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APPROXIMATE: DISPERSION· RELATIONS·/E'.OR 'NUCLEON,;.;NUCLEON. 

~ 7_~ •,_; ~: ~~' ~.- , ' ._ ;~• i.!~ _ :.~ ,..1/,1,..!. ; i•.'. i' 

... :, -~~:}:_~ .. ,~~ '~} :._·, ·;.~ ·~; 
-~ 

Some: atit:h'o.:f ~\::~cihs'j:der-ed' tth~c. d±sp~rsion··. rela~±ons>f'br1muc-
s ' .. ' ....:. ~··. ·,·l - . '· ·· S: ..... _ : '-< 

leon-nticleon·. sc·~tte:;ingll~·:J.I ~; .The· relati~n~:;-,which .. they.tobtained 
- . . r . ~. '"i\ , - , ~ ~ :;: . ~- .!.. r-.: ~ '-, ,,.. ,J ·,. ;,~; ,;', __ ..,.,,. -~ . ·,; . 4'· .- ,-, ~~ , ~ :~ -•-, :" r _· .•. ' c' 1~_ .. '. f 

., "'c.ould~inot:··,be(,co.mpared, w-:i:th'· 0thei•experimen;t',~{,for·~·:th,ey:_:;1nv,olved,·non~ 
{'' , . 

~observ.ed/II1?,gni tlides/aiid?iilsoi:-filiiknown nfrigni tud~S''OO?l~~o~·~a:E\{rth 
_[ > r r . 

'~ a:ntiriucleon~Iitioli·eofr:-i·scatt'er:i)ig O O ~ 'l' fL' ( ;~ , ·., ' :.. .. , . .,, 

. .- , _,. ,:.. · .r~ ~ .:r~- .,.,, - .. -.·-·•,'s"""· ,-,· -~-,.., •,·:\~ 1~ •-.,· :'·;c-,:~-- 't,.(;'-il'_ "-f'; ( 

. ,, ~:, iL'.In ,.tt he. ::pres ent,:q>,a:per., we:,fnv.es·ttg9-t.ed·:"J:hhe:.:ic3:pp:r.oximat et::di.s per-

1:si.on :·-rel'at:l.:ons :;tGTheAnuc:le ori~.inicfle ori:; s2affte"ri!,lg'.d.ri itlci 3a~serio e:,,:of . .. 
' • ' .... • ' ', ... , ,; h' f ,~"• ,.-...~•,1/"'f",, ~•(.' .,• ,i,' . . ~• 1.:1•.\'.'•''C<:.---~ 

·,an_ti-=:-nucle ons0·iis·:~•corfsTder:ed,o:".we:~ar~'.!:preoee'diµg·:from::,;tne·fd1-sper-

·:si'c:in·ureil:at:i:'on·<robt'ftined2.·nn'1the/~us'uar·,vi~YHi4J • l • ~J['.':,·. ('; i . 
..... 

Here D · · and A . are :the re·a1- .and imaginary ,par.ts· /of ,the:•nu·c1eon-
~>~:, - ~>✓-1 \ --- ·,_ .,, . (~ . -

( f -- nucleon sea ttering :ampliJud_e~rrespec:ti vely',': E ···.is:. the, iSCattering 
_s c+-i ~ ~< i.,. 

nucleon energy ·in .the coordinate· system, where the·sum :o:fUthe·:,mo-

menta of the scatterer, before• ·and. a.ft er· ·the,; c'ol'l±s:1:on,,:_equ'als:,zerco., 
•.~.~ -- <:., -~, .. ._.,.,,...,, r.-~--;-.-t•i--·i-~i"f--· _:P·{:';('f •➔ ,,,_c: -- ~ "'-;";; ( ~~~- < ~-'"\ r~ f~f:~.~ . ..... ,,r} f1-')'! 

