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BaegeHHC! 

flycTb .llllSI ClfCT9Mbl 

x=(o( x,Y) 

TO'IK8 (XC) '::JC) HBllSieTCH fl0llO>KeHH9M p8BfiOOeCHSI T~tna UeHTp , 3To 03H8'189T, <{TO 

118 flllOCKOCTif (xI 'f) CyWeCTByeT O.llHOCB513H8H OKpeCTHOCTb TO'IKif (Xc 
1 

':fc ) , 

ue concp>KawaSI npyrHx nono)l<enHA pasnoaecKSI KpoMc { Xc, Yc ) H uenKKOM 3a

rronrrCHH8H 38MKHYTbiMH TpaeKTOpHSIMH, B HBCTOSILUeA pa6oTe Hac 6yneT HHTepecoaaTb 

cnyqal! , KOr a a 38MKHJTbie TpaeKTOPHH »e 38nonnHIOT liCIO nnocKoCTb ( X , ':J ) • Eonee 

TOro , p8J:lH ynpoweHHSI HeKOTOpbiX J:lOK838T9llbCTB 1 Mbl orp8HH'IHMCH CllJ'l8eM , KOr.aa 

rp8HifU8, 0TJ:lel1HIOW8SI 0£lHOCBSI3HJIO 00118CTb, 300011H9HIIYIO 38MKHJTbiMif TpaeKTOpHS!Mif , 

ll9>KHT B Or'p8HH'leHHOA <{8CTH flllOCKOCTii If npOXOJ:lHT TOJlbKO '19pe3 OJ:lHO OOllOJt<eHHe 

I l l 
p8BHOBeCHSI CHeTeMbl ( 10 ) , (llyaHK8pe OOK838l! /eM, /, CTp, 135-138) , 'ITO rpa-

IIHU8, OTJ:lel!SIIOW8H 38MKHYTbie TpaeKTOpHH , BCerna OpOXOJ:llfT XOTH Obi 'lepe3 O.llHO 

/2/ 
nono>Ke»ue pasHosecKR cHeTeMbi ( I 0 )). Tor a a , KSK H3BeCTHO , a To nono>KeHH e 

p8BHOBeCHH oyaeT TH08 ce.ano, 8 rp8HifUeA 6yaeT TpaeKTOpHH, KOT0p851 npHt ~!:.. 00 

CTpeMHTeSI K 3TOMy flOllO}f(eHKIO p8BHOBeeHH, 3.aecb, K8K H BCIOJ:ly B J:l8llbHeRweM
1 

Mbl npeanonaraeM, 'ITO cpyHKUHH fo ( X , '::1 ) " Jo(x,':J) aHal!HTH'lecKHe , a see nono
>Ke»HH p8BH08eCHSI eHeT9Mbl ( 10 ) npOCTbie , T , e, eenlf TO'IK8 (X 'l. ~"l, ) HBIIS19TCH nono-
>K9Hif9M p8BHOB9CifH, TO B 3TOA TO 'IKe 

Jto (X, ':l ) 0 f.C >< .'.f) 

fd.)( ~ ':! 

?_jo(X,t.J) "Jjo (~,!1) 

f) X to 'j 

BoabMeM Tenepb B03Mywe»HyJO eHcTeMy: 

x == f.cx.~J +E f1.cx,Y ,i ,t ), 

Y === Jo (X,Y) + E J1 (X,Y, t , f,), 

1 
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rLte /t (><, ':1
1 
t 

1 
t) H j

1 
(X, Y

1 
t, & } _ nepHOLlH'leCKI1e (c oLtHHM H TeM :w;e 

nepHOLlOM 2 7r ) <iJyHKUHH apeM8HI1 0 8 i, - M8llbJI!. nepHMeTp, 

8 HBCTOSJWeit pa6oTe H8C 6yLteT IHITepCCOD8Tb cyweCTB088HHe li yc fOW'lHBOCTb 

KOJle6niOWHXCSI peweHifR CHCTUMhl ( ll ) , llpH aTOM MLl He 6yLt8M OrpllHII'lli88TbCS1 OKpf>C'I

HOCTbJO KllKOrO-JlH60 n epHOLlH'l8CKOr'O peweHHSI , K8K aTO Lt81lll•1H MHOrHe fiBT0ph1 0 II pac

CMOTpHM npo6neMy 8 U8JlOM, T , e , 38HMeMCSI H3y'leiiH8M aceii COBOKynHOCTH KOIIC'O."!IOII\HX

CH peWeHIIH, fVhi CMO>KCM OTB8TI!Tb 118 liOCT8BJle HHbie BOflpOCbl1 H3Y'IH8 CTpyKTypy o6na-

opcMeHH to CTeR , H3 KOTOpblX 8 38Ll811Hbll!. MOMCHT 

HHSI, C STOll. uellbJO Mbl HBI!.LlCM KpHBb!C 

apeMeHI1 to OTLleJlHIOT Hll nnOCKOCTII 

BbiXOLlSlT KOJ186JlJOLUH8CSI pewe-

I; ( tJ . KOT0p!>18 LlJlSl 38!l8HHOI'O MOMCIIT8 

(X 
01 

!:/
0

) H8'l8Jlbllble LlBHHhTP. KOne6mOilliiXCSI 

peweHwl!. OT HB'l8JlhHhiX LtBHHhiX llCKOlie6nJOWHXCSl pewen11ii , TorLta pe111CHIHI CHCT<'Mhl 

( If ), BblXOLlSlUWC npw t= to 113 TO'leK (){
01

.!10 ) , ne)I{BWHX Ha KpltBLIX £;, (t.), 
o6pa3yJOT a TpexMepHOM npocTp8HCTBe ( X , '::J , t ) noaepxHOCTII , KOTOpb!C OTLlCJlSIJOT 

Kone6JIJOWHeCH peweHHSl OT HeKone6mowHxcst. B npeAnaraeMOA 

'l8CTH p860Tbl Lt8eTCSI MeTOLl 118XO>KL1CHHSI KpHBblX ~ (to) • 
'lHTBTenJO nepaol!. 

BTopaSI qaCTb pa6oTbl 6yLteT noCBSIUlCHa H3y'leHHJO cTpyKTYPbl o6nocTeA Hll'lllnh-

HblX LlBHHbiX , H3 KOTOpblX BblXOLls:tT KOJ1C6IIJOIUI!eC5l peweHHSI, f-eCMOTpst H8 'lpe3Bbl'l3l!.HO 

CIIO:>KH08 pacnOllO:>KeHHC Kp118biX 4 ( t
0

)
1
aTH o6naCTH f\Cer Ll8 11M8JOT LlOBOJlbiiO 11 pOCTOe 

CTpOeHI18 , llp11 aTOM K8>KL18s:t 113 T8KHX 06118CT8H pacndLtlleTCH 1!8 HeKOTOpOC 'lltCllO Me lib· 

WHX o6nacTel!. , o6n8Lt8JOLUIIX T8M COOHCTOOM 1 'ITO LlJl5l K8 )1{A0H 113 HliX Hlli\.!lCTCs:t uenoc 

t = to lf3 npOH3nOJll>-
'lHCJlO m '? 0 TllKOe, 'lTO f\CSIK08 peW811 HC 1 DLIW8LlW8e npH 

HOI! TO'IKH , npHH8LlJ1e}f{8UJ81!. aTOA OUJ18CTH , B MOM8HT apeMCHif t1. = to + £ 7r' m 
CHOB8 803BpawaeTCSI B HCXOLlHYIO 06J18CTb, TaM :>Ke 6y!lyT crpopMymtpOB811hl yCJlOUHs:t, 

npH BbJn0J1118HHH KOTOpblX KOJ1e6nJOLUHeCSI pe1U8HHSI o6pa3yJOT yCTOH'iHBbll1 pe>KHM, 

noLt06HOrO pOLlS BOnpOCbl CT8nl-l OKTY811bHblMH B nocneUHIIe rOLlbl B CBS13H C 

/3-6/ 
pa3BHTifeM MeTonoa ycKopenHst 3£lps:t)l{eHHbiX 'l8CTHU • AHanorH'lHBs:t 3£1Ll&'la B03HH-

K8eT T8K:>K8 npH H3Y'l8HHH p860Tbl CHCTeMhl CliHXpOHHbiX reHepaTOpOB, OnHHKO, 003HHK8-

JOW8SI T8M CHCT8M8 yp8BII8Hitll YLlOOlleTBOpS!eT npyrHM npeLtnOllO:>K8HHSIM H B 118CTOSI

WeA pa60T8 p8CCM8TpHB8TbCSI IIC 6yLteT, 3TOMY sonpocy 6yueT noCBs:tlll8H8 OTLl("JlbH8>1 

pa6oTa. 

BCJOLlY a Lt8JlbHeAUJeM , ecn11 HI.! orooope11o npoTHBHOe , 6yLteM npeLtnonaraTb, 

'ITO B HY:>KHOR o6n8CTH H3MeHeHitSI nepeMeHttbiX ¢yHKUH U !fx. lJ, t,E) = jorx,:J)+ fp(x,Y, t,r.) 

H j( 
y • 

'IHCJle 

KOMy 

38 no 

W8HHE 

3Ll8C c 

KOT Op, 

'IT06Lr 

HHM H 

eMy 3 

HH8M 

~ ct s . 

KOTOpC 

r (eM, I 

cywec 

Henp e J: 

Ltanee 
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H j(X, Y, t , E) ==jo(X,Y}+Ej1 (X,Y, t ,c) aaanHTH~eCKHe no nepeMeHHbtM X 
y f It HenpepbtBHO .aH¢¢epeauHpyeMhte n o nepeMOIIHOA t 

llonb3y JOCb cnyqaeM Bbtp83HTb HCKpeaaJOJO 6naro.aapHOCTb C . B. <PoMHHy 3a MHoro

'IHCneH Hbre o6cy>K.aeHHS1 nony'leHHbrx pe3ynhT8Toe • .H 6na ro.aapea TSK>Ke B . B . HeMbiu

KOMy H y'ISCTHHK8M e r o ceMHHapa Ha MexaHKKO-MaTeMaTK'IeCKOM ¢aKynbTeTe MrY 

Y a c T b 

M e Top, aaxo>K.aeHH H KQHBbrx. OT.aenSlJOIUK x Ha~anbH bte p,aHHbre KOne6nJOIUKXCS1 

peweHHit OT H8'18nbHb!X P,BHHbiX HeKOne6nJOUHIXCS1 peweHHA 

Pe3ynbT8Tbi nepeoA '18CT H H8CTORIUeA pa60Tbl HBnHJOTCS1
1 

e HoeeCTHOli Mepe , o6o6-

/5/ 
WeHHeM pe3ynbT8TOB pa60Tbl H8 Cny'I8H CHCTeM bl ltHOr'O BK,ll8; C O.llHOA CTOpOHbl 

3lleCb He npe.anonar aeTCSl, 'ITO p8CCM8TpHB8eM8SI CK C T OM8 KMee T TOT cneuHanbHblA BHll , 

KOTOpbrA npe.anonarancH e npeabraywel! pa6oTe, HO c apyroA cTopoHbt Mbl Tpe6yeM, 

'IT06br <PYHKUKH , exo.aRIUHe e cHcTeMy ( It) , 6brnH nepHOllH~ecKHMH no s peMeHH c o.a

HHM H TeM >Ke nepHOllOM 21f • 3TO Tpe60B8HI!e S!BnSIOTCS1 C y iUeCTBOHHblM - 6naro.aapS1 

eMy 3ll0Cb 6y,ayT .ll0K838Hbl 6onee CHnbHb!O YTBOP>Klle JJHS1
1 

'leM B /5/ 

C¢opMynKpyeM aecKOnbKO onpe.aeneHHA. 1/ycTb 
TO'IK8 (Xs, Ys) nanHeTCSl nono>Ke-

06o3H8'1HM ~epe3 (Xs(t,f.) , HH eM p8B HOBeCH S1 T H fl8 CG!,llflO anfl CHCTeMbl 

~S ( t, () ) peweHHe CHCTeMbl ypasHem !lt 

( 10) . 

frx,':f,t,f.J = o, j(x,Y,t,E) ::: 0 
I 

KOTopoe npH 

17/ 
t • 0 o6pawaeTcH a ( Xs, Ys ) • vtnOnb3 YS1 T eopeMy 0 HeSlBHbiX cpyH KUHfiX 

(eM. · ' CTp, 80- 85) H H8WH npe.anonO>KeHHS1 , nerKO fl0K838Tb
1 

'ITO H83B8HHOe peweHH e 

CyWeCTByeT H o6na.aaeT cne,ayJOlUHM CBOACTBOM: Xs(t,f.) " .Ys(t,f.) HanHJOTcH 

Hen pepb!BHblMH H nepHOllH'IeCKHMH (c nepHOllOM 2.'fr ) cj>yHKUHfiMH BpeMe HH, nyCTb 

aanee 

X ~ (~)::. mrn Xs(t,f.) 

t € [o,2rrJ 

~; ( £) ::: tv\; n Y5 ( t, ~) 
t E [oll.tr] 

} 
x;1

(E)- max Xs Ct,E.) 
t E [o,Z1T] 

J~' (f.) ==- m~ x Y5 (t, £) 
1 

tE[o,2.tT] 



(:) 

flp9.000il0)!(HM , 'iTO X~(t) < x;'(£) . a ':J;(E.J < Ys"(£) . Pew911HO 

(Xf ( t), Yt ( i )} CftCT9Mhl ( lt l Ha3089M rpaHH'lHhiM , 9CnH ono onp9.o9neno npH ocex t, 
60l1bWHX HeKOTOpOI"'.O to I H cyweCTI~yeT TSKOft MOM9HT 8p9M9HH tt (E.) , 'iTO II pH 

oc9x i :> t
1 

(F.) X; (I;)< X£ (i) < Xs'' (f) , a Y/ (E)< Y£ (t) < 'j;' (E,). 

B :3TOM cnyqae , ecnH np>t<MoyrOilbHHK x;(£)< X< x;'(E) I Ys'(f) < y < !:1/(f.,) 

SblpO>K.oaeTCH o OTpe3oK Hn H TO'lKY , pewenHe (X t ( t J 
1 

Yr, ( tJ) 6y .a e M H83bi B8Tb 

rpaHH'lHbiM, ecn11 oHo onpen•3nouo 11p11 ocex t 1 6onbwHx H O KOTopo r o to , y nooneT-

oopHeT npHB9Ll9HHOMY BhllliO 011p9Ll0110 11H IO no TOH KOOp.llHH8Te , 110 KOTOpoi-1 HeT DblpO

>KLl9 HIH! (ecml T8K85! HMOeTCII) , 8 Ka>K.ll81'1 H3 K00pJlHH8T1 no KOTOpblM 11M99TCSI OIJ1pO

)J.;.£19HH9 , y.D.OBI19TBOpS19T yCilOBHJO: CyWeCTllyeT T8KOil MOMellT Bp9M9HH t 1 1 'iTO npH 

t :> t
2 

BellH'lHJia 3TO I! K OO p.ll.HHaTt..l npH t -7> oD MOHOTOHHO CTpOMHTCSI K np9ne-

ny 
1 

paBHOMY 891111 'lH HO COOTBOTCTuy!QlU9f'O OOill ero 31la-teHH R MaKCH MyMa H MI!IIH MyMa. 

3aM9TH M , 'lTO napaM9Tp £ anecb np9nnonaraeTCSI neAcTBH T enbHbi M . B nanbneAweM , 

K Of'Lla napaM9Tp f_ 6y!l9T K OMil IOKCilbi M , 3 TH onpe}l9119HHH 6y.llyT YTO'lHeHbl . 

llnH 38.08H HOrO MOMeHT8 Bp9MCHH tO 0603H8'lH M 'l9pe3 I; (tO) MHO>KeCTBO 

T0'19K 118 llllOCKOCTH ( x. 
1 

!:J. ) TOKI! X, 'ITO Dl·lli.O.llHUlrl9 1!3 HHll. tlp'~ t :::: t !.)Otu9HIHI 

CI!CT9Mbl ( -It_ ) 6y.llyT rpllHH'1H hl\-111 o M HO>K9C TBO I; (to) OT.ll9115!9 T H8 : nOCKOCTH 

( Xo, ::1
0 

) na'l81lbHble Ll8HHbl9 K one6JlloWHXCH p9WeHI1il: OT HS'!allbHbiX .aaHHbiX HeKotre-

6nJOWHXCSI p eweHHlt. 6onee T0'1H0 HM99T M9CTO Cll9LlyiOWa5! T90peMa. 

--,_ -z 
TeopeMa I. r lycTu A = £' " r; ( tfl } , rn9 £ ~rwocKoCTb 

( X 0. ':1 0 ) • 11 3 K OTOpOli flhl6powe n bl H301lHPOBa~rHble TO'IKH MHO>K9CTBa I; (t.) 'r; rt.) 
11 nyCTb /11 C f:1 - np01i 3 80Jlbli00 niHJ9!iliO CBH3HOO MHO>KeCTBO . Jlpe.lli10110)!(HM, 'ITO 

I 
oo MHO)KeCTse A cyw•~cTayoT TO'!Ka ( Xo , Yo ) • H 3 KOTopoA a M O M e HT epeMeHH 

t ehrxo.anT KOJ196niOLUCecR peuJcnue . Torna n106oe .apyroe pew e Hu9 , nbiXOLl Situ ee 

0 t I 
a MOM9HT ap9MeHil 

0 
H 3 npoH3BOilbHOA TO'IKK, np»Ha.o.n9)!(aw9A A , T8K>Ke 

6y.lleT KOJ196flJOUlHMCSl. 

f lpl! B9.!l9HH a5! T90p0Mll SIBIISICTCSI HCKOTOphiM 0606Ul9HH9M T90p9Mbl I 113 pa60Tbl 
/5/ 

II c¢op MyJ1Hp08a!la 3LlE'Cb .llJlSI T0£'0 1 '1T06bl C!lCllaTb llOHSITHOlt U91lb1 pll.llH KOTOpOI! 

H3Y'1· 

118HH . 

Keno. 

H l:-.!9 

LlOKa 

IT03Ll 

LlOKa 

CHCTE 

WYJO 

f'Ll9 

B OKJ: 

H9npE 

·raKa: 

rne , 

UHll I 
'fll9liC 



npH ., 
( E, ). 

