I ( t I t 

1

) 

t.~~ d I t It~ C;>O 

" npH scex t ~ t' Jl ~ (, 1 t J <0. Tor.aa, cornacno 

SOnbHOI'O M OMeHTli apeMeHH t O TO'tK8 ( X~l (to I t /) I 

6y.aeT 3881fCeTb 8H8JIKTKtteCKK OT f. 

0 

TeopeMe 4 , .ans:r npoH3 -

!J'(f t'J) E o , 
1 f./ < E, npH acex 

t '~ to • TaKKM 06pa30M 1 M bl MO>KeM HliATH Ty 'lliCTb O.OHOA H3 8 e TaeA MKO>KeCT-

sa r: (to), K OTopas:r pacnono>KeHa a ManoA oKpecTK OCTH Hccne.ayeMoro n ono>t<eHHs:r 

p8BK OB eCUR THfl 8 Ce.ano. 3aMeTKM 1 '!TO nonytteHH8SI TliKHM o6p 830M 't8CTb aeTBH MHO

>KeCT88 4. ( tO) rOMeOMOpcpHli nonyHKTepaany (- 00 I tO J . 3aMeHHB x; 
11a X~' ::::::- - x:, Mbi MO>Ke M aKanorHttHO HliATH tt8CTb aTopoA a e T8H MHO>t<ecTaa £;( to~ 
TliK>Ke pacnonO>I<BKKYIO 8 M8nOA OKpeCTKOCTH HCCne.ayeMOI'O nonO>KeKHR p8BKOBeCHSI 

/8/ 
THOli ce.ano. V!cnonb3yR TeopeMy n y8KK8pe ( CM • 1 CTp . 153-160) 1 Mbl MO>KeM nef'KO 

noK83 liTb1 ttTo .ans:r n 106oro T )"' 0 KaA.aeTcs:r E T > 0 TaKoe , 'ITO TO'IK8 

(x~(t(),t'J, 'J/(to,t'J) (aHMOI'H'IHO .OnR T O'tKH (x;(to
1
t'), ':J~1 (tc,t'J) 

6y.aeT 3 liBHCeTb a HanHTK'IeCKH OT t a Kpyre / E I < E_ T nptt 8cex i 1 !5: t 
0 

+ T. 
O.aKaKo , npH T ~QQ fT 6y.aeT , aoo6we roaops:r , cTpeMHTbCR K HyniO " noaToMy He 

npHXO.OHTCR Hli.OeHTbCR nony'lHTb BCIO BeT8b MHO>K9CT8li r;, (to ) 8 8H.ae CXO.OSIWef'OCSI 

CT eneHHOrO ps:r.aa 00 CTeOeHRM f. C cPHKCKp08liHHbiM pli.OH y COM CXO.OKMOCTH . noaTOMY 

HliM Hy>KK O 6y .aeT CyMeTb Onpe.aemrTb TKO pac n OnO>K9HH H COOT8eTCT8YIOWeA BeTBK 

MHO>KeCTBli r; (to) 1 He HMeSI SIBHbiX c:jlopMyn , npMI'O.OHblX .anSI HliXO>K.lleHHSI 8CeA aeTaH. 

3To yMae Tcs:r c.aenaTb c n oMOWbiO cne.ay10wero npHeMa. B o3 bMeM H a rpaHHue o6naCTK 

~ n p oH380n bHYIO TOttKy ( X0 J '::10 ) , ne>Kaw y10 aHe fo- o KpecTHOC TH TOttKK (0,0 ), 

(3.aeC b HCnOnb3yiOTCSI Te nepeMeKKble , 8 K OT OpbtX 3lifiHCliHO ypaBHeHHe (3.1 )) M nyCTb 

( )(
0

( t) 
1 

!:J
0 

( tJ) - peweHHe CRCTeM bi (3.1 ) npH f = 0 · , y.ao8neTaops:r10-
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11!00 ycnOOIIfiM: .Xo (o ) = Xo I ~o(o) = 'jo • v13 H8we ro npe.anonO>t<OHJISl 

0 TOM , 'iTO Hfl rp8HI1U9 06/HlCTH c ~!MeeTCSl TOilbKO O.QHO 00110)K91Ui9 pllOHOB9C JISl 

CliCTeMbi (Io) • cne.ayeT , 'ITO np11 c t~"!:.oo f><"o(t)J+ IYo(t>J~o. 3To 03ua-

'i8e T, 'ITO T O 'IK8 ( )(0 ( t ) 
1 

'j 0 ( t )) npH 113MeHeHI111 t OT - oo .ao + oo 

npo6er aeT ac 10 rpauuuy o 6 naCTH G . KaK y>Ke 6bJno OT Me'leu o paubwe , .anst TpaeK-

TOp11 1t (Xo( t) . 'Jo(t)) cyule; TOJ IOT npe.aenbl Ki = eiWI ':fo (t) 
b . ':./0 (-t) t~ oo Xo ( t) 

11 t< 2. ::: (..,c m . K8/h,QbiA 113 KOTOpbiX y.aoaneTBOpste T YPllBH 91HIIO 

2. t~ 00 Xo(- t) \ 
K = i. . llonb3JS!Cb T a M , 'ITO a cucTeMe (3, 1) A > 0 ueTpy.auo y6e.ai1TbCR , 

'ITO K 1 :. - 1. 11 I< l :. + i . 3To OOIHl'iaeT, 'ITO npK t --. 00 111160 

X0 (t)~+O, a ~0 (t)-.!)- 0 1 nK6o Xo(t ) ~-0 , a ~o(t) ~ +O 
6y.aeM npe.QH0118r'8Tb .Q11Sl Ollpe.aeneHHOCTI1, 'ITO HMeeT MeCTO nepabiA CIIJ 'I BA , JfyCTb 

1: > 0 H ll1160 ilbWHA KOp9Hb ypauH9HI1SI >( O ( t) = x: ,a ~ ±. p8CCTO SIIJI19 OT 

TO'IKH ( X0 (:!: i), ':/0 (!: 1 )) .ao u o pM81111 K TpaeKTopHu (X 0 ( t) , ~0 ( t) ) 
s TO'iKe ( X0 ~o) . B03bMeM CT > 0 H8CT011bKO M811biM 1 'IT06bt , so- nepsulx , pe-

J 
1 

I t t' ) ~ 
weu11e ( )(~ ( t 

1 
t) 

1 
':If ( 1 ) 6b1no a u ani1TH'ieCKHM no £ a Kpyr~ / f, f < f,T. 

npu acex t >r t' _ T. _ 1 , a 1 ao- aTopLIX, 'IT06bl npK scex t >,. i - To _ f 0 

BbrnonuRnocb ue~aaeuc~ao: 
0 

/X~ (( t'J-Xo (i- t'-'4 )/+I 'j~ (t, i)- 'J0 (t- t'- T
0

) / < ; , 
r'.ll~ s =: ttJ l \'\ ( r I } + ) ,. 0TCIO.Q8 C119.0J9T; 'iTO CyLUeCT8J9T MOMe HT BpeM9HK 

t 1 3 8K1l iO'IeHHbrA Me>K.ay t -1; - ! 11 t - To + f , T8KoA, 'iTO T O'IKll 

(x
0

f.(t~,t'J,':Jf,(t:,t'J) ne >K 11T H 8 HOpM81lH K TpaeKTOpH11 (Xo(t), ':Jo(tJ), 
npose.aeuuoA 'lepe3 TO'IKY (X o 

1 
~ 0 ) • 3ToT cpaKT u aao.aKT ua M biCilb o T OM , 'ITO 

cnpaae.anKaa cne.ayl0lll8R TeopeMa , 

Teop eMa 5, nycTb ( ')( 0 , ~0) npOH3B01lbH8R , OT1111'1H8R OT (O ,O) , TO'IK8 H ll rpa -

HHUe o6nacTI1 G . Tor.aa cywecTayeT f; > 0 TBKoe , 'ITO .anst n 106oro / f f <. E: 
11 111060ro t: C~LUeCT8J9T 11 9..QKHC TB9 HHO pewe H119 ( xt (tIt;) J ':J; ( t It; ) ) 
CI1CT9Mbl ( 3, 1) 1 y .ll08119TBOpS110lU99 C ll 9.0J IOU111M yC1lODI1SIM: 

1. ( x; ct: It:)- X'o) (A ~0 t-fo(Xol ~.)) + ( 'Jt( t; It;;-Yo){ AXo + 1o(Xo,Y.))=q 

2, np11 acex t~ t: (Xt(t,t:J, ~[(i, t~ J} 
~ , cxo.aRWJiltCR a Kpyre I £ ( <. f: ; pa3naraeTcst s cTeneunoA 

p R.a no 

3. np11 t ~ o x;ct, t:)~ Xo(t-t;>, a ~;ct,t;) ~ 'J.Ct - t;J, 

r .ae (Xo( 

yC110BI1HM 

4. 

LloKa3aT~ 

CyLL 

CIIC T eMt>l 

Ke [ t'· 
(X~ (t, 

KaK T onb 

/'ti<E 
BHii cne.a: 

pblBH8SI qJ 

a ~~ ct; 
Cn e.aoaa'I 

3811 011HRJO' 

CTB088HIIS: 

ELJII 

cP8KTOM , ' 

9 TCR 8 pSi 

:. 'jo(f.- 1 
npH h >-.-

. 
X~ 



3TO 03H8 -

.00 + co 

B HCHHIO 

T bCSI 1 

111160 

+O 
n ycTb 

~OSIHHC OT 

PBbJX , pe-

0 T O'IKI.I 

1
o ( t)) , 
1 'ITO 

K a H a rpa -

' fl <. E: 
t;)) 

:!nCHHOA 

5 

r.oe ( X
0
(t), 'j

0
(t)) peweHwe cucTC\.1bJ ( J ,l ) npu f. == 0 , y.oonneT eopHJOwee 

y cnonH RM: X
0

(o) == X
0 

, ':10 (o) == ':lo , 

{;,-n x;ct, t~J 
t- 00 

f;YYl ':J~(tl t;) == 0 
t ~ .:>o 

LJ.OK83llT I.lJ1 bC T BO : 

C y u l eCTBOBilHHe, BoabMeM p e w e HHe (X~ ( t 
1 
t') 

1 
~ ~ ( t 

1 
t')) 

C IIC T e M b l ( 3 ,1 ) 1 K OTOpOe 6bJJ10 o n pe.oo n e HO p Oll b l11 e 11 JJyCTb t I H8H 6 0Jl bW H i! H8 OTpea~ 
KC [ t' ~ T - i ( - T + i} KOp CHb ypanHe JJH SJ 

0 

0 , 0 

(x~Ct,t'J- Xo) {>.lJo+f0 (Xo, ~. y + (':J~(i,t') - 'Jo)()..Xo+70 (Xo)loV=Q 

KoK T OnbKO 'ITO 6btn o n o Kaa aHo , TaKoA K o p e H b cywecT sycT npH n cex t' H a cex 

It ( < ETc . vb T eop eMb! 0 Heu pepbl B HOA 3 llBIIC JJMOCTH pewoHHSI OT H8 '1 8JlbH biX ycno-
B HA cne.oye~, 'ITO t; aaeHCKT Henp epbwHo oT t 1 

, T , e . t: = / ( t J - He npe -

p b1BH8 SI ci>y HKUHSI , vb T oro , 'ITO X~ ( t t I+ .2. '11) = X: ( t - 2,11 t, ) , t I ) I I c. -A ( ) ' 
a '.:/£( , t+2.1f =. ':JE.(t-ir,

1 
t'} , cne.oyeT , 'ITo r({-~oi7i)=::f(-t_')~2«. 

Cne.oonaTe n b HO, np11 H 3MeHeH~1H t' Ha oTp eaKe .oni1 HhJ 2,7( a n a 'le HHR /{f'J T a K :tKe 

aau o nHSIJOT OTpeaoK .om1H bl 2, 7( • H a 9 T OM M bl M O>KCM aa KOW411T b .oo Ka3aTe nbCTBO cywe -

C T BOB8HIIR, 

EL! HHC T BeHHOCTb, .LlnH .ooKaaaTe Jlb CTBa e .owuc TOC JJIJOC Tif M ~>J nocnonbayeMCH T e M 

ci Ja KTOM, 'lT O pe~enwc ( X{( f, t~ ) 
1 

C;f:( t > t..'
0

) ) np11 n c e x t ..>;.. t; pa3 nara-

e T C SI B pH~: xf (~I t'OJ = Xo (t - t:) + f; X~( t 1 t~) En ':J+(t t;) = 
=- Y0 ('f: - to ) + )' .!1; { t 

1 
t;) E. n , r .oc"ifapa cjJynK•mA (X~ { t ~) ;+ t f 

npH h >,.. 1. y .diMneTBOpSieT CRCT e M e y pUO He HHJ;!: , ' I '1\ ( f J) 

)<-t-t1 Ct t') =- ). 'j~ ct t') + f~ x (Xo(t-t~ ),~o( t-t~~ Xn+(t,t;)+ 
J 0 I 0 

+ p ~ ~ ( X 0 ( t - t:) 
1 

Yo ( t - t; ) ) ~ ~ ( t , t: ) + 



6 

~: (tIt:) = A x:; ( t 't:) + r: / x. ct- t;) I ':l.(t-t:J) x:; ( t, tj. 

+ ?~~(x"(-t.-t:>, ~oCt-t~» ~~Ct,t:) ,_ 

+ QnCt, Xo(t-t~J 1 • • • , ~~- 1 (t, t~J) 

co cne.ayJOWHMH ycnosHSIMH: 

X~ ( t:, t;) (>, Y. + f• ( x., ':lol) + ':Jt (t; ,t:) (.>. X. t- ?•( x., Y•» " o
1 

fim X~(t,t:) 
t~ v-

{ i 111 y: ( t 1 t; ) =: 0 . 

t~ 00 

noKa>KeM , 'ITO 9TH YCllOBHSI 0.0K03H8'1HO onpe.aenSIIOT (Xt'l( t,t:)l 'J.,(t l t~>). 
,D.eltCTBHTeJlbHO , 8 npOTHBHOM Cl1J'18e 0.QHOpO.Oti8SI CHCTeMa ypasHeKJ-!1!.: 

U = ) v- + p ~ x ( )( o ( t - t~ ) 
1 

Yo ( t - t: ) ) U -+

+ P~~(Xo(t - t~ J ,Yo(t-t;J) cr 
) 

ir = A1.1 + 7~x(X0 (t - t:J, ':J.(t- t;;) U + 

+ ~~!J (x.ct- t >I !J. ct- t~>) v-

uMena 6bi 

.ay !OW liM y c 

u(t~, 

/i m 
t~ ...c 

Vfa nocne.a: 

a l!(t
1 
t; 

C [ Xo(c 

:::- c 
T.e. c 
TeopeMa .ac 

Cne.ay 

Teope~ 

rpaHHue o6n 

H n 106oro ( 

ClfCT9~,fbJ ( 3, 

t. ( X£1 

2. npH 

pst.a no t 
3. npH 

r.ae (X0 (t 
YC110BHSIM: X 

4. f; 
t...., 

BoabMe 

TO'IKY ( X 0 

y .OOBJ1eTBOpsil 

I( (Xi ( t I 

TeopeMbJ 5 H 



~ (t,t)t 

) + 

J) 

7 

LlYIOWIIM ycnoBHSIM: 

u(t~,t~)( A ~ot- foCXo)loJ) .+ tr(to', t: J( AXo-t 7o (X0 , 'J0 )) == o ) 

~ i VYl U (tIt:) ::: Ji 1"(1 (}" ( tIt:~ :: 0 ' 

t~ ..0 t ~ 00 I • . ' t t ' 
vb uocne.aHero ycnoausr cne.ayeT, 'ITO U { t 

1 
to ) = C ')( o ( - o ) 

1 

a t.T(t 1 t~) :: C ~0 ( t- t~) . Vlcnonb3ysr nepsoe ycnoeHe ,nonyqaeM : 

C [Xo(o) (A ~o + p/Xo , ~o)) + ~o(O) ( ~Xo + 9o(X0 ,':10 ))] 
= C [ ()..~o+fo(Xo J 'Jo))l + (A Xo+ ?o (Xo

1
Yo))t. J -

r.e. C == 0 ' 
0 

) 

TeopeMa .aoKaaaHa. 