('. P :'·+ ' p·i,)~,- ·o/ yz:Th'i~:·iuoleo'i1;nticleon\sca.tteriJ1g<~nip]-j __ tudes 

D(-:-M) and A( ~Eil) ,are 'linearly· express'ed cby .. an:tinU:cleon~ntic-1.eon 
r • . , ,.,(;J .\.~,- -,,,_ -~::··.~.·, .. ,.~ .. ~·.; .. ·•.··, __ . ·,.,·.,·.\_-• .. ~- ,.l 

,-':, .. {_;'-:} ~· , .... ) .. ~ ·'._):j· '. \:~·~~-?.·.·:._ -~.:..: .:.; · . .,,T,; ;.~,--:~··-,,.':__~.,).,; _; ~ . - ,,,,. ,. ·. ... ··, 

··· scattering amplitudes with 'positive ene;rgy .• :HSo:. the'.·:disper:s-ion rre-

. iat:tbh b()1mdi. the tiiilpi:t t~'ci~s o·f '~ucleo~;nu:cieon ·arid.':~n.t-inU:c:ie·on-
-~- -.,:L _.~ _:·:./.,.:·,_; ~_-:· :~t-J>·3,.: J .-:- ~---_'_.··:·~ 



. - 2 -· 

r{h61~·ih:-i~li{t~~f1dii~ , 
.~ '1'" f ~ - . .- I 

.., ~ "" • ..,., /""·•· t I' ~-·. • • • 

In the considered a;ppifo~lma·d.on (1) has the form: 

- ( E) -f ( I + ~) D ( M) = 

:-" r ·:~ 

. ~ ~;.- ; : 

°" iEa,_M~pj' · AtE~)dE
1 

c(E'"-M<!)dord15 
IT .- (E'-E)(E''-M'~ ~ M"-pa-2.Mi 

. ~-'. ,_:,·: :'/, :·'.' ,:.,.' M'.- P_':;· ,·, .•. :: ; ' . ., .. E -. ✓ C -c. . : ' 
\IM'-P". ~; M_ +p 

.. -.. -fii. · . :<,-1; :'. L,''.:i:\ ,,l .,::/:\·:: 

• ;· __ ·;? \; ' .. :·.; ~ ' ' ' '· 

(2) 
) 

where the. last .. term, is .. the ... contriTl)ution°.of ,deutron intermediate 
}).~; ·:/ .-;,..i} "'l C. ~.- .,/, :·.~) ;. v .- .°'·•-':' r · •~, J.> f"'' .J, ~ '"•.1-L\- :·": ·". .. ;· ... .,, • '"'• : ';' , ~ "-' ·~· ' ·• · = ' . 

,: ./i\af ~/! :)'.:Jii ·: i~~ .. /,:}!~~:, fl',:p:r~~ek~I.:J,~ympolt;;:;dif-i'e;:ent [:from zero i:t' 
;·, ·;·,,' ·,;/ ~· \ ·~ .... '~,.: . ' . . .. ~· , 

the total isotopic st,in T = 0, a,r:<1,,:.,th~.,.tota1,3usual,i~spin: S.:= 1, C .... 

the. con,~:ta11:t:.,.independent :-on.,energyr whic_h mu•t ~ibe determined from ( • ~ :,:: ._\j\/. _,:/.f .~:-i\~,.~~;1.'-.t•<•·~ .. :>~\_!•·· 1 
.•·\ ·:· ·••• .,,.,_.~,"·· -' •• ··._. ::;_ .. ~ 7. ~_.•~~·. ,". ,._ ~ ."'· . ~-. .~ '~ ' .~ 

· ·_ ,.\~~: .. ~:~~~W:7i~1?n~,J1¼\~, ;:t~~;:e:x:p~.~t.JP~nt_, t :,'7:rr::t~:e,;energy ;of deutron 

: .·. ,_':Ai~E:i1wffe'0 : s.~,~h,:~:~:;'.~!)P~<:>~i~~t,i?Il 19,~:~~tis.J:.a:ctory ,,in -the: energjl' re-
..... '', ~-. '• '. :~ /P "; t•• •! , • • .~ : : • • • ! 