) 

iTb 

~btpo-

Bblpo-

npn 

npe.nc-

1YM8, 

ueM, 

~TUO 

.illHI 

"TH 

:!KO/H.'-

JCKOCTb 

,r;rt.; 
1 'ITO 

:uee 

/5/ 
60Tbl 

poll 

7 

H3y'i810TC51 rp8HH'iHble Tp8eKTOpHH, 0.llH8KO .llOK838TeJibCTBO 3TOII TeopeMbl npH c.ae-

ll8HHbiX npe.anOilO)I{eHHSIX C fiOMOIUbiO p8CCy)l{.lleHKA , 8H81lOI'H'iHblX TeM, KOTOpble 6blllH 

151 
HCTIOilb3088Hbl npH .llOK838TellbCT8e TeopeMbl 1 8 pa60Te 1 H8T8JIKHB8eTCSI H8 cepbe3-

HJ:.Je Tpy.aHOCTH, vt:xo.ast 112 9Toro, Mbt npKBO.llHM 3.aecb ¢opMynKpOeKy TeopeMbt 6e3 

.llOK838T~llbCTB8, Bo BTOpOA 'i8CTK p860Tbl 1 KOT0p8S1 6y.aeT ouy6JIK K088H8 HeCKOllbKO 

TI03.llHee , Mbl 1 HC001l b3YSI tP8KTK'ieCKH H8A.lleHHOe I; (tO ) 1 .ll8.llHM COBCeM npOCTOe 

.llOK838TeJibCT80 9TOA TeopeMbl , 

§ 1, J-leKOTOpb!e none3HbJe npeo6p830B8HHSI CHCTeMbl ( 1 t ) 

flpe>K.ae 'ieM npHCTyOHTb K BbtnOJIHeHHIO 118Me'ieHHOA nporp8MMbl 1 npliBe.lleM 

CHCTeMy ( 1 t, ) K .-!eCKOilbKO 6onee y.ao6HOMy B K.lly, C 9TOA uellbiO .llOK8>KeM Cne.ayiO

W YIO TeopeMy, 

TeopeMa 2. CywecTayeT 38MeH8 nepeMeHHbJX BH.ll8: 

X== 

~ ;::. 

r.ae d.. If 

Xs 

~~ 

+ 

+ 

ci_ ( U + f ( t 1 <(_))COS 'f - t ( {!"" + 7 ( t 1 f,)) $ J yt 'f 

d.. ( u -t- pet,£)) sin 'f + ~(lT + ?(t,t)) eosr) 

noCTOSIHHbJe, a tPYHKUKH f ( t, f.) 
t = 0, nepHO.llH'ieCKHe no f B OKpeCTHOCTK TO'iKH 

( 1.1 ) 

If J(t,E.) aHallJITK 'ieCKKe nO t.. 
c nepHo.aoM 21f H o6na.aa10wHe 

Henpepb18Hb!MH 'iaCTHblMH npOH3BO.llllhl MK no t .llO BTOpOI'O nOpst.aKa BKiliO'iKTe/lbll0 1 

·raK8S1 1 'ITO B HOBblX nepeMeHHblX CHCTeMa ( 1 ~ ) npHMeT BH.ll: 

r.ae 

UHA 

lA = A tr + fo ( U 1 U) + £ ft ( U 1 tr, t, (,) 
1 

lr=)., u + 7o (u,v) + E 7!(u, IT, t, E) , 

Pt ( 0 , 
0 

I t I ( ) == 7 t ( 0 I 0 I t I t: ) = 0 

fo ( U 1 V) > fo ( (/ 1 cr} B p51.ll B OKpeCTIIOCTH TO'IKH ( 0 

'flleHOB He HH >Ke BTOpOI'O nOpSI.llK8, 

( 1.2 ) 

1 a p83JIO)I(eHHe tPYHK

t 0 ) Ha'iHH8eTCSI C 

llnst .aoKa3aTenbCT~a :::ITOA TeopeMbi HaM noTpe6yiOTCst TPH .cne.ayiOWHe neMMbt , 
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fleMMa 1. 

flycTb ( X«, 'fe ) - npoH3sonbHoe nono*eHHe paeHosecH!I THna ueHTP CHCTeMbl ( I 0 ) , 

a Gc - MaKCHManbHB!I onHOCB!13HB!I oKpeCTHOCTb TO'iKH ( Xe • ':le ) , uenHKOM 3anon

HeHH8!1 3BM KHYTbiMH TpaeKTOpHSIMH H He CO£lep}K8W8SI npyrlfX nonO}KeHHlt pBOHOSeCHSI 0 

Kpo Me ( Xc • Ye ), flycTb nanee ( X0 (t) • ~0 (t} ) - npoH3BonbHoe nepiiO£lH'ieCKoe 

peweHHe CHCTeMbi ( 10 ). ne*awee e o6nacTH Gc . a T. - ero nepHon. Torna 

T. 
j { 1:x( Xo(t), ~.(t)} + jo1y ( Xo C t) 1 ~o ( t>) J oft= 0 

0 

JloKa3aTenbCTBO: 

flycTb Xo = X. (o).~0 = Y0 (o). 06o3Ha'iHM .. epe3 (xCt,y). ~(t,y>) pewe

Hne CRCTeMbi ( 10 ) • y nosneTsopRJOwee ycnosnRM: 

Jo (Xo, 'J.) -= r 
X(o, f) " l(o- fp(x, ,Y,)<-J!(X, ,Y.) 

t rx.,Y.J _ f 
Y(o,1) =- Yo+ '{l 

{o2.(x. ,':1.)+ J?' (t . ,'J.) 

O<iesHnHo , 'iTO a HeKoTopoA OKpecTHOCTH TO'iKH T = 0 peweHHe (X (t, f) 1 Y ( t, 'f)} 
6y neT nepHonH'ieCKHM no t c nepHonoM T(f) , 38BHCRWHM oT f . 

803bMeM CHCTeMy 8 88pHBUH RX: 

U =. fo~ {X.(t), Y.(tJ}lH- ~-~ { Xo(f), Y. ( f J) U 1 

' I 
fT =:j•x ( Xo(t), Y. (tJ) U + j~y( Xo (i), Yo(i)} if . 

0Ha o6nanaeT cnenyJOWHMH peweHHHMH: 

Ut ( fJ == Xo ( t) eli ( t) i. (t) 
/ 

U
1

Ct> = 'ox(t,yJ J 
'df f=O 

' Ui ( t ) =- '1 Y(t, ~) 
<> r 11" 0 

3 

n~o 

3Tt 

H 

nep 

?( 
a 

7( 
TBK 

x. 



anon-

CK09 

a 

pewe-

==- T . 
.,~o) 

(t,'fJ) 

f-=- 0 . 

9 

3TK .088 p9W(HIUSI o6pa3yJOT cpyH.08M9HT8nbHYJO CKCT9My , T8 K K8K npu t ~0 Onpe.ae

/lKT9/lb 8pOIICKOr'O 3TOA CKCT9Mbl OTnH'Iall OT HynS! , JlellCTOHT9nbHO , 

} (x., Y.) 

fo. W(o) = 
f.rx,,Y.J - J0 (X,,Y,) 

: 

I loKa*eM, 'ITO W { i} nepuo.auqecKast /c nepuo.aoM T, I cpyHKUHS! t 
3Ton U911H Bbi 'IKCnKM .rc )( (t, r} I{ !_Y(t, J). YTB9P)t{Il8eM, 'ITO cpyHKUHH 

'1 f 'Of 

P et~)==~ X(t, T) + t T '(yJ x (t -r) 
,? ~r T(T> q 

T[J 
Q ( t r J = 'J Y ( t, I) + t r y r t, T J 
I I roT r (J} 

• .Llnst 

nepHO.OH'19CKH9 no t c nepHO.OOM T(r ). Jle ACTBHT9nbHO, H9TPYilHO npoaepHTb, 'ITO 

p( t + np, fJ -;(t, p = c~1I x ct +rep, fJ - x(t. rJj = o. 

a 

r(t+ T(r). {) _ J[f,{J = lr [Y(t+ TrrJ, J) - Y(t, J}] =-a , 

TBK KBK no onpe.aeneHKJO T (f} 
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0TciO.na nerKo rronyqaeM, qTo 

I 
u i ( t ) v; ( t ) I I X 0 ( t ) 90 ( t ) I 

W(t) = u,_(tJ u;, (t) := pCt,o) ·?(t,o) 
6y.neT rrepno.nrrqecKo~ (c rreprro.noM 4 ). cpyHKurreti t . 3HaqrrT, W('l;,)==VV(o). 
flo TeopeMe J1~yBJIJlJlSI HMeeM: .. T.. 

W(T.) = W{o)~Kf ( l { f.~(K.(tJ,!!,(tl)+ J·~(.X,(f ), r.WJ}clt). 

cnenoaaTenbHo, Ju:x (K,(t)' Y,(t)) + J:y ( x,(t)' ':/,( t )) } J t = o 
0 

J1eMM8 .noKa3aHa. 

J1eMM8 2. 

flycTh ( Xc. rYe ) - rrpon3BOJihHOe rrono:>KeHne pasHosecrrH Tnna ueHTP cncTeMbi 

( 10). a Ge - MaKcnr:.18JlbH8fl o.nHOCBS1.3HaH OKpeCTHOCTb TOqK!{ ( X e I ';! e ) I ueJIHKOM 

38IIOJIHeHH8fl 38MKHYThlMH TpaeKTOpHSIMH H He co.nep:>K8lll8SI .npyrHX IIOJlO:>KeHHH paBHO-

. secnH
1 

KpOMe ( Xc 1 Yc ) • riycTh .nanee ( X5 1 'ls) - e.nnHcTBeHHoe rrono:>KeHne 

paBHOBeCHH THII8. ce.nno CHCTeMbl ( lo) I ne:>Kamee ua rpaurrue o6naCTH Ge . Tor.na 

s ToqKe ( Ks, ':Is) 

~+~ 0. 
i'fX 'OY 

JloK838TeJlbCTBO: 

Tipennono>KHM npOTHBHOe' nyCTb B TO"'e (Xs,Ys) ~f· + ?jo = #s f 0, 

Tor.na Hail.neTcsr /?.0 >0TaKoel qTo Jr;}~(x,":J). + fJJoCK 1 ~)~~.1.fJf./· 
.nmr scex ( X 1 !/ ) , ne:>Kamnx B Kpyre )( . ~ :J 2, S 

{X- Xs ) 1 + ( Y- Ys) 2. ~ R; . 
riycTh ( X, , ~o ) - npoH3BOJibHasr ToqKa, ne>KamaH ua rpaunue o6nacTn ~ 1 

OTJIHqHaH OT ( Xs I !fs L 06o3Ha~mM qepe3 (X ct, T) I ~ ( t I r) ) peweHne CHCTe· 

Mhi ( 10 ) 1 y .nosneTsopsuomee ycnosiurM: 

X ( 0 I r) = X 0 + T c·os ro I y ( 0 I r) Yo+ fst'n}Po, 

r.ne yrc 

TQqKH ( 

TaKoe, ' 

BQ 
c. 

DJ 

~ 
~X 

38MeHy: 

X 

y 

r.ne r= 

nepeMeH 

floJIO:>KH: 

Kt 

KaK H3l 

ypasueHJ 

( 
( 

'( 

Yh npe.LJ 

3TO 03H 

0TC!Otl8 

X (-t, o) 

X(t,o)-
onpe.nen 

fly, 

TaK KBK 

~= 1X 



)= vv(o). 

Jt). 

=o 

:n:cTeMbi 

uenn:KoM 

i pasHo-

HH8 

'orna 

l. :d: s T 0 . 

~I 

~e CHCTe· 

11 

rne yron }00 Bbi6p.aH TaK, "'To BeKTop (Cos ~0· 
1 

S i V\ 'fo) , 6yny"ln: rrpoaeneH n:a 

TO'!KH ( X .. , ':IQ ), HarrpaBnen BHYTPh o6nacTH Ge • Torna uafineTcSI fo. > o 

mo6orofE (o,fol pewemre (x(t,r), Y(t,rJ) conep)KHTCSI T8KOe, 'iTO LlJlSI 

BQ 
c. 

DnSI 

~ 
ynpomemrSI nanhneil:wnx paccy)Knenn:fi npennono)IOIM, 'iTO B TO'!Ke (X 

5
, ~s) 

. ~ (B TOM cny"!ae, ecna "7>/o ~ ~ , cnenaeM 
r-;~x 

3aMeny: 
- ~y ~X l"' "dy 

rne 

nepeMemxbiX (X~ '1'} 

noJIO)KHM 

Y(t, o)- Ys 

X(t,o)- Xs J 

ll8Tpy LlHO !,IPOB8pHTh, 'iTO B HOBblX 

o. .Y(-f,o}-Ys 
K'J..= 1'tm 

t--?> oo X(- t, o) - Xs 

) . 

·. 

Ill · 
KaK n:aseCTHo (eM. , cTp. 25-26). 8TH npenenbi cymecTByioT u y noBneTaopmoT 

ypasueHHio: 

0. 

~d~ ~ . 
Yb npennono)KeHHSI, "'TO ~ ::::;; ~ t , cne.LlyeT, "!To K 1..-== - K 2. 

t 'd!! Y( ,o)- Ys X(- t o)- X 3To 03H8"!aeT, 'ITO HpH . __,. OO ~ "'(; • I ~ - - i 
t. Xt ,o}- Xs '::1(-t,o) -!Is t 

0TCJOJla cnenyeT, '!TO uail:neTCSI i > 0 TaKoe, 'ITO rrpu acex t;;;. '1. nu6o 

x(-t,o}-Xs. 
6 

.Y(t,o}- Y.s > 
0 8 ------) O JIH 0 • Ll8JlbH8UllllfX paccy)K.Ll8HHSIX LlJlSI 

X(t,o)- Xs ' !1{-t,o)- Y~ 
onpenenenuocTu 6yneM npennonaraTh, "'TO HMeeT MecTo nepaoe uepaaeHCTBO, 

nycT:b Y::.f(x)"- pewemie ypaBH8!!Hflt_(x,Y);o, paauoe Y.s npu X=Xs· 
TaK KaK lh TO."!Ke \Xs ':! ) ~ r() ~ _ ·M. ~<O' To nonh3YSICh TeM, "'TO 
'lf·-~ ,s 'Ox r:Jy 'dy."x 

1 x - ro .Y rrony•1aeM, "'TO 



I2 

~_2C_ 
'd~ 'dX 

>· ( 'Jfo ) 2 
!dx . 

(I .3) 

1ft_ 
Cne.ooaaTenbHo, _ 'c) Y-· :j= 0 II no TeopeMe o H9S1BHbiX cpyHKUIIS1X paaeHCTBO 

fo (X, 'J) ;::: 0 onpe.oenHe~ a HeKoTopoM IIHTepaane ( X~-A 
01 

Xs + Ao) ( ~0 > 
0

} 

O.llHOsHa'IHYlO cpyHKUIIlO Y -I (X) • VIs HepaaeHcTaa (I .3) TBK:>Ke cne.oyeT, 'ITO 

-~ (r2f_)z 
'()X rox 

T.e. -

'dJo \ f ~ ---.'ox rtJX -~-0 > (-~)~ < < 
CO!:/ '0~ ~ 

'(J y '()y 

I 

3Ha'IIIT, -/KI.</{Xs) < / Kl , r.oe K:::; t<i =- 1(2. , 

BosbMSl'f Tenepb tf), > tf. HBCTonbKO 6onbWIIM
1 

'IT06bi npii acex 

II BC9X t ~- t 2 BbinOnHS1niiCb H9p8B9HCTB8: 

. z. Rz 
(x(t,o)-x5 )l- + (Y(t,o)- ~.s) -!S o. 

. I 

t t.l r t< I - I t (Xs) I 
I ~( ' ')- ':Is - K S i ~ 11 . .< 

x(t, o)- )( s 

·'d(o 
'dY 

t ~ ti. 

' 
r .oe t( = I(! = - K 2. • BosbMeM .oanee Lli < fl Q TaKoe, qTo6bi Ha oTpesKe 

[Xs-Ai 1 Xs + L\i] 6bmo abmonHP.Ho ycnoaiie: J f(xJ-ffxs>/ < JKI-I,IfXs)/ 
. y 

flycTb nonO:>KliTSnbHOe ll <min (A! I x(t,_ o)/ Jx(-t o)/ Ro . ) 
7 I 1 f_1 . I 'rf ,_5 2. 

T8K Mana, 'ITO np!I X€ [Xs-Ll, Xs +Ll] u ':f € r~s- .£ ll/ K I ~ + s llli<U i + 16 K 
v ISv focx~) o6pawaeTCS1 a Hynb TOnbKO Ha Kpiiaoii Y _:: ({x} ~ BosbMeM npHMYlO 1 --

X=X0::: Xs +A sijYJ x(i,_,o)· flycTb (Xo I Yr) - TO'IK8 nepeceq~HHH npS1MOii X=Xo 
CTp89KTOpii9it (x(t,o},~(i,oJ) llp!I t>t2_,a t~ -coOTB9TCTBYlO" 

Uliiii MOMeHT apeMeHII. TaK_:S1 -To'IKa S.lliiiiC~BeHHa, flycTb .oanee ( X 
0 1 

!/_) - TO'IKa 

nepeceqeHIIH npHMoii X= 'X0 c TpaeKTopiieii {>C(i,-o)
1 
~(f,o)}' 

rrp11 t 
9.ll11HC1 

Tor.oa 

11 118 IV 

He o61= 

L. ( i 
l 

.0851 T] 

Mbl 0 

11.>0 
6y .ll9T 

(x(t,}J 
(xct,y 

pew ell 

TCY 

'J(y. 

t-j 

= J 
·rc 

+ 

VIs T• 

r--7 
11 paa 

Cne.o 

t 

u 



BO 

( ll0 > 0} 
T1 'ITO 

) 

TByiO• 
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IIpii t <- tf}, 1 a ~-- COOTBeTCTBYIOIUHJt MOMeHT BpeMeHH. TaKaSI -TO'iKa TaKme 

eniiHCTseuua. nycTb nnSI orrpeneneuuocTH Y-r > 'J_ n nycTb Y0 = fCX., ). 
Torna Y < \1 < u+ H 6naronapSI Bhi6opy d ua MuomecTse L::::: (X= X.: '.:J. '<'.:1.<"9.} - Jo · J _ ! ( 

1 
- o 

II ua MHomecTBe L
1

=. f X== X. 1 '}0 < Y < Y~ } /o (X, Y) 
He o6paruaeTcSI B uynh. KaK ueTpy nuo nposepHTb 1 aT oro nocTaTO'iHO nnSI Toro

1 
'iT06bi 

L (. ) . . ( ·;11 ) . ( :::.1,2 6hiJlo nyro.fi 6e3 KOHTaKTa. CnenosaTenbuo eM. , cTp. 62-64 1 Kam-

nalSI TpaeKTOpHSI 1 nemaruaSI B ~ , nepeceKaeT L i. ue 6onee onuoro pa3a. Y:l3 Teope

Mbi 0 Henpepb!BHOH 3aBHCHMOCTH peweHHSI OT napaMeTpa CnenyeT1 'iTO uaiJ:neTCSI 

Tt>O (y-c.< (o)TaKoe, 'iTO peweune {X(t,'f) 1 Y(t,'f)) nnSI scexfE (o,fi] 
. 6yneT nepeceKaTb KaK L . TaK H L . nycTb Ttr} nepHO.ll peweHHSI 

(X(t,}J, Y(f,yjl a ~+(f) t (o < t+(yl'<T(yJ}- MOMeHT nepeceqeunSI peweuneM 

(X ( t, y) I ':.1 ( t, r)) nyrH [ f I a t rr) ( 0 > i(?) >-T(f ~-MOMeHT nepeceqeHHSI 

peweuiieM {x(t,yJ,~(f,fJ} nyru L'L (o<"'f!S(i)· Qqesnnuo, 'iTO 

TCil- t+cy> + t -cy> > o . 
nycTb T(I) 

~{f)= J { r:x(xc-t,·~o, ~(i-,f))+ j:y(x(t,'f), Y(t,yJ)j Jt= 
0 

~fi) Jt 
= J { f; xrxct, n I Y(t,y)) -t- J~y (x (t,1) I ~ct,·p)} + 

t-ry> 
T(fJ+t-rrJ t J}tlt 

+ J { {~x(x{t,f),<J(t;yJ}+j~(xrt,rJ, Y( ,r> . 
~~) . 

Vl3 TeopeMbl 0 Henpepb!BHOH 3aBHCHMOCTH peweHHSI OT napaMeTpa cne.nyeT, 'iTO IIpH r-7 +0 t+(!}-7 tt I t-(J)-r to- T('f) --7 00 

II pasuoMepuo no t nnSI scex t E [t-;-f 
1 
t: 1

-t lj X(f,'f}~X{~o}, Y{f,'f)-7-Y{~ol 
CnenosaTenbHO, uaiJ:neTCSI nonomHTenbHOe 'fz. < Ft TaKoe, 'iTO npH 0 < r <. r), 

t+rr' I I J f r:x(X(t,f), Y~f,(J} -t-j~y(x(t, /) 1 Y(f, "fJ)jc/f < 
·t(p 
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t: 
< f + / ~ { f.> x(f,•), y(f, o)} -1-j{_y{x(t,o), Y(f, oJ}},) t { , 

a . t:--, 
TCfJ > t+(fJ- i~(f)+/_1;_ (z+/ f{/ox(x(f,o),!l{~oJ)+j;(x(l,uJ,!!(~DJ)j/t/). 

:fl.s/ +.-
. 0 

Torn a npH 0 <. f < J ~ HMeeM: 

T(rJ+ t-rr J _ 
I J(fJ/ :>I J { r:./x(t,}J,Y(t,rJJ+ ,:./x(t,J),Y{~(J}j cltj-

t+(f) . 

t+ . 
-f -/ j {f•~ (x(t,•), y(f,,J} + j~(K(t,o}, Y(f,cJ}} rlt / . 

t-
o 

TaK KaK npH tc[t~('f}, /(f)+ iYrJ}peweHne(x(t,yJ,!/(f;rJ}HaxonHTcf! 
BHYTPH KpHsonHHet!Horo TpeyronbHHKa, o6pa3oBaHHoro peweHueM (.x(f.o) ~/I. o)l ) 

t + t t- ' _ 1 I ( 
1 

1 '/ 

(t> 
0

) ll { < tJ}u OTpe3KOM lj_ 6 ':/ ~ ~.,_ npHMoti X= X:0 · , KOTOpbifi no nocTpoe-

HHIO HaxonuT~fl BHYTPH Kpyra (X-Xs)2+ (Y-Ys )2 ~ R~ , To npH o <f<'f2. HMeeM: 

TCfJ+t C'f) . . 