Cne.ay10wasr TeopeMa nonyqaeTcsr K3 TeopeMbl 5 aaMeHol! t Ha - l . 
TeopeMa 5

1 
. . _. nycTb (Xo., Yo) npO.I3BOnbHSSI , OTnH'lHSSI OT (0,0) , TO'IKB HB 

rpaHHUe o6nacTH (;C . Tor.aa cywecTsye-r E; ;> 0 TSKoe, 'ITO .ansr n106oro J t I<. i; 
H n106oro t: cywecTayeT u e.aJIHC'rBOHHO puweHue (X£ ( t 

1 
t;) 

1 
'::If.- ( t, t ~ ) ) 

c"""~'(: i< 'L ,'[~":·;:T(A"~:·+ p:c~::~: ,;:or;;rt;' t;J -Y.){ Ax.+ y.rx. ,Yo v~o; 
2. npu scex t ~ t; (Xi ( t, t:) 1 ~i ( t 1 

t; J) pao.11JrlleTcsr s cTeneHHOA 

psr.a no f , cxo.aRWHilcsr s Kpyre / t I < c: 
3. npH E~ o X£(t1t; ) -7X0 (t-t; ), a., ::JE-(t1 t~} ___,. ~o(t-t:J, 

r.ae (X0 (tJ, ':::/ 0 (f)) peweu~te CHCTeMbl (3.1 ) npK £.=0, y.aoeneTsopsr10wee 

ycnosHRM: X
0

(o)::.X 0 , '::1
0

(0)=-!::1
0 

·, 

4
' f; m X£- ( t 

1 
to') :::: / i 1n J[- ( t, t: ) - O 

t_...-oo t ~- 00 

803bMeM Tenepb HB rpSHHUe o6n8CTH G.. npOH3BOnbHyJO, OTJIH'iHYIO OT (0,0) 
1 . e + 

TO'IKY ( Xo, 'j0 ) H nycTb £0 : l"l"l •n ( f- £+) , r.ae /:.
0 

" f-
1 0 , 0 t' 0 ) 

y,aosneTBOpsiJOT TeopeMe 5 H 5 1 COOTBeTCTBeHHO , llycTb (Xt(t
1 0 ) ':f/(t t') 

t t l 1 ) I " I 0 
H {Xi ( 1 •/ , yf.- ( t 1 t 0 } peweHHil cucTeMbl ( 3. 1), y aoeneTsopsiJOwue ycnoBHSIM 

T90p9Mbl 5 If 5, COOTBe1'C1'BeHHO. nyCTb 
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f}.t ( t~) - ( ~Xo+70 (Xo,Yo))(X( ( to' , t;J-X(.(to',t;~ + 

-t- ( A~o+ fo CXo,Yo )) (Yt( t~,t~ J- Yi(t:, t; J). 

I !t•TpyllHO yGeuiiTbCSI , ' I ro •l·yiiKllliSI .dt. ct~ ) onpenene11a npu nc:ex 

a H a.TlHTH4eCKrJ SI no £ o K pyru /f. / < [ 
0 

H nepaO.Qli'!CCK.tH no 

t' 
0 

t , 
0 

11 I E. I < t o 
) 

t lit 'flll "-

.noM .2 1f . BooL>MeM nwepb C nefiCTBil T e.n b H oe. Tor .na Ll!H I tj111 KCJ if){) Jiil ll l t •ll'n t =j:: 0 

1103M 01hH bl C .Tl CJ'\YIO IIlHe T pll Cil)'Yilfl : 

I. 

2. 

3. 

6f ct;J ~ o 
ll f. ( t' 0 ) >,.. 0 

l i p ll HCOX 

11 p 11 n cex 

t: 
t: 

L\ t ( t~ ) ll p iiii H M LtOT :i ii LI 'H' IIH ~l 060H X 3 11 LI K OI3 . 

13 3aan CI!MOC TH o -r Tor o , K Kll KOMy cnyYuJo n pJ t Jr.t.ant• ;,J,aT At. ( t~ ) , p<~t.no; J o't'L'IIJ J P 
Ct.JOT J>eTCTBytoWeH HCT f\H MJIQ,ht!CTf\.1 r;_ .( ·tO ) 6yne-r 11p11 11 <1JlJ1P,t- ilTb II. C:JC.:lYIPIIIII\1 

TpC!M 711118/v! , 11006p<1 A\C'IHibiM !I a piiCYIIKLIX I ,2 II 3 COOTBL'TCTI\t'IIIIO. 

I 
I 
I 
\ 
\ 

\ 

/ 

/ 
/ 

" ......... 

--- -

\ 

I 
I 

Puc . 1. ~tc t:) < 0 . 

I 

I 
1 
\ 
\ : 

I 
I 

I 
\ 
\ 

/ 
I 



to', t;~ + 

: >) . 

u / E/ <C. 0 

t , J ltJ !JII ()-

11111or•1 f._ :f= 0 

<..:nCJ1)'JUIJ II I~ I 

) 

I 

I 
I 
I 
\ 

/ 
I 

I 
I 

I 
\ 
\ 

\ 
'\ 

/ 
/ 

I 

----/ 
/ 

' ' ....... 
........ -

9 

- -- - - ..... 
........ / 

........ 
......... / / ......... - --"" / / 

/ 
/ 

/ 
jl 

/ 
/ 

/ 
/ 

/ 
/ 

/ 
/ --- ~ 

PHC. 2 . 

' 

• 
P Hc . 3. 
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CnnownoA n K H aeA H 8 3TH X pKC YHK8X K 306pa>KeHbl '18CTK cooTaeTcrayJOwHx aeTae A MHo

>KeCTaaJ; ( t O) LlnR CK CT9M bl ( 3 .1 ) 1 nyHKTH p OM - 'l8CTH C00TB9TCTBYIOWH X e eTeeA 

MHO>K9CT88 I; (tO) LlnR C HCT9Mbl 1 n on y'l810weftC SI H3 ( 3.1 ) 38MeH Oit t H8 - t , 
TaKHM o6p830M , Mbl o60C HOB8nH M9TOL11 Ll&IO w RA B 03MO>K HOCTb BbiSICHH T b K K8KOMY 

THny npHHaLine>KH T pacnono>KeHH e seTae A M HO>KecT aa I; ( to) . nocne aToro Mbl CMo

>KeM nony'lHTb OT B9T bl H & KHTe p eCyJOwK e H &C B On poCbl 1 paCCM8TpHB&SI K8>KLlbll\ H 3 B03-

MO>KHbiX cnyqaea pacnono>KeHH R OTLien b HO , 

§ 6 , npeo6p &3088HK 9 C HCT9Mbl ( Io) a C HC T 9M:l raMHnbT OH8 

B nocneLiy JOweM Hano>KeHHH 6yLieT cywecTseHno HCflOlJ b 30BaHa soaMO>KIIOCTb 

npeo6pa30B8HHSI CHCT9Mbl (I 0) B CHCTeMy raMHn b T O H 8 , B :3TOM naparp acj:>e COLiep>KHTCSI 

LlOKa3aTen •·CTBO aToro yTsep>K Ll9HH Sl , 

Teop e M a §. 

l( ::: U (X) ~) 

M9HHblX ( U 1 l.f) 

CywecTa yeT 8H8nH T H'l9C KOe B38H MHO- OLlH03H&'lHOe oTo6pa>KeHH e 

V" .:: t.f' (X J ~) o6naCTH G Ha ce6R T&ttoe , 'ITO o nepe-
C 

CHCT9M8 ( Io) 6yL19T HM9Tb cj:>opMy CHCTeMbl r aMHnbTOH8. 

llOK838T9nbCTBO TeopeMbl p8Cfl8Ll89TCSI H& H9CKOnbKO :3T8flOB, KOTOpb!e p8LlK yLio6-

CTB8 BbJ.OeneHbl 8 C8MOCTOSITenbHbl9 neMMbl , 

JleMM& 19 , nycTb B38KMHO-OLlH03H8'lH09 8H&nHTH'l9CKOe OT06pa>KeHH9 u = u (X I ':1) 
o6naCTH C-_ H 8 ce6SI T8Koeo, 'ITO Jl1 (X ~ ) :::: ~ ( (..( , \C2 

1 

..r= cr(x) ':J ) 
He o6pawaeTcR s 

C /"' 1 ~ (X ~) 
Hyn b a o6nacTH ~. K yLiosneTsopHeT ypasHeHHIO 1 

(' 'd 
+ 
'}~ 

:;X ( fV\ (X 1 yJ fo ( )(, ~)) ( fV\(x , lJ)j0 (X, ~ )) 0 

TOI'.Q8 B nepeM9HHblX ( t( I V) CHCT9M8 (I o) HMeeT cj:>opMy CHCT9Mbl raMHnbTOII£1, 

llOK83&Ten bCTBO: 

nycTb X = X ( U, ll") 
PYR Bbipa>KeHHR LlnR X H 

X~ U + )( ~ if 

~~ u + ~~ v-

1 y ;::j ':::1 ( U 1 tJ) o6 p aTHOe OT 06pa>K9 HH9 , llucj:>cj:>epeHUH

y n o t , n o n y 'lHM : 

- /o (x(u,u)
1 
~(u, u)) ) 

j o (x( u ,u)) y (u, v))) 

T , e. 

. 
LA 

tJ 

noK&>Ke: 

,.... 

~= 
~ll 

1'-

<J ~ c 
<o u 



TBel! MHO-

Ha -t • 

KSKOMy 

0 Mbl CMO-

: l! H3 8 03-

:))K HOCTb 

::o.aep>KHTCSI 

e nepe-

a . 

pa.aK y .ao6-

U:: U (X,':1)
1 

~ 
'~) 

= 0 . 
I 

8MHn bTOHS. 

11 

T.e . 

r-

-J• ( x(u, ..r), y( u, tr)) X~(u, V) J "' /• ( u 1 V) , 

-J 0 ( X ( u I v-)I ':J ( u.' It)) X ', ( u I 1!)] = jo c u I if"') 

"Q t -+- ';) Jo- - 0 
IQ u '() u-

,..., 

:1.; ~ ~JA! 0) X~ ~:r + ';}; (!1\ f.) ':J~ y ~ + Jv1 f. ~ ~.,. 

- "~ ( M J.) X~ X :r - 'd ~ ( A J 0) X.;. ~ ~ - !'l J 0 X ~ IY I 
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,_ 

Cne.noaaTen b H0 1 (i>fo + 
,__ 

~ 
~u 'd<.r 

- (X~~:..- x;_,.y~) ( 'd'Jx ( M /o) -1-d 
d~ 

( M jo)) 

3TO 03H 8'l.8CT, 'l.TO CyWCCTOyPT lllHlnHTII'l.eCKLlst B o6naCTl1 G-
,.__ 'd II ,.., c. 

T 8K8SI 1 'l.T O .f. (u lf") = - - 1 a q (u. U) ::. ro 1 'd «r (' 0 I 

neMM8 .QOK838H8, 

n e MM8 20, Ypa au e HHC! 

•i'YHKUI!SI 

'dH 
ou 

0 

f-f(u,tr) 

;fx ( M (x.~) f• (x.~)) -r~ ( M (x.~) ~.(x, 'l)) = 0 ( 6.1 ) 

ff cixolY 
B 06J18CTH c 

JJ M(x,~) clxol~-
HM CCT 8H8J1H T H'ICCKOe p eWCHI! C J'l\(x,l:J) > o Tl1KOC 1 '1TO 

Gc 
.£loK838TCJ1 b CTBO: Gc 

11p011 -,BQJlbHYJO , OT,11l'IHYIO OT Bo3bMe~ Ha r pamwe o6nacn1 G 
TO'l.KY ( Xo, !10 ) H .nns1 onpe.aeoneHHOCTH npc-.nnono>hlll\11 'l.TO neKTOP ( 9o ( Xo , !:J

0
)) 

- {o (X
01 

':J
0

) ) , 6yny 'l.H npoe<!.neu K3 TO'l.Kll ( X0 1 
!:}

0
) 1 HdHpaB.ne~ BHYTPb 

( )( > • ~s) 

o6noc'" (;c . llycTb ( r:1. (r) I I q·)) "';/.""" C"CTC""' 

J; = Jo(d-,~) , -Jf =- f.ra.,,a) 
co cne.nyJOlUHM H ycnoa H SJ~H: of.. ( 0) .= X o 1 ;3 ( 0) ~ ':i o • llyn.!M :i)lieMeu Tap-

ll hi X p a cCy >t-.QOHH i! y C T OHOBn!IBflC!T Cst 1 'ITO npH r 'I 0 p eWe!IHC ( o<..(r) , (3{r) ) 
nepeCOK llCT K ll>K.OY JO TpaeKTOpHJO CHCTCMhl (IQ) 1 ne>KilWyro B 06JHJCTH (;... 

1 
TOliuKO 

OLlH H pa3 ; npH r ~ 00 o(. ([)...,.. Xc J ;1{f)-7 ':lc • llycTU ( Xo ( t' X I y)) 
~ 0 (t, X,~)) pewenn c cncTeMbr ( Io) , y.nosneTaopSI.JOwee ycnooustM : 

'l..o(o,x, ~) :::::X, Yo(o,x,~) :::. ~ . 
Onpe.nenKM a o6nacn1 ~ .nee cpyHKUHH (; (X 

1 
':}) 

OHH y .QOBJ1C!T130pstJ1H CJlC.OyJOWHM ypllBHCHH SIM ; 

~~ r ( x) ';;}) T8K , 'IT06bl 

r 

~ 

H e Tpy.n1-

liH Wb C 

C .npyro 

C cPYHKUI 

mo6ol!. Tc 

CSI T COp E 

.QHM0 1 'I' 

CKHMH nc 

nepece'IE 

liH'ICH O'I 

we) , An 

H 3 H 3BeC 

JlHM BClll 

n, cne.nc 

ru(T 
I 

. ~(Z'. 
.QOK838H< 

8 j 

T(x, . 
cpyHKUHSH 

• npoxo.nSJI 



0 

·( ( U 1 v-) 

( 6 .1 ) 

T liKOe ,'ITO 

; , '::Is) 
~X o, ~o)) 
lYTPb 

1 T OnbKO 

' IT06bl 

13 

( 6.2) 

0 . 