gion where the magri:i,t~d~; £.f:::t~e otAtegr~L.ris)c:determined mainly ·by 
-i: I - .._,~,-- ';. • • • ~- .• ~ ", ,,, • . '. • 

the behavior of the integrand 1f_E•-Eo For this the integrand 

A(E 9 ) must possess a grea:i 'a.e;'i'vat\ve :{o"i:· ( th~ (i;teg;ation is being "-, 

.. ,· !1)ade in the, -sens_e of principal parto The scattering amplitude "A(E•) 
'.< ~-,. ~ 

which is an integra.nd in,: (2) is ... Aot an observed. magnitude in the 

region 

~ . ~ 
•·,I. 

·,.:·•• A!•:~,:.;_,,~,_!:r"";~. 1~J~L j) ,, .. !: 8J'Lj ~_}•j", 

j-2 ~· 'I Mi ..,.~c. 
~: \ 11,z.~: p}~: ~:).:fa:,·.}., ✓ M ~ -~ ;-~, qm;:; ' (J) 

- . ;\ 
'-~~<;~::_ 

~ 

·,;' i~~:·;, J 0 ~: D ~! 0 ,) n ri J 

.,. :/.·~:.T,: '!,.', ::.~:/ .) .. ?~~l,.~'.3 _·;'rnd · '::J:U.o::..::::, 
·For· ~6rward · scattering p ~ Oi the .. non..,_,obser:ved r~gion is vanish-

.,-. ~ _(-_ ir"' .-:::: •· 1 ,.,i;1t·~·~.:;.:\}::~ :· ~::1rr;( ,'tft'l' ':· ?, ~J ·-.-~',-

in~o _ ... ,, '·;. , ;, l ·•:i .,) ' ... :r~•'.;,:: ·:-,:,n: L -:; 'L: ,:' '':"L )i,. 
.'.: :·In' ·iitldl~ci~;;'..~'ricleori scattering it is necessary to take into 

:~ .. ___ : ~ :· ::~. -, ,,., ~'~. '<:_ ::\ < of -\"/-.1'~ :.:.. , :--;_ ·->- -·; ~: ,;- ;,">) '.~,£ Lj. :~1
', • 0 :.=; >.;,,_ . I !'·. ~,~ -·:<:~: \\.: :. .. ' 

ao',o o,unt;"t he ideriti ty · ·of P§Xtic:I.es a:nd consider not -~l_l,e scattering 
, . ,. 1 ·; '._, '"-•r_>:" ;'":.·_ f"n,>i'" . ; nu~.:, '";·,:·1 ;-;-:_··;~··; r '~(>:r::: ··~ ;. ~~~5'/jJ.,tt~;-.) ;~-,, 

N '•",c~mplit~a.~' :r'('S). fo;•s~• cert~iri': a~gle' e, b~t . a· linear combination 



oft.he form 

f ce) + t (fr-e) 

(4) 
.where 0 •is the scattering angle in the cent~e of mass systemo 

The. non-observed regicm.(J). remains at any, G for ·this amplitude. 

With the aim o.f, co_nd:t,!cting the symme_trization we. write down (2) 

in the centre of,. mass system'o. · 
' ·;.,, ·:- - • • ..,__ : f - • -. • I ~ ., 

. ' 2. ... . 
b ( w· P 'J.~· ':;(·} + w: - 2. M ,.-:-,2P',) .D (2. M 'P ') = 

) 2 c.M ~M';t" j:tc. l 

-~ ~~. ; •·: /: ' ' 

,_ w4+ ½(Pa_-~2)(M~ + t,,) 
'ii . . ', 

where w is the total energi of two nuqleon syst~m, 

and 

· ·, .-· ,Non""."observed region in. relation (5) is in the ·•11.Jjits 
c: M ·~ ._w,;_ ·-~~Mi + 152 

In this region Cos .. e•(- 1~ The_ transition, the e 
is __ equivalent ,in (5) to -,the, substitution; 1 · 