/ J { f·~ (xc t, fJ, Y(t,f >) r i:~(xrt, J J, Y(t, fJ)j rlt / > 

f'(f) t! 

7 :1. + j j{ f:Jx(t,o), !l(i,o)) + J£_y(x(t,o),Y{~o))jolt ) .. 
Cne,lloBaTenbH0,

0 
npH 0 < r < y 2. . 1 J(yJI > f BonpeKH TOMy, qTo B neMMe 1 Mbl 

.llOK838nU, qTQ J(r) = 0 • nonyqeHH09 npOTIIBOpetme .llOK83b!B89T neMMYo 

CnenaeM Tenepb B cReTe Me ( 10 ) 38MeHy: 

I 
l 

rne yrc 

Torna, 11 

nepeMeHH 

. ....... 
u 

rne A ~ 
B OKpeCT! 



ij/t!). 

tj-

lUTCH 

rMeeM: 

> 

'/ 
I Mb! 

....... 
X= Xs + o(. Uc>o~y; 

"' . 
~" ~s +o..ustnr 

15 

: siny; 

+ u-eosy 
. r/.. . I 

r.oe yron 'f Bbr5pau TaK, 'ITo r_)jl_ r 

. (~-~) • 'I ~ rqx '7J~ s, V\ ~ r ::::. _ .. 
Vr~~ -~)"+Of;-+ 

< 0,. 

( 1.4) 

Tor.oa, Hcrronbayg neMMy 2, rryTeM aneMenTapubrx Bbr•mcneuHit rrony'IHM, 'ITo B HOBbiX IV ,., 

rrepeMeHHbiX (/A I,.. ) CHCTeMa ( 1
0

) II pH MeT BH.ll: 

( 1,5) 

r.oe A :. Y-:-ll > 0 
t a paanO)KeHHe cpyHKIIHil: f Q ( u; 'J) H 7 C) ( U 1 ,v-) 

H8'1HH89TCSI C 'lneHOB He HH)!(e BTOporo ITOpSI.OKa. 
B. OKpCCTHOCTH TO'IKH ( 0,0 
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C.llenaeM onucaHHyiO Bhrwe 38MeHy nepeMeHHhiX B cucTeMe ( 1 £ · )'. B pe3ynhTaTe 

nony"'HM: 

~ = .,l ~ + fo ( U I~) + C f1 («I if- I t I C )·) 

~=A U ; 9o ( U t 'J-} + E fi ( U 1 V 1 t, c ) ~ 
,..,... 

( 1.6) 

rae cpyHKUHH Po(" ,v). u 1o(a l~) Te )Ke C8Mble 1 'ITO H B CHCTeMe ( 1.5) • 

neMM8 3. 

CucTeMa ( 1.6) HMeeT aHanuTH"'eCKH 3asucsuuee oT napaMeTpa ~ nepHO.llH"'e-

CKoecnepuO.llOM 2-'iT peweHue(U::.(t,q ~(t,t) )TaKoe,"'TOnpu f=o 
~ ~ ' ~ 

tt5 (t,£) = 1/S(t,~) = o. 
lloK838TenhCTBO: 

06o3Ha"'HM qepe3 (u(t,cJ.,;B,£.). ~(t,rJ.,f>,t)) 
KOTOpoe npH t =0 Y.llOBneTBOpSieT yCnOBHSIM: 

peweHue cucTeMbi ( 1.6), 

u(o,rJ.,(3, c.)== ol. 'lf(o,ol.,f,£) 
H nonbiT8eMCSI T8K nO.ll06p8Th 8H8nHTH"'eCKHe cpyHKUHH o( (£) 
BblUOnHSinHCh TO)K,llElCTBeHHO cne,llyiOIUHe paBeHCTBa: ,.., 

(A(1"1T,ot(~), f3(EJ, s) .:::o - ... 

(3, 

H (J (£) t "'T06bi 

ot.(E.) 

t5 (F.) == 0 , 

( 1. 7) 

v-(2'ff I o/. (£) 1 f3(f.) 1 f.) ,., 
KOTOpbie He06XO.llHMbl H .llOCT8TO"'Hbl .llnSI T0f"0 1 "'T06bi peweHHe ( U (t 1o{(f.) j3(f.} G) 

~(t cJ.(£.) ~(EJ f)) 6hrno nepHO.llH"'ecKHM c nepHO.llOM 27r . B cuny Teo~eMbi 
1 1 

, , ,.~ , /8/ 
flyaHKape 06 8H8nHTH"'eCKOft 38BHCHMOCTH peweHHSI OT napaMeTpa (eM. 

1 
CTp.153-

,..:.J 

-~ 

/'1~ 
1.: 

.,..., ,.., 
160/) cpyHKUHH U(2.711ol. ,;f.3,E-} n tr{J.fi/J..,~,£.)6y.llyT aHanuTH"'eCKHMH cpyHKUHSI-

MH napaMeTpoB c(_ , j3 , C , ecnu nocne.llHHe .llOCTaTO"'HO Manhr. Pacc:MaTpusasr pa

BeHCTBa ( 1. 7) K8K ·ypaBHeHHSI1 Mbl CBe,lleM 38,aaqy 06 OTblCK8HHH 8H8nHTH"'eCKHX .cpyHK

UHit o({f.) H jJ(£.} K TeopeMe 0 HeSIBHblX cpyHKUHSIX (cM./7~ CT,p. 80-85). llnsr npHMe-

HHMOCTH STOfi TeopeMbl Hy)KH0 1 "'T06bl CHCTeMa ( 1. 7) MMena peweHHe npH E. =0 M ee 

cpyHKUHOHanhHhifi onpe.llenuTenh no nepeMeHHhiM d · u j9 npu d..::. j3 .:::: 0 6hrn 

OTnH"'eH OT HynSI. nepsoe Tpe60B8HHe BbinOnHeH0 1 T8K K8K cj, .:: jJ = 0 1 O"'eBH.llH0
1 

· 

smnsreTCSI .peweHHeM npu ~ =. O. Bbi"'HCnHM senH"'HHY cpyHKUHOHanhHoro onpe.llenuTensr. 

ViMeeM npM rJ...~~:::;Q 

I 

\ 

~~ 
~:: 
9 
.Q) non 

........... 

B 

K01 

no.L 

38~ 

HOC 



nhTBTe. 

( 1.6) 

,5). 

:::.o 
-· .. · 

( 1,6) I 

bl 

(I, 7) 

53-

llfMe-

n: ee 

n 

lf.L:lH0 1 . 

.~u(2:rr,d...,f!o) _ 1. 
rc>~ 

(0 'V-(:J.'i( I o(./ (3 I 0) 

'doL 

17 

"d U (:1. 7i, d.. I ft, 0) 

~(3 

<o 

~ 
. TaK KaK A > 0 • TaKn:M. o6pa30M 1 Tpe6oBaHn:sr TeopeMbi o HeSIBHbiX cPYHKun:srx Bhmon

~ H9Hbl, neMM8 Jl0K838Ha, 

~ '- 0603H8'1F!M '19p93 (ii5(t,f.) ,(fs(t,t)) nepHO.IlF!'I9CKOe pellleHn:e CF!CT9Mbl (1,6)
1 

.((!) nonytJ:E:!HJ;IOe B neMMe 3, CnenaeM Teneph B cn:cTeMe ( 1.6) 3BMeay: 

'-
u ::: u ( 1.8) 

B pe3ynhTaTe 38MeHbi nonytJ:n:M cn:cTeMy: 

U :: ,.\ ~~ t fo ( U I lT) + £ r~ ( u J v, t 1 t) I 

if- : lu + ? 0( U 1 IT) + f. 71. ( IJ 1 if' I t 1 f..) 
1 

KOTOpasr, 0'19BF!JlH0 1 y .llOBneTBOpS19T T9M :>Ke ycnOBF!SIM 1 'ITO 11: CF!CT9M8 ( },2) 0 fbHHM8SI 

non. 3BMeHofi ( i.l ) nocnenosaTenhHOe npnMeHeHue 3aMeH ( 1.4) n: · (1.8), Mbi nonytJ:IIM 

.'3aMeHy, ynos,JeTsopmoll.lyiO TeopeMe 2, TeopeMa n_oKa3aHa. 

. CncTeMy ( 1.2) 6y neM H83biB8Th cTaHnapTHofi ¢opMoH: cn:cTeMbi ( I f ) B oKpecT

HOCTn: cenna. 

OGir.e;omeJmwii HHCTmyt · 

ll,!.1C£'HbiX HCCJI C.li:O ruttl.tfl 
6M6nHOTEKA 
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§ 2. BcnoMoraTenbHbre yTBep)K.a.emrsr, Heo5xo.a.HMbie .a.nsr .a.oKasaTenbCTBa 

TeopeMbl 06 aHamtTH'ieCKOH 3aBHCHMOCTH I'paHH'IHb!X TpaeKTOQHH 

OT rrapaMeTpa £ 

B cne.a.yiDlllHX rraparpacpax HaM noTpe6yiDTCH HeKoTopbre cBoficTB3 peweHHfi nHHefi-

HOI'O ypaBHeHHSI: 

x +2a(t)x t<(t) X :::: /(tJ, ( 2.1) 

I' .a.e C{ ( t) i I( ( tJ H /( t) KOMIIneKCHbl~ cpyHKUHH .a.efiCTBHTenbHOI'O rrepeMeHHOI'O t , 
Ha npoTSI)KeHHH Bcero naparpacpa Mbi 6y.a.eM npe.unonaraTb, 'ITO sTH cpyHKUIIH orpaHH'ie

Hbi II. Herrpepb!BHb!, 0T.a.enHSI .a.efiCTBIITenbHY!O H MHHMyiD 'iaCTII Mbl saiiiillleM ypaBHeHHe 

(2;1) B BII.lle CHCTeMbl .llBYX ypaBHeHIIfi C .a.efiCTBIITenbHblMII cpyHKUIISIMII: 

u + ~ atCtJ u -. 2a,_ttJir- K1CtJ u + K1..CtJu- = ft.CtJ, 
- (2.2f 

<r + ~ a :L c t J it +- 1 a 1. c t J ir - 1< 7, ( t J u - t< 1 c t J \T' :::. { 2 ( t ) . 

3.a.ecb nono)KeHo: X= u + i. cr 1 01 =qt.+- i. Q2. J t< = f(t + i 1<2. , I;: /t + tfz 
Uenb sToro naparpacpa - .a.oKasaTenbCTBO .D.Byx cne.a.yiDllliiX yTBeP*.lleHIIfi: 

I. nycTb IIpH Bcex t ~ to f(i. (t)- crlrt.) ::>,.. c > 0 

a //{ f} t-{;,'1-{tJ ~ () npii f ---;;;. o.o ; Tor.a.a .a.nsr niD5ofi napb! ( Uo 
1 
il;} 

CyllleCTByeT II e.UIIHCTBeHHO pellleHIIe CIICTeMbl- ( 2,2) TaKoe
1 

'ITO u(to): /Jo 
1 

if(fo)::; U:, a U~(i}-rtrl(t)->onpii. t ~ t>D 

2. nycTb cpyHKUHH (/i. (t) • K; (f) II /; (t) ( i:::: I,}, ) 
1 

BXO.llSilllHe B CIICTeMy (2.2), saBIICSIT OT .a.efiCTBHTenbHOI'O napaMeTpa A , HenpepbiB-

Hbi no A npii A :::;. A 0 H npii Bcex A Il3 HeKoTopofi OKpecTHOCTH TO"'K~ .A = ;I 0 

Y.llOBneTBOpSI!OT ycnOBHHM: npH BCex t >,to K~.(t,~J- a{(t A):>, c ";7 0 I 

{/(t 1 A J -t{l{f ,J} ~ 0 npii t~ 00 II rrpii Bcex t; t., 
f/-{t,J.} -1- ~:l"{C,J.} ~ C (nocTOSIHHbie C II- C OT A He saBHCSIT); 

Tor .a. a .D.nH ni06ofi napbr ( Uo , tJ; ) pellleHHe CHCTeMbi ( 2.2), y .a.oBneTBopsriDruee ycno-

BIIHM: u(to):: Uo I tr(to) = If;, ' u~(t) + v-Z(tJ ---.;- 0 

. IIPH 

rref 

B 1 

Cli' 

Tc 

t 

1 
(~ .. 
(..j 

K< 

3; 

T 

B 

T• 

B 

Kt' 
c 

r: 

;: 

t 
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'0 t . 

ll;} 
> I 

. 1 
'/lo 

0 I 

no-
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· npii i -;> 00 HenpepbiBHO 38BIICIIT OT. ,\ npii A 0 • .LloKa3aTenbCTBO 

nepBOI'O YTBep)K.LleHIIH CO.Llep)KIITCH B ·neMMBX 4,5,6 II 7 1 .LlOK838TeJJbCTBO BTOpOI'O -

B neMMBX 8,9 II 10, 

___ neMMa 4, ( IIpiiHUIIII M8KCIIMyMa), 

nycTb (u(i), IJ(tJ) - IIpOII3BOJlbHOe HeTp_IIBII8JlbHOe peweHIIe O.LlHOpO.LlHOil: 

t~to CIIC:TeMbl ( 2,2) H nyCTb II pH ni060-M 

· Tor.oa ·~(t)=. Vu2(t)+tr2,(i) 
t >to. _ 

HH IIpH K8KOM 

LJ.oK838TeJlbCTBO: 

npeJliiOJlO)KHM IIpOTHBHOe: IIyCTb II pH t ::; t I> tO ~ (tJ HMeeT M8KCHMYM
1 

T,e, 

· ~ ct'J /0 1 i(t'} =0 H i ct'; ~ Q • YMHO)KHB nepaoe ypaBHeHHe CHCTeMbl 

( 2,2) Ha u 1 a BTOpOe -- Ha - V II CJJO)KHB HX 1 nonyqHM CJleJlyJOLUee paBeHCTBO: 

uu+ihr+ 1atCtJ(uu+irV')--t,a~(tJ(uli"-"-UIT) -1<1CtJ(uZ.+tr2-) ==o, 
KOTopoe rryTeM ::meMeHTaJ?Hbix npeo6pa3oBaHHil: npeapawaeTcsr a cne.oy10wee: 

i + 2at<t>i- ( I<t(tJ+2a2,ct>w(tJI+ wz(tJ)~ =o. (2.3) . . -
3.oeCb IIOJlO)KeHo: 7,(tJ;;:. v U"'(t) +fT'J_ (t) w(t):::. u(t)if(t)-U(t) tr(tJ 

, ' . . U~(t)+trZ-(t)' 
TaK KaK _rrpH n106oM t ~ t. l<t(t)- Qi(t) ;:> Q 1 TO npH n106oM t"?-t 

0 
Bb!pa)KeHHe l<tCtJ + Za')(t)w(t) + wZ(tJ He o6pawaeTCH B Hynb H, cne.ooaa-

TenbHO, CTpOro IIO~O)KHTenb:o, TaKIIM o6pa30M
1 

IIpii t =:: t f • 

7, ( t' ) : (I( 1 ( t t )- + z (/ :J- ( t ') tJ ( -t f) + W 2, ( t I)) 'i ( t I) > 0 
1 

BOIIpeKII rrpeJliiOJlO)KeHHJO, no.nyqeHHOe IIpOTHBOpeqiie Jl0K83b!B8eT neMMy, 

neMM8 5, 

nycTb B CHCTeMe ( 2,2) II pH JJJ060M t >...- t 0 BbiiiOJJHeHO COOTHOWeHIIe: 

Kt(f)- Qi (t) > ...... e > 0 . Tor.oa .rinsr nJ06oil: napb! ( u. tTo) cyruecTByeT pew.eHHe 

OJlHOpOJlHOfi CHCTeMbl (2,2) T~Koe, qTO l.A(to)~ull 1 u(t.)=. ITo H u'-(t)+u2.(t).;0 
IIpH t -? 00 

0603HaqHM qepe3 (u., ct) I v;. (tJ) ( Yl =I) 1, ... ] pemeHHe OJlHOpOJlHOil: CIICTeMbl 

(2.2) 1 y.ooaneTaopsriOme~ ycnoBHHM: U, ( t.,)::. U., (t., ) =- 0 U n ( t,.,) = 
.:::. lf-l-1 (ttl ) ::. 1. 

1 
t 11 -= t 0 + ~ . v:b neMMbi 4 cne.oyeT~ qTo npH nJ060M 

t~ [t t ) .u"2.-CtJ + U.n2.f_t.) >o 
~ o I t'\ 

a 
. - , 

Un(t)U,(t}+U:,(tJcf.,(t) <. 0, 
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BMecTe c peweuueM ( U 11 ( t J 1 Vn ( t}) - o.uuopo.uuoii cucTeMe ( 2.2) 1 oqeau.uuo, 

ynoaneTBOpHeT If napa (- v-~ ( t)' u., ( t)) . KoM5!fHHPYH ieweHue ( ul'l<tJ ,v-.,<t>) 
c peweuneM (- UVt(t}, Lft~(i)} u nonb3yHcb TeM, 'ITO Un (t 0 )+1Tt(.t0 ) >O 
~LI iierKo nony'lu~peweuue _ ( U.;(t), if;,CtJ} TaKoe, 'ITO U 11 (t,)~ u0 

,
1 

lf;. (to} ::; ~ H U 11 ( t..,)::: (J
11 

( -/:. 11 } = 0 . 3To peweuue .uaeTCH cnenyiOIUHMH 

c!JopMynaMH: 

u~ct> 
;:: Uo lJ(n(t,) Un (t J +If;. ( t.) Vn ( tj 

u~ lt.) + u.,2 Ct.) 
+Ua 

Vn (t,) U,.(t)- Un(to)tJi(t) 

u;(t.J +U...2 (t.) , 

v;, (t) =U -tTr.(t.Ju .. CtJ+ u,.(t.) v.,.(tJ 
11 0 2. u,.. ct.)+ u;,tct.J 

+ v, u t\<t.) u.,(t) + il~ Ct.J U'n ( t > 

u~ ct.}+ 1&2. (to) 

. . 
HenocpencTBeHHO npoaepHeTCH, 'ITO I.An ( t) ul1 ( t) + v-'V\ ( tJ v-~ ( t J :: 

U~+V:2. . . 
= 0 0 

( u n ( t ) u V) ( t J + v~ ( t ) un ( t ) ) 
H1 CJ10.llOB81'eJ1bH0 1 npH ni050M t t [ to J t )'I ) . , 

~~(t)u.,(t.) + trn(t)~(t> <o. 

PaccMOTpHM nocne.uoaaTe.rtbHOCTb nap ( U \fJ to) 
1 

v-
11 
(to)) (VI= 1., 2, 3 ... ), 

ilOKa;-KeM 1 'ITO 0118 orpalll!'leHa, .[leiiCTBHTeJ1bH0 1 npennOJ10:11(HM npOTIIBHOe: nyCTb 

naiineTCH nonnOCJie.UOB8TeJ1bHOCTb ( u t1 ( t .. ) I if., ( to) ) TaKa51 1 'ITO 
·~ ~l m ~ 
Ur,~ t.) * u-tlm ( t.) ~ oO npu ~ ~ oO . nocnenoaaTeJlbiiOCTb 

. . t . Un112 (t.J _ 
. 2 . 2. 1 v U hm( to) + un tn (to) 

~w,(t.J J 
.!-1, .:... ~ 
Unr.,(t.)+ u11 Jfo) · 

orp:Jlll!'ICIW u, cnenonaTenbHO) uMeeT, no Kpaiiuea Mepe, o.uuy npe.uenbHyio TO'!Ky. 

~'1Ta TO'IK8 HMeeT BII.ll ( eos «f 0 7 s i Yl Yo.) . B na~bHeiiweM Mbl 5y!leM npe.uno-

IWr[!Th, 'ITO nonnocne.uoaaTenbHOCTb ( [j (t ) :-;.. ( i J) 13hi6paua TBK, n,.,. o , v" , 
'1TO JIOCnenOB8TGJlb!IOCTb 111 

05o3H· 

BOpSIIOl 

3To pl 

MOHOT< 

peweH 

m> 

I ~ct 

r ne j 

'ITO BC 

a on peE 

0 TOM, 

. n 
u;. (t 
( 2.2) • . 
u (i •. 
peweH 

noKa38 

noKa» 

pyeM ~ 

- i (1 

r.ue 
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) 

) 
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0 
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CXO.llHTCSI, 

06o3HaqnM qepe3 ( l( ( t) I U( t)) · peweHRe O.llHOPO.llHOH CHCT9Mbi (2.2), y.noaneT

BOpSI!OWee cne.nyiOWIIM ycnOBI!SIM: U(to): IF(to)=O 
1 
U(f:o)=-eoscp0)T(f0):Si~'(>o. 