HeTpy .OHO su.aeTb, 'ITO c noM OLUbiO ypaeHeHidt ( 6.2) T { X
1 
y} MO:>!<HO onpe.aemtTb 

nuwb c TO'IHOCTbiO ..ao uenoro K p8THOro nepuo.ay peweHHSI ( Xo ( t,x,Y). Yo rt, x.~J). 
C .apyroA cTopOHbt1 M bi ceAq ac noKa)KeM, 'ITO K a:>!<.aaR seTBh ¢ y HKuuu l {X, y) sMecTe 

c <PyHKUiieA r (')(I !1) 6y .ayT 8H8nHTH'I.9CKHMH cPYHKUHRMH X li y B OKpeCTHOCTif 

mo6oA TO 'iKH o6nacTu G_ , OTilK'IHOA oT TO'IKII (Xe J. ) . C 3TOA u e nbiO socnonb3yeM· e 171 1 c 
CSI T eopeMOA 0 H9SIBHblX cpyHKUiiRX ( CM. 1 CTp. 80- 85) • .lJ.m1 ee llpKM9 HIIMOCTII H906xo-

.QIIMO , 'IT06bi <PYH KUHII H(T X Y {J 11 G (T X <:) '> ) 6blllll aHalliiTII'Ie-
J I I I I I 1 (,...,.. /'>J 

CKHMII no nepe M e HHbiM r . X • y . r II 'IT06bl SIK06HBH '-;) :f, ..,... B TO'IKe 

nepeceqeHIISI Tp8eKTOpHA (Xo(t, X, Y). Yo (t, X, Y)) H ( ci.(r) ·;i(pJl' 'fJ 6blll oT-

IlH'l.9H OT HYilR ('ITO T8K8R TO'IK8 nepeCE:H9HKSI scer..aa CYLU9CTBY9T1 6bJil0 OTM9 '19HO p8H b -

we) . A nanHTH'IHOCTb <PYHKUHA Tirt, X I y' 'f) H G (rrl X, Y, r ) cneayeT 

K3 K3B9CTHbrx T eopeM H3 Teopuu o6biKHOB9HHbiX ..au<PcpepeHuuanhHbiX ypaeHeHuA. B bi'Iuc-

lliiM e e nii'IHHY HK06HaHa. HeTpy.aHo npoeepHTb, 'ITO a TO'!Ke n epece'leHHH 

11, cne.aoaaTenbuo, s c10.ay s o6nacTH G: , 3a IICKiliO'I.e nueM TO'IKH {Xc. 
1 

Yc,) 
ru (T C) " 

"=""----''-'::""- -1- 0 . 3Ha'IHT 1 T90 p9M8 0 K 9SIBHbiX <iJyHKUHSIX OpHM9HHM8 H YTB9p:>!<.Q9 HH9 

. ~(z~r;r 
.OOK838HO. 

B .aanbHeAweM HaM n o Tpe6yiOTCH ypaaHeHHR , K OTOpb!M y.aoeneTao pHIOT cpynK UHH 

1: (X I~) H r (X I y) . .llnH 3Toro B03bM9 M npupaweHHe , nonyqaeMoe 3THMH 

<PyHKUHRMH B p e3yllbTaTe c..aeura TO'IKII (X 1 ~) no TpaeKTOpuu cucTeMbi { L} , 
• npoxo.aRweA q e pe3 T O'IKY (X 1 ':J) , 38 speM H t1 t . B pe3ynbTaTe nonyqaeM: 
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T(x(t+~tJ 1 Y(t+d.tJ)- T(x(tJ
1
Y{tJ)

f(x Ct+AtJ, ~(t +-A iJ) - f(x(il, Y(tJ) 

nonenHM nony'leHHbl& paaeHCTaa aa A t • n:epelneM 11: n:peneny npH 

B RTore n o ny'IHM! 

nycTb 

"C: (x, ll) {.(x, Y) + T;(x,y) jo(X,':J) 

r; ( )( 1 ~) /o (X, !I} + r; (X,~) jo (X, Y} 

(X o ( t 1 r) 1 ':Jo ( t 
1 
~)) 

-dt 
I 

0 , 

At-.o 

-1 
I 

0 

t = 0 H3 TO'IKH ( )( 0 : Ill. (r) I ':J~"= ~q~ peweHHe CHCT9Mbi ( [ 0 ) 1 B blxona wee npH 

noiiO>KHM 

Jv1t(x,!i)::: 

't(x,~) 

= exr( If ~-~(x.l- t, r<x, ~>), Y.(- t, f(x,~~)+-lix.l-i, f(x.~l).~.(-t,rr~~~). 
Heno cpellCT89HHO BHllHO , 'ITO f1 1 (X,'J) >0 BCIOllY B o61I8CTH Q H 8CIOllY 8 o6-

II4CTH G yno sneTaOpReT ypaaHeHHIO ( 6.1 ). 113 neMMbl 1 cnenye$: 'ITo 3 H& 'I9HKe e Mi (X 1 ':l) 8 T O'IKe (X 1 ~) onpe.aeneHo OllH03H& 'IHo. 113 onpeneneKHR BKllH 0 1 'ITO 

~~(X,':I} 6yneT aHanHTR'Iecxol lPYHKUHeA 8 n106oA TO'IKe o6nacTH ~ 1 ltpoMe1 

M O>KeT 6b! Tbl TO'IKH ( Xe ~ ) I 8 ltOTOpoA OH81 0'19BHllHO, HenpepblBHa. noKa>KeM, 

'ITO 11 ( (x 
1 
'J) H9np9pi>IBH6 np~ll01I>Ki19TCR' H8 rp8HHUY 061I8CTH ~ H He o6p8W88TCR 

H8 H e ll 8 Hyllb. ,LlnR 111060A TO'IKH rp8HHUbl 1 OTIIH'IHOA OT (X's 
1 
'3s) , cnp88&lliiHBOCTb 

yTsep>t<neHHH nerKo cnenyeT Hs onpeneneHHH /t1 1 (X 
1 
':/}; nnH TO'IKH ( Xs 

1 

!Is ) 
yTB9P>Kll9HH9 llOKI13biB89TCSI C UOMOWbiO II&MMbl 2, 

T(K,~) 

n ono>KHM /Y1 (X,Y) = __!:__ ( ,Mt(Xo(f,x,~), Yo(t·,x,Y)) Jt I 
o 1r(x.~) J 

rne T{x,~)- nepH o n peweHHR (Xo Ci
1
x,y), 'do(t

1 
X, ~J) 

CHCT9Mbl ( r ) . B blX OllRW ero npH t .: 0 H3 TO'IKH ( )(I y) • T 8Jt K8K T ()(I ~) 
0

(}. / 13/ 
8 o6nac TH 38BHCHT OT X 11 '::J 8H81IHTJt'lecu ( eM. , CTp. 166-171 ), TO c . 

Jl\o (' 
38 HCf 

Mo(x 
H8 He.l! 

B OOII8C 

r. 

Vi en on b. 

Y llOBIIe1 

X H ~ 

B OKpec ,......, 
fl\1 () 
.aanee 

,.._., 

!'\ , 

u 

TaK Kai 

OK peCTH 

6ynyT < 

noK8>KE 

N{x, 
/"'""\ 

(, 

3TO 031 

M8110lt < 

weA s 



t-. 0 • 

•.ay 8 o6-

.H0 0 'ITO 

KpOMe, 

lOK8)1<9M0 

>6pawaeTCa 

lllH80CTb 

I 1 !Is ) 

}cit 
J 

i-F I ) , TO 

15 

Jl\o (XI y) T8K)K9 6y.aeT 8H811KTH'19CKOA cpyKKUK&A X K ':J BCJO.ay B o6118CTK ~ 
aa KCKil JO)'IeKKeM, MO)KeT 6biTb, TO'IKH ( Xc 

1 
Yc ) , 8 KOTopo~Ha HenpepbisHa. 

M 
0 

(X 1 !J Henpepb!BHO npo.aon)Kae-rcst Ha rpauHuy o6naCTH UC. " He o6pauJ.aeTcst 

Ka Kelt a Kynb. M0 (X,~)nocToRHHa Ka 11106olt TpaeKTOP"" cHcTeMbi (I0), ne)Kawe.A 

a o6nacTH G , cne.aosaTenbHO, oHa y .aoaneTaopReT ypasHeHHJO: 
c 

(.rx,!JJ 'Jfr1 0 (x,Y) ) 
+ a~ jo(X~':J 0 

Vlcnonb3yR 3TOT cpaKT, HeTpy.aHo npoaepHTb, 'ITO M(x,~)= ;Y11 (x, Y),· Mo(x,.Y) 
y.aoaneTaOpsteT ypaaHeHHJO (6.1 ). noKa)KeM, 'ITO M (x, ~) 38BHCHT 8H8nHTH'IeCKH OT 

X " ~ a TO'IKe ( )( c , ~C) . c 3ToA uenb~B03bMeM KaKoe- HH6y.ab aHanHTH'Iec Koe 

a OKpeCTHOCTH TO'IKK (X y ) peweaue /1 (X c; ) ypaaaeHHR (6.1 ) TaKoe , 'ITO 
,_, C I C { I ). /14/ 
M (X y ) = i . To , 'ITO TBKOe peweHHe cywecTayeT , .OOK838HO B • nycTb 
1'\t c, c 
.aanee T(x I ':l) 

1 ~ 

~ f'I\
1
(Xo(tJ XI Y) 

1 
':1 0 (t 1 X, c;J) Jt 

0 

u 

T BK KBK T ( )( , ';I) RBnReTCR aHanHTH 'IecKoA cpyKKUHe lt X 11 Y a HeKoTopoA 
~ ,......, 

oKpecTaoc-ru TO'IKH (X c 
1 
~c ) , -ro {"\ 0 (X 

1 
y) , a cne.aosaTenbao , H 1'\ (X 

1 
~) 

6y.ayT aHanwTH'IeCKHMK cpyHKUHRMK X K Y a ueKoTopoA oKpecTHOCTK TO'IKK (X,~ ) 
,...., 1 e . 

noKa)KeM, 'ITO M (X I~) :. M (X ) ':1) • .lleACTBHTellbHO, HeTpy .OHO nposepKTb, 'ITO 

N(x,':l) ~ 1'\(x, c;): MCX,':J) 

'd~(:,~l) /. {x, Y} + 'd ~~,)}) jo(X, !J) := o. 

3To oaaaqaeT, 'ITO N(x ,·:1) noc-rostaaa a a Ka)K.aolt TpaeKTopHK, ne)KaweA s .aocTaTO'IHO 

ManoA 0Kp9CTHOCTK TO'IKH (X c , :J c. ) . no nocTpOeHHY.> H8 K8 )K,Q0lt TpaeKTOpHH . 119)1<8-

welt s .aocTaTO'IHO ManoA oxpecTHOCTH TO'IKH ( Xe , !1e ) , 
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T(x, Y) T(x, ~) 

J fl\ (x.(t, x, ~). s.Ct,x. ~VJf := J jV( (x.(t , x, ~), Y.Ct, x, Yij ol t, 
0 0 

'iTO 6 LI.'IO 6 1>1 H0B03MO>hll0 0 eCJJII 6bl 6 3 TOii OKpeCTHOCTH H8 K 8 K OI!-HII6y Llb TpaeKTOpHH 

N( X 1 ~) 6nrna 61>1 OTllll 'illll OT CD.rtHHuLr , CneD.oeaT en bHo , ;\1 (x, ~) aHanHTit'iHll acro

a.y a o6ni.lCTII G . 
c 

Via TOI'O qlB KTS , 'iTO ;\'\ (x, ~) Henpe pb!BH8 BCIOLly B 3llMKHYTO.A 06JJBCTH 

c1'eD.yeT, 'iTo f[ M(x. 'J ) clxJY < oo 
~ 

• CneD.oeaTe nbHO, yMHO)t{eHII e M Ha 
Cc 

nOD.XOLlSILUHM o6p£130M Obr6p81111YIO KOIIC T 8 HTy M bl noJly'iHM HOByJO QJyHKUHIO 

S) M(x.~) o!xol':l . ._ Jf dxJ':J 
Gc 

fl\(x,':J) !J 
T8Ky10 , 'iTO '""-! 

G'c 
neMMB .lDK838H8 , (!'/ 

I neMMa 2 1. - ~"' JJyCTb Ll&ll b l orpaHH 'iC HH&SI' 3i:IMKHyTOI! KpHBOI! >J\opaaua OJ,l llO 

cest:>HaSI ouilaCTb ~ H o npon e neu11an a ::lTOI! o6nac TH ananHTH'iecxast t: •yHKilltst 

f1 (X 1 Y} > 0 TaKa!J , 'ITO , oo-nepBbi X, /-""\ (X, ::/) npoD.Oll>haeTC~I HenpepbiB-

110 Ha rpaHH uy oGnac TH Q , a no- BT Opbrx, Jf M.(x, "J}Jxd':J a If clxtly . 
e ~~ c 

Tora.a CYLU PCToyeT aH81111TH't UC KOO B38HMH O- OLlH03H8'iHOe O T06pa)l( 9JI~e U=- u(x, ~) 
cr::: v { x , y ) o6n ac TH 0(' 118 ce6SI TSKOe , 'iTO r- ~(~, IT/ = M ( x ~) I 

ro(x, ':1) ' 
!lOK83aTeJl bCTBO: 

11 nycTb W = I{~) KoH<t>opMHoe o T oopa)i{eHHe 

o6nacTH 

nyCTb ~ 

~ 
::::: )(+l'j 

H a KBaD.paT o < Re / (2) < 1. o < J rn {C~) < i · 
) /1 5/ I 

T a xoe oTo6pa)t{eHHe c y wecTayeT no T eopeM e PHMaHa (eM, , cTp, 27- 34 ). B CHny 

· I 151 /( ':1 ) TeopeMbl KapaTuo.ao pH (eM, , C Tp, 49-50) A: npo.aOJl)t{89TCSI Henpe p biBII O H O 

r-pa11u~y o6nacTu G , npH'ieM cooTE:~eTcTmre Me>KD.y TO'iKBMH r-paHHUL>l o6nacTH Q 
c e 

H TO'iKBMH r-paHuuw xeaa.paTa 6 y.a e T a3&HMHO- oD.H03H&-tHWM , TaxH M o6pa30M , Mw nony-

'iHllH uenpepb!BHYIO B 38MKllyTOM KBO.a paTe 0 ~ p ~ f I 0 ~ 1 ~ 1 

cpyHKUHIO M(f~1) ;: 11 (X(f,f), Y(f, rJ) ~ p::; Re ftzJ I 1 ~ 'Jm ((~) 
a X..:::: X ( f 1 1) , ':J :::; ::; { f, y) oTo6pa*eHue , o6pa nroe x /C~) . n erx o 

npoaepHTb, otTO d (p,y> :;: r f'cz>/1 , Tax KBK 0TOOp8)t{9JIHe /(2) KOHcPOpM

HOe, TO /'( ';,) H: ~~p~JWeTC SI 0 Hyn b B 06Jl8CTH c , CJl9LlOB8T9JlbHO , r.> ( p, j) 
T 8 K )t{e He 06paLUae TCSI B Hyllb, C f'"J ( )( t ~) 

OnpeD.enHM T enepb aHanHTH"'ec x oe B3811MHO- OD.H03H 8 'iHOe OT06pa)i{eHue KBaD.paTa 

0 ~ P ~ 1 1 0 ~ 9 ~ 1 Ha ce6SI c noMOLUbiO c.PopMyn: 

/' 

0 

~ 

~ I ~ 
"'-

HeTpy D. 

'd 
,.-

c 

OnpeD.er 

38MKHyT 

KaK cyn• 

f3t = 
nyCTb )c 

npoa epH' 

\T= v 
o(M ::: 



'p8eKTOp1111 

J1 Tl1 'IH a BC 10-

CTH ~ 

Hl8 0!!110 -

"" • HKili1H ,-

Hen pepbte-

dy . 
::u(x,!l) 

J 

~) . 

