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RETARDED AND ADVANCED GREEN-FUNCTIONS IN THE 

QUANTUM THEORY OF ISOTROPIC FERROMAGNETICS 

Pu Fu-chou, s.y. Tiahlikov, T. SikiOs .· 

Retarded· and advanced Green-functions for the calculation of the fundamental thermodyna

mical characteristics of isotropic ferromagnetics have been used in the papers Q.] [2]. For the 

magnetization according to this method results,are obtained which are valid for all temperatures. 

Here, in contract to those papers, we do not suppose, that we know in advance the orientation of 

the resulting magnetization with respect to the external magnetic field. This gives the possibili~ 
ty of investigating more complicated probl~ms in the theory of magnetism. 

!"' 



3ana3,llbiB8lOIUHe H onepe:lK8lOIUHe cPYHKUHH rpHHa ,llnH pac'leTa OCHOBHbiX 

TepMO.llHH8MH'IeCKHX xapaKTepHCTHK H30TpOTIHOI"O ciJeppOM8I"HeTHK8 6binH npHMeHeHbl 

B pa6oTaX [I]' [2] • llnH H8M8I"HH'IeHHOCTH STHM MeTO,llOM nony'IalOTCSI :peaynhT8Tbl1 

I"O.llHbie .omi acero HHTepaana TeMnepaTyp. 3.oecb-1 B oTnH'!He oT aTHX pa6oT, He 

IIpe.ononaraeM 38paHee H3BeCTHOfi OpHeHTBUHIO peaynhTHpyiOIUefi H8M8I"HH'IeHHOCTH 

OTHOCHTenhHO HanpSI:lKeHHSI BHeiUHei"O M8I"HHTHOI"O nonH 1 'ITO .oaeT B03MO:lKHOCTb 

uccne.ooBaTh 6onee cno:lKHbie 38.ll8'IH B Teopuu M8I"HeTH3Ma. 

1. MeTo.o npuMeHeHHH .oayxapeMeHHbiX aanaa.obrBaiOIURX H onepe:lKaiOIURX 

cPYHKUHfi rpHHa B CT~THCTH'!eCKOfi cPH3HKe H3no:lKeH B pa5oTe [I] • Ha OCHOBe pa6o

Tbl (
2] KpaTKO cciJopMynripyeM OCHOBHbie peaynhTBTbi CTBThH [l} • 

Orr pe.o en liM .ll ByxBpeM eHHbre 38TI83,ll biBBIOIUHe H onepe:lKa lOIUHe cPYHKUHH rpuHa 

COOTHOWeHHHMH: 

G"'"(-t-t.') .. ~ A(t.)/13(-t.')~-r = e("!:-i!)< [A(t);"Blf.'J]> 

r.oe 
H 

< UL > = G- 1 
Sp { ct e "F } . 

I 

[ r~ ( t. ), 73 ( t.')] = A ( t ) J3 ( t! ) - -z B L r > A (t. J 

i.>D 

t.<O 

Ilpli'!eM ycpe.oHeHHe Be,ll eTCH no 5onbWOMY 8HCaM6ni0 1 TaK 'ITO 

11,11 

11,31 

11,41 

H BKniOtiaeT 

B ce6SI qneH c - :>-.N I A - XHMH'!eCKHil: noTeHuuan, N - 'IH cno 'IaCTHU I. 

IXHMH'!eCKHfi TIOTeHUHan He BBO,llHTCH 1 ,eCnH 'IHCnO '18CTHU B CHCTeMe He cPHKCHpo

BBHO/. A (t) t :B(t.) - onepaTOpbl B npe.ocTaBneHHH rail:3eH6epra, npe.ocTaBnHIO-

IUHeCSI IIpOH3Be,lleHHHMH KBBHTOBbiX noneBbiX cPYHKUHil:, 1 Tipli'!eM 

3H8K + HnH - 6epeTCH H3 C005pa:lKeHHH y.oo5CTB8 1 He3aBHCHMO OT CTBTHCTHK 

'I8CTHUo 

Q:>yphe-o6pa3bi cPYHKURil: /1,1 I 
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""' 
Ct (E)- i-rr fCf(i) ei.~t cL t -- u~r.a.; II,!) I 

B KOMnneKCHOfi nnOCKOCTH MoryT paCCM8TpHB8TbCH K8K eaHH8H 8HanHTHqecKaH 

cPYHKUHH, peryngpHaH BHe Beru 9CTB9HHOfi OC~ BRa a: 

00 w 

C(G:)= 2~ _i JC'-'-')(eT- -z.) c:Lw 
E.-c...:> 

G~(t:.) 

C (E)= { GQ. (E.) 