3To p9W8Hll9 T8KOB0 1 qTo ~(t).::: v~2(t)+(r2.(t) DpH t >,...to 6;r.neT 

MOHOTOHHO B03p8CT8Tb1 T,e. i ( t ) > O • J.13 TeOp9Mbi 0 HerrpepbiBHOH 38BHCI!MOCTH 

p9ll19HIHI OT HaqanbHbiX .ll8HHbiX cne.nyeT, qTO H8il:.ll9TCSI T8KOe m lr 
1 

qTO .lln5l BC9X 

m > »'\ 0 Cnpase.nnHBbi H9p8B9HCTB8; 

• J.1crronh3YSI neMMy 4, nerKo nonyqaeM, 

qTO BCe "i 11WI(t) 
MOHOTOHHO B03p8CT8IOT

1 

BOIIp9Kll IIX onpe,neneHI!I0 0 OonyqeHHOe IIpOTHBOpeqne IIOK83biB89T
1 

qTQ IIpe,nrrono:»<eHne 

0 TOM 1 qTo II0~~9.ll~B8T9nhHOCTb ( u H { tfJ ) I ;;-.., ( t() ) ) H90I'p8HHqeHH8
1 

nO:»<HO • 

...!. nycTb ( U0 I ~ ) O,llH8 H3 IIpe,nenbHbiX ToqeK IIOCne,noB8T9nbHOCTH ( U tl (to) 
1 u;. (to) ) • 0603H8qifM qepe3 ( ii ( t) I if" ( t)) peweHHe O.llHOpo.nHOH CI!CT9Mbi 

(2.2), y.nosneTsopsrromee .cne.nyromnM HaqanbHhiM ycnosrrsrM: U(t}= H ~(t.} =If: 
• • • - , "fo I o o 

Ji(t ) : U tr( t.) : U: • J.1crronh3YSI TeopeMy 0 HerrpepbiBHOH 38BI!CHMOCTI! ' 
lif • ' ' . . o - -
p9ll19HHSI OT HaqanhHbiX .ll8HHbiX II CBOil:CTB8 p9W8HIIH ( (Jtl ( t) I V"., ( t)) HeTpy .llHO 

ITOK838Tb, qTO IIpll t 7_,to ~(t);;:: 'fu2,(tJtir~{t) ;»0• a i"ctJ <, 0 • 

noKa:»<eM Terre ph, qTo "Z. ( t) ~ 0 Dpll t -'> 0.0 . .Unst 3T0f'O npOHHTerpu-

pyeM ypaBHeHne ( 2.3) .nnsr "(, ( t) rro t OT to .no 00 ,• I1MeeM: 
oO . (j"> 

- ~(~) + zfq1.(tJ~(tJ ott = j(~<ltJ+2Q,Ct>"wct;.,. wl,(tJ)ict) dt 
t . 1 

r.ne • , t. , _ 
- t;- i;(tJif'(tJ-u(tJu-(tJ 
W( - ll~(t)+ u-~(t) 
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QqeBII.llH0 1 'ITO 

f<tCtJ +~a~(tJw(t) + wz(tJ ;r KtCtJ- qf(tJ~c ;»o 

CnenoaaTenbHo, c j;,(t)dt ~ _ ~(t.) + ~frai.(tJ\I~(t>l eft 
t. . ~. 

TaK KaK npll t ?..- t. ii(tJ < 0 • TO r7:ctJ/ = -'t<t) . II, cnenoaaTenbHO 

Jl at.(-1:)/(~(tJidt ~ 7;(t,)SUP,IQ1(t~. 0KOH'laTenbHO nonyqaeM: 

to oO t>,.!f:. 
f"ictJdt~ i(-~Ct.) -~-~~Cto) su._plat(t)/) 
t oo C t?,.to 

T,e. li~Terpan f'i(t} cit CXOlliiTCSI, TaK KaK ict) nonO)KIIT9nbH8 

II MOHOTOHHO ytttraaeT, TO nocnenHee B03M0)KH0 TOnbKO Torna, KOrlla 'i(tJ CTpeMIIT-

CSI K Hymo npll i?ae • neMM8 llOKa3aHa. 

neMMa 6 ( CyWeCTBOBaHII9) • 

OycTb B ypaBH9HIIII (2.1) np11 mo60M t ?'..-to. BbiiiOnHeHO COOTHOW9H119 

; KtCtl- af(tl >..- c > 0 • .a /r2(t)+ !l·(t}-? 0 rrpll t --?> 00 . Torna 

nn~ mo6oro KOMnneKcHoro 'lllcna Xo cywecTayeT peweHIIe X(t) HeonHoponHoro 

ypaBHeHIISI (2.1) TaKoe, 'ITO X(t0 ]:. Xo 11 / X(f) /-7 0 rrp11 { ~ C>D 

3To peweH11e naeTcSI ¢opMynofi: 

" . r t -z{a(r~..JJr~.. oo · 1 ja(t()cfoe 
X(t): x. X (tJ- X (t) j{ e ·t2.(-c) J f(r) XcrJ e -t-, Jr} J-r, 

i• ?: 

rne X (t) · - 'peweHIIe onHopo.riHoro ypaaHeHIISI (2.1 ), ynoaneTBOpSIIowee ycnoBIISIM: 

X ( t 0) = 1.. I i ( t ) = tx ( t ) I ~ 0 n pll t -=> (>0 

.[loKa3aTenbCTBO: 

HeTpy llHO npoaepiiTb, 'ITO HarrllcaHHOe Bbipa)KeHHe ¢opManbHO y noaneTBOpSieT 

ypaBH.9HIIIO ( 2.1) • Do9TOMY llnSI llOKa3aTenbCTB8 neMMbl HaM OCTaeTCSI IIOKa38Tb1 'ITO 

HaTIIICaHHOe Bbip8)K9Hll9 nefiCTBIITenbHO orrpeneneHO ( T,e. llHTerpan jfrr) X(f}e2.la(~Jo/o(. otr npll ni060M 'l' >..- to CXOlliiTCSI) II CTpeMHTCSI 

K ayn10 npll i ~ ~ . OqeBllllHO, 'ITO 

I> 

< ... 

r. 

H: 

r 
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B8T9JlbHO 

Ha 

rpeMHT-

(2.5) 

r or .a a 

r.ae 

: ·. • .. .. •/5/ ·. . . 
K ypaBH9Hll!O ( 2.5) M02K9T 6b!Tb npHMeHeHa TeopeMa 5 pa60Tbl • n pllM9HllT9JlbHO 

.:·: -, .. 
K 8TOMy ypaBHeHHIO TeopeMa 5 yTsep2K.aaeT, qTo ecnH o6a HHTerpana 

C>BHSIM: 
00 t 't '7:. 

Jf. ~JutC~)o(o(.J . . . "J . ,v {Q(ci.Jrl.J... .} 
L e- to . ( ~<t<<t> + ~a2..Crr> w (t') + w 2,C-t>) etta t . cl~ Jt 

t . t ' 
eT 

4HTCSI 

( 2.6) 
. . . . . t i 't 

oo . . . 'V N 2. f Qi(J.)dc~. j. _,J alJ.JJr~.. J } oft J { (r<lf)+ ~q;/tlw(t) + w2(-tJ)e tu . e to ~ . 
~ ~-

paCXO.llSITCSI, tfCtJf~ 0' np~ .t ~ 00 1 TO npaBaSI qacTb Bb!pa2KeHHSI (2.4) 

.ll9tiCTBHT9JlbiiO SIB~eTCSI pemeHHeM ypaBH9HllSI ( 2.5) 1 ( T.e. HHTerpan 

lr!(rJti(r)ef,t.:f.(rJ.)do(olt . ilpH iliOf>OM L >....- tQ CXO.llHTCSI; TaK K81\ 

. r . 
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1
·. ffCf!XCf! e:.J.aco~JofotJll ~· Ti{crJiicp;?.la,£-<Jcla. elf' 

1:" 1: J ,., l. {a(ot.J of ve. ) 
TO OTCIO,Oa 6y.oeT cne,OOB8Th T8K:lKe CXO.OHMOCTh HHT9I"pana {Cf) X(yJe to . Jr 

H CTp9MHTCSI K Hyn10 npH t--?>' (>0 , noKruK9M 1 'ITO HHTer5anhi ( 2,6) paCXO.LlSITCSI, 

.. . /9/ H /10/ 
llefiCTBHT~nbHO H3 pa6oT · . . . . · H3B9CTH01 'ITO He06XO.LlHMbiM H ,LlOCT8TO'l:HbiM 

ycnO~II9M: JYIU9CTBOB8.HHSI CTp9MSIIU9I"O~SI K Hyn10 npu t ___.,. ~- pellle~HSI O,LlHOpO,LlHOI"O 

ypasHeHHSI ( 2,5) SIBnSieTCSI o.oHospeMeHHaSI pacxo.oHMOCTh HHTerpanos ( 2,6). TaK KaK 

C nOMOIUhiO neMMbi 5 6hinO nOK838H0 1 'ITO O,LlHOpO.OHOe ypaBHeHHe ( 2,5) HMeeT CTpeMSI

IUeeCSI K Hyn10 npH t ~ '00 pellleHHe 1:(t) 1 TO.HHTerpanbi (2,6) paCXO.LlSITCSI 

H TeopeMa 5 npHM9HHM8, JleMMa .OOK838Ha, 

JleMMa 7 ( e.aHHCTB9HHOCTh. ) • 

flyCTh ypaBHeHHe (2,1) no-npe:lKHeMy Y.LlOBneTBOpSieT ycnOBHSIM neMMbi 6; TOr,aa 

.anSI n106oro KOMnneKCHOI"O 'IHCna )(0 pe~eHHe X ( t) Heo.aiiopo.aHOI"O ypaBHeHHSI ( 2,1), 

y.oosneTBOpSIIOIUee ycnOBHSIM:' X (to) = Xo II I x(tJ I~ 0. np!I t _.. 00 

e,OHHCTBeHHO. 

lloK83aTenhCTBO, 

llnSI .LlOK838TenhCTB8 neMMbi 1 O'l:eBH.LlH01 .Ll0CT8TO'IHO .OOK838Th
1 

'ITO ycnOBIISIM 

X (to) = 0 n J Xi( f} / __., 0 npu t ~ ~ y .aosneTBOpSieT TonhKO TPH:BHanbHoe 

pellleHHe O.OHOpO.OHOI"O ypaBHeHHSI, C.aenaeM a To. n pe.anonO:lKHM npOTHBHoe: nyCTh 

pellleHHe X ( t) f. 0 o.aHopo.aHoro ypasHeHHSI ( 2.1) y .aosneTsopSieT ycnoBHSIM: 

x(t,) == 0 , . IX(tJ/~ 0 npH t-? 00 • Tor.aa npu HeKOTOpOM t I> to 
"?, ( 1;) ~/X (tJ/ HM.eeT M~KCHMyM, sonpeKH neMMe 4. JleMMa .ooKa3aHa, 

JleMMa 8, 

ny CTh B ypaBHeHHH ( 2.1) cPYHKUHH a ( t) H H ( t) 38BIICSIT OT .oe.HCTBHTenhHOI"O 

napaMeTpa A H HenpepbiBHhi no A npu A= A 
0 

; nycTh .aanee npH scex A , 
ne2Kamux B HeKoTopoil oKpecTHOCTH TO'IKH A ::. A , H npH scex t ~ to BbmonHeHo 

2. 0 \ 
HepaseHcTso: f(1 (t 1 A)- Uz ( t 1 A) ~ C > 0 , r.ae C: He 3aBHc_HT OT 11 

Tor .oa pellleHHe X ( t 
1 

A) o.aHopo.oHoro ypasHeHHSI ( 2. ~ ) , y .aosneTBOpSIIOIUee ycnoBHSIM 

X (to A) = Xo H /X ( t,..\) / ~ 0 npH -t ---?> oa , 38BHCHT Henpepb!BHO OT 

A ~PH ;\ =: Ao t T,e. x(t,)d-7x(t,).o)• a x(t,A)-?x(t)~npH A-=> Ao 
paBHOMepHO Ha K8)K,Ll0M KOHe'l:HOM 0Tpe3Ke [ t. 

1 

t i J • 

x(t 
npm 

yno: 

lloK 

.anSI 

CT8f 

npu 

·x 
t)( 

n10 J 

,OOBI 

CSI. 

·mee 

'IT'o 

05bE 

0 HE 

cym 

Hac 

\X ( i 
MOe 

)KIIM 

II t 
HOCTI 

x(t 
nyc1 

Illee 

He 
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JJ.oKasaTenbCTBo, 

JJ.mil .llOK838TenbCTB8 neMMbl 1 O'I9BM,llH0 0 ,ll0CT8TO'IHO .ll0K838Tb
1 

'ITO 

X ( io)) ~. X (to 1 ), 0 ) npu A --7' A 0 , I'.lle X (to 
1 
A ) ecTb sH~'IeHMe nepaott 

npol!sBO.llHofi npH t ::::: t 
0 

.llmi peweHMH X ( t 
1 

,X J.o.llHopo,llHoro Yf'll:IBHeHHH ( 2.1), 

y .llOBneTaopmomero ycnoBHHM: X (i0 1 
A } = X 

0 
H 1 X ( t 

1 
,X ) J--7- o npH t """""7 oo • 

JJ.OK8)!{9M 9TO, JJ.ng 8TOI'O .llOKl:l)!{eM CHaqana, 'ITO CyiUeCTByeT 6 > 0 Tl:IKOe, 'ITO 

LlnH acex"A E:- [Ao-f, Ao+b] x(to,A) orpaHM'IeHo HesaBHCHIUeti OT A KOH

CTBHTofi. npe,llnOnO)!{HM, 'ITO 9TO He Tl:IK, Tor,lla Hl:lti.lleTCH nocneaoBaTenbHOCTb ~;=' Ao 
npH Y\ --7> 00. TBKaH, <,·ITo I X (to A h )j---=.>oo npH V\ ~ 00 • nocne,lloaaTenbHOCTb · 

. X (to,,\..,) orpaHH'IeHa H, ;ne.llOBaTenbHO, HMeeT npe,llenhHYIO Toqxy, no MO.lly-
IX(to, ,\"')1 . e' \0 

mo paaHyiO ehHHHue. nycTb aTo 6y .!leT I o • Mb1 npe.llnonO)!{HM cpasy, 'ITO nocne-

• (t ~ ) .llOBaTenbHOCTb ). n Bbi6paHa TaK, 'ITo nocne.llOBaTenbHOCTb X 0 • 11 cxO.llHT-

1 x(to, .\r,>l 
CH, flycTb X (t, ).J peweHHe O.llHopO.llHoro ypaaHeHHH ( 2,1 ) .c A :::A 

0 
, y .lloaneTaopHIO-

·mee HaqanbHbiM ycnoBMHM: X (to, ~0 )=-0 1 X(t
0
,A

0
)::e'r0 Vls neMMbi 4 cne.llyeT, 

'IT'o I X ct )o) I npH t ;;>,.. t 0 MOHOTOHHO B03p8CTl:leT, T.e. it I X (t,Ao)J r o. 
06be,llHHHH TeopeMy 0 Henpepb!BHOH 38BHCHMOCTII peweHHH OT napaMeTpa C TeopeMOH 

0 Henpep!.IBHOH 38BHCHMOCTM peWeHHH o"T H8'I8nbHbiX .lll:IHHbiX nei'KO nonyqaeM, 'ITO 

CyiUeCTByeT no . Tl:IKOe, II t = to+ f 

< t ft-!ii(t, Ao} / 

'ITO npH n > no 

ftJx(t,An)l 

I x c to , ft 11) I 

1-ia OCHOB8HIIII neMMbl 4 OTCIO,lla cne,llyeT, 'ITO npH n > ., 0 

\x(t,~h>l 
~ > 0 cymecTayeT, 

ace 

MOHOTOHHO B03p8CT8IOT 1 aonpeKl! I1X onpe.aeneHHIO, Cne,llOB8Tenbi!0
1 
Tpe6ye· 

Moe 

noK8)KeM Tenepb, q~o X (to) J ~X (to. ~ 0) npn A -7' .A 0 • npe,lll10no-

)Kl!M npoTHBHoe: nycTb Hati.lleTCH nocnelloBaTenbHOCTb A., ~ ~ 
0 

npH h ~ 
00 

II. t > 0 Tl:IKH·e. 'ITO rxcto,~,..,)- x(to,Ao) I>[, . VIs nocne,llOB8Tenb-

HOCTH Ah Bbi6epeM. ilO.llllOCne,llOBa;enbHOCTb A h ' TBKyiO, 'ITO nosne,llOBaTenbHOCTb 

X (t \ tr ) cxo.ll~TCH •. nycTb X ee npe,ller::. Oqean.llHO, 'ITO X 
0 

± X ( t _,\ ) o, A ,_.1 o T o, o . 

nycTb X ( t \ }· peweHne O.llHO_PO.llHOI'O YP,l:IBHeHHH ( 2.1 ) c A= Ao . y .llOBneTBOPHIO-

JIIo ,.... t I ) ,., ,._,(t I 
r.uee ycnOBl!HM: x(to)o)=Xo• X( o,Ao =Xo· B CHny neMMbl 7 MO.llynb X J Ao) 
He CTpeMHTCH K Hymo. npH t -- 00 Cne.lloBaTenbHO , uaii.lleTcH 



'26 

TaKolt MOMeHT BpeMeHH ti >to , 'ITO npH i::: tf it /X(t,~0)(>0• B CHny 

TeopeM 0 HenpepbiBHOlt 38BHCHMOCTH pellleHHSI OT napaMeTpa H OT Ha'lanbHbiX .aaHHb!X 

Halt.aeTCSI tl1o TaKoe, 'ITO npH m > m 0 H t =. tf 

I ciJt I X ( t) >. 0 ) I - ft I X ( -t ) }, " ""llj .( ~ d~ I X ( t ' ,X 0 ) I ' 
T.e. Ha OCHOBaHHH neMMbl 4 npH t ":'l ii H m ;> Wlo B~e-.J X ( t J A 11 tn ) I 
MOHOTOHHO B03paCTaiOT1 BOnpeKH onpe.aeneHHIO. fleMMa .LlOKa3aHa. 

fleMMa 9. nycTb O.LlHOpO.LlHOe ypaBHeHHe ( 2.1) no-npe:>KHeMy y .LlOBneTBOpSieT 

ycnoBHSIM neMMbi 5, a X ( t. ) eCTb cTpeMSILUeecSI t HyniO npu t ~ oo pellleHHe· 

o.aHopo.aHoro ypaaHeHHSI (2.1). Tor.aa I X(t)e2.Ja(o{)olol/-7 0 npu t--=> oo. 

. to . 

.[loKa3aTenhCTBO. ., ' i 

)..i.JJSI .LlOKa3aTenbCTBa neMMbl nOTpe6yeTCSI HeCKOnhKO OUeHOK. I-fa'IHeM C HHX. 

3anullleM ypaaHeHue (2.3) .anSI ?, ( i ) = /X ( t) { B _ au.ae 

A..(m(t)i(tl)- m(tl'i{(t) "V(t) = o , 
cit t (2.7) 

r.ae 
. 2.} a!(cJ.) dd.. 

rn(tl= e t 
• 0 • a K'<t>= t<1(t, + 2oz.CtJw(tJ + w2.ctJ. 

YfHTerpu~ySI (2.7) no t OT to .ao t nony'laeM, 'ITO 

rn(t) i(t) -::: m(to) i(t~) -1- }m(-rJ K(T} ~('t) J-r. 
!51 -t . t vb neMMbl 7 pa60Tbl ~ne.ayeT, 'ITO 0 m ( tJ 't(t)--'> 0 npH ~ ·oo • Cne-

.LlOBaTenbHO, HHTerpan J m (t'.) K ('t') ~('t") J"C CXO,llHTCSI. vb ero CXO.LlHMOCTH 
t . ~ -

cne.ayeT CXO.LlHMOCTb H~T~pana s t'YJ ('t) "z. ('t' J ol"t 1 TaK KaK f< ('t) ~ C > O • 

fbKa:>KeM, 'ITO HHTerpan J tJ1 ('t"} tl!"('{'), d't' T8K:lli:9 CXO.LlHTCSI• ViHTei"pHpySI -no 
t - • 

'latTSIM H nonh3YSICh TeM, • 'ITO , i ('t" J ( =:- _ 7, ('t) , rrbny'l':tM! 

jrn(-r)li(<tll ~'t": -rn(t) "l-(tl + m(to)~(to> + J m('"t") '7,('f:}rl'r. 
io to · 

ViHTerpan, CTOSilUHM B neaofi '18CTH paaeHCTBa
1 

IIOnO:lKHTeneH. 

oueHKa 

lbsToMy crrpaae.anuaa 

1 

j 
i. 