::: i ~ 
B cnny 

IBHO Hll 

Tl1 c 
e 

Mhl nony-

nerKO 

KOHcPOpM-

(p,t!_ 
l (x.~) 

17 

P f\(xCp,~), ~(f ~1)) o{ 

}lt(x(f,?J+i'.l(p,~J)Il· p 

oll'l"' l f'\(x. (p. 1),!!(p,1J) Jp 

a I ((x(p.1l+ ~ Y(p.7J)\2. 

HeTpy.nuo npoeepHTb, 'ITO 

) 

0 ( d../*\ 1 (3 f\ ) f'\ (X ( f ) 1) I ~ (f) ? J) . i 

~ ( r J 1 ) =- , f'(X(f , 7)+ ( 'd ( f• 1J)\'J. ~! f"\ (x,~)rJ X r) ~ 
Onpe.nenHM B3811MHo-o.nH03HS'IHOe oTo6pa:>KeHHe f ~ f (X,~) , 1. ::::. ? (X 1 ~) 
38MKHYTOA o6naCTH ~ H8 e.OHHH'IHhlA KB8.0p8T Q ~ f ~ i ' 0 ~ yt ~ 1 J 

K8K Cynep003H1.1HIO OT06pa:>KeHHSI v.J ::::. f ( 2) K OT06pa:>KeHHSJ d-.. 1, ~ o/._ f (f ) ~) J 

;31 = !31. (pI r ), KOTOpoe nony'!aeTCSI H3 ( a<.!'\ J 1-'J\1 ) npH M (x,':J)= i; 
nyCTb X::: x(y, ~) . ~ = ::1 cr I rt) - o6paTHOe OT06pa>KeHHe . HeTpy.OHO 

nposepHTb, 'ITo d(X,~l = J5 rJxc/Y . flyCTb, HaKoHeu , U :::. U (X 1 ~) 1 

v = v(x 1 ~) ec:;:vr~l~n03H~J\ul OT06pa>KeHIISI w :::: I ( z) I OT06pa:>KeHH.Ir 

o(M = dl"\ ( x
1 

'J) . f3r\ = f3M ( x, ~ ) H oTo6pa>KeHHSI x = x ( 'f, ~ ) , 
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:J:::; ':I ('r 
1 

'1. ) . HeTpy.aKo npoaepHTb, 'ITO nony'leKKoe OTo6p a)!{eKHe y.aoaneToopHeT 

8C9 M TpeJ088HHSIM 119MMbl, fleMMB .OOK838H8, 

§ 7, llepHO.OK'IecKKe peweHHSI CHCTeMbJ ( If) ; p ew e HH SI cHcTeMb l ( If.), 
8CHMnTOTH'I9CKH 9 K nepHOAH'19CKHM H o6pa3yCMhiC HMK .,KBHSIIbl .. 

8 HBCTOSIWCM naparpacpe K BC 6y.ayT HHT9pCCOB6Tb nepHO.OH'ICCKH9 .t BC IIMOTOTH'IC

CKIIC K nepHO.Oli<J9CKHM p eweHHSIM CHCT9Mbl ( I (). KaK 6y .aeT BH.OHO 113 nocne.ay10wero, 

3TOT KJlBCC peweHH A HrpaeT BB>I<HYIO pOIIb B CTpyKType 0611 DCT9A t H3 KOTOpbiX BI,JXO.OSIT 

K OIIC61110WH CCSI peweHHSI, Via C006pa>t<CKHA y.ao 6CTB8 Mhl 6y.aeM H3y'I<1Tb 3TOT B OnpOC 

.OilS! CHCTCMbl: 

. 
v 
-' 

~ 

· 'd H 
· ~ ~ 

f'J H 
'dx 

+ r. fcx , Y, t ,E ) , 

-t- £J(X,Y,t,E) , ( liE) 

r.ae H ..= f( (X 1 ~) BIIBIIHTH'leCKBSI cpyKKU HSI )( H '1 I a cpyHKUHH frx, Y, t, E) 
11 J (X 1 Y1

. t 
1 
f,) aHanHTH'leCKHe no X , Y H E , KeupepbmHo .aHcp¢epeKuH-

pye M bl e no t H nepHO.OH'lCCKHe nO t C nepHO.OOM 2. {( (co rnOCHO TeOpCMC 6 

K TaKo My BHLlY MO>t<OT 6b1Tb npHae.aeKa C HCTeMa (I£) c nOMOWbiO ananHTH'lCC Koll 

30M911bl nepe MCHH b JX) , 

B .OOJlbHCAWCM HBM n OTpe6yJOTCSI K CKOT Opbi C nOKSITHSI , B03HliKBIOLI.IHe llpH p a c -

CMOTpOIIliH CHCTCMbl ( fr 0 ) !.cacTeMa ( IT 0 ) nony'laeTCSI li3 cacTeMbJ ( fi ~ ) npH 

E ::::: 0 ). LlnH C HCTCMbi ( /( 
0

) 1-/ (X 
1 

':J) ec~ n e pB biA HHTerpan, T , e . I-f ( )( 
1 
'j) 

n oC T OSIHIIO u a KB >K .aoA TpaeKTOpaH CHCTCMbl ( J1 0 ) • HeTpy.aHo npoa epHTb1 'lTd H 
npH HBI.UHX npe.anOIIO>I<CHHSIX BCIO.OY B 0611BCTH G. 1 KpOMC TO'lKli (Xe 1 'Je) :::~f0 

d H · c ' ~n ( d a TO'lKe (X 1 ~ ) oaHa'laeT npoHaao.aHyJO no KOpManH K TpaeKTOpHH C HCTCM LI 

( ll 0 )~ npOX OilSI UlCl! '1C p93 TO'IKY ( )( J ~ ) ) • .QeACTBHTCilbHO , 

JH _ J H (x + ~ w s d ; -JS fh 1-j 't,_q_d _ HI ~+ 'l!i s ) 
~ ~ I d ~aol H} 

11p11 s ~ 
O,ll H O<Jif8'11 

petJI C IUH' 

H (xoCt 
I lye~ 

y .001.)/JeT BC 

LU O Sl T COp C 

'Jo ( t 
1 

H 
H nyCTb 

ypaBHOmJSI: 

~("t' ) 
1.. 

~( 

CyWCCTBYl~ 

11Cp110,0H4 P I 

C HC T CM bl ( 

xf, ct 1 H I'Y. 

r .ne "t't< 
MW D CpH O.Il 

CHC T C M W ( 

X ~(t I 
r 

-



X Bb!X O.QSIT 

'T n o npoc 

/(x, Y, t, €) 
aqxpepeHuH

!Opo Me 6 

p H pec-

fi t) npH 

·I (X I 'j) 
b, 'iTdH 
),cfnt-o 
C H CTeM Ll 

I I ) 

1U 

upn S ::::: 0 , T . e . j ~ :::: I~ 'ta ol H { ::j: 0 . I ·'~KH:-.t of>p<~JOM , :Ji:ILtall tH' H 
O.QH03118'tliO oup<>nenSJcT 11 o6Jt8CTtt GC <' i lltt w n1• ·tiiiiH' ( c To"ln ocTt. t<> .uo Cf\1\ttra 11 0 t 
peweuHt' ( X

0 
( { H) ':/0 ( t 1-1)) <'IICTL'Mt·t (.!! o ) T.:IK<>f' , 'ITO 

I ) I 

H(xoCt 1 H) 
1 
~oCt, H))=: H · 

llycTb T ( H) uPpHoil p<>tttl'lllllt ( Xo ( t, 1-f) 1 'lo ( t) H)) , a Hm" 
YJlODill'TUOpS!eT yp8BIWHHIO: T ( H mIn ) :::: in ~ . XopOIIIO H3llt'C T113 cn<•Jly~-

1 13/ . ( t 
tU8 Sl Teope>MI.:I llya HKapC' (eM., u t tttptH.t e p, cTp. 17G- 1UJ): nyrTt> Xo ( H ) 

t H ) 
I ~ 1 n 1 

':fo ( I m I n ) n epH O.QH"lCCKOO c ncpH O.QOM 2 rr J!l pcttll'liHe CllCTL'Mbl (!! 0 ) 

"nycTb T'(H)-=/=0 npH H ==- f/rn,n ; Tor;~t.UJISJ K 8it,nor o ttpoc T o r o KOPHH 

ypaeu e u11st: 

lm'lf B (c)= ) { fu.ct+'t ,H"',n), ':1.( tn:, H,..,.,l,f, o) ~.ct+'t,H'"·"l-
o 

cyweCTDyeT eJ] HHCTBeHliOC 8H!:IIIIITH'ICCKOE' 00 c. 13 IIOKOT O pOM Kpyre \ t ( < Cf 
nepHOLlH'!eCKOe c n epHOf\OM 2.m7r p ewoun e ( Xc ct H m ., tl() '3 ct H rr >) 

- II,. 1 I I } t } I'Yt 1 t'l 1 vt( 

CIICTeMbl (lit ), T<JKO<' , 'ITO npn t- Q 

rae 't'f< COOTUCTCT BytoUtHA Kope ub ypi 1Htt0 HHSI P1 ('C)= 0 . Ha OCHOB8HH H 3TOll Teopc-

MLI n cpliOn H'ieCKOe peWCHHe ( XE ( t H m J1 T '-' ) Yc ( t ~m )1 T. J) 
- 1 1 In I" 1 /)1-( 

C I1CTeMbl (!! f ) MO)KCT 6htTb OOJlyt.teHO 6 BHJlC pS!.QOB: 

~ 

x~(t HmnT~<) = X0 (t+~t< Hm~)+l:Xp(t,Hm,.,,<:t<)£p e. t I 1 ) I p=i l (7 .1 ) 
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00 

'j ( t /{ r ) ::. Yo ( t + 7: I( II m " } + L 1:1 f ( t I H,., , 't1 I 1:' ~ ) E, r ' 
l I m t t'l t It( I 1 p= 1 

r:\~' (Xp(t, Hm,l1, 1:#() 1 Yp(t1 J-Irn,n 11:K)) npH p :>,...! ecTb n epHo,aH'feCKoe 

c· ll<.!piiOLlOM .2 m'fr p eW&HHe CHCT 9Mbl: 

X f =: 

ra2.H 
- X 

I() Xd !i p 
d~H 

--!Jp+ 
'0 ~ ,_ 

~ p (t 1 X0 ( t+z r< 
1 
H m,~ ), . · • /'p-1. (t, H.,,.., ;t~ 

y == p 
, d2. H 
~ 2. xf .X 

( 7.2 ) 

+ 1'"()2.# Y + 9f(t,Xo(t+7:r< Hmn), .. . ,Yp-t<t,Hrn,tt1t<>). 
~X~~ f (/J I I 

/ 16/ 
.\ . J\1\ , KaueM p8CCMOTp9H cnyq a ft, Kor.aa cpyHKUHH 

~m'lr 

f; ('t ) :-. J { {s (t, X0 (t +t, Hm,") , ... 1 'Js-1 ( t, H M ,¥t ,1:')) ~o ( t -t 7:, H m,n) _ 

0 

- :Js(t, ><o(i -t't1 Hm,n)> .. · 1 ':ls ~-t(i,Hm,n/[ ~ X0(tt-T, Hm,n ~oft 

r <J[\IIhl TU;hJl <.!CTBeHHO Hyn!O ,anSI s •1 ,2 , •••• ~ • 8 3TOM Cnyq·ae npoue.aypa H3XO>K.Q&-

/ J3/ . 
nu n u e piiO.Ll114ecKoro p el.j..I&HHSJ1 onHC8HHaSJ B • HenpHMeHHMa, A .M.Kau noKaaan, "'TO 

• ·cmt B fr) .=: 0 .anSI S • 1,2, •••• Z • a R+-t (7:) ~ 0 • T O .anSI Ka>K.aoro 

ctpocToro KOpHSJ ypaeueHH SI P~+1. ('t} = 0 ~oryT 6hiTb no<;:TpoeHbi cpopM811 b Hbte pH.abi 

IHtJla (7 , ) ) . 0D.H8K0 1 CXO.OKMOCTb1 n ony"'eHHbiX pS!,aOB HM He .QOK838H8o VfCXO.Q SI K3 ST0-

1"0} n .anHbuewwcM M~ 6y.aeM sc10.ay npe.anonaraTb, "'TO pi. ('t) f 0 • • H e >KenaH ycno>K

IIHTI • .OOK831:1TI?JlbCT88 BTOpOCTeneHH biMH TpypHOCTSIMH 1 Mbl 6y,aeM 8 .aanbH9ftWeM npe,ano

Jl,JrRTb, ' ITo nee KOpHH ypasH&HHSI B (~) = 0 npoCTbxe. O.aHaKo, np11 >KenaHHH KeKoTo

plo~t' ocHonulo~<' pe3yllbT8T bt a Toro naparpacpa MoryT 6btTb .aoKa38Hbl H 6ea a T o r o orp aHK-

'H~II II SI , 

I I ) 

1ml\ P 

8 CUCTe. 

B pe3y11 

~I 

, 
v-

r.ae p 
t H€ 

UH9A 

IT' He c 

"'JleH bl n 

K o aqxtm u 

KaK H3B 



.t() £, r 
' 

!pH 0,£1K'feC KOe 

( 7.2) 

.~ olt 

' pa HAXO>t<,ae-

I OK83811 0 'ITO 

lllR Ka>t<.aor o 

b Hbte PR.llbl 

~0.£1R K3 3 T O-

>t<enaSI ycno>t<-

t weM npe.ano-

8HKH He KOTO-

T oro orp a HH-

:ll 

llycTb ( Xc ( t H m 11 Tl() ':lc ( t H m ~ 'fl( >) nepHO.£lH'IeCKOe c n'<!pK0.£10M 
' I I _, I " I I ) 

1 m'i\ peweH!!_e CHCTeMbl ( !JE). n ony'leHHOe c ll OMOWbiO TeopeM bl nyauKape. C.aenaeM 

a cHcTeMe (J.! £) 3aMeHy : X== XtCt,Hm,n,'tl()+ U , '::! -== '!lr.(t , f-lm,n 17K) + 1./ 

B peaynbTaTe 38MeH bl n ony'IKM cHcTeMy .anSI onpe.aeneHHSI ( U 1 IT) : 

( 'd lH f') ( ~ 2.f.l c:f':l'), ..... lA::: -- +£ U+ +c;. v 
'O x~~ )( 1() ~1 + 

+ p ( t) u, trl £ ) ) 

£Q~) u -t- ( 'd" H + E-Q') 
d vx'J~ d y 

+Q(t,u,v-,£) 1 

( 7 .3) 

rae P ( t 
1 

U 1 \T, ~) H Q ( t 1 U 1 tJ1 t) SHanHTH'IeCKHe cpyHKUHH U , t.J- , 
t 0 Hen p epbl BHble II nepH0.£1H'IeC KH e C n e pH 0,£10M 2. mil n o t ; p83110)KeHHe cpyHK-

UKel! P( t 
1 

U 
1 
~ C) K ~ ( t) U , 1!"