J'\'\'1 E. .,. c 

Jw, E. < 0 

)(~)- Cn9KTpanbH8H HHT9HCHBHOCTpo 

11,61 

Toraa o6brqabre cpeaane .aaaqeaHH IKoppens:runoHHbre cPYHKUHHI onpeaens:rroTcs:r 

¢opM ynaMn: 

<B(-l)A(t)>= 
C>O 

f .J(~J - i~ (i.- i.') 
e. cLc.o 

-""' 

< R(-t) B{i.') > = 
00 

f J(w) e..': - .:.w(-i:- i.') 
e. Clw. 

11,7 I 

--
¢ YHKUHH J ( W) CTpOHTC H no cPYHKUHsiM C(t::) no COOTHOlll9HH ro: 

w 

J (w) ( e_ "F- ~) = G(w+~£)- G(w-i..e.). 11,81 

nocneaas:rs:r B cBoro oqepeab onpeaenHeTcs:r na pellleHHH uenoqKH aauenns:rrolllnxcH 

ypaBaeanA ans:r <PYHKUHH f'prma, nonyqaroruefics:r an<P<PepeaunpoBaaneM 11,1 I no t.. 

L cL ~ A(l:.) IB( i.')" = i. b(t.-L)< [ A(t), 'B(t..)]> + i. ~ dA(i.l J B (t:) $'> 
di:. ' ~t.. , 11,91 

. d. A(t:J 
rae 1- --;;z:r- 6epeTcH na ypaBaeanfi a BH}KeHnH. B npaBofi qacTn 11,91 · nonyqa roT-

CH OIISITb npOH3BeaeHHSI noneBbiX cPYHKUHH B 5onblll9M 1 Boo6rue rOBOpH, qncne. 
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J],nH peweHHH CHCTeMa /1,9/ p8CU9II.TIH9TCH rryTeM IIpe,llCT8B.TI9HHH O,llHO:il: H.TIH 

H9CKO.TibKHX BbiCWHX cPYHKUHH 'Iepea HH3WHe. BHOCHM8H IIpH 9TOM IIOI"'p9WHOCTb 

MO)KeT 5biTb, BH,llHMO, OU9H9Ha H3 paCCMOTpeHHH C.TI9.UYIOIU9l"'O IIpH5.TIH)K9HHH
0 

2. B l"'8~3~H5epl"'oacKo:il: Mo.uenn: n:aoTpOIIHhl:il: ¢eppoMal"'HeTHK orrn:chlBaeTcH 

l"'8MH.TibTOHH8HOM 1m.ua: 

l"'.ll9 

ne 

/2,1/ 

s"" 
~ eX. - KOMIIOH9HT8 orrepaTopa CIIHHa 9.TI9KTpOH8 1 H8XO.USIIU9l"'OCH B ya-

~ peweTKH IB e.un:Hn:uax 
1; R: !..?; flo - Mal"'HeTOH Bopa, -· BH9WHee 

M8l"'HHTHOe IIO.Tie, 'J u,,f,_) := 'J(l f,- p .. l) > 0 - 05M9HHbi:il: HHT9I"'p8.TI 0 

ITepeii.u'eM oT CIIIiHOBbiX orrepaTopoB K rraynn:eBCKHM c IIOMOIUhiO rrpeo5paaoBa-

HHH: 

- * + s! : ~ o'- ( i - ~ '~'~f ) + A; b-£ + A { b ~ , 12,21 

l"'.ll9 ~ - BeKTOpHbiH K09cPcPHUH9HT Ilpeo5pa30B8HHH, IIO,ll'IHHHIOIUHfiCH yC.TIOBHIO: 

to/( '{/ . 3-;'i 1;:1 t.z·- t/ 
A.f.z. = .z. A)( = - .::1....:J_ - L __!1.:. A !I = - ...:L.::1.. + L __:]_ 

7.f ~ "Z'Z. "("" f "Zz 'Zz. 
f f f f 12,31 

"l%. 
f { catr + ( ~~y- r,_ 

* 
H F).f HM910T M9CTO C.TI9.UYIOIUHe COOTHOW9HHH: ,ll.TIH B9KTOpOB ~ 

~ * . * 
( Fl f A~ ) = ( R ~ R~) ~ (A+ ~ ) == ( R f ~ ) ~ o . 