.::: 

T.e 

He 

808 

t 

He1 

no: 

npH 

rrpu 

w( 

0 

ViH'I 

. xj 

Cne; 

rrpu 

Jxc 
IIpH , 

CO B 

TaTe 



, B crrny 

, .aaHHb!X 

>pSieT 

WeHHe· 

HHX. 

(2. 7) 

, Cne-

IOCTH 

c > 0. 
:>ySI no 

:me.anrrsa 
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t t 
J m(-c) I i('t)l ch: 

·to 
$. rn (to) "l, ( t 0 ) + 1 f m c '( > "l- c 't) cl -c I 

to 

~ rn(to) ~(to)+ 2. sur! ai(tJ} 
t >;.. fo 

. t 
) 

T.e. Bb!pa)l{eHHe f m ('t') I i ( 't')fcl't" orpaHrrqeHo npH mo50M t ~ t 0 

~-t . 
He 3aBHCSilllei!: OT KOHCTaHTOi!:. C .llpyroi!: CTOpOHb! 8TO Bb!pa)l{eHHe MOHOTOHHO 

B03pacTaeT, Cne.aoBaTenbHo, no H3BecTHoi!: TeopeMe aHanrr3a OHO HMeeT npe.aen nprr 
bO t .....:;;. 00 .• T.e. HHTerpan J h1 (<t') I i('t) I ch: CXO.llHTCSI, 

HaM Hy)I{HO .aoKa3aTb, q~ I X ( t) I W\( f) ~ 0. nprr f ~ ~ .. 
HeTpy.aHo nposepHTb, qTo I X (t) I= Vi2.(tJ+wl(t)~?.(t) r.ae w(t) = U(tJtr(t)-lJ(t)tl(f) 

. ' . Ul(t)+ fTZ.(t) . 
noaTOMY .anSI .llOKa3aTenbCTBa neMMbl .llOCTaToqHo noKa3aTb, qTo ?A tJ rn Ct J -9 0 

npH t 7 ~ H w{t) 'Z (f}m{t)-7o npH t~ bO • To, qTo i(tJ m(tJ ~ 0 
. /5/ 

nprr t ~ E;,O .llOKa3aHo B neMMe 7 pa5oTbi • OcTaeTcSI noKa3aTb, qTo 

W( t} 'Z ( t)m ( t l ~ 0 npH t ~ «::>4 • Y13 ypaBHeHHSI ( 2,} ) HMeeM: 

t t . 
c( ( . ( t) e2. f Cl(cJ.)d!l..) 2 J a(oOdo.. _ t 
-x t -et l<(t)X( J==o (2.8) dt . 0 0 

YfHTerprrpySI paBeHCTBO (2,8) Ha npOMe:>KyTKe OT to .llO t , .nonyqHM! 

t t T 
. zfa(rJ.)c/o.. . J .tfaCg(.Jd"'-
x ( t) e to · == X (to ) + e to I{ (or J X ( 't ) cf 't 

Cne.aosaTenbHO,· I X(t)lm(t) ~I xctJ~0 
+ r YYl('t)fl<(<t)/~('t') cl-c . T,e, neBaSI qacTb 

nprr mo50M t >,.- to orpaHrrqeHa He 3aBrrc!&ei!: OT t KOHCTaHTOi!:, TaK KaK 

/X(t)/~ ~(f) "t({J , To oTciO.aa cne.ayeT, qTo rr .~(fJ Z(f) m(tJ 
npH motSo~ t .>,. to orpaHrrqeHO TOil: )l{e KOHCTaHTOi!:, .. 

YMHO)I{HM nepBoe ypaBHeHHe O.llHOpO,llHOi!: CHCTeMbl (2.2) Ha - U H CnO)I{HM 

co BTOpbiM yp~BHeHHeM o.aHopo.aHoi!: crrcTeMbi ( 2,2), yMHO)I{eHHbiM Ha U • B pe3ynb-

TaTe nonyqrrM: 
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utr-utr+1,~z.CtJ(uu+trirJ +Za1{tJ(uir-/Jtr) -K'z.(t>(u"l-+uz.) =- o. 

n yTeM aneMeHT8pHblX npeo6pa3088HHl\ 8TO pa8eHCT80 npe8pamaeTCSI 8 .cne,ayiOLUee: 

UJ +2.( ;(~~~ + a,(tJ) w -d.n .. ct> ~~i: - K~ct> == o. 

VlHTerpnpySI nonyqeHHOe ypa8HeHne .anSI W ( t} , nerKo nonyqaeM, 'l.TO 

t 

w(iJ= ... ,.t+! ... 2.r+' {Co- Jm('t)7-(-c}(2.az.Cor>i(t'J- K-z.C't)"{r>)clT}. 
fo ' . 

ViHTerpan, CTOSILUHl\ 8 npa80l\ 'l.8CTH nonyqeHHOI'O pa8eHCT881 npH t ~ <>0 CTpeMHTCSI 
• o<> 

K ~He'l.HOMY npe.aeny. 3TO cne,ayeT H3 CXO.OHMOCTH HHTerpan08 1 /1'1 ('C) ~(7:) cl'f:' 
H J WI ('t) I i('t)} cl't . noaTOMY aTO pa8eHCT80 MO)KHO 38MeHnft Ha cne.ayiOmee~ 

to , oO 

~ . + L J m(l'J "l-(tJ(2o2,(rc)i(~)-1<.2.Crr>~('(')rlrr. 
~(t) . 7,(-t) t wet J .'Z-CtJ 111C t J =-

Vis TOI'0
1 

'l.TO VJ(t)~(f) m(t) 
I I 

'l.TO Co = 0 • Cne.ao8aTenbHO, 

no .QOK838HHOMY 8b!W9
1 

orpaHH'l.9H0 1 cne.ayeT 1 

: c;>O . 

W(iJc,(iJm(tJ~ j_ j m(-rJc,(-rJ(t1Q2.(-t)lfi('tll +IK2.('t')[l(;.(t))of-r.::... 
7.-(tJ t --

00 
c;>O 

~ 2. SU.f./C12.({J/fm('t)/i(t}fc/T: 
t >} t. t 

.,. j u E I K .. ( t ll J ""'(. "t) '1.-(0 h: 
t 'l to t J 

TBK K8K M8KCHM81lbHOe npH 't' ~ t 3H8'l.9HHe C..('t) 1 O'l.e8H.QH0 1 npHHHM89T npH 

't' == t 
t-=, 00 

• npa88SI 'l.8CTb Hepa8eHCT88 no .QOK838HHOMY CTp9MHTCSI K HV1110 npH 

• Cne.ao8aTenbHO, w(t) ~(t) Wl ( t) __..:::, () npn t-oO . 
neMM8 .QOK838H80 

• f 

-

ne 

8( 

t 

HE 

H 

X 
p 

X 



. ) :::: 0. 

'IOruee: 

0 

3MHTCSI 

cne.oyeT 1 

' 

:pH 

!pH 

;) . 
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neMM8 10. 

rlyCTb O.LlHOpO.OHm:! ypaBH9HII9 ( 2.1) no-npeJKHeMy y .LlOBneTBOpSieT ycnOBHSIM 

neMM£i 8, a ¢YHKUHSI I { f} saBIICIIT oT .oell:cTBHTenhHoro napaMeTpa A II y .ooBneT-

BopSieT ycnO.BHSIM: 

1. CyruecTByeT d> 0 TaKoe, 'ITO .onSI Bcex A € [Ao-f1 .t\ 0+~] H Bcex 

t .>,_. to lj{t, ~)/< c , r'.Ll9 c ~ KOHCT8HTa; 

2. LtnSI nro6oro ,.\ t [Ao- r, Ao+~J 1/((A) f_:;. 0 npH t ~ 00 ; 

_ 3. /{f, A} HenpepbiBHa no ~ npii ).::: A0 • Tor.oa perue~He X (f 
1 

A) 
_ Heo.oHopo.oHoro ypaBHeHIISI ( 2.1) 1 y .ooBneTBOpSIIOIUee ycnoBHSIM: X {i

0 1 
,1) := Xo 

II I x(t,A)/-? 0 npii A ~ ~ 0 I Henpepb!BHO no A . npii A= Ao. T.e. 

x(t,>.}~x{t,).o),a x(t,).)-4 x(t, ~o) npii A~ ..\o 
paBHOMepHO H8 KaJK.LlOM KOH9'1HOM 0Tp93K9 [to I tf) • 

LtoKa3aTenbCTBo. 

\ 

r.oe X ( t 1 A) ecTb perueHHe oiiHopo.oHoro ypaBHeHIISI (2~1), y.ooBneTBOpSIIOIUee 

ycnoBIISIM: X(f .,\]'~ f . J X(t, ,.\) / ~ 0 npH t ~-oa • TaK KaK cornacHo 

neMMe -8 t'(t: A)~ '1 ff
1

)
0

) npH ) --?> ;)
0 

paBHOMepHo Ha KaJK.ooM KOHe'IHOM 

oTpe3Ke [i t '] , To 1 onHpasrcb Ha neMMY 9, MOJKHO HaniiCaTb1 'ITO npii ~ -7 Ao - o, f T r 
·)oo _ ~ · _ ,.Ja(r{,A)olo<. . . t]a(ot,},)dol.. 

K(y,A>x(r,A) e to dr=-X(7:,AJ e to ~ 

r ' r 
, . ,.,jct{fl.,),

0
)clci Joo .-v zJa(cl,~o)ofe{ I 

~- X(7:,},
0
)e to· - K.("f,Ao)X(f)o}e to "J 

'( 

p8BHOM9pHO no 1:" H8 K8)K.Ll0M KOH9'1HOM 0Tp93K9 [tO ) t i] • 0TCIO.Ll81 IICnOnh3YSI 
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paBHOt~XHYIO orpaHHqeHHOCTh cpyHKUiiH /( t, ) ) , cne.uoaaTen.hHO, H cpyHKUHH 

{( 1 ) 

1 
HeTpy .UHO noK838Th, qTo npH ~ -7> A 0 · . · 

K(~AJ r · . r 
oo . _.· 2,Ja(o£))ofd.o/ ]tPf ,.., . £Jct(d)o)olc.<. 1 
j f<f,.\) X('f)) e t. . )--"" (r).) X(l,\.) e t, . . a l 
T ~ 

r H8 K8)K,ll0M KOHeqHOM oTpe3Ke [to 
1 
t i] . 0TCIO.lla 

coaceM npocTo cne.uyeT, qTo npH ,.\ ~ A 0 Bbipa)KeHHe ~.mi X (r 1 ,\) H nonyqaiO

weecSI 1!3 Hero ,llHcpcpepeHuHpoaaHHeM no t Bbipa)KeHHe ~nSI- )< ( t ) ) coo TeeT-
• I 

paBHOMepHO no 

CTBeHHO cTpeMHTCSl K X(t)).O) H x(t, Ao) paBHOMepHO H8 K8)K,ll0M KOHeqHOM 0Tpe3+ 

Ke [to J t i] • fleMM8 ,llOK838H8, . 

mecTBOB8HHSl H e,llHHCTBeHHOCTH r 

CHCT9Mbl (It) 

B aTOM naparpacpe 6y.ue.T BbiSICHeH aorrpoc o cywecTBOB8HHH H e,llHHCTBeHHOCTH 

rpaHHqHbiX TpaeKTOpHi1 CHCTeMbi (It) npH KOMnneKCHbiX 3HaqeHHSIX napaMeTpa t 
O.uHaKo 6y.ueT y.uo6Hee paccMoTpeTh STOT aonpoc ·.unSI CHCTeMbi .( 1,2). riosToMy, 

npe)K,lle qeM ,ll8B8Th cpopMynHpOBKY COOTB9TCTBY!Olll9H TeopeMbl ,llnSI. CHCT9Mbl ( },2 ), 

Mbl ,llOn)KHbl OTBeTHTh H8 ,llB8 BOnpoca~ 

1. Bee nH rpaHHqHbie TpaeKTOpHH cHcTeMbi ( I f. ) nepexo.USIT npH 3aMeHe ( 1.1) 

B rpaHHqHbJe TpaeKTOpHH CHCTeMbl ( 1.2) B CMbJCne pailee IIpHBe,lleHHOrO onpe.ueneHHSl 

rpaHHqHhlX TpaeKTOpHi1? 

2. 4TO noHHM8Th no,ll rpaHHtJHOH TpaeKTOpHei1 CHCTeMbl ( 1,2) npH KOMrineKC.~b!X 

3HaqeHHSIX f, ? 0TaeT Ha nepBbii1 aonpoc .uaeT cne.uyromaSI neMMa. 

fleMM8 11, 

CywecTayeT £0 > 0 

HOM M9)K.llY - f 0 H Eo 
· cHcTeMbi ( IE. ) Hai1.ueTCSI 

o6a Bbir9.)KeHHSI 

T8KOe, qTO npH n1060M .ll9HCTBHTenhHOM f 1 38KmoqeH" 

, . ,llnSI n1060i1 ·rpaHHqHOH TpaeKTqpHH ( Xf ( t) I !J f. ( t ) ) 
T8KOi1 MOMeHT apeMeHH tf (I!} 1 qTO npH f; > t~ (f.) 

I . 

j_ 
d... 

rk 

MOH< 

- nE 

T9 )! 

~If ( i 

tJiC 

ec1 

cy1 

< 
a 

nHe 

HH~ 

np~: 

c. 

t 
9T< 

H I 

I 

4 

rl() 

ow 

C.ll 



,)o/~ 
. T 

ny'IaJO-

>OTBeT-

~HHOCTII 

pa C • 
)My, 

( 1,2 ), 

~ (1.1) 

::1eneH1IH 

:eKCHbiX ., 

(tJ) 
1-. (E) 
•1. 
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MOHO.TOHHO CTpeMHTCH K HynJO C pOCTOM t 
- rrepiiOllii'IecKoe peweHIIe ClfCTeMbi ( 1,6), rrocTpoenHoe B neMMe 3, a 

Te me, 'ITO.B 3aMeHe (.1,4), 

JloK838TenhCTBO: 

QqeB!fllH0 1 ~'ITO 

Ltf(tJ ~ -'U_s(t 1 f,) + 1 [(xf(t)-X5 )cosr + (Yf(t)- Ys) .SiY~y.] I 

ecT·h peweH!fe ClfCTeMbi ( 1,2). Cornacno orrpe.oeneHIIIO rpaH!f'IHbiX TpaeKTOpllii 

cywecTByeT MOMenT BpeMeHH ti .(f.) TaKoil, 'ITO rrpa f> t1CE) x; (f.)<: X((t)< 
< x;(e) I y; (E)< '.fiJi)< .y;'(f.) (3ll8Ch rrpe.orronaraeTCH, 'ITO X£ (f.)< x;' (f. )I 

a Yl (€) < ':1~1 (E.) B TOM cnyqae, Kor.oa n lf60 xf (E) :::. X~' (f.) • 

nu6o Yi (E) < ·!:f;1 (E).) .ooKa3aTenhCTBO rro.oBepraeTCH ne3H8'IIITenhHbiM H3Mene

HIIHM). 3To 03HaqaeT, 'ITO naii~yTcs C: > 0 II KOHCTanTa L'
1 

> 0 TaKHe, 'ITO 

rrpll-~:< E <·c: u t>ii(e) J Xs- X£.(t)/<L1 f.. II /Ys-!:ft:{tJ/<L
1

E. 
c .opyroii CTOpOHbi, O'IeB!fllHO, cymecTI':IyiOT £'' :> (} II L > 0 T8KIIe, 'ITO IIPII ni060M 

t H -f/<.£<f/' fi/.s{f1 E}j< ~; II I ~{t1 fJ/<L E . Bee ·. ~z - , 7.-
aTo B3HTOe BMecTe 03HI:\'I8eT, 'ITO cyrueCTBYIOT E ::: t'Yl; n ( E c" ) . VI L o o I C.o 

If :OHCT8HT8,.., L :: m ()X ( L 1., + T I . ~, +· {j, 1.-t f. o{} T8KI1e, 'ITO IIPII 

-c.-<~<'" H t > t~teJ 1 u£ttJ/ < L e , 1 if£ CtJ/ < L E.. 
FioKameM, 'lTo cyruecTByeT Eo > 0 TaKoe, 'ITO rrpu: - E 

0 
<: £ < C 

0 
rronyqennhiM 

OUeHK8M y ,OO~neTBOpH!OT TOnhKO I'p8Hif'IHbie TpaeKTOpllli ClfCT8Mbl ( 1,2), Jlns 9TOI'O 

caenaeM B c!fcTeMe ( 1.2) 3aMefly: /A ::. E. X 
1 

U = f ':J . B pe3ynhTaTe rrony'IHM: 

. X= A':J + f, R (><,~, t If.) 1 

. ~ ~ ,.\ X+ E: s ( x, y I t I G} . 
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/12/ 
.Uanee, ucnonbsyH neMMY A.naMapa (eM. , cTp. 81-82) , sanullleM nonyqeHHYIO 

CHCT9MY B BH.Ue: · 

X= A~ +f'l.(X,Y,t}c.).X +£.S(X,Y, t,E.)Y> 

~ =- A X + ~ p (X I y I t' f. ) X + £ 7 ex I y I t I £) y . 

npO.llHcPcPepeHUHpyeM Tenepb nepBOe ypaBH9HII9 no t u B nonyqeHHOM pesynbTaTe . 
HCKJIIOqHM y c noMOIUbiO BToporo ypaBHeHHH. B u:rore nonyqHM: 

x = £ ( ~ +- x ~ ~ + .Y s ~ ) x + [ (A + E p) (A +£ s + E x rz.~ + f. ~ s~) + t e-~ Jx + 

+ £ [ ( ,\ +f. s + f x "t ~ + £ 'J s ~ ) 7 + st: ] :1 . 

f-IaKOHeu,, 38M9HHM 'j 1 CTOHIUee B KOHU9 n~aBOfi qaCTIIJ C nOMOillblO nepBoro ypaB-

H9HHH, 0KoHqaTeJibHO nonyquM: 

·· ( , s' X'l,~+YS~ 
X - £ '7, + i + X ~X+ y X+£ I A + E s 

I . 

+~)x 
). + t:S 

I 

_ ( (1 + f X~~:: :H )( (A +E s)(A +ff)- f.~7'l,) +& 7-{- £2. ~ .. ~\ J X= o. 

nycTb c paBHO M8KCHM8JibHOMy 3l{aqeHIII0 1 np1IHIIM89MOMY cPYHKUHefi t(x, IJ, t, f }: 

:: l"t(X,Y,t,fJ} + /S(X'1 Y,t,F-J/t- lp(><,':J,(F,J/ +l7(XIY 1 t,E.)/ + 

+ I X "l ~ (X I IJ I f' f) I + I y s ~ ()(I l) I t, E) I + I X f ~ (X I IJ I t, £)I + I y 7 ~ (X I y I t, t) I+ 
t I'~-~(!<, Y, t, t}/ + 1 S~(x, Y, t,E)/ + If~( x, Y, t,&) / + !f/X, Y, t, £)) 

,...> 

npH 

Bos~: 

-E 

(i + 

npH J 

B KB 

TO n 

.no T· 

OOJib 

J...u 
~ 

I X' r, 

X£( 
..e;,. 