1 
~ ) a pSILl no c T eneHRM U 11 

I)"" He Co,aep>KHT 'lll eHOB nepeoro ·nopS1.£lK8 . 0T6pOCH B B CHCTeMe ( 7 .3) HellHHe l!Hble 

'llleHbl n o U H (/" 0 0011Y'IHM Cne.ayiOWYIO llKHel\HyiO C HCTeMy C nepK0.£1K'IeCKHMH 

K03¢<.):JHUHeHT8MH : 

• ( - . () 2.11 . I 11 ( - ~ 1 I u ~ rr>x~!!T trxJu + 'V!Jl + f.J':I) tr, 

( 7 .4) 

/ 13/ 
KaK H3 B eCTHO 0 T8K8SI CHCTeMS HMeeT cpyH.£18MeHT81lbH YIO CUCTeMy peweHHl! BH Ll8: 

ut ct J = e >.' t J / t) ' tT.j (t) "' e A, t ~' ( t) 
I 

llt(tJ- eA~.t J,.CtJ 
1 

v;.ctJ = e ~ 1 t I[,Ct ), 
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r..:re ~1. )At , r1ct J. TlCtJ. 7 t Ct) H ~2. (t) 6yayT 8 H8.1H'rlf'tecKHMH ri1YH KUHSI'\IIt,l'(:::: ~ 
np>t'!e;...: , ~'YHKUHH 'f1 (t) , 'f2_( t), ~ 1 Ct) H ~1 (tJ - nepu OJJ. H'!eCKIIe no t 

c nepuoJJ.0!\1 2, m7r • B .::t8.1bHellwe>:>.t uaM n oTpe6yiOTC S! HeCK0.1bKO nepet.tx LJ:teHoe p<.~::wo-

-.eHIIS! . jJ)'HKUIIll Ai . >.2. . ri ( i ) . Y2. Ct ). ~-tCt ) H ~t (t ) e PSILl n \ t 

creneHAt ~ • Q.'IS! Toro, •tT06bl Hl:lllTH HX 1 c.ne.'lae:-.t B CHCTe:-tP. (7. 4) .::Hll\lt!H)i: t.( : e f, 
u-~ e ? . lloc.1e 38MeH1.1 nony'lli l\1 CltCTe'\ty Ll.1S! onpe -~blCHIIIl nepi!O.Qit 'IUCKIIX •I YH K-

UHA y H ? 
, \ ~ ?.. H f' f.J L H f' T ~ (- "~x'Ch +-f. xJ'f + (- rv ~2. +£ ~) ~, 

(7 .J) 

. 
~ ~ 

JlH 
( u x?. · -t- F- J ~ ) f + (- ). -t- ~X;~ + £ J ~ ) 7 

6y.ne:v~ HCK8Tb pewe HH e 6 BHJJ.e : 

l· c tJ ~ 'f· c t) + / "' Y~ c t ; + / ({ 2 f• c t ; + . . . , 

? )A ( t ) =: 1o (tJ t-1 U 11. ( t) -t 1 1A~ 12- (t)+ ... 

,A JA == 1 t-< A1. + ~ ~2. A~ -r .. . 
1 

r L'.e ( [ c ( t ) I ~; ( t ) ) nepHO!lll 'I CCKIIe C nepHO.Q0:\-1 l mTr tjJyHKUHH 

BIIB B ( 7,5) , nony'IH;\.1 C.lle!lyl•)W110 T pH n a p hl yp8BHCHH A: 

t . llo.ncTa-

. - 'd z.H 'd2H f• - -";)X 'JY 'f• - 'iJ ~ 2 ~ 0 

r? - 'd 2-/-f r n 2H (0 - + () 
'() X 2- o r-d Xd ~ 1 o ' 

. 
~ 

Y13 n e 

~· ct 
J 

3yeMC: 

Ten bel 

( 

'()l 



HH\111~:: (E. 1 

::K>te no t 
'"HOB pa3.!JO-

1 pS!.a no 

•Y= u. = e xtf, 
'"CKIIX qJy HK-

' (7 . 5) 

) 

.. 
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VI a uepoo l\ 118pb1 ypaaHeHH A nonyqaeM , 'ITO ~ (t) .:::: Xo (t + rl< H "') , ro 1 m, ., ) 
~.(t) == ~o(t+TK, Hm,n ). 

JlnR T OJ"'0
1 

'IT06bl H8itTH n e p H O.OH'IeCKOe peW eHfiC' OTOpOA napbl ypllBHeHHA BOCnOnb-

3yCMCSI cne.ayJOWHM c:j:JaKTOM . AHanorH'IHO T OMY , KllK 3TO 6btno c.aenaHo npH .aoKa3a

TenbCTOe neMMbl 1, HeTpy.OHO y6e.OHTbCSI 1 'ITO 

= p(t H)- t T'(H) 
I . T(H) 
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~ 
r~ H Yo ( t , H) ::: 7 ( t, H) - t T '(H) 

T ( H) ~o(t , ~1) ) 

r.ne p(t 1 H) H ?{ t 
1 

H) n epu o.nK 'feCKu e c ·n epuo.noM T ( H} <IJYHKUIIJt t . 
flonb3yHCh TeM, 'ITO ..L X0 (f H) K .2 Y. (t , H) BBilSIIOTCH peweHKeM 

-, H I o H 
cucTeMbr s sapuauugx, 6e3 Tpy.na Haxo.aiiM , 'ITo pCi,H) " qCt , H) y.aoaneTa o-

PSIIOT cne.nyiOll.leA CHCTOMe ypaaHe HHA; 

· _ 'l 2.H (J -;.,H T'(H} , 1-1 p - ~'Ox'd ~ f ~ ~ ~2. f + T(H) Xo ( t, ) , 

' ~l H 7J2fl 7'' ( 11) Y. (t H) 1 ~ ~ r + _ , + '1 xt 'Ox~ Y T( fl) ' 
CpaaHuaag aTopyiO napy ypasHenHA c nony'feHHOA CKCTeMoA , nony'laeM, 'ITO 

f.Ct >:; _ 

~~ Ct ) _ 

A T (lf..,,n} pCt+T:I( I H "" •"' ) I 

1 T'(Hm,~) 

T(Hm,n) ~ (t+'LK , H m,>1 )
1 ~ f T'cw "'·" ) 

rLte ~ t noKa ell.le Heonpe.neneHHO. Onp~.nOl!KM ero ux ycnoBHSI cywecTaooaHHSI nepH o 

.nu'lec Ko ro peLUeHHSI y TpeTbOll 118pb1 yp8BHOHHA, 3TO yCllOBKe , KBK HeTpy.nHO yoe.O HTbCSJ, 

11MOeT BH.Q: 

2.mn-

J{ [- ~ 1 f.C t J 
'")3 H t 

+ ( - A 2. - rv xt d ~ )( 1 ( I H m I n I '[ t< ) 

0 

,-

~; 

r - -,.. 

[-
, 

+ Jx 
~-= 

-t- -. 
'Ox 

3aMeHif 

MH 1 Mb 

\t T 
"t T' 

tmll 

+ j( I 
() 

2.rrr. 

+ J 
0 

+ [( 
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} 

t . 
y LlOBllCTEIO-

H) 
) 

'-1) 
t- ::x~l. '1, (t 1 H '"• " 1lt<) + J~) 'l•( t)] .i<o ( t +LK 

1 
H.,.,., )}Jt"=o. 

38MeHHB fo ( t) o ? 0 { t) t f 
1 

( t) H 7t ( t ) paHee H8A.QeHHbiMH B b!pa>KeHHSI-

MH, M bl MO>KeM 38fiHC8Tb H8We ycnO&He 8 cneny10WeM BKne: 

tm1r 

. A~ f. ]I 1(t +T~ 
1
11..,,.> .x.ct + -r~. ,.,.,,.>-pct ... r~ ,l-1 ..... >Y.(t +-rK I H,,.>J Jt + 

0 

tm1T' 1 , • . 

t j( ( f.x j(
0 

+ J; Y.) X.- ( /x X.+ /y Yo J Yo] Jt + 

0 

I HSI nepf!O-

y6e.QI!TbCSl , 

) -



2G 

llpoHHTerpHpyeM no ~l.ICTSlM ~nout.r , CO!H!P>har:urc X
1
(t) H Y

1
(t). ll o:Jb.Jyllcu 

TeM , ~To X1(i) H 'j1.(t) HMeJoT nepuoa , p ;reHbrA 2.m1f , nony~HM : 
ltn'Tf" 

A~ I, J q X. - f ~. J ol t + 
T o 

2mirJ [ ( 1 . 1 . ) • (/I . !' . . ) +- JxXQ+Jy!lo Xo - xXo+ yYo)'::f0 oft-
0 

:L m11 'J 1. J.l ~ 2. H ) , ~ '2. H ~ z H ) .. 
- J[( '0 1 X1 + 'dx()!j ':li X. + (w; X1 + ~~L ~1 ':1. + 

o X 

( ~tH . ~2. H ·) · ( '"dz. H · v~H · ) ·Jdt 
+ oxt Xo + 'Ox~:t ':fo Xi + .w; Xo+ ro~~ ~o Jt = o. 

~zH ~lH . 
3aMeHHB Tenepb X + 'f H GV !:/1.. -; 

'()Xi f "?Jx'JY i ' 

'():I.H X+ ~2-H ':1 HCI.. -i<i+f •"JZH X+ r;)2H ~ 
rox'd:; i o':J'I. i. 1 ox2. 0 '1x~~ 0 

HCv 
.. 
~0 

~J 2 H • ~2-H · 
l.( d - Xo + ~'::fo 

'd X ~ 'Q~;t 
HO.... 

. . 
- Xo 

2.m'il 
t T j ( . . of t -llocnc npn .. eaennn noao6no.x 'UOO« OS owny'" M' >.1. T I 0 rx· -f ':1 0) -

lmTi 

= JU( X.+~~ Y.)Y. +/if> (ji x. + j; II. )i. -ji•) Jt = 
0 

d 
-d\: 

-JO 
npH t'::: 
Cne.aoe• 

Ct: 

::: 71..(t 
y.aoe ne1 

. 
r= 

- ~( 

r= 

+Q 
r.ae 



f dt = o 

H . 
- ~ ) ~ 0 

t ::::: 

(t = 
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1m1r 

= J~ J{ f( Xo ( f +'c-
1 
H m, 1'1) 

1 
•f.(f +'r

1 
Hm,n) 1 ( o) Y.( t + L 1 Hm,,.)-

0 . 

-J (x.(i+'"C Jl m ,n) 
1 

!/0 (t ·+7:, H rn,n), t, o) X o ( t + 'C, J.l "'•")} dt 

npll t'= rl(. KaK HeTpy.aHO n poaepHTb, ? ( t) Xo ( t) - p ( t) Yo (t) = -1 . 
CneuoaaTenbHO, ~ 1: - - T' E I (1; t<) . 

i 2.mlfT f 
C.aenaeM Tenepb B CIICTeMe (7 .3) 38MeHy: U::: 'ftCi>'f+'ft,(t) r . t.r= 

::, ?tCtJ 'f+ rz
1
ct)r , Vlcnonb3yst ypaaHeHHSI (7.5) , HeTpy,aHO nOK838Tb, qTO (y>) rJ 

yuoeneTBOpSIIOT cne,ayJO!l.leA CHCTeMe ypaBHeHKA: 

- ~(t' J• (tJ r+ 'f,(tJ'{, ?ot (t}f + 1t(tlY'uM1) r~(t) j \V~t,)(/ 

'(=A, 'f + [- P(t, J.CtJ 'f + fz (tJY'I ~.CtJ 'f + ?'LCtJy'l)4
1

) ~~ ( t) + 

r.ae 
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VlCnOnb3y.R .RBHbl9 Bblp8>K9H11.R .Oli.R 'f;::l ( t j./) , l'], ( t L1) t H9Tpy.OHO y60.QI1Tb-

'M(t r-p ) I ( I J r:.r. 1 1 
1 

est , 'ITO u}= _ ~J _L Ut- .,., r.ae A:::. (- r P.tr. )\f.! MHoroTO'II1-

/r T' l CZ.m1rT f t<'J 
eM o6osH8'19Hbi 'lli9Hbi 6onee BbiCOKOro nopst.aKa no ,)( ) . TaKriM o6pasoM , nony'faeM , 

'ITO ( r, r) Y.OOBliOTBOpstiOT CHCT9Me yp8BH9H I1A : 

r == Ai r + _j_ R ( t (/) 'f / u) 
~ I I J I J 

r :; ';. 2. r +; s ( t 1 'f 1 '-(
1 
~ ) , 

r.ae R ( t I y; ) r) ,;'( ) 11 5 ( t ) 'f) r, ,;'() 8H8lllfTI1'19CKite cpy HKUHH 

f , r If .J'f B 0Kp9CTHOCTI1 T O'IKI1 'f = y = ~ = 0 , nep110.011'19CK119 110 

t c n e pi1 0.00M 2mv j P 83liO>K9HI1e cpyHKUHII R (t, <f, 'r,.JA) 11 S(t, r, \f,~) 
B p.R.O no CTeneH.RM lf If r u e co.aep>KI1T qne~ nep~oro nopsr.aKa. C.aenaoM, 

H8KOHeu, .38M9Hy: Cf: fl f (.{ , '(I ~ _fo f t.r , t .:: ~ + t ()'< > 0) • 0KOii'I8TellbHO 

nony'IHM: 

c/u 
ol5 = Au+ fi-( t' + SL 

~~ 
u 1 v u 

I / I f) I 

"*=->.IT+ B (t'+J=) u I v- ,)A' ;;) ) 

( 7.6) 

r.ae A= {- T' I 

_ ..... T ~ ( l K) • cpyHKUHH Jl ( t J u I v, ~I ~) H 

B ( t t( cJ ;« ~) SHMHT11'feCKKe no tA , v- , ~ , f R n opHO.OI1-

'IOCKHe ~0 ) t I c n~p110.00M 2. mrr i .R-( t u I.T 0 o) 
] I 1 1 

8 ( t, u, cr, o 1 o} = Jl ( t, o, o 
1 
~, f) = B ( t, o, o, ~~ r;) = o 

B 388HCHMOCTH OT 3H8K8 npOH3Be.aeHHR T '( H m, 17) B I (7: K ) A 6y.aeT 

liH60 .OO.ItCT8HTOllbHb!M 1 111160 'IKCT O MHKMbiM. B nep80M Clly'lae C ITOMOLUbiO 00BOpOT8 

CKCT9Mbl K00p.OKH8T Ha yron, p88Hb l.lt ._ f , CKCTOM8 ( 7.6) npHBO.OKTCSI K CKCTOMe 

TKna (3.2) C TOR TOllbKO p83HHU9ll , 'fTO 8 l1 0lly'l9HHO /t CHCTOMe H 9388HC11MOe nepeM9HHOe 

Q BXO. 
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llHO y60.QHTb-
1 )f MH0f'OT04H-

...t1 nony 'fae M , 

<He cpyHKI.Uill 

tH4eCKRe no 

:, r, r, ~) 
C.aenaeM , 

<OH'f8TellbHO 
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nepeMeHHOe 
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Q OXO.OHT B 8H.00 11pOH3Be.aeHHSI C 60!IbWH M COYI IIO >t-HTelleM .J._ • 1OM H e MOnee 
/ (.( 

TeopeM8 3 K no~y4eHHOH CHCTe Me npHMCHHM8 H1 cne.aOA8TenbH0 1 .Ollst nw6oro .00CT8TQ4-

HO M tlnOf'O ~ ~ 0 CyweCTOyeT .OB8 0.Q H0118paMeTpH'IeC KHX CeMeHCTD8 peWOHHil 

(U;c(o,t'J, ~(01 t'J) CRCTeMbl (7.5) T8KHX, 4To /U)A(o1 t'J/+I~(01 t'Jl~O 
npH 0 ~ oo • TaKHM o6pa30M , . noKaoaHo , •1TO s a TOM cnyqac CHCTeMu (ITt.) HMe

eT .088 O.OH0118p8 MeTpH4eCKHX CeMellCTD8 pewe nHl! 1 8CHMTITOTH'f0C KH npu6llH)I{810lUHXCSI 

K peweHHIO (XE.(t Hm., tl() 'Jc (t Hm n -r )) npH t ~ 00 I H .088 O.LlHOnapa-
1 I I I c. 1 I 1 ~'J . 