/. '· ' ·~ _. 1a,~~]~\= ~2 ~~4~f~ ,Pa . ·, 
To fu~fil the: SY;mmetr,izatio_n it is essential· that 

w ti+ 4 (pa _;\/Ve) (p~ +' Mz) 

w'\ 4 (pa-w'") (P" / M) 
" - . •-·• .; ·. ·.· 

'Ii - 9 

(6) 

Besides, C o,s-.. G and aos o ( IT - 0)' incorporated· irito- (5) under -

._ -the 1:r;itegral. are .equal, to:. 
'• "; ·, ! . •~ ~ •; ' ' ' • I 



•·· 

(, ,a.nd 
\. T ) . 

/' .. = 4 = -. 

-c. . I Bp 
cos0= l-w'a-4M~-

- 'i; 
I _,., Z. 

Cos ('ii- e) :: _ 1 + 8 P _ 
W 1

'- 4M2 

I Z. 2 
+-2w -w 

w''- - 4 Ma 

n a 

,c:: t' ?.~ ;;:'.! J.~:, ~ {:1::.-:J±rDC-' -GI. f! !, ~ J -~:~ t:,.:-. n(n J :.~~~):'; :.r 

lil"IO ':}: ~) . ~t 

: ?-'.} c: ~c~nI :::: (l ) 
. . , , _· . . ,. . : ,. / ·, .. ""\· . , . :~ .,.... t -. ~ - .\ .. ":_ ,-, .. , ·.,-, _ .. ' ·,, l -c,; ·<''0 t: .f:•~ . 

':)b,T.her_ef6re: .. 1t- ·'.tne 'fuhotib:n" 1A(W 9') "in'-.1-ehe-:~re'gibn'-'w 11·~~~ w·' "'tfhan·ges 

:C;:·.-·( 1-:)'rapialyj .e:rfough ~1nt: ac\:iorda'nc·e·:: wi"t'h ;u1'et asrsiimpti~:h in~de~~ '~~:i11{/r the 

inte~ral involving difference ( 6)11 ma·y'f.•beGn'eglfu'ctedJ'l·n•~,c o~-pa;ison 

with the integral -~nvolving1 ari~_aiio.logous 1su•mi and /the )last term in 
\ ~ ' ' _,, , ,;_ . 4 : ·y\ 5 1. ) s 

( 

expression (7) for Coso ( 'Ii - e_,.) 0 may be neelected tooo ThP-ng 

., i . o. _, 
.. '\,J :. ·:' :-~ _' . .:t \•. __ ,... . ' .. I,; .'· - • ~ ;_,_ ) ( ., \-j . :: --~-'., 1 

S'v.·cc:>Soi'(\•'·tff,:,_.'eN,i-)_!~= Cos., ( ffi:- 0 e•) = -Coso 0'; 
, \J 

and the performance of opera:tiori,c'.1 {'v!-{ :) _ t turns, out to be possibleo 
- l -,· ... _., . 

( :;, ' >•. ; ' l ,.: '1 _ ;'.! \'-" 0J , •. 

In this appriximation the non-obse'rved re'gion fully vanishes for 
,::«:~~,;·>:i .• ,1 .. r.~. ·:,;--: ~~,.~_:/ Dt ·\:-1•··-,"''"'1#1tJcr.:-; .:1 .. :· ~--=t;f -n.L ··:-,::)f~\::·· 

forwardtscattering (p.:i2 = O). ab'.ti we obtain 

D(.1;)•\· .. ,·t3; .• k-2._•' .. ·.~k.?+'-MC:.c) ( ) :i't .. 
I'\ ---~ -'+- + · D o == , .... , 

c 2 Mc '· 2.M _ 
Oo 

., : .. :K~JK: .. '.t:Mi-),. ;-J. (;G'(k:;) d:r,(,;f:;•:• :·,J: /IC'., __ 
·-· . - 2. TI a ~·. ·. ( K ' '-..:.. k: a )( k 1.c + M .2 ) . , 

0 ,_, ' .... _, •.. ' . -· . 