-t_, 
pace: 

.llOKB: 

CIICT< 

HII t 
K HYl': 

npu 

JI9HHE 

me fi 

CIICTE 
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·""' 
rrpll lf3Me~eH!flf X ':It E B Kyoe lxl~zL, IY/~2L ,ttt-6-Tf u It;(~ 

1 I I f ~ 
Bo3hMeM £ - m i V\ ('C - _j_) . HeTpy nHo y5enrrTbcH, qTo nprr 

o- Co 1 6C I CC 
- Eo < f < E o 1 x t ~ 2 L rr 1 Y I ~ 2 L 

) 

(i +f X:~;~ s; ){0 +£S)(A + Ef) -E 277,) 

rrprr nroooM t . Vlcnonh3YH 9TOT c!JaKT rr neMMY 4, HeTpynHo yoen1 'bCH, qTo, ecnrr 

B KaKoii-HHoynh MOMeHT t:.t' Xr,(i} XE(f') ~0 rr /Xt(f}/-r/Xt(t'J/ > 0
1 

TO npa i ~-t' X/'(fJ . 5yneT MOHOTOHHo Bo3pacTaTb no KpaiiHeii Mepe 

no Tex rrop liOKa nrr5o I X E ( t) I CTaHeT 5onbwe 2 L ; nrr5o I xf ( t) J CTaHeT 

5onbWe 2L . TaK KaK npa t"?~((). w -lo<E<Eo peweHae ( x,(t) = 
1. (t t - .i. ' t) . ~ uf. ) '. YE( } - E VE ( ) ynoBneTBOpSieT ycnOBif!O 

/>(E(tJ!<L, /'Jf,(tJ/< ~ , To oTcrona cneny~T, qTo nprr t> t
1

(C.) 

xf (f) X'i,(tJ < 0. nplfM9HifB nanee paccy)Kll9Hif.SI neMMbl 5, HeTpynHo ITOKa3aTh, qTo 

-/!!J-rJ ){E. ( t} =, 0 . noqTif llOCnOBHb!M ITOBTOpeHrreM nprrBe.OeHHbiX J?biWe 
-t~oa 
paccy)KneHrrii llOKa3biBaeTCli aHanonrqHoe YTB9p)K.09Hife nn.SI y £ (t) . neMMa 

noKa3aHa, 

Cc!JopMynrrpyeM Terre ph cnenyrowee onpeneneHrre: peweHae ( Ug ( t) 
1 
t{ ( t)} 

ClfCTeMbl ( 1,2) Ha30B9M rpaHrrqHbiM 1 ecnrr .Onll Hero H8ll.09TCH TaKOll MOM9HT BpeMe-

Hif t1 (E) 1 qTo npa t > tt.(E). /Ue(t) / ~ /lf{t) J MoHoToHHo cTpeMHTCH 

K Hynro C pOCTOM t , 3TO onpeneneHrre lfM99T CMbiCn H nprr KOMnneKCHbiX C 

npa .OeiiCTBllT9nhHOM E; OHO, oqeBifllH0 1 COBITanaeT C nprrBe.OeHHblM Bb!We orrpene

neHif9M rpaHrrqHbiX TpaeKToprrii, llone3HOCTh 9Toro onpeneneHrr.SI BhiHCH.SieTCH B cnenyro

me ii TeopeMe, 

TeopeMa 3, nycTb TOqKa ( 0 I 0) 'liBn.SieTC.SI nonO)K9Hif9M paBHOB9Cifli lll!H 

ClfCT9Mbl 

fo (XI !J) :rEf/ X 1 y 1 t 1 /'_) 

7 o ( x, Y) -t e 71 (x, ~ , t 1 f J , 
( 3.1 ) 
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r.lle. A > 0 , a .pa3nO)K9HHe cPYHKUHii fo (X, Y} H fo {X 1 !I} B pHll B oKpecTHOCTI1 

TO'IKI1 ( 0
1 
0) Ha'IHHaeTCH C qneHOB He HH)K9 BTOpOI"'O IIOpHllKa. Tor.lla cyweCTBylOT 

f 0 > 0 H fo > 0 TaKI1e, 'ITO llnH mo6hiX KOMrrneKCHhiX t, H Xo , YllOBneTBopmo

llli1X ycnoBI1HM / f / <. f 
0 

, / Xo { < fa 11 mo6oro to cymecTByeT 11 e.lli1HCTBen

no pewen~e ( xf (t} I 'JE ( t J) CI1CT9Mhl (3.1) . TaKoe, 'ITO XE (to) :;, X 0 

{ Xf.(tJ{ + J y£ (tJ/ ~ 0 rrp11 t ~ oo , llnH Bcex t~ to c/ / Xt (t) / < 0 

H It ! !If ( t ) I < 0 .It 
lloKa3aTenbCTBO TeopeM&I CO.ll9p)!<I1TCH B cne.llyiOW11X IIHTI1 neMM8X, 

fleMMa 12. 

CymecTBYIOT f.'> o 11 £1. > 0 , llnH KOTOphiX naii.llyTcH llBe !(':jHCTaHThi C >o 
1 r . o 

11 L > 0 T8K11e, 'ITO llnH ni06hiX t , E. , () >o , X 11 Yo ( [. , Xo H Yo , 
0 0 0 

B006llle I"'OBOpH 1 KOMIIneKCHbie), YllOBn9TBOpH!OW11X ycnOBI1HM /e/< lf 1 [""< J; 
/Xol~ r ,/Yo/.:::Co r. peweHI19 CI1CT9M~I (3.1), YllOBneTBOpH!Olll99 ycnOBHHM 

X£. (to}= Xo , Yf. (i
0
J:. 'j0 , cymecTByeT llnH Bcex t E: [to 1 t, + To J 

11 J X & (to+ 7;, ) / > 1 d ' 
! 

lloK838T9nbCTBO. 

C.llenaeM B CI1CTeMe ( 3,1 ) 3aMeHy X = ~ U . , Y = ~ lT • nocne 38M9Hhl 

rrony'IHM CI1CT9MY 

i~=.Atr+ 
ir~ .Au + 

.JI-( U ~ tf""1 t 1 £ 1 f) 
1 

13 ( u, tr, t I & 1 ~) J 

(3,2) 

B KOTOpofi cPYHKU1111 Jl ( U I(/( t, C 1 f) 11 /3 ( l/ 1 v, tl [. j r) 6y llYT anani1TI1-

qeCKI1MH IIO rrepeMeHHh!M l) 1 u- 1 C 1 a 11 II9p110ll11'19CKHMI1 IIO rrepeM9HHOfi t 
o'leBI1llHo

1 
Jl{u,u;t,o,o }=f3{u,lJi t, o, o)::= o . . 

nycTb ( {,(0 ( t) J v; ( t)) pewenHe CI1CT9Mhl (3,2) C C = f: 0 1 YllOBn9TB9' 

pHIOlllee ycnoBI1HM: U0 (f0 } = '110 , tJ; {to} = tla 'o r .oe / Uo / !S 1 • a / lf"o / = Co . 
QqeB11llH0 1 'ITO 

Uo ( t) == U11 Cth ). ( t - to ) + Vo S h A ( t -to) 
I 

u;; ( t) = a. s ~ A ( t- to) + tTo eh ~ ( t- to). 

nycTl 

+ t/u.l 
B03bM 

I uorz 
llnSI II 

nollC1 

I Uo (1 
r 

neTBOf 

vf3 Te 

HOC TIT 

nnH m 

'ITO rrp 

1 ur, 
nycTb, 

TeM 2K 

o nerrp 

To> 
'ITo, ec 

l u ~ 
B ·cuny 

£(To,eo: 
119pHOlliT'I 

~ (7;, ~Cl 
I 

UM99M! 

I Llf,f( 

rrpii n101 



KpeCTHOCTI1 

!CTBY!'JT 

IBJieTBopmo-

e,al!HCTBeH-

~t 1 I< o 

IHTbi C
0

>o 

(0 l{ Yo I 

(J; 
:JIOBI1HM 

(3.2) 

y ,QOBJieTB9" 
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nycTb u..;;.lu.re<'f, a if;;:. Coe''Y . Tor.aa Ju.ctJtZ=IUolz.ck)(t-t.)4 

+ t/UoiCo eos('f- 'f)s~tl (t-t.)chA {t- to) + ~/ s~2. A (t-io) . 

BoabMeM t.:: t 0 + 7; , r.ae 'J; > 0 - np~H3BOJibHo. Tor.aa J U
0 
(io+ 7; J!Z.:: 

IUoFl.chA7;, + 2/u.fCocos('f-'f}shAToehA T. + ~'L .sh2.A'To 
R 0 + I u 0 I ct, ~ 'Tv ' Jlnsr npOI13BOnbHoro R 0 > 0 B03bMeM · Co ( R 

0 
) ::: ...:.....;·;:_--.:....,...---

sh AT
0 

no.aCT8BHB B Bb!pa)KeHHe .OJISI JIAo (to + 7; ) J2. 
1 

nony'IHM 
1 

'ITO 

I Uo ( t. + 7;) / 1 
. ~ R "'}.. He3aBHCHMO OT p83HOCTH cpaa r - 'f 

nycTb ( u r, 0 ( t 1 I IT d, 0 ( t)) peweHHe Cl!CTeMbl ( 3.2) c ~ = 0 • y.aos-

JieTBopmomee T9M )1{9 Ha'!aJibHbiM ycnoBHHM, 'ITO l1 p9W9Hl19 { l/
0 

( t) 
1 

tJ; (t)} . 
Ha T90p9Mbl 0 .aucpcp9p9HU11PY9MOCTH P9W9HHH no napaMeTpy r l1 l13 KOMnaKT-

HOCTH MHO)K9CTBa ( Uo 1 if; ) TaKnx, 'ITO } U o / :{ J. 
1 

/ 1/; / : l
0

, cn9,ay9T, 'ITO 

.ansr mo6biX 7: >.o l1 Co > 0 Hail:.ayTCH r (r., Co)> 0 l1 M (To, c.:)>uraKH9, 
'ITO npu. mo6oM / bf < ~ (7:, 

1 

Co). H mo6oM t f [to 
1 
t. +-'T.] 

/Ud,o(t)-U"(t>/ + /trt;.(f)-lf;(t)/ < f'\(To,Co) lhl. 

nycTb,. H8KOH9U, ( 1.4 ~. t ( t) I U[ t: ( t) } peweHHe CHCT9Mbl ( 3.2) t y .aosn9TBOpSt!O!ll99 

T9M )1{9 Ha'!anbHbiM ycnoBHHM, 
1
'!To l1 pew9HH9 { U[ (tJ u-r (fJ} . l1a T90p9Mbi 

· · · · ,o I ()
1

D 
o Henp9pbiBHoil:. 38BI1CHMOCTH p9W9HHH oT napaM9Tpa £ cn9,ay9T, 'ITO .ann nro6brx 

~ > 0 • c > 0 11 f ( I [( > 0) Hail:.[l9TCn ~ (r: I eo, r) > 0 TaKo9, 

'ITO, ecnlf 1 £ 1 < E (T; 
1 
(0

01 
S) , To .ann mo6oro t ~ [ t 

0 1 
to+ 'T;, J 

I U5,E(tJ-Uf, 0 (tJ/ + tua,t(t}-U[,
0
(t)/ < 1~1. 

8 ·c11ny TOr0 1 'ITO npH £_ =/= 0 CI1CTeMa (3.2) ll9p9CT89T 6b!Tb 8BTOHOMHOil: 

e(T! e '-) -9!lle, B006!ll9 rosopn, 6y.aeT 38BHC9Tb If OT to . 0.aHaK0
1 

11CnOnb3yn o, o, d . 

n9pHO,QH'I9CKyiO 38BHCI1MOCTb CI1CTeMbi (3,2) OT BpeM9H11
1 

H9Tpy.QHO UOK838Tb
1 

'ITO 

f, (7:, e , ~) MO)KHO Bbi6paTb H938BHCnUlHM OT t , B Cl1ny nony'!eHHbiX H9p8B9HCTB o, o, . 0 

HMe9M! 

f Llf,f(io+T,J/2.> /«d,o(io.+T.J/~-If!Z '? /U,(to+T.)/1.- (i+/11.(T,,C
0
)}/i/2 

npu mo6oM I ~~ < ,b ( T;, C, } 
11 mo6oM IE, I< f, (7:. c r; . 

0 I (/I 
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Bo3bMeM Terrepr. rrpoH3BOJlbHhJe C :>o n 7; > 0 TaKHMH 1 'iT06hi 

Ro(T.,Co) = lo sl,,l'fo -IUo{c~Arro =2.. 
IlycTb .aanee 5".s. < f (T.,Co) TaK Manol 'iTO ( 1 + M'J.. ( rr. I eo J) ~: < ~ 
H rrycTb E't:. f (T. C ~ ) . Tor.aa rronyqaeM 1 'iTO rrpH mo6oM 1 &I < £.1. 

0 1 0 1 f ,, 
H m?6oM I~ I< &'-t. I u~,E(to+T.JI>i· nepexOASI K rrepeMeHHhlM (X,::!) rronyqa-

eM, 'iTO / X£, ( f
0 
+'f.)/ > : ~ . !leMMa ,aoKa3aHa. 

!leMMa 13. EcnH pewe~He ( X£ ( t) 
1 

~Jr. ( t}} cHcTeMhi ( 3.2) orrpe.aeneHo .am1 

mo6oro t E [to I t1 )· If y,aoBneTBOpSieT ycnOBHIO I X£ ( t) I +I YE ( t J I < ca I 

r .ae C KOHCTaHTa, TO cywecTBYIOT rrpe.aenhi X ( t ) = .f j WI X ( t) 
~ f ( ttJ =- -{ i WI ':f f ( t) f 

1 

i ~ {1 [ 

t _,. ti 
.[loKa3aTeJ1bCTBO. I 

;;pe,arron O:>KHM,IlpOTHBHOe: TOI'Aa Haii,ayTCSI ABe rrocne,aoBaTeJlbHOCTH ttl,~ t! 
H th -.;. t! IlpH' tf ~ 00 Taime 1 'iTO rrpe,aenhl 

x.' ::. t; WI X E. tf~) , yfl' ::.. frrn 'if_ (c)) X/::. flm Xe (f,") I Yo''=- ft'm !1 rt:J 
n~~ n~~ n~~ ~~~ 

cymecTByioT H / Xo'-X,''I +-!Y.'-!fo" /==Co> o • nycTb (X£(tJ, Y/(tJ} 
peweHHe cHcTeMhi (3.2) 1 }AoBneTBOpSirowee ycnoBHSIM! X/{t1 )== Xo' 1 :Jj(ft)=Y/ 
rrycTb .aanee (X{'(t}

1 
Y/(tJ) peweHHe cucTeMhi (3.2) 1 y,aoBneTBOpSIIOWee 

ycnoBHSIM! X~(tt)=. xo" ,·Y/(~ )=-Yo''. QqeBHAHO, cywecTByeT .1>0 

TaKOe 1 'iTO IlpH BCeX t C [ ti- /). J t! + /).] 

J Xi ( f } - Xi' ( f J / + / Y; ( t) - !J/ ( t} / > t "lo · 
PeweHHe (XE.(t) 

1 
Y£ (t }} y.aoBneTBOpSieT ycnoBHSIM: X'i,(t~) ::= Xo

1 

+ cl.~ 1 

YE (i~} =- Y/ + J~ • r.ae t:-- tJ 1 a / d~ I+ /(d~/-70 rrpH h ~ 04 

Ha OCHOBaHHH TeopeMhl 0 Herrpeph!BHOH 3aBHCHMOCTH peweHHSI OT Ha'iaJlbHhiX ,aaHHhiX 

cne,a;eT
1 

'iTO cyweCTByeT no TaK0~ 1 'iTO peweHHe (~(t), !ft(t)) CHCTeMhl (3.1) 1 

y .aoBneTBOpS!IOWee ycnoBHSIM )( f ( t 11 ) .=. xo' +- d: ~ I Yt ( t:,} ::::Yo'+,: rrpH 

h > VI 
0 

H nro6oM t E [tc~ 
1 
fi+li J y.aoBneTBopSieT HepaBeHCTBY 1 X tC tJ-

- )( f, ( t) / + { '::/~(t) - Y/ (f)/ < ~ . C,aenaB aHanorH'iHYIO oneHKY B o~~:pecTHOCTH 

peweHHSI ( Xi,' ( t} 
1 

Yt ( t)) J YMhi rrony'iHM• 'iTO ,anSI Be ex t E [ tt-~ 1 ti + A J 

r 

e; 
pel 

6y~ 

yc1 



nonyqa-

~Ho ami 

0 

!1/(tJ} 
iJ= Y/ 

>0 

aaHHbiX 

!bl ( 3.1). 