MeTpH4eCKH X COMeliCTB8 pew eHHll, 8CHMTITOTH 4eCKH npH6lJH)I{ 6101UHXCSI K peweHHIO 

(Xt (t) H m ., ,rei() Yc ct H WI n 1:..,)) npH t -7 -oo . Bo BTOpOM cnyqae 
I\ lc. / 11 ~ ( 1 ) 

( T , e , , KOf'.08 1\ 'IHCTO MIIHMOe) pewe Hae u/~ ( Q t t ) , ~ (()I t 1
) 

CHCTeMbl ( 7 ,5) 1 BbiWO.Q Wee npH Q::: 0 H 3 Ll0CT8T 0 4H O M8ll0l! OKpeCTIIOCTH TO'IKH 

(0,0) 6yLleT KOne6n10lUHMCR OTHOCHTCllbHO TO'IKH (0,0) H8 CKOllb yrOLlHO 60ilbWOM 

npoMe>KyT Ke [ 0 ) 0 1 ] , TSKHM 06p800M 1 BClle .LlCTBHe TOrO, 'ITO B COCe.OHHX KOpH S!X 

ypaene HHR ~ (-r)::. 0 ~{Lt()HMeeT npOTHBOTIOflO)I{HblC 3 H8KH 1 npH K3Me HeHHH 't' OT 

HJllSI .00 1 fYl'll'J Mbl TIOllJ'UIM ncpeMe>K810WJIOCfl TIOCllO.OOB8TOllbHOCTb llepHOLlJ.I'IOCKHX 

pewenH A nepeoro H BTOporo THrra , npH'IeM nee peweHHSJ aToll nocneLlOBaTenbHOC TH 

p8Cll8.Q810TCR H8 rpynnbl 110 m pew e HHA T8K, 'fTO n1060e pewe HHe K8>l<LlOil rpynnbl 

TIOllJ'f&eTCSI H 3 K8KOrO-H1i6y.Ob O,QHOf'O peWOKHSI 3TOH rpynnbl C.OBHrOM flO t H8 t 1(1f 

( K::: 1. 1 2., . .. , rn-:t ) 

0603H84H M 'fepe3 r ,)-( (to) MHO>KeCTBO T04eK H8 

'ITO DbiXO,QSILUHe K3 HKX TlpH t "'- tO peweHHSI CHCTOM bl 

nnOCKOCTR (X 0 ':J ) TaKHx , 
- , 0 

( !J_ t) 6ynyT npH t ~ oo 

8CHMnTOTH'feCKH npH6nH>I<aTbCSI K rrepHO,QH'feCKHM p eweH»SIM nepaoro Tr-ma. Mbl oa AMeM

CSI cell'I8C BI>ISICHeHHeM BOnpOC8 0 p8CTIOllO)I{eiiHH BeToell MHO>KeCTB8 q/v. (to) , H60 

K8K CT8HeT RCHO ll3 n OClle.QyiOWero1 B CTpyKType 06ll8CTeA, H3 KOTOpblX llblXO.USIT KOne-

6lliOLIIHOCSI pew eHH R 1 p llCTIOllO>I<eHH e BOTDeA M H0)1{0CTB8 't )1- (tO ) K rpaeT pOU1810LLlJIO 

pOllb, 

.[lnR o6ner'leH11 SI ,Q8llbHOilUi li X paCCJ>K,QOHHil 118M y.ao6HO B CHCTOMC (Tit ) 38Me

HHTb nepeMeHHt.re ( )( 
1 

':J) Ha nepeMeHHhre ( H 
1
7:) , rae 1:' ::::: L ( )( 

1 
~) onpe.oensteTcst 

CllO.UJIOlllHM o6p830M, 803bMOM npOI13BOllbHYIO TO'fKJ ( )( o 
1 

':J O) H8 Kp11DOil , Ortpe,aenste-

:::.::B::::::bi:H (X J 'j) - H m I" . H nyCTb ( o((f) I j3 (r)) 

r;J H -
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co cnenyJOUlHMH Kll'f81lbli biMH ycnOBIHIMH: cl. ( o) = )( 0 • f ( 0) = Yo . nycTb nanee 

( Xo ( t 
1 
~) , '3

0 
( t, f)) peweKH e CIICTeMbl ( Jl 0 ) co cneny JOlllHMH K8 'i81lb" 

Hb!MH ycnos1u1MH: X'o(o,)) = o{('f) , 'j0 (o
1 
'f) = j3('f) ; Torna 

l ( x, '.:/) p86»o MoMeuTy apeMeHH, 38 KoTopoe peweHHe ( )( 0 (t,}J• YoCt,[J), 
npoxons:~wee 'iepe3 TO'iKy (X 1 lj ) , Bbdtnst npH t ::: 0 »3 TO'iKH (~(f), ;3 ('f)) 

1 

nonaneT 6 TO'iKY (X) '::J) ; 3THM onpeneneHHeM L (X 1 ~) , o 'ieBHLlHO, onpeneneua 

c TO'iHOCTbiO no uenoro Kp8THOro nepHOLlY peweHHS'I ( Xo ( t I r) I Yo ( t I r )) . 
K8K H paubwe, KeTpynHo y6enHTbCH, 'fTO cywecT6yeT A H > 0 TaKoe , 'iTO a oK-

pecTHOCTH K8 >KnoA TO'(KR (X,~) H3 nonocbr Hm,.,-llH<H(x,'j) < H
111

,n + AH 
'(; (X 

1 
Y) eCTb 8H811HTH'iecK8H cpyHKUKH , y nosneTsop5!JOW8SI ypaaue KJ.IIO: 

-<:~ (x,~)/-l;(x,'i) + r:(x,':J) H;(x,'d) = i. 
3anHweM · renepb ypaaueuas:~ LlBH>KeHJHI 6 n epeMeHHbiX ( /-{ 

1 
T ) . C y'ieTOM ( fi ~ ) 

HM eeM: 

H= F.(H;f-rH;j;, 
(7.7) 

f == 1 + E(7:~f-rr;JJ. 
B o3bMeM npOH3 801lbHYIO TO'iKY (HI r) H3 nonOCbl 1-1m I n - /j. 1-1 <. 

< f-1 < H m, l'l + A~{ H Bbi'{HC11HM npHpawetrue senH'iHH f-1 H 7.: 38 speMH 

t1 = 2, m1r . VIMeeM: 

1m 'IT" 

~H ::: f J { H;Cxt ct, H ,t J, ~t ct, H ,'C>) /(xi(( H,'t), Y€(( H,T) J t, E)+ 
0 

t H~ ( )(f(t I HI 't) I~ t (t, H ll l)JCXt(t, HI'() I ~t <t,H/.'J,t, £)} d t ' 
2.m1r (7 .8) 

b'l; = 2mn - n'T(H) + t j{'t;(xt(t,H,t,)1 ~£(t,H/C~~(Xt(t,H,7.),Y,(t,H,t},~f.)+ 
() 

+'L 

r.ae 

YLlOI 

H( 
Vl3 

a b 
imli 

r .ae 

:er 

Cne 

ypaE 

(eM 

Kpy l ,....., 
H( 

r ne 

KOI'. 

H3B· 



:Tb aanee 

Tor a a 

). Yo C( f>). 
f) • ;S ('f) )) 
mpeaeneHa 

t, f)). 
'iTO B OK-

(7.7) 

A f/ < 
apeMSI 

J}olt) 

(7 .8) 
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ecTb peweHHe C»CTeMbi ( U t)• 
y aoaneTaopSIJOwce ycnoa»SIM: 

H ( )(~ ( 0, H ;t) I !1 f ( 0} H} 1: >) =- H ) T (X f, ( 0 I HI 'C) I ':1 t ( 0' HI 't)) ::: 't' . 

Vl3 (7 ,8) BH.LlHO , 'iTO ~ H - auan»TH'iCCKaSI <llYHKUIHI f. , paoH~SI Hyn JO npH t:::; 0 , 

a b 'C 
1 

6yay4H aHanHTH'ieCKOI% <jJyHKUHeA f. 0 np11 E. :::; 0 o6pawaeTCSI B , 

imT - n 7' (H) . EcnH orpaHK'iHTbCS! y3KOA nonocoa Hm ,- ~ H < H < H m,n +A H. 
rae A H "> 0 Manol TO ~'t' 6yaeT Mano A aenH'iHHOI%

1 
nopS!aKa max(~ ,A H ). 

H aM HY>KHO 6yaeT onpeaenHTb K3MCIICHH e aenH'iKH f-{ K T 38. 6onbwoe 'iHcno 

nep!!O.LlOB tt = 1 m1T . c 3TOI% uenb!O pacCMOTpHM OTHOCHTenbHOe n pHpaweHHe ~ H 
K d 1: . vb (7,8) HM eeM: 2.m1r 

f. f { H~ f 1- H ~ ~ } dt 
0 ( 7 , 9) 

:: i m 1f - n T ( 1-1 ) + t
1f{ 't 'x f + L 1

y j J ol t 
0 

~( ) h rJ 
CaenaeM a (7 ,9) 38MeHy: H == H 7:, ~ +/ U 1 rae }--( (t' ~) ecTb KopeHb 

ypaaHeHHSI ~ 7: :: 0 1 a ;"~ {i. . VIa TeopeMbl o HeS!Bili.>IX qlyHKUH~X cneayeT 

(cM.171
1 

cTp. 80- 85) , 'iTO H (1: 
1 
~) ecTb aHanHTH'i9CK8S! tj.JyHKUHS! £ a He KoTopoM 

Kpyre I £ I < £ , npH'ieM 1 pa.ano>KeHHe ee a PH.D. no c TeneHS!M £ HMeeT a11a: 
~ t H (1:: 

1 
~ ) :::: H WI, Yl + ~ H t ('C) +.. . . llocne 38MeHbl nony'iHM: 

~ h p{ c -r ) + ~ f (rc , h , ~ ) 
( 7 .1 0) r;::- ;Ttllm,,)h+1'-< ~(t,h,fi) h 

rne { ('t ~ ;'( } H J {r:, h 
1 
# ) - aHanHTH 'ieCK11e cpyH KUHH 1: , h H / « , 

Korna. T 
1 

1h k ,;'C 3aKnJO'ieHbJ a npeaenax / h/ < ho 1 /)A/ < / U0 , a l npo· 

H3BOnbHO, Vl 3 (7.8) cnenyeT , 'iTO I (7:, 0
1
0) =: 0 • 
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BMecTe c ( 7.10) paccMoTpHM LlHcpcpepeHuHanhHoe ypasHeHHe: 

dh B (1:') + ~ I (rr, h, .M ) --a'T: YlT'(I-fm,n) h +;",('l:,h,JA.) h (7.11) 

OqesH.nHo, 'ITO (7.10) nonyqaeTcSI H3 (7.11) npH HHTerpHponaHHH no MeTo.ny noMaHbiX 

3tinepa, KOI'Ll8 38KOH H3~€H€HHSI W81'8 HHTei'pHpOB8HHSI 38Ll8€TCR C nOMOIUbiO (7.8). 

3To ll03B0liR€T H8Ll€SITbCSI1 'ITO npH _)-<. Ll~CT8TO"'HO MBllbiX) pe3yllhTaTbi
1 

nonyqeHHbi€ 

H3 (7.10) H (7.11 ), 6y.nyT Mano OTllH"'aTbCSI .npyr. OT .npyra. 0.nH8K0
1 

3Ll€Cb HM€IOTCH 

H€KOTOpbi€ TOHKOCTH. JlefiCTBHT€llhHO, nyCTb npH 't:::: 't' f{ 
T.e. B cnc-reMe (7.6)· A > 0 •. C.nenaeM a CHCTeMe (7.6) 

T '(flm,n) R rri()<O. 

lJ = ..... X+ Y • · nocne 3aMeHbi nony"'HM: 

3aMeHy: {,( = X + ':J , 

c{ x· A ~ ( ~- 6 · ~ 
- = Y + J- t +- X '1 A ) I cr .!" 1 ' ·' ' . c . A - ) 

(7.12) 

ofy · G( ' 6' . f c/o = A x + t + Ji , x , ~ ! ~ , ) . 

CncTeMa (7.12) 0TliH"'8eTcSI OT CHCT9Mbi (3.2) TeM, 'ITO H938BHCHMOe nepeMeHHOe 9' 
B CHCTeMe (7.12) BXOLlHT. C 60llbWHM MHO}KHT9ll9M ..!., • 0,llHax'o,npH M8~biX Ll9fiCTsif-

~ 
TenbHhiX..)-< I 0 a To He npHHOCHT HHKaKilx HenpHSITHOCTett, TaK' KBK ·a -HeKoTopo_a o6nacTa 

I X / < C i · • [ '1 / < C 1 • I ft < fo < C 1 · , C " J: oT ~ He· stl~acsrT ') 
T( t f + Jt )( 'J u \) a {;.(.J.'+ 6 X CJ 1.1 ~) 6y.nyT orpaHH'IeHHbiMif .¢yH.K-.M ) I I/"' I () (.. _.M ' 1 J r" 1 ~ -

UHSIMH Q npH BC9X Ll€HCTBHT€llbHbiX- (j" H BC€X Ll0CT8TO'IHO MM-!,>IX •ilefiCTBHTenbHbl'f 

)A. ::f 0 
Ha ocHosaHun BbiWecKa3aHHoro TeopeMa ;;s OKasbisaeTcn cnp~~e.nnnaoa .nnsr 

CHCT9Mbi (7.12) 1 XOT.Ii ee LlOK83aTellbCTBO LlOll}KHO 6hiTb H3M9H9HO B Ll9T8nHx, CBSI3aH

HbiX c TeM, <iTO CHCT9Ma (7.12) np.H )-( aQ~ a ' r 1= 0. He onpe.n,eneHa. Bon-~e 
Toro, npu I ;«I + 1ft ~ o'. 'peweHHe (X n- ( () t' fJ y .u (6 t' f>) ~HCT9~bl 

/ ... It Jr· ,, ( 7.12) 1 y Ll0Bll9TBOpSIIOIUee YCliOBIISIM: ' 

X_,u (o, ( b) "' i 1 I )(.I" (0, t', f> / + / Y ,« (Q, t', fJ / -">" o 
. 