Orr epaTopbi IIO.ll'IHHHIO.TCH rrepecTaHOBO'IHbiM COOTHOW9HHSIM f1aynn:: 

. 
1 d T b-1" = .b ::: 0 t ~ 

12,41 

0 
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B aacTosmeil: pa6oTe Mbi paccMo.TpBM onaonoMeHHbiil: cpeppoMaraeTBK, Bee yanbi 

_pemeTKH KoToporo aanonaeHbi HOHaMa onaoro copTa, H noaToMy nono:>«:HM ~"'~ tot.. 
raMHlJbTOHHaH 12,1 I c noMOIUbiO npeo6pa30B8HHB 12,21 nepeil:neT K BHLly: 

r-H ""' [.0 -t H.~. + H.1. + H3 + H., , 12,51 

rne 

Eo = - ?· N ( ~ t) - ±_ N J ( 0 ) 

1( 

H~, :::- !"· (6! A) L ~~ - ~~ (~R )L ~; 
(fcJ I (fc) . 

~,_ = ;2.~". (ctef)L IYlf, + L2.'J(f.,f~)'Y\f,- L2 J(f.f,_)~{c ~f,_ 12,61 
(fc\ (fc,f.J (f.) f .. ) 

H = o 3 

H .. :=- L 2 J(f,,fL)tY1f,Nlf,_ 
(f., f.) 

::](") = ~ L J(f., f~-) 
<f·, N 

AI- 'IHcno yanoB pemeTKH. 

0THOCHTelJbH8B H8M8f'HH'IeHHOCTb onpenenseTCB COOTHOWeHHeM: 

-11 

M""= <.5'J>=-1u...<i-..2.."'l> + A<><<~f.>+ A"'<b{>. 

. d. ~J!(t:) 
Onpenenss L ---;r:r- H i. 

L i'J ( t) c [ b'J I H ] 

,d;(t:) 
dt 

f~ 

:113 ypaBHeHHB Ll BH:>KeHHB: 

·-r [ -] 
i. ~~ ( t) ,. L; I H ) 

nolly'IHM cnenyiOIUHe ypaBHeHHB LllJB cPYHKUH~ rpHHa: 

L tt <( ~:~(illbJC-t)~- i. J'(-t-i!J S~ 6 + :2;-<. (~A)<11 3 (tJI ~f(t'J~+ 

+ 2 fp.(att)+ :sc.,)}«b~(ili~J(t.')~ -L~:r(caPJ{\{&r(-t.JiilC~l~-
cr' 

- ,<. ~ tY1~(tJ trci:.l t ~1 (t'J~+ ;2.. ~ -¥1p(t:} b~ (tJ 1 b~ct') :;;y.} 

12,7 I 
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-r 2 { fl-(det) -t- 'J(o)} << ~~(i:JI ~f(£)~- L2. :J(<ar) { « &r(i:J/6f(t'J~-
(PJ 

- 2 ~ ""''6(-t) ~p(e) j gf (t') ~ + .2. ~ ~r(i:) b~(t:JI ~{ (t') :>} 
/2,9 I 

-2-f,u.(~'f)+ 'j( .. )~{~;(:t)j~~(f')$ + L_,.Z.'J(~p){ ~ ~-;(t:J{&~(·£1)~-
(P) 

- 2. ~ 1-l:;U=J bt C-i:J I g t (-r.'J » + :z. < ¥If ct) 6~ c-e> I ~tt'tJ ~ l 
. l 

r.ue 
6 = 1-2 <-Y~-a(i:)> = i-:t.:;:::;. 

3. ,Llmi pacuenneHHSI ypaBHeHHH /2,8/i /2.9/ onepaTOplol naynH b3 (-t:.) . H 

b!(t) npe.llCTaBHM B BH,lle: 

/3,1 I 

HOBbie on epaTOp.blt .lliiSI KOTOp.biX H eTpy LlHO 38ITHC8Tb 

nepeCTaHOBO"lH.bl9 COOTHOW9HHSI1 0,llH8KO STH nepeCT8HOBO"lH.bl9 COOTHOWeHHSI HaM 
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He noTpe6y!OTcsr, a f H f"" C - 'IHCnao npnqeM 

1-' = < b\\ (t) > / f-'"' ... <. t;(t) > < J-<sU=)>'"' < J-'t(i:).> = o. 

Tor.oa 

~ b3 (t)/ b?(-t')~ = ~?:~Ct.l IJA~(f.'J~ = G~i 

( h~ (tl I k"f (t' J ~ = ~ ~;ttJ I f-17 c-e )»-a G ~~ 
/3,2/ 

~ I I G(!>} «b9 (i:ll!!>i(.C)~= <$:j-(a(iJ _p1 cq~s j/ 

~ b;(tlf b1 ct<J~= ¢ ~;(tJI ;-t1c£J'Ja G':J<;' . 

Vfcnonbaysr /3,1/, onepaTop 1"\-a-(t) Mo:>KeT 6