'' npu '11 

tCtJ-
>CTHOCTH 
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o:::; I XrJt)- Xt:(t>l +l~ft(t)-~f-(t)/ ~ tx;(t)-x:ctJI + 

+ ~~~(t)-Y~(t)f-lx::(tJ-Xe(t)/- J~:(tJ- Yr.(tJ{--

, -I x/(tJ - ><f;(tJj- IY;'(tJ- Yl(tJ/ > f ~0-; "l.-f "lo == ~ ~0 >o. 

nony'IeHHOe npOTHBOpeque AOK83b!B89T neMMY. 

J1eMMa 14. CyruecTBYIOT E? 0 H ~ > 0 TaKHe, 'ITO Ami n106biX KOMnneKCHhiX 

E H Xo TaKux, 'ITO /c{< E~ , a /X0 [=d< d';,, Hail:AeTcSI ';/0 TaKoe, 'ITO 

perueHue CHCTeMbi ( 3,2), yAOBneTBOpSIIOIUee ycnoBHHM: Xt(to) ::: X
01 

Yt (fo ) ::. !:/
0 1 

6yA9T CyiU9CTBOB8Tb npH BC9X. t ~ tO H npH. BC9X t f to 6yAeT YAOBneTBOpSITb 

ycnOBHIO: I X f. ( t) I ~ r- . 
.QoK838TenbCTBO. 

KaK H npH AOKa3aTenbCTBe neMMbi 12, c noMOIUbiO 38M9Hbi X : ~ (.f , ~ :. bIT" 
nepeil:AeM OT CHCT9Mbl ( 3.1) K CHCTeMe ( 3.2) • 

nycTb (ur,f>(t} . Uy,p (tJ} perueHHe cHcTeMbl (3.2) c ~= f = o .1 

YAOBneTBOpSIIOIUee ycnOBHHM: Uy
1
p(to}=IJo, tlj,f!J(to) ~ -1.{0 (f.+ j3€ 1'f), 

rae / Uo/ = 1 ,_a .0 ~ {3 < f . 0-qeBHAHo, 'ITO 

u (t):::.- u (3 eicp e ).("l.-to) u (1. (3 el'f) e~), (t-to) r,P 0 1. . + 0 + ~ 

v'f,f> ct J = - u, 4'e;'f e ut-t,~ u. (f+ i e ;<f) e- .Ht- t, ~ 

nycTb ti ( Y' 'fJ ) > t 0 - MOM9HT B peMeHH. AnSI KOTOporo I u r, ~ ( t) I ::::: 1 
OnpeAenuM ero, perua.'l cneAyiOruee ypaBHeHue: 
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nyTeM aneMeHTapHbiX Bbl'liiCneHIIH HaXO.UIIM 1 "'TO t1. ( y;, j3) = t a + 

+ ~/;. l h [ 13lf~ ( 1 + ~ eos 'f + 4/) ] . 
TaKIIM o6pa3oM, npii mo6oM 0 < /3 < 1 lip,~ {t~.(y,plj.aaeT HenpephiBHoe oTo6pa-

:meHHe OKpy·:m:HOCTII 0 :!S tp ~ Z7r B OKpy:m:HOCTb I u I:: I . noKa:meM, "'TO SITO 

OT06pa:m;miie B3aiiMHO- O.ll,H03Ha'lHO, HeTpy.aHo npos"epiiTh, "'T~ VI Y' I ft ( t1. ( r, ;d))=. 
= Uo e' d(~) , rAe dc )::.o."l,efdl (it;3~oSY')Srny · 

<f 7 (i+ficostf)cosy;-;;_ · 
npii II3M9H9HIIII y;, OT Hyn.II .ll,O '),1f fey) 6y.aeT MOHOTOHHO B03pacTaTb

1 
TaK KaK 

[{p): i + f~ eos 'f +/: /32,) 0 npii mo6oM <f II mo6oM 'f , 3aKmo-

i + fJ eos 1' +; (3 'L 

'l9HHOM CTpOI'O Me:m.ay HyneM II 9.[IIIHIIU9H. noKa:meM Tenepb, "'TO npii II3M9H9HIIII '/' 

OT Hyn.II .[10 21i d(f') II3M9H~9TC.II OT d(()j .llO ~(O) + 2.1f , .[lng .llOK83aTenb· 

CTBa 8TOI'O YTBep:m.aeHII.II COCY:IITaeM pa3HOCTh 2rr1. 3 
12 

J. tl" 

(" { Z1T f +-,:tJCOS'f'+t.tJwol 
0(2iT)-d(O}=-J['(w}ol(//= 'fA 111.1.. r. 

1 r + r eos Y' + -
VJcnQnh3Y.II paBeHCTBO "'2.1f O J Cf 

2
'fr 0 y 

f i + fl.. eo~ 'f :::. vi _ d.. 2. ( O ~ cJ... < i ) 1 

H9Tpy .llHO npoBepiiTb1 "'TO IIHTepecyiOIUIIH HaC IIHTerpan paBeH 2 1f • YTBep:>K.lleHIIe 

.llOKa~aHo. . n '![ 
~ I . 

B .aanbHeiiweM HaM noTpe6yiOTC.II Benii'liiHhl IIHTerpanoB ] " ::::. J &" ( V') J r 
( ~ :: i I :1. J 3 I v ) . J of (. h-1) I 

J f{J 2. ~ =- d~ct t-ol.. 
Vlcnonh3YSI <jJopMyny O . { + o{ foS r y t. _ J.. 'J.. 1 1 + c/.. ( 0~ oZ < i ), 

. 1-/3 
1. -;r _ a "Le tJio /J 
y ~J' !k + 

HeTpy .llHO npOB9piiTb1 "'TO "( :. J :::. 
\Ji '{ 

a 'J, =: 'J:3 =- 7r + Q"',et9 i- fl 
y J ~+f' . 

1 .f. t 1 t'- . . . t 1 
.Lln.II f3;:. .3 onpe.aenHM t (y}="C+ f..('f,s) II ('f) ::-t' + ~.rrl:s) J 

r.ae ~>o TaK Mano, "'TO .an.II Bcex t E [ t -(<f) I t + ( r )) BblilOnHeHo 

HepaBeHCTBO I u'f,} (t) 7" ll'f, t (tf.( y;, J ;) I <:!1 sin ( f" + t """~~ [). 
Bbi6op t" no.a'liiHIIM ycnoBIIIO: 1:;' < j_,fl'l2. . TorAa, KaK HeTpynao nposepiiTh, A . 

r 

I 
-: 

~ 
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a 

T,e. uv.~(t+(Cf)) HaxO.UHTC51 BHe Kpyra luI=! Ha paCCT051HHH 6onbWeM 

sSh ~'t' oT rpaHnUhi, a Uy,~ (t-Cf1) HaxonnTc51 aHyTpn Kpyra \ l( I-:::. i 
Ha paccTo51imn 6onhweM J S h A'( oT rpaHHUbi, QqeannHo, qTo 

}' !) h ,\ 'C < f s; ~ ( ~ ~ i a~ t1 f ) . 
. nycTb Tenepb (u.,,p(t,t:.,~) 1 Vy/,d(t1 £ 1 ~)) peweHne CHCTeMbl (3.2), 

Y.llOBneTBOp51IOUlee cnenyiOUlHM ycnOBH51M: u (0 Art E [J = ll 0 
· • Iff' 01 I I v;,,, (to, t, f;::.- llo ( l+f3 e I cp), r.ue I"· I= [ . a 0~ f3 !- {. • Ha OCHOBaHHH 

TeopeMbl 0 Henpepb!BHOil: 38BHCHMOCTH peweHH51 OT napaMeTpOB f. 1 r cyweCTBYIOT 

TaKne E2.>o H f2.>0 . qTQ .nn51 Bcex tE: [to' t+C~J] H acex \tl<. c'L, 
lSI<~:~. .lu'f',~(t,tJ)-U'f,~(t)) <-tsh~t'. nonb3y51Cb TeM, qTo 

CHCTeM.a (3,2) 38BHCHT OT t nepHO.ll.HqeCKH 1 Hy:>KHbie £2.)0 H d2,.> 0 MO:>KHO 

Bbi6paTb HeaaBHC51illHMH OT to. KpoMe Toro, Bbi6op ~:t. H r2., nonqHHHM ycnoBHIO 

E2., ~ [1. , J'J., ~ J;_ , rne Ei > o ::c n dt > 0 TaKOBhi, qTo .ung HHx cnpaae.unn-

aa neMMa 12 c C = 2. ( KaK aTo cne.uyeT li-a .noKaaaTenbCTBa neMMhi 12, B Kaqe-
o 

CTBe c. MO:>KHO 6paTb n106o.e qncno 60nhwee e.llHHHUbl J, noKa:>KeM 1 qTQ peweHH51 
0 . 

(u'f,f3(f,E,d), tJY;,~(f,-e; JJ) nen51TC51 Ha .usa Tnna: Ha peweHn51, KoTopbie 

noKH.llBIOT unnHH.llP 1 U / ~ 1. , n Ha peweHn51, KOTOpbie ·ocTaiOTC51 B o6nacTn 
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\ U ( ~ i 1 I V / ~ 2, H cornacHo neMMe 13 cymecTByiOT rrpn Bcex t >,.... to . 
.LleitCTBHTeJibH0 1 rrpe,lliiOJIO)KHM rrpoTHBHoe: rrycTb Hait.lleTCSI pemeHne ( U 'fo po ( t, t, ~) 
IJ'fo,/>o (t,E, d) ) H MOMeHT BpeMeHn ti> to TaKoit, 'ITO /U'f41 ,~0 <{v£J)j~f 
a{vyo,foo(tf.,f,r)/:>Z .TaKKaKrrpn t=t0 f<fc;.,p.Cto,E,S")J~f,' 

TO Hait.lleTCSI t 1 
{ i!. > f 1 

> f ) TaKoe, 'ITO { t.T. A · ( t' ,. {.) / :. 2, 
o 'fo1 r• 1 .,,()) • 

J..13 neMMbi 12 cne,llyeT, 'ITO pemeHne { Uw A (f E fJ v; (t C" \)} 

f j l#tr" II I fo f'• 1 c.,tJ. 
IIOKHHeT UHJIHH,llp 1 U ~ l. • / 

Terrepb Mbl MO)KeM 3aKOH"'HTb .llOKaaaTeJibCTBO JieMMblo npe,lliiOJIO)KHM, 'ITO BCe 

peme~HSI {Utp 1 j3(t1 f.,J) 1 clf1tJ(f,f,~} IIOKH,ll8IOT UHJIHH.llp ( U/~ { 1 T.e • .llJISI 

K8)K.llOH napbi (~I/!.) Hait.lleTCSI t"'( ( Cf 
1 
~1 E 

1 
~) >to TaKoe, 'ITO 

lur,p(t*cr,~,€, t),e,f)/>1. nycTb Ct: [o} fJ I e~= [: ,11] I 

G.':. [Tr, f?r] I c~::; fi"""'27TJ H IIyCTb ti( '1'1 C1 d) o 38KJIIO"'9HHOe Me)K,lly t-(yJ 
H t + ( r) . T8KOBO, 'ITO I u Cf' I J ( tt ( y I f. I f? 1 f. I $)I::. { . B CHJiy Bbi6opa t-cy) 
t.,. {f) , £2. n f 2, TaKoe tt. ( y,z, ~) cymecTByeT .llJISI Bcex 'f n Bcex 

I~ r.::: E z. • I d{ < fz. . ~ IIOMOIUbiO t1. (Cf, f I~) Mbi onpe,lleJIHM OTo6pa)KeHne 

u 1. (t (<P & ~) E ~) OKPY)KHOCTH 0 5:. lP ~ 211 B OKpy)KHOCTb I t( I:::. 1. Y'1 3 l I I I 1 1 f . 

3TO OT06pa)KeHHA 6JIH3KO K OT06pa)KeHHIO U 'f 
1 

:!.. ( ti ( Cf I f)) B .TOM CMbiCJie
1 

'ITO 

C ' . ' 3 
o6pa3bi MHO)KeCTB { H Ci ( t ::::: f, Z} npu oTo6pa)KeHHH lly,:f {tt_{'f, E, d}

1 
c, S) 

He nMeiOT. o6mnx TO"'eK • .LleitCTBHTeJibHo, rrycTb 'f E C: , a VJ f G. (>/ ·. Tor.lla 

'o r <~ 

"''f·tctic'f,t,~),£,~)- u'f',~<tic\f',~,~),f,a) 1 ~ 

:t. Ju'f,t (iic~,k))- u'f',~ (tier~ j >) 1 -I ~'fJ~ (ticr,s>) -

~· ulf)t (i1CCf,f, ~)) 1- Ju'f,}(t/y;,t:,~J)- Uf1 ~(t1(~,e,~),E,~)/-

-Jucp',t(t1Jr~fJ)- u1',t(tlrr:E,~J)/-fur',f(t1 (Cf~E,~J-

u'f', ~ (tt(Cf: t:, f-J, t,_f) / > (~-i -1) sin{f + fa~c--, {)-



nyeTh~ • o5pa3 MHO)!{eeTBa 
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a J,..J • - o5pa3 C • ( l =: f 1 "' 
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LJ t . 

C:z rrprr OT05pa)!{eHITIT u<f, ~ ( t 1(<f1 (1~) 1 
~ ~~ )) 

• TaK KaK MHO)!{eeTBa Cf:J ~ rr r"]j ~ , ( t' ..: J 
1 

2. J 

' 3aMKHYThl IT He rrepeeeKaiOTeH 1 TO Haif,nyTeH OTKpb!Th!e M!IO)!{eeTBa Jf, (,.:: J Z) 
Chi ( I ) 

KOTOpbie Ha oKpy)!{HOeTrr / U / = 1 . oT.nenHIOT c;iJ 
1
• OT -J.J. • OqeBrr.nHo,. 'ITO 

/} 11... 8' ' .fl-1 JT:_ = 0 . 05o3Ha'1rrM '!epe3 (.. MIIO)!{eeTBO Tex rrap(r
1
f3) (CfE[0,2JT] 

/-/ f [ 0 I i] ) 1 .lliiH KOTOpb!X peweHrre U If) f.t ( t I f._ I ~) YXO.llllT IT3 UITIIITH,llpa 
1 

r 3 jf r I f,J f 1 
/ U J ~ 1. qepe3 MHO)!{eeTBO i . TaK KaK j(. 1. /l J+ 'l. == 0 , To rr 81. () {32.,:::; 0 . 

Vl3 TeopeMbl 0 Herrpepb!BHOif 3aBrrerrMOeTIT peweHITH OT Haqanbllb!X .naHHb!X ene.nyeT
1 

'ITO Ka)!{.noe B.' - OTKpb!TOe MHO)!{eeTBO, noKa)!{eM, 'ITO B Kpyre K = ( l{JE [o,'l.1T] • 

.J3 E [o 1 k J) ' MHO)!{eeTBo B ~ · oT.nenHeT ~· oT ( 
1 

• .UeifeTBrrTenbHo, 

rrpe.lli10110)!{ITM 11pOTITBHOe: TOf'.lla Haif,neTeH KOHTITHyyM f{ • 1 KOTOpb!ll eoe,nrrHHeT c, 
C , B ' rt , J/. , o , o 

e , IT He rrepeeeKaeTeH e , , nyeTb Jr.• C • - 3aMKIIYTOe MHO)!{eeTB0
1 

OT-

to cf\ CA' <oct\ ro <o I I f 
.nenHIOwee LJ • OT w • rr rryeTb /..) eeTb OKpy)!{HOeTb U ::: • Tor.na OTKpbi-

lo l o :; 
TOe MIIO)!{eeTBOct'\' 0,1 

MO)!{HO rrpe.neTaBITTb B Bll.lle eyMMhl .llBYX OWbiTh!X Herrepe-
IJ JTto::J:: ""-'I ·'"""J I I 

eeKaiOIUITXeH MHO)!{eeTB 7...)• H~o TaKHX, '1TocrJ; c'JJ• H~. c.Cjj. • nyeTb 

c r. '· 0 'o <o <o 
(,i

0 
- MHO)!{eeTBO Tex ( tp 1 j3 ) f K i ...t, .nnH KOTop;Ix U cp, fo ( f

1 
E 

1 
f)} yxo.nrrT 

H3 Kpyra / U} ~ i qepe3 c MHO)!{eeT:o 9J • , a [,. - MHO)!{eeTBo Tex{(/}
1 

A)E v . . 
('" to 'o /J;-~/\o' 

.lliiSI KOTOpb!X u'f A ( t 1 t I c) ) YXO.llHT H3 Kpyra I u I'!; { qepe3 MHO)!{eeTBO 7:J. • ,,.. (' - "-'' £ ,to 
Oqesrr.nHo, 'ITO IIH E. J ~rr (· He rryeTO, T aK KaKc.Q. fl ?J. = 0 • TO H •. n E.. -=. 0. 

lo ( 0 l;, lo 'o '-o 
yf3 TeopeMbl 0 Herrpepb!BHOll 3aBrrerrMOeTH peweHITH OT HaqanhHb!X .naHHh!X ene.nyeT

1 

'ITO C. rr f.' OTKph!Thie B K • MHO)!{eeTBa, TaK KaK Mhi rrpe.nrrono)!{rrnrr, 'ITO Bee 
lo t 'o 1 

U (t ~ 0 
yxo.nHT IT3 Kpyra / U ( ~ { rr TaK KaK /{;_ (lf3 ~ = O, TO C. U C.::. v. 'f I ~ I ( 1 I) J o L0 lo (.( l}l I 

BOI1peKrr orrpe.neneHrriO KOIITHHyyMa, nonyqeHHOe rrpoTrrBopeqrre 110Ka3b!B8eT, 'ITO OB~ 0 

C C
. I <o 

OT .llenSieT , OT , 

lo <o 

Yl3BeeTHO, 'ITO, eenrr OTKpb!TOe MHO)!{eeTBO s.' OT.nenHeT MHO~eeTBO C. OT 
• < I ' 

MHo:aceeTaa C/ , To eyweeTByeT 3aMKHyToe MHO)!{eeTBo B,· C /3t' , KOTopoe TaK)!{e 

OT.nens:reT C· OT e_.' . Qqearr.nHo, 'ITO B (} B ::.Q. TaKrrM o5pa30M 1 Mhi rrprrwnrr 
( ( t 7.. . 

B 11pOTITBOpeqrre e TeopeMOll 0 TOM 1 'ITO III05b!e .llBa 38MKHyTb!e MHO)!{eeTB8
1 

OT,nens:r-

. /11/ 
lOJ.UHe 118pb! 11pOTITBOTIOIIOXCHh!X eTOpOH KB8,llpaTa 1 Beer .ll8 rrepeeeK8IOTCH (eM, 

1 
( 

eTp, 64-65) • J1eMMa .llOK83aua. 
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c' · '\f t 
HeMMa 15. CymecTBYIOT C 0 > o H d() ?' 0 TaKHe, 'ITO .llJlSI J1106oro I~ I <. C

0 

BCSIKoe pemeHHe (Xf.( t) 1 Yt: (t) J CHCTeMbi (3.1) '· y.nosneTBOpSIIOUlee ITPH scex 

t >,..... to ycnoBHIO / X£ ( t J / ~ · cl01 
, ( ~ ~ ( t) / ~ 2, 5"0

1 
, o6na.naeT cne.nyiO-

UlHMH csoiiCTBaMH: IXt.(t)l+- IYt(t)/-> 0 ITpH t--"? 00 , ITPH Bcex t;;:..t
0 

d txf.ct>! < o H i... 1 ~ ct>l <o dt . ' olt ~ 
.[loKa3aT9JlbCTBO, 

3aMeHoii X= i} U , ~ = d I)"' ITepeii.neM oT cHcTeMbi ( 3.1) K cHcTeMe ( 3.2). 
/12/ 

.[lanee,, HCITOJlb3YSI Jl9MMy A,naMapa ( CM, 0 CTp. 81-82) J 3aHHUl9M CHCTeMy ( 3.2) 

B CJ19.llYIOUl9M BH.ne: \ 

u = A v + a ( u 1 v, t I E, ~) u -t ~ ( u 1 \f, t, ~ , b ) u 
1 

u-= A u + e ( u, v, t, E, ~) u + cl ( u 1 v, t I £ I~ ) v 
1 

( 3.3) 

r,ne cPYHKUHH Cf ( l( I VI t I f I~) 1 c ( U I~ t I ~I~) t c ( t..f 1 Ur t 1 f. 1 ~) H 

d ( U I tr, t, f I c;) aHaJlHTH'I9CKHe ITO ITepeMeHHbiM • U 1 \T 1 £ 1 r , HeiTpepbiBHO 

.llHcPcPepeHUHpyeMbl9 H IT9pHO,llH'I9CKHe ITO t i C( ( \..( I \T
1 
t 

1 
0

1 
0) :::; -t ( tf I tr;-(:, 

1 
0
1 

"Of 

~ (!. ( l( 1 lfj t i 0 1 0) = cl ( U 1 tr1 t I 0
1 
0) = 0. 

npO.llHcPcPepeHUHpyeM ITepsoe ypaBH9HHe CHCTeMbl (3,3) ITO t • VIMeeM: 

u=(a4-urlu+v--C~)u+(A+·C+ua~+trf;)ir + a~u +C~tr. 
. . 

Y:lciTOJlb3YSI BTOpoe ypaBH9HH9 CHCT9Mbl (3.3) 0 HCKJliO'IHM lf , nony•mM : 

u =-(a+ua 1u+tr&~)u +.[(.>..+c)(~+~+ua'tr+trC~) +a~] u + 
'' 

-t- [ (A + £ + u.a ~ + crt~) ol + i ~ ] lT. 

VlciTOJlb3YH TeiTepb ITepsoe ypasHeHHe. CHCTeMbi (3.3) 3aMeHHM ~ , CTOHUlee B caMOI\l 

KOHUe ITpaBOH 'IaCTH paBeHCTBae 0KOH'IaT9JlbHO ITOJlyqaeM: 

ii = (ot+ c( + ua~ +trC: + o( ua'.r +IT t:r 
A+l 

+ ,; ) 
A + -&- u + 

i 

n 
'II 

K 

u 

6 

IT 

=, 
c 

B 
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. . I 

+ [(i+ u~:r++;t~ ){CA+CJ0H) -ad)_,_ at- ;!: ) u ) 
(3.4) 

npo.aenaB aHanorlf'IHbie npeo6paaoBaHIHI CO BTOpb!M ypaBHeHn:eM CHCTeMbl. (3.3) I nony

'IHM ypaaHeHne .ann IT : 

•• of , -'' uC~+lTd~ 
tr :. ( Q + + t( C.,- + tr q cr +Cl , + 

_ 11 + e · 
ct_ 

)ir+ 