. npn 6 
CTpeMJ 

3T0 1 E 

B03bM 

3H8"'€Il 

hQ~ 

lo: 

r?' 
r.ne ( 

ypaBH€ 

_).( C< 

"!8llbHb 

6ofi TO 

CKOllbK 

6lxll3Kll 

I'pHpOB 

~ 

r.ne l 
0Kp€C'f 

P(o, 
H Ai 
Q~ 

y.nosm 

TO"'HO€ 

a qepe 



(7 .11) 

Y .1IOM8Hb!X 

>10 (7.8). 

nony'leHHbie 

b IIM9IOTCH 

)~ ( ((1{}<0. 
~ + ~ • 

(7.12) 

3HHOe ~ 
[b!X .oeACTBJf

>A o6naCTII 

3~~HC.IIT) 
Mil cpyH'.K-

:TBHTe.IIbHbl}l 

:xaoA .0.11.11 

1 CB.IISaH

ionee 

:HCT9Mbl. 
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I'.ll9 ll( (;(A ) paBHO SHa'!eHHIO 1:' B TO 'IKe nepece'!9HH.II KpHBbiX, onpe.oeneHHbiX 

ypaBHeHHHMH r II =0 If fr = o, H c TO'IHOCTbiO .llO '1.119HOB BToporo nop.II.OK8 no 

}-< COBna,llaeT C KOpHeM ypaBH9HHH .F;, (rr;:) =0. TaKIIM o6paSOM, Mbl Blf.lliiM, 'ITO Ha

qa.IIbHbJe .ll8HHbl9 IIHTepecyiOlU9I'O H8C peweHHH ypaBHeHIIH ( 7.11) .119)K8T B6mi31f OT oco-

6oti TO'IKII i1 = 0, 7: =: 'C'I((i«)• • ll OSTOMy Mbl .llO.II)KHbl npe.oBapnTellbHO BbJHCHIITb, Ha

CKOllbKO cnnbHO OT.IIII'IaeTCH TO'IHOe peweHIIe ypasHeHHH (7.11) c Iia'lani.HbiMH .oaHHbiMH, 

6JJII3KHMII K OC060H TO'!Ke, OT peweHIIH no M9TO.llY .1IOM8Hb!X 3il:nepa 0 KOI'.ll8 war IIHTe

rpHpOB8HIIH 6epeTCH COI'.118CHO (7.8). 3.oeCb I!MeeT M9CTO Cll9.llYIOlllaH .119MMa. 

neMM8 22. llyCTb ,ll8HO ypaBH9HH9 

ri~ p(x)y) 
(7.14) --dx ({(X~ y) ) 

r.oe 
P(x, ~) H ({(x) Y) - ananiiTH'IecKIIe cpyHKUHII X H J B H9KOTOpoil: 

OKpeCTHOCTII 118'18.118 KOOp,ll!IH8T0 llyCTb .oanee 

P(o,o) = Q(o 1 o) =O > Q~{o1 o) P; (o,oJ-Q;(o,oJJ{'ro)o) < o 
If ~ f 1 .pa~HOe O.llllOMy 1!3 KOpHeil: ypaBHeHII.II 

B' ( 0 I 0) ::::::0 
I Q~(o,o).).~ + (~~(o,o)- p;(o,oJ)). 

y.lloBneTspHeT uepaseHcTsy: 0 <. ~1 < oO • 06osHa'!nM 'Iepes ':J(X, Xo 1 Y0 ) 

TO'!Hoe peweHIIe ypasHeHHH (7.14), y.oosneTBOpHIOlllee ycnoBHHIO !:f(Xo X 0 ~0 ) = Yo 
I I I 

a '!epes ~ h (X 1 X o 1 fj0 )-npn6nH)K9HHoe pemeHHe no MeTo.oy noMaHbiX 3iinepa c 
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nepeMeHHbiM waroM, no.a'iHHSIIOWHMcSI aaKoHy: /:,. Xn = X tl+i- X t1 :::: {iJ( X 11, lJ n ) h , 
r.ae h '>0- nocTOSIHHo. Tor.aa cywecTsyroT nocTOSIHHhie h.:J~O • C· > 0 • AA ~ 0 

11 Xt > )(0 TaKHe, 'iTo .anSI scex X 6 (X o, X't) I ~(X, Xo, ~o)- ~ h (X,Xo,~0 )/~ CJ4I(n;w! 
ecnH TonbKo ·J, < tnttl ( ho VX~+ !:/2 ) • \ -AA <" ~o < \ +AA H X

0
--,.0. 

. . ' o o 1\1 Xo 1\i. 
.lJ.oKasaTenhCTBo: 

HeTpy .llHO BH.ll9Th1 'iTO sa.aaHHbiit M9TO.ll npH6nH:lKeHnoro HH:,rerpHposaHuSI &KBHBa::

neHTeH TOMy 1 'iTO Mbl 3aM9HHnH ypaBH9HH9 (7.14) CHCT9MOit: 

x ::: Q (x, ~) , Y = p (x' Y) (7.15) 

H HHTerpHpye!V! ee no MeTo.ay noMaHbiX 3ltnepa c nocTOSIHHbiM waroM IS t = h . HaM 

ocTaeTcSI noKasaTb1 'iTo cywecTsyroT h 0 > o 1 C > 0 • A A ;> 0 H . X 
1 

> X 
0 

TaKue, 'iTCI n Te'ieHHe ncero npoMe:lKyTKa speMeHH 1 Heo6xo.aiiMoro .am1 Taro, 'iT06bi X 

ysenH'iHnOCb Ha xi- X • 6y.aeT cnpase.anm3a npHB9.ll9HHaSI' OU9HKa. 
. 0 f I 

He HapywaSI 06WHOCTH, npe.anonO:lKHM, 'iTO {;Jx(o,o) ~ Py(o,o) ::::.Q 

( CMo .llOKa3aTenbCTBO neMMbi 2 ) • .lJ.anee npe.ilnonO:lKHM .llnSI Oirpe.aeneHHOCTH
1 

'iTO 

P; ( o, o) + (? ~ ( o, o) ;> o ; Pk ( o, o) + (fl; { o, o) f o , · ·· . 
TaK KaK (JI~ (o, o) ]Jy' (o, o) - ~t o,oJ l;J~(o,oj:. ~;r.(o,o) _ (f/;(o,o) p;ro,o) < o, 
cne.aoBaTenhH01 ecnH p; ( 0

1 
0) + 6/; { o, 0) < 0 1 To aaMeHoit t Ha - t 

Mbl .llOCTlirH9M :lKenaeMOrO pesynhTaTa. 

C.aenaeM Tenepb B CHCT9M~ (7.15) 38MeHy nepeMeHHbiX: ~: V x2. + yt . } 

'f = Q ~C 1 f 1 Oocne aaM;eHbi nony'iHM: . 

i = [Q~(o,o) + (P;(o,o)+[?~(o1 o))sinrCoscr]t + ~t R (~,·<f), 

'f::: P;co,o)cos2'f- Gj~(o,oJsi11£'f +G. <J>c'l,,'f), . 

r.ae R('l.1 'f) H P{~, y)) aHanHTH'iecKHe cpyHKUHH 'G. 
'l. .. o. Vis Taro, 'iTO 

H Cf B 9Kp9CTHOCTH 

2, d ::: {? ~ ( o 1 o) + ( P; ( o, o) + q; ( o,o)) sin 'f Cos <p ~>- o 

npH ( 

A'f: 

Q~( 
· .llnSI B• 

Taro, 

P;co. 
cne.ay' 

p~(l 

a 

p~(< 
npH BC 

TaKoe, 

H3 npc 

.( 'lt = 

Ji.:_ 

.llO Te~ 

t < 
1. 

.( 

wary: 
~ 
J <;v 

.llOK83~ 

I-

H9KOTO 

A{--tn; 



I,Yn)h, 
• AA"?O 

t) )/ ~ (,uj(nJ4l , 
A R Xo~ O. 

RSI 8KBRBa:-

(7.15) 

~ h . HaM 

==0 
, 'ITO 

J 

~ (o,O)< o, 
Ha-t 

y~ 
) 

'HOCTR 

·0 

----~--------~------------------------------~----------~~~~~~~~~~~ 

35 

npu ~ = Cft = arz-e~ A 1. :: a~ctj V$fi~:~ cneayeT, 'ITo cymecTByiOT 

A 'f ~ 0 R 7,~ '> 0 TaKne, 'ITO y _ 
1 

· 

. Q~Co,o) + ( p; (o,o) .+ q;co, oJ) siny;Cos <f + c, _R (?,,'f)~ of 
, · anSI acex 'f t [ 'f 1 - . /J r ) <f f + fl 'f J u 't €- [o 1 'l~] . lla11ee us 

TOro; 'ITO npR 'f = ~ i 
1 

PI ) . 2. (1) 1 1 )JinCP-0 'off I 2. 
)((o,o eos <p- vsylo,o I - ec.. ely; LPx(o,o)eQS r-(q;(o,o)siJ~~2.<p]<o 

r w ~. o ( c-"' _.., A r) .. .., ~, > o CneayeT0 'ITO CyiUeCTByiOT () ( , C) 1) - () n v;&. 

p; ( 010) COS 2, ( cp 1. + b \f ) - q ~ ( 0 I 0) 5 i YJ ~c y; i + b <(') f" ~ 4> ( ~ J 'f 1. + ~ Y' ) <. Q J 

a . . 

p; (4,0)COS2.( 'f< -fi'f)- (g~ (o,o) ~j >1
2

( 'fi--b'f) + 7, ~ ('!,I r C rr) > O 

npu acex 'G (; [0 1 7,~'] . Bee sTo BSHTOe BMecTe oaHaqaeT, 'ITO _cymecTayeT A A ;>-O 

TaKoe, 'ITO n106oe peweHne (X (·t) 1 ~ ( t >) cncTeMbi (7.15), Bbiweawee npn t· = 0 

1{3 npORS~OnhHOA TO'IKH ( Xq, ':lo) o6naCTH At- A A <. .1!i_ < Ai +.A A vx~+Y.2.<. 
· • ( r If t · Xo 1 0 o < 'l1 = m ( n ~f., 'li J 1 Xo "> 0 II pH > 0\ 6y aeT y aoaneTBOpSITh HepaBeHCTB8M 

.. · \ ~ct> \ \ . t I t ~i- A " <. X ( t) < A 1 :. A 1\ G. ( ) ~ o . 't ( ) 

ao TeX rrop rroKa '1 ( t) ~ ~i • CneaoaaTenbH01 cymecTayeT MOMeHT apeMeHH 

t 1 - . ~ 
1 < - ( en ~ .,..tln hI ) T8KOil, 'ITO X ( t ) = )( :. ~~1.======--, J t 1 1 :; ( \ \ )i: 

. V i + 1\! +A" 

" . 0KOH'!:aHHe AOKaaaTenhCTBa OCHOBaHO Ha TOM 1 'ITO norpeWHOCTh Ha Ka:>KaOM 

wary HHTerpRpOBaHRSI RMeeT IIOpSIAOK h 4 
1 

1

a KOnH'IeCTBO Wal'OB p:BHO [ h J < 
< h ~- { -tn 7, i + I .U, h I ) . BBR.llY aneMeHT~pHoCTR sTa t'acTh 

AOKaaaTenhcTaa orryrueHa. lleMMa aoKaaaHa. 

l1crronhayH neMMY 22, Mbi Mo:>KeM rrpocneaRTh sa HaMeHeHneM Ha 

HeKOTOpOM KOHe'IHOM IIpOMe:>KyTKe HSMeHeHRH .7:' C IIOI'peWHOCThiO nopHaKa 

A/~n;«/· 3Toro oKaSbiBaeTCH !lOCTaTO'IHO anSI AOKaaaTenhCTBa cneay10wefi TRopeMhio 
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TeopeMa 7. nycTb H (x, ':l) MOHOTOHHO y6biBaeT npn y.ilane~H~ OT TO'IKH 

( XC 
1 

':J C. ) ( sTo npe.o.nonoMeHH:_ SKBHBaneHTHO ToMy, 'ITO· c sospacTaHHaM· t .llBH~e
HHe no 1-paeKTOpHHM CHCT.eMbi ( 1J 0 ) 1 neMaiUHM B o6nacTn .Ge, , npOHCXO.O.HT no qaco

Bolt CTpenKe;- ecmr STO He TaK, .TO 38MeHoil: t . Ha - t BC9I'.ll8 MOJKHO .0.06HTbCH 

BbiiiOnHeHHH STOI'O ycnOBHH). Tor.o.a cpe.o.H nepHO.llH'l:eCKHX peweHHil: ( ><t.Ct I Hn,,n )'lf<)) 

~ ~ ( t) H m,n' "Ct<,)) nepBoro· THna cymecT6yeT TaKoe peweHHe, .o.ng KOTOporo 

pacnono2KeHH.e BeTBeil: MH02KeCTBa O.;'f (tO ) IlpH .llOCTaTO'IHO ManbiX _,;U )o 0 

HMeeT BH.ll 1 yKa3al!HbiH. Ha pHCYHKaX 4, 5, 6, 7
1 

COOTBeTCTBeHH01 ecnH BbiilOnHeHbi ycno-

BHH: 

2.?r 
I. T'(Hm,n)<o, J _p

1 
( 1:) o{ 1: ;> _ o · 

I 211"0 

2~ T ( 1-l m, n ) > -0 , J P1 ( 't ) cf 't' ;;> o ·, 

3. T'CH111,n) <0 J 

02.11" 

J ~ c~) cit:' <: 0 ~ 
I 7,1( 0 

4. T ( H m, n) > 0 J j ~ ( "t ) d 1: <- 0 
0 :' 

CnnOWHOH nirHHei!. Ha STHX- pncyHKSX H30tSpa2KeHbi 'laCTH COOTBeTCTBYIOIUHX BeTBei!. 

MH02KeCTBa ;y~ (to) .o.ng CHCTe~bi ( II~ ) • ny.HKTHPOM - ~CTH COOTBeTCTByiOIUHX 

~ete• MHO~eCTBH r ;'< (to)LinH CHCTeMb<, aoayqeaaoa HO (!! e)oaMeHO. t aa 

-· 
VIa pncyHI!:OB BH.O.Hb, 'ITO B nepBbiX .O.Byx cny'la.Hx TpaeKTOpHH CHCTeMbi ( J1 t ) BTeKaiOT 

, IIO "KaHan aM" 1 o6pa30BaHHbiM BeTBHMH MH02KeCTBa d J"f (tO ) 1 B o6naCTb 6onbWHX 
1 

3Ha'leHHfi 1-/ 1 a B .llBYX nocne.O.HHX cnyqagx l Hao6opOT
1 

BbiTeKBIOT. 