'' ~} '/'.: o•~; ,\:, ::(8) 

2 c. '3Kc!(k' 2 +M 2 ) R'"= w ~4M ,:1 ' .. .i:' :·,1,,.itlJ~r:J::-';.;_a +''ht .... 1.. ...• ir:,,c:c _, Ltc '.,0· 
! ,, 

wheriC We used the opt'i''ci'a.JJ Jt'nl6~jrii jJf 61 ;~,;waid<~c-aifiriri~; ·The 
• ~ ~-; ~ ~ f .~ - \~\· - _\ ,,::~ ;~,;-· 

experimental ve.:r:-if1.cation of the wri,tten ·dispersion relation (8) 
· , _ ;-'-' "'," .·'! .. 1-s-~ - .. ~.-: • .,, -.... t-· ·.:~;"' \,."'", ;._+c·~.--;-r1-;· .,r~~n~.r~ ,~':J.L: 1 ~-.>~}fri:~ c/L 

is of interefl-t,c: 1·{~he,-ex1sting·~exper1menta-l•'data·'·on· the "'total ·cross-

section and t118 angular distribution make it possible to calculate 

the inte_graJ,. of thfr,rt,o.ta-1\cro.ss-~·ection and ito '-c.ompare c't 1hus obtained D(k) 
.• "', ·./\/ ~- ·.;,, ..... ·/~.,~ .... '.i r_,:,·\, :, ' ...,;;'-i\, /" \ .. -•-~ { .. ,., \ -- t :; ~ \_\; ... :>-; '.' ~ ··,,,1 .. 

•\vi th the one experimenta.J.'ly· measured o This ver'ifib'ation ·will give 

an answer to the problem about the limits of the application of 
r .I ... '•, • • , · • · ·" ' ·-. .,'\ r"• .\ ;", r~'.•'..._ (1 ,...., ,' ¥·, :7f• ~i 

disper's1ori3 :relatiolf::car6 -- 'J ,.~ .iv , • ..,, •.l '• V, • ,. 

' . r. .,., • ~ · ~1 ---- •• •·. ,.., ;· : _' r,,. "l"1 /_' 1 , 7- ~ • -:·, ! 1~ _" j f 

In the very low energy region (up· to'_ .. 6'' MeVY,'whe.re'' the s'ca:t= 



tering_is described well by s~wave we.can use the.ez:panslon 

k. ct~ 6 :: + J._ 1.k' 
a 2. 

(9) 

and to perform.the verification of the di'spersio~ relat1..on.(8)., Ia 

this case it assumes the form: 

(10) · 

where Go I ::: eLrv-i 1-1 Sin_?.6011 ( k)]. 60 o.nd 61. 
' ' K-0 L k. ' 

phase=shifts of singlet and triplet S=soattering, re~peotivE,?lYo 
. . ~ 

Subs ti tu.ting expansion ( 9) into -,(10), diff erentia. ting by K ... and as .... 
·2 

suming K = O_ w_e_ get the relation involving r 0 and· ao1 These mag= 
.· -13 , .. . -1:3 

nitudes are well"'?known and equal 15 1 to: l-o-::. J· 1° CM '"L, :::1. 
7011 

'~,,CM 
0.

0 
= - 2. 3 6 9 · ID -IJ C.M Cl -::: 5. 3 /I;· IO CM . 

) I 

The deutron term is absent for singlet scattering and the left-hand 

side of (lO)o coincides with the right hand one with the accuracy 

up to O,Ol%o 

One_ fails to solve the problem of the determination of r 0 

through a o It is due to the fact that r is very sensitive to the. 
0 0 

. ~ 
chanB~ of total Cl'Joss-seotion~(I<)· The subsitution of expansion (9) 

insteadiof the total cross=section is the rough ve1•1fication of the 

dispersion relationso 



=' -
, ... , , . . , , , •) , • .. 

For triplet scattering if we' do not take into !1.ccount the 

deutron term~ the Ieft-hand side of (10) coincides with the right-

hand side with the accuracy up'to J%o 
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