A+c (3.5) 

+[(i+ ~~~~::Q(~ )(o+CJ(A+c)-aof)+d~- ~~i }r. 
TaKHM o6pa30M 1 H3 CHCTeMbl ( 3.3) Mbl nony<rHM CHCTeMy: 

u + 2~ ( u I tr, t, ~I~) u - K ( u I u, tIE I ~) u = 0 I 

tj- + ~ ;5 ( u IV,- t, ~ 
1 
~) ir - VI ( u , tf1 t; t 1 ~) v - o , 

( 3.6) 

KOTopan npe.acTaanneT co6ofi 6onee KopoTKYIO aanncb ypaBHeHHfi ( 3.4) H ( 3.5). <l>yHK·-

UHH r;{ ( U I U/ t 
1 

f. I)) • /3 ( U 1 U/ t 1 l 1 'o) 1 I< ( U I If, t, { 1 ~) H n ( U 1 u-, t· 1 t 1 'i) 
6y.ayT aHanHTH'IeCKHMH no nepeMeHHblM U 1 (/" 1 f_ . 1 r H HenpepbiBHbiMH 

no t . Ha CTpyKTypbi ypaBHeHHfi (3.4) H (3.5) cne.ayeT, 'ITO o((ul cr, t I o, o}= 

:. ;3 ( u I v-, t I 0 I 0) = 0 • a I( ( (J I IT, tl 0, 0) == n ( u I v-, t I 0 I 0) = .A 2. • 
Cne.aoaaTenbH0 1 Hafi.ayTcn TaKHe l I ';:> 0 H £ I > 0 1 'ITO .ann ni06biX U 1 u-

t_ n f TaKn:x, <rTo I U 12.+ liT/a.; 10 , ( E I ~ ~ 1 fdf < ~ 1 
BhrnonHeHbi Hepa-

o , 0 

BeHCTBa: 

,.J2. -,., 
) 

( 3.7) 

Az. -~ R e l1 ( u 1 U, i 1 l; f) - ( :J vn f3 ( u , u, t 1 f. , ~)) z, ~ . 
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K K82KAOMY na ypasHeHHil: (3.6) npnMeHHMbi peaynhT8Tbi § 2. VIa HHX cneAyeT, 'ITO, 

ecnu B daKof!J.-To MOMeHT speMeHH t 1 

~ to cl~- llle (t) / >r- 0 

(unu cit {V"i,(tJ/ '>,:- 0 ), TO npn f:::-t' fllc,(fJ/ (unu ./lfi(t)/ 
6yAeT. MOHOTOHHO BOap8CT8IOIU9il: clJYHKUHeil: Bp9M9HH 1 no Kp8il:He.it Mepe, AO T9X nop, 

noKa BbmonHeHbi ycnosnSI (3.7). CneAosaTenhHo, HacTynnT TaKoil: MOMeHT tf. > t: 
'ITO npn t=ti /Uf.(fJ/ 6yAeT 6onhwe ei:IIIHMUbi (amr /V{,(tJI ;> 2, ), sonpeKM 

npeAnono2KeHH:stM. 3Ha'IHT, npM t ~ to it / UE (i) / < 0 U ft / tJE. (t) I < 0 . 

npHM9HHB ,llanee paccy2KA9HHSI neMMbl 5 HeTpyAHO llOK8a8Th1 'ITO 

-fi m u E ( t J = ~; »1 eli c t ) = o 
t ....:;. 00 t _,. 00 

neMM8 ,llOKaaaHa. 

neMMa I 6. CywecTBY!OT Co > 0 H ¢0 > 0 T8KH:e, 'ITO AnSI ni06biX X 0 

II C , yAoaneTsopSIIOIUIIX ycnoBIIstM /X 0 f < do 
1 

I f. I < f: 
0 

, pewerme 

(X~ (f) 
1 

!:J; ( tJ} ciicTeMbi (3.1), yAosneTsopSIIOIUee ycnoaiiSIM: K/( t()) = Xo 
npn acex t>.;.to 'ci/X~(tJ/<o, lim X/(fJ=- firn}J/(t)::.oeAnHcTseHHo. 

1 

dt ' t -:;. 00 i -7 oo· 
)J.oKaaaTenhCTBO. 

C noMOIUh!O aaMeHbi X = ~ U , ':J .= d u- nepef!J.AeM OT CHCTeMbi (3.1) 

K CIICT9M9 ( 3.2) II npe,llnOno2KIIM 0 'ITO KpOMe peWeHIISI ( U ~(t) if"~ ( t ) ) 
H8il:.ll9TCSI peweHII9 ( U~f (t) J Vi"( t ) ) 1 YAOBneTBOpst_IO~ee T9M 2K9 ycnOBHSIM, 

'ITO II peweHIIe ( Ui_ ( t) 
1 

tl£' (t)}- VIa neMM.br 12 cneAyeT, '11'0 npn acex t ~to 
··/ v; (f) I~ 2, . II I . <li f( ( t) I~ 2, . .LleitCTBHTenhHO, npe,llnon02KHM 

npoTIIBHoe: ·riyCTh HaliAeTCSI MOM9HT t' ~ t TaKof!J., 'ITO, uanpnMep, I "i,'(t ') J > 2. . , t . 0 ' 
T&K Kc1K / ifE {t) J ~ 0 fiiJ.i1· --71'. oo , TO Haf!J.AeTCSI TaKoit MoMeHT t1. > t 
'ITo { U£ 1 ( f 1) J ·· == 2, • npHMeHstst neMMY 12, nony'IIIM, 'ITo npii ·t~ = . t

1 
+ T

0 

I u t C t; J 1 / ! 
h /12/ 

VIcnonhaySI neMMY AAaMapa (eM. , CTp. 81-82), Mbi M02KeM HanncaTh, 'ITO 

II= Ui (t)- u~ ( t) II li ;:;. Vf. '( t) - u~' ( t) YAOBneTBOpst!OT cne,llyiOIUef!J. 

aonpeKH npeAnono2KeHMIO. 

CIICTeMe ypaBH9HHfi: 
,...- .,..., 

u-:=. A if-+ crcu- ~v:,t,t,~)u + t (ti,.r, t, f-,~Jif-
1 

,...- (" (3.8) 

d ( u 7 if- ) t J ~ I 0 ) 0', 'if- = A U- + C( U 
1 
lr I t 1 Z 1 r) U + 
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- 1 . -

C (U, if-, t ,f S) ~ J Jl~ ( u;'ctJ1fU, ~"ctJ + yu-, t, t; b") ~f, 
0 

d (ii ,If, t 1 ~, ~) ~ J B ~( u;(t)+[ZI, llf'(tJqlf, t 1 L S) oiT. 
0 

npo.nenaB C nepBbiM ypaBH9HH9M CHCT9Mbi (3.8) Te :>Ke C8Mbi9 npeo6p830B8HHH
1 

KOTo

pbie Mbi npo.nenanH B neMMe 15· C nepBbiM ypaBH9HH9M CHCT9Mbl ( 3.3) 
1 

Mbl nony"'HM -,nng fA ypaBH9HHe BTOpOI"'O nopH.llK8 1 8HanOI"'H"'HOe nepBOMy ypaBH9HHIO CHCT9Mbi 

( 3.6): 

t + ~a cu ,~I t , ~ , ~) ~ ~ 'K cu , if I t ,. ~ , ~) u = o 
(3.9) 

BbTpa:>«:aroTCH "!epea 
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a 'K(u, ~ t I£, b) ~ A~ npH /ll-+ { f/--7- 0 paBHOMepHO 

do>() TaKH9 1 

no t 
npH t >,.... to .. Cne.o.oaaTenbao, aaA.o.yTcst Eo>() H 'ITO 

npH mo6biX I f(<fo • I~,< ~0 .[u J ~ 2 • IV"/~ y H t ">.:--to Bbmon-

H9HO HepaaeHCTBO: 

R e t{.(u ~~It I E I~ ) - ( J 111 ;z (u I?, t I E I~) );t r~ ,.\2. -'L 
B STHX ycnOBHstX K ypaaaeHHIO (3.9) MO>KeT 6biTb npHMeHeHa neMMa 7. Oaa yTaep-

>K.o.aeT, 'ITo peweaHe U E. ( t) ypaaHeHHst ( 3.9), y .o.oaneTaopstiOmee ycnoaHstM: 

ilf. (to}.= 0 • I Ue(tJ J~ 0 npH t ~ oO • 9.ll.HHCTB9HHO, T.e. Ut(t):o. 
neMMB .ll.0Kl'38Ha. 

. ( ' 
EcnH Tenepb npe.o.nonO>KHTb, 'ITO E 0 ~ m' V\ E.o I f t ) . a 

~o· ~ mirl cr.', rl} • r.o.e Eo'> q • fo' ;> 0 y.o.oaneTBOp.stiOT ycnOBHSIM 

neMMbl 16, 8 ft,. > 0 1 ~ > 0 Y.ll.OBneTBOpstiOT ycnOBHSIM neMMbi 14, TO .O.nst 

TSKHX sO H ~ O 6y .ll.YT CnpaBe,ll.nHBbi Bqe nstTb neMM HBCTOstUlero napa-

rpacpa. Cne.o.oaaTenbHo, TeopeMa 3 .o.oKa3aHa. 

§ 4. Aoxa3aTenbCTBO TeopeMbi o6 aHa nHTH<~ecKoA 3BBHCHMOCTH 

rpaHH'lHbiX TpaeKTOpHA OT napaMeTpa f_ 

B HSCTOstllleM naparpacpe 6y.o.eT .o.oKa3aHo, 'ITO rpaHH'IHbie TpaeKTOPHH CHCTeMbi 

( 1 ) 1 OOCTp09HHbie B § 3 ( TeopeMa 3) 1 6y .ll.YT aHanHTH'l9CKHMH cpyHKUHSIMH napaMeT

pa E npH acex t ~ to 1 T.e. Mbl .o.or<a>KeM, 'ITO cywecT~yeT E:, "> 0 TaKoe, ,.., 
'ITO npH If ( < E rpaHH'lHbie peweHHst pa3naraiOTCst B cTeneHHoA pst.o. 'no £ • ,.... t 
.KOTOpbiA CXO.ll.HTCSI B Kpyre pa.o.Hyca € O npH BC9X t >,... o 

HaMeTHM KopoTKO nitaH .o.oKa3aTenbcTaa. Bepst S, =·)!(+ l 'iJ KOMnneKCHhiM, 

Mbl OOK8>K9M1 'ITO rpBHH'lHble TpaeKTOpHH 1 OOCTp09HHbl9 B §3, aenpepbiBHbi no 

H o6na.o.aiOT no. ).( H v aenpepbiBHbiMH npOH3B;>.ll.HhiMH 1 KOTOpbl9 npH BC9X 

y.o.oaneTaopstiOT a Kpyre IE f < f
0 

ycnoailstM KowH-PHMaHa. KaK HsaecTHo,. aTo 

c 
t:.:-~ 

aKBHBaneHTHO B03MO:>KHOCTH pasnaraTb rpaHH'IHbl9 peweHHH B PH.ll. no CTeneHHM ~ 

e· 

H 

T• 

HI 

P· 

T• 

T• 

Ll 

y 

c 

p 

K 

I

y 

0 

r 
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neMMa 17. nycTb peweHIIe (X& ct) } . !Jr. ( t) ) . CIICT9Mhl ( 3~ 1) y ,llOBneTBOpH

eT cneayrowiiM ycnoaiiS!M: X E (f) :::::- X 0 1 npii acex · t >,....to eft { XF.,(t)/ < 0 

II .fi M ~E (i}::: f/111 YE (f) =o rAe/£ I<. t 0 II lXo/< d0 I E~> o II f
0 

> o 
t-i>'QQ t~ cooQ I ( {I) 

TaKOBhi, qTo· npH HHX cnpaaeaniiB~I ace .neM~hi § 31. Tor a a · X E ( t) J y£ ( ) / aaBHCIIT 

HenpephiBHO oT t , T.e. npH t ~[ 'XE'(t)_, Xe,(t),a YE' (t} -7 Y£(t) 
paBHOMepHO Ha KB)K,llOM KOHeqHOM 0Tp93K9 [to I t'f.] o 

llOK838TenbCTBO neMMhl 17 oqeHb nOXCI)Ke Ha ,llOK83aTenbCTBO neMMhl 8 C TO:it 

TonbKo paaHHue:it, qTo orpaHHqeHHOCTb MHO)KeCTBa [ ~f' (to)/ anH f' aocTa

ToqHo 6nH3KHX K [, 3,lleCb CneayeT H3 neMMhl 12. llanbWe ,llOK838TenbCTBO noqTl{ 

,llOCnOBHO nOBTOpHeT ,llOK838TenbCTBO. neMMhl 8, H nOSTOMy onyCKaeTcst. 
,...; 

neMMa 18. CywecTByiOT fo> 0 H ~o> 0 T8KHe, qTo anH nro6b!X e II Xo 
,_, ,.._, I 

yaoaneTaopHrowHx y~noaHro ICC.\<£", /Xol< bo, peweH,He (Xf..(tl, ':Jr.(tJ} 
CHCTeMhi (3.1)1 yaoaneTaopHrowee ycJIOBHHM Xe,(to)::: Xo , npu acex t :>,.to 

_i_ I X E ( t ) I < 0 11 e; Wl X E ( t) .::. l ; Wl y £ c t) =o o6naaaeT Henp~-
pt/atoa npoHaaoaHoi'i. .no ).( ( j-: ~ E) • t ~ o<> 

lloKaaaTenbCTBO, 

npH noMOUlH. 38MeHhl X:::; ~ u . • . y .:: ~ tr nepe:itAeM OT CHCTeMbl (~.1) 
K CHCTeMe (3.2). llanee nonO)KHM: 4 U ::: Uf+A_,.« (tJ-UE.(t) ~ifJ::: (.}; A (i:J -fh (t) 

· /12/ I · c.+ }A £ • 
I1cnonhaya neMMy AaaMapa (eM. , CTp. 81-82), nonyqHM qTo npH A)A:f:.() (~ 

1 
!!"j 

yaoaneTaopHeT CHCTeMe ypaaHeHHi'i.: · Af- Af 

- >.!-J + a(t,£, b, llf')~ 1- t(t,f,b,AJA)w + h1(t,E,f, I!.JA), 

(4.1 f 

rae i 

a (t, f, ~,L1fl)== jJI~(uE(tJ +JA u, 9i Ct) + t 6"', t, E + J Af\ '~JT, 
() 
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1 

lct,E, r, .y.rJ = jJI~Cuttt> + fAu ,VfCt>+f Au-, t, f + P", ~) Jy_ 
0 

1 

C( t,t.~, t>f1)1 B:(uE(tl+fAU ,Vi COt-"fAir, t, f.+ 1"4-" J) J1, 
(J 

i , . 

Jct,ES, Afl)=j 8rr(ut<tJ+lAu ,ITf.("}lt JA~~'1 t 1 
f.+ 1A}I, c;) Jy, 

0 

. 1 

hlt~~S~ l.p)~ J .A~Cut<tJ+Pu, ut<tJ+}A.r, tIE+ JAfl, ~) c:~1 , 
0 

1. . . 

hlt,t,b.llf') = f B~(ll((tl+p u IU((tJ+ 1 All"", t I E + fA}I, ~) ol L 

A IA(to) · A.t<(tJ ·A cr(tJ 
co cneayromHMH ycnoBHHMH: A_,({ = 0 , A){ ~ o H A .)A --'> 0 

DpH t --'!> e>Q • MeTO.llOM, BHanOI'H'iHhiM TOMy, C DOMOUlhiO KOTOporo B § 3 Mhi 

38MeHHnH CHCTeMy (3.3) Ha CHCTeMy (3.6), Mhi 38MeHHM CHCTeMy (4.1) HB CHCTeMy: 

£z 1; + 2.<(t,EJ,AfiM tfr - K(t,t,~1 A,«) 1-)1 = /t(t, t, ~, A/u), 

( 4.2) 

ftd; +"fo(t,E,~A!Mtf.' -n(t,£~,Af')~ ~ ft.Ct,E,'i,AJJ-). 
B cuny neMMhi 17 ¢yHKUHH oi.(f,t,f1 AJ-t), j3(r,e:r,A/A}, K(f,E,r,A~}, 
h ( t, E' f, /), ,«) . /t ( t, f I f, .11 .,tl J H {:;, ( t, e I ~.tV<) 6y .llYT HenpepbiBHhiMII 

¢YHKUIIHMH napaMeTpa A)t • I1cnqnh3ySJ. HBHhie Bhipa)J{eHUH aTux ¢YHK!luit, HeTpya-

HO y6eaHThcH, 'ITo npufAIA/+lt/+lfl~o o!(f,e,[,A;'f) tl ;9(/,t, r; A,;M} 

0 

ol 
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CTpeMSITC.H K Hymo, a K(~£.1 ~A~} u h((E,~AI!} K At Pj!!!HOMeP,H~ 
npu Bcex t;:,. t 0 • Cne.uoBaTenbHo, ,_!!afi.o,yTc.H TaKue f

0 
>o u J: > o ( ~ 0 

Hy:amo 6paTb .$ ( H3 neMMbi 17, a ~0 . ~ fo ) , qTo npu Be ex / E f <. f 
,.., 0 - . 0 

/ f + A)A./< Eo • { clf <;·. ~0 u Bcex t -~ i 
0 

BhmonHeHbi HepaBeHcTBa: 

. )2- _,\2. R e K ct j f I~ A f<) - ( 1 WI o{ (t, E I~ I A )A) ? i"" (4.3) 
. ' . ' 

Rtl'l(f,£,~,A..M)- (J..,j3(t,cJ,A~J)"-;::. ~. 
J1cnonb3Y.H .HBHbie Bb!pa)K9hii.H .un.H;; (t, e, r, A/f) H I~ ( t, c' ~ A/U J,..... 
HeT.py .llHO y6e.uuT;_;.H, qTo npu ManbiX A~ ( HanpuMep, TaKux, qTo ( £ f < £

0 
u f £ -1-A )A/< t0 ) STU cpyHKUHII 6y.uyT paBHOMepHo orpaHuqeHbi u 6y .uyT 

CTp9MHTbC.H K Hymo ilplf t ~QQ • npHM9HIIB K nepBOMy ypaBH9HlfiO .CHCT9Mb! (4.3) , 

. A 6.U peGynbTaTbi § 2 (neMMa 10) Mhi nonyqHM, qTo cyruecTByroT npe.o,enbi _Y.. u -
· · · .· ·· AA AP 

npu ~>U _,.0 npH Bcex f '?:- to ~. Chcro..ua, Ufnonb3Y.H cHcTeMy (4.1 ), Mbi nony- . 

qHM, qTo cyruecTByroT npe.uenbi AfT' u A tT npH A)A ~ 0 npu Bcex t ~to 
A~ AP . 

nonyqeHHb!e npe.uenbl 6y .llYT y .llOBneTBOp.HTb cne.uyroruefi CHCTeMe ypaBH9HIIH! 

npH 

nyTeM aHanoruqHb!X paccy)K,ll9Hlffi H9Tpy,llHO yCTaHOBHTb
1 

qTO tQ 1) 

CyiUeCTByiOT lf Y.llOBneTBOp.HIOT CIICT9M9! lf '() v 

.!!.. ~ ~ ,\ ~ -t Jl~(u,q; t,E,~~ + J;ru . .r, t, c,~:t{ + Jl; (u,.r,~ r,~, 
olt '0~ v (4.5) 
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.!!!_ ~:: ,\~ +f3~(u,cr, t,£,~)]-vu + ~~(u,t~,f,(~/7/;"" /3;(u,,;-, t,e,f} 
olt if\} 'h v u r . 

CO Cne.lly!OIUIIMH ycnOBIHIMH: 'Ju(fo)::: 0 { 'd u(f) J + /(()v-et) / ~ 
0 ' rov ~v . 

npu t~~ 
Yia ycnoBH:II: Kown-PuMaHa .nnSI aHamrTn"t~cKnx cpyHKUH:II: cne.nyeT, "'TO 

J/-;(u,v; t, f, f) = ( ./1; (u,v; t, f~ ~, B;(u,v, f, ~;,~;:; i/3;(u,cr, ~tS) 
Cne.noBaTenbHo, 'd 1.1 _ i }u , ]_tJ-• = ( '!__!!: 6y.neT y.noBneTBOpSITh 

'O!J - lf,P l'fY ro~ 
cncTeMe ( 4.5). B CIIny TeopeMbi e.nnHcTBeHHOcTn (neMMa 7) 

'Vll Ma ( 4,5) He nMeeT. Cne.noBaTenbHo, .nnSI npouaBO.llHbiX -

td.)l 

.npyroro 

~ll ·-, )1. 

peW9HIISI CllCTe-
~ tT r"Jv-
·~ ll;;Jv 

BbmonHeHbi ycnOBIISI Kowu-PnMaHa, TaKnM o6paaoM, HaMn .noKaaaHa cne.nyroi.UaSI 

TeopeMa. 

TeopeMa 4. ,_ 

CymecTBYIOT E' > () II ~0 > 0 TaKue, "'TO .nnSI nro6hrx E. n X 0 , y.noBneT-
0 - rtJ 

BOPSIIOIUIIX ycnOBIIIO ( f I <: £0 . I X of <. ro . peweHn:e ( J(f. ( t J , y£ ( t}) 
cncT~~bi (3.1), y.no~neTBopSiroi.Uee ycnoBHSIM Xf.(t0 }=Xo• npn Bcext~t0 ft/Xf,(tJ/<O 
u /o'fl Xt(fJ.::: /,,.,!Jf (f)::() npn t ~ t 

0 
aaBncnT aHanHTH"tecKn oT E. 

i-*~ t~g6 . 
.LloKaaaH~IaSI TeopeMa no:ilBonSieT Bbi"'HCnSITb rpaHn"'Hbre TpaeKTopnu B Mano:ll: oK-

pecTHOCTH nccne.nyeMoro nono:>KeHnSI paBHOBeCHSI Tuna ce.nno nyTeM paano:>KeHnSI nx 

B pSI.ll no cTeneHSIM £ . O.nHaKo, nonhaySicb TeopeMo:ll: nyaHKape ( cM/
81 , cTp,l53-160 ) , 

Mbi CMO:>KeM npo.non:>KHTh rpaHH"'HYIO TpaeKTopxiro .nnSI aHa"teHn:ll: t < to . TaKoe npo

.non:>Ke-~ne noaBonnT nony"'HTh Bee IIHTepecyromne Hac cBe.neHnSI o pacnono:>KeHnH f;(t,{ 
3TO 6y .neT c.nenaHO BO BTOpo:ll: "taCTH pa60Tbi. 
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