Llnst .o.oKasaTenhCTBa ·TeopeMbi HaM noTpe6yeTCSI cne.o.yromag neMMa. 

heMM8 23. nycTb nepHO.llH'l:eCKag C nepHO.llOM 2 1r. cpyH_KUHH f ('t) y .llOBneTBOpH

eT Cne.o.yiqiUHM ycnOBHHM: 

1. fcL) HenpepbiBHa BMeCTe ·c nepBoit npOH3BO.llHOfii 

2. f ( 'l ) npHHHMaeT sHa'leHHH o6oHx sHaKoB, npH'l:eM, Bee HYiiH cpyHKUHH I ('C) 
IIpOCTbie; 

... , ""'""' 
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2.11" 

3, 1 f ('t} clz- > 0 ; 
0 

TOr.lla CylUOCTByeT Hynb r $ cpyHKUHif 

T8KH00 'ITO: 

1 ) -/'(7:sJ>o' 

2) f (7:) > 0 .llmi mo6oro 

3) .llnSI mo6hrx 'Co E ['Cs 1.:'] 
' c:' 

~ ~ {C~)oft: + 
?: 

0 

u 

0 

lloxas;,;:::CTBOI ('c) "' I ('c) frr rf('C'}.I'( 1 a Te-e) "'I fc1l"J· 
nycTb .llanee 7:'' t [o,"2,·1r J TaKoao, 'ITo J (rr}- J ('C ') -,.1"" 0 

npn mo6oM 7: . 3To oaHatiaeT; 'ITO npn mo6oM (;' 
r 2r - · • ; ( fCrJ- ~ j f(-rJclz- )otr ~ o 

r' ~ 2 0 . , 2r 
' T,e. J, f ( r) of 1 ~ 7:;,} 1 f Crt) o( 1: . VIa nocne,llHero I 

HepaaeHcTaa cne.llyeT, 'ITO f ('r:'} /'0. ~ycTb ·t"s 6nn)KafimHfi cneaa oT 7:::: 't 
Hynb cpyHKunn f ('t) . Qqean.llHo, 'ITO f (7.:5 ) "';> 0 n .llmi mo6oro T €{'t's ,l:'] 

f('l:) > 0 . Tor.lla npn mo6oM Z': E [7: C:' ] 
't' 1:' 0 s, 

Jfcr)"r~ J fc<t:Joh + T:-7:' Tfc'C)ot't' 
't"o 'LC) 2 7r 

neMM8 .ll0K838Ho!l., 
0 

Mbr npoBe.lleM no.llp06HQe .llOKaaaTenbcTao TOnbKO .llnSI nepaoro cnyqasr. B ocTanb-

HbiX Tpex cnyqasrx .llOK838TenbCTBO OTnH'l80TCSI He3H8'111TenbHbiMif .llOTanSIMifo 

.LJ.nsr .llOK838TOnbCTBa TeOpOMbl HaM Hy)!{Hbl HOKOTOpbiO CBO.llOHHSI 0 pacnonO)KOHHif 
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Hyne.t1 <i:JyHKUHII ~ ('f:) • Yb orrpe,aeneHHH &Toil <i:JyHKUHII cne,ayeT, .'ITO OH8 HMeeT rrepHOLt 
1 p8BHbUI i 7r J!! 

1 
T,e, 

n 

B c -c-) 
00 

L. (aqsinq!l.! 
?=o l l m 

+ c cos Q ~ ) 1 [11'1. 

C Ltpyro.t1 CTOpOHbi 1 38MeHHB IIOLt HHTerpanOM 1 C IIOMOil.lhiO KOTOporo I;. (rr ) OIIpe,ae-

neHa, t + '(:' Ha t . Mhr rronyqaeM, 'ITo • 

2. 111 'iT ' 

B ('t) "'- J { f ( x.(t, H, ,.) , 'j. (t, H,.,") ,t-7:
1 
o) oj. (t 

1 
H ... 

1 

.. )-

o 

_ J (X0 (t1 
H,.,.,) 1 Yo (t, H,.,

1 
.,) 

1 
t -7:1 °) X. (t, H m,.,)} cit 

1 

H1 cne.aoBaTenhHo, ~ (?:. ) HMeeT rreprro.a 2,7( . TaKHM o5paaoM
1 

~ { [. 1n7r ) -e (1: +l'll') - P,h:) ~ L. a1 ( eos 7 -m - 1 
r= 0. 

fJ • 2nrr] . nT 'bi !>rl1f~ StYI1m + [ Q1 

tJ ( 2nlt )} nt" } + ..,1. cos7 1'11 ..:. i cosim. 

sin 1 ";" 

0 

+ 

...._ 

vb 

.anH 

H 1 C. 

OT H 

TaK~ 

yKna 

neM~ 

I 
5y,aE 

(xt( 
qecK 

( 

KaK 

Tenb 



a HMeeT nepn:o.a , 

r..,.., ) 
,(. onpe.ae-

o (t Hm "')-
' I 

P1
1
H)} cit 

1 

1.) 

2 nTt 
m 

0 

+ 
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~ 

¥13 TeopeMbi o e.an:HCTBeHHOCTH pasno:lKeHn:SI B PSI.ll ¢ypbe cne.ayeT, 'ITO 

+ 

lnlf 
m 0 

) 

i) =- 0 

. , ( Znll) 
.anSI Bcex . 1 >~ 0 • Onpe.aenn:Tenb aToll cn:cTeMJ:>I paBeH IV f. - .C.O S 7 ~ 
H1 cne.llOB8TenbH01 .anSI BCeX ~ 1 OTnH'IHbiX OT m p 1 r'7'e f - uenoe, OTnH'IeH 

OT Hymt. 3TO 03H8tiae:;, 'ITO BCe · ar H ~' .anSI r t= mt paB~bl Hymo, T.e. 

PJcJ,. J}o ( Cl..,f sivt p11 t + t.,.r e-os pn t). 
D . . 1~ 

TaKHM o6pa30M, r1.. ( t') HMeeT nepn:o.a n. T.e. Ha npoMe:lKyTKe [o > 2.1( ~ ] 
yKnB.llbiBaeTCSI pOBHO m nepHO.llOB ~ ('{() 

nycTb . 'r:; 7: I(' Hynb ¢yHKunn: T ('(;') = 'F:_ _{ 7:) , y .aoBneTBopmorun:n 

neMMe 23. T aK KaK 

T'( H m,n ).B_ 1 
(T t<') 

~mTI' T(Hm, .,.) 
6y .aeT .aeficTBHTenbHbiM. Cne.aoBaTenbHO, .anSI nepHOJ;lH'IecKoro peweHHSI 

( Xt ct, Hm •" ''t I<') J ':JE (t, H m, n, LK')) 6y .aeT cyruecTBOB8Tb .llB8 O.llHOnapaMeTpH-

qecKHX ceMeilcTBa peweHufi, KOTOpbie npn: t -7 00 CTpeMSITCSI K peweHHIO . 

( XE(i,llm,n
1
TJ<') · ':lf.(t,HM,,n

1
7:f(')) 

BosbMeM Tenepb peweHn:e ypaBHeHHSI (7.11) 

KaK 6bino saMe'IeHo paHbwe, Yo ~ _ i 
Xo 

TenbHo, npn: 1 /U / +·1ft ~ 0 

C H8'I8nbHbiMH' .ll8HHbiMH (7 .13). 

npn /)A/ + ( [{ ~ 0 . Cne.z:r.oBB-
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h. -~.xi,:::- V- J.U-c-r<.) 
'l:o-1:Kr{/-() . T 11 T'(Hm,n) 

'ITO COBII8.ll89T C HarrpaaneHH9M O.llHOil H3 cerrapaTpHCC ypaBHei:.HSI ( 7,11) II pH _A .J:: 0 , 

3TO 03H8'I89T1 'ITO cymeCTBYIOT fo > 0 If ~O :>0 T8Klf9
1 

'ITO IIplf n106~IX .neilCTBM-

TenbHbiX - ,)'< H r TBKHX, 'ITO 0 < I r I < ro I 0 <. I "" I c::. /'( 0 

ft'(TI<•) 

n T'( Htn,n) 
-AA ho <.-

< 'Lo:._TK'C·u) 
B_'(lJ<') + AA 

nT(Hrn,n) - ' 

r.ne A- A :> 0 y.noaneTaopSieT neMMe_ 22. BoabMeM -..)-{ ';;> 0 , a d < 0 • Ha 

OCHOB8Hlflf cpOpMyn (7,13) STO 03H8'189T1 'ITO CYlll9CTByiOT ~! :> 0 If ,)--t ;;.> 0 

TaKue, >lTo .nnSI acex - _ eft <. d <. 0 U .0 <~ <. ~ i- h
0
< 0 _tf 'l'o-ll(t{;u)~ 

TaK KaK rrpH / P / + / dt --7> 0 Y0 --?> -. f . Cne.noaaTenbHo, Ha ocHoBaHim neMMbi 22 

IIplf n!OOOM ...., J; < d <. 0 CyiUeCTByeT IIpOMe)KyTOK [ t'
0 

1
.(;'

1
] H3M9H9HlfSI t 

( 't':t > '(;'" O) 1 Ha KOTOpOM p83HOCTb M9)K.lly (7,8) If TO'IHbiM peWeHif9M ypaa-

H9HlfSI (~.It) He npeBOCXO.llMT c ~ 1-lh~ { , r.ne c > 0 If 7:/. O.T~ He 

aaBHCSIT, TaKHM o6paa~~. c n-OMOIUbiO ypaaHeHifSI (7,11) Mhi If3 TO'IKH ( h 
0 1 

'(;"

0

) 

rrorranu B TO'IKY ( h f. } 'l1 ) _ ( h f. < 0) 1 KOTOpag OTnH'I89TCSI He 6oitee '19M 

Ha c _,(A It n~ j OT H9KOTOpoil TO'IKif ( X 1. I Yt. ) • B KOTopyiO rrorra.naeT pewe-

HHe CMCTeMbr { 1J. f } c HaqanbHbiMif .naHHhif11H 1 rronyqe.HHhiMH ua (7.13), <Jepea HeKoTo-

p6rA IIfDM9)KYTOK Bp9M9Hlf 1 no rropSI~Ky- aenH'IHHbi-, paBHblil ·-;!; ~~~lA/; HO KOTOpag _Ha
X<;l.lllfTCSI Ha KOH9'1HOM ( T,eo He CTp9MSilU9MCSI K HyniO rrim ~ ~ Q ) paCCTOSIHHH OT -

OC06biX T0'19K ypaBH9Hlfsi ( 7~ 11), .llanee Mbl MO)K9M BOCrrOnb~OB8TbCSI 06bi'IHOil Teope

MOii 0 peWeHMH yp8BH9HHSI (7~fl) IIO MeTO.lly nOM8HbiX 3iinepa, KOTOpag 6y.neT CIIpa

Be.nnlfB8 .no Tex nop, rroKa Mbi ·ciioaa He rrpu6nM3IfMCSI K KaKoil-Hu6y .llh oco6oa TO'IKe 

ypa~HeHifSI (7.11 ). noKa)KeM, 'ITO ~Plf HBWHX rrpe.nrronO)K9HlfSIX 0 E (-c) peweHMe 

h~ ('CJ ypiiilHeHMSI (7,11 ), y.noaneTaopSIIOIUee ycnoauJO ~ ("t/·J .::. h 
0 

, r.ne/,
0 

u 7:0 aa.naHbi cpopMynaMn (7,13), npu H3MeHeHMH ?: Ha npoMe)KyTKe ['C.t ,?o+2m'i1') 
H8XO.lllfTCSI Ha KOH9'1HOM paCCTOHHHH OT OC06biX TO'I9K ypaBH9HlfSI (7,11 ), .£lng STOro 

-B03b~ 

IIYCTb 

IOlllee 

Corn~: 

Ha T~ 

CTBYIC 

TBOpSI 

0 < 
0TCIOJ 

.neilc'I 

If 'ITO 

<.-

c .llpj' 

.ny no 

T8KH9 1 

p83HO< 

Hb!X 3 

'ITO, E 

uenhrx 



11PII A ::o . 
6biX aeti:CTBII-

-

0 . Ha 

/-ft>O 

'l"o- zl(,(;u}~ 
neMMhr 22 

•HeHHH 7: 
IIIl:eM ypaa

O.T ~ He 

o 1 'l"'o) 
•nee 'WM 

aeT pewe-

:>ea HeKoTo-

>TopaH Ha-

:HIIII OT 

it Teope-

~T crrpa-

it TO'IKe 

lleHrre 

:> , rae/,
0 

?o+2m11'] 
9TOrO 

aoabMeM L0
1 

nyCTb hoi --

rowee ycndamo 

43 

, paaHoe f(7:t<' +mln (7: 1
1 
7:1 J), rae 

h)A ('C~) , rae ~ ('t') peweHIIe 

~ (~o ) _.. h 
0 

• nycTb aanee 

h'2, ~ 
o n T'(Hm,n) 

I 7: B3HTO II3 neMMbi 23 H 

ypaBHeHHH ( 7.11) 1 y aoaneTBOpH"" 

Cor-nacHo ne~Me 23 h0 (7:) ;>_... / h~ / rrpH acex T f [t:o', ~'+2tn1i]. 
VIa TeopeMhi o i:m¢¢epeHUHpyeMoCTII peweHIIH no rrapaMeTpy ,M cneayeT, 'ITO cywe-

CTByroT A~>O H Jl. > 0 Taxne, 'ITO peweHIIe ~(1')ypaaHeHHH (7.11), yaoane.:.. 

TBOpSIIOIUee ycnOBliiO ~ (7:0
1

) =., h: 1 IIpii BCeX t t [7:; I 7:/ + £ m ff] H 

0 < ~ < /4 ~ y aoaneTBOpHeT HepaaeHCTBy r h /~ ( '1:') - h 0 ( "() I < ;"( it . 
0Tcroaa cneayeT, 'ITO IIpii M8nbiX ~ ;> 0 II '(:" € ['lo I I 7;'

0
1 + 2, m 'ff] ~· ('t ) 

nefiCTBIITenbHO HaxoaiiTCH Ha KOHe'IHOM paCCTOHHHH OT OC06biX TO'IeK ypaBHeHIIH (7.11) 

II 'ITO 

1.7r 

J~ ('t)olt' +)A .A 
0, 

C apyrofi CTOp0Hbi 0 IICIIOnb3YH TeopeMy 06 IIHTerp1IpOB8HIIII ypaBHeHIIH (7.11) IIO MeTo

llY noMaHbiX 3itnepa, rronyqaeM, 'ITO cymecTayroT IIOCTOHHHhie _);{ 
3 

> 0 H B > 0 

T8KIIe, 'ITO anH o' < /'( < ~3 } 7.:' t [ Lo1 
I 7:0/ -+ 2, m 1T] 

p83HOCTb Me)Kay TO'IHhiM peweHifeM ypaBHeHHH (7.11) H peweHHeM IIO MeToay nOMa...; ......, 
HbiX 3itnepa He. IIpe~CXOaHT ./-( 8 • nycTb Terrepb /IJ( 0 > 0 HBCTOnbKO Mano1 

'ITO, ao-rrepBbiX, Ao < m ( n ( ;U.o,.}-(1.,}11 A3)· a,ao-BTOpbiX, anSI acex 

uenhiX K OT eaiiHIIUhi ao m 11 I 
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2Tr 

h'2.- 2,1( 1 'P.('t)clt 
o n1T''H ) ~· m,n 

... 
%-rr 

h't-
e 

2.(K-i) IB (-r:Jrlt: 

Yl1 /'(Hmn) 
I 

,...., 
11a nonyqeHHbiX oueHoK cne.nyeT, qTo npn: 0 < ~ < ~0 paccMaTpHBaeMaH 

BeTBb MHO:lKeCTBa OP ( t q) HMeeT pacnono:>KeHHe, yKaaauuoe Ha puc. 4. TeopeMa 
.noKaaaua. 

· .ll.oKa~aHHaR TeopeMa He .naeT OTBeTi Ha Bonpoc o pacnono:>KeHn:H BeTBetl MHo

:>KeCTBa d~ (tO) B TOM cnyqae, KOI'.lla r~ ('C) cl7::0 • HeTpy.nHo BH.lleTb
1 

qTo 

B. aToM cny11ae pacnono:>KeHHe BeTBe:li MHO:>KeCTBa J" M (t
0

)cyrixecTBeHHo aaBHCHT OT 

qJieHOB 6onee BbiCOKOI'O nopR.llKa no f • K CO:lKaJieHn:ro, B .ll8HHOti CTaTbe Mbi He . .,. 

HMeeM B03MO:lKHOCTH _paCCMOTpeTb :3TOT BOnpoc 6onee . .lleTaJlbHOe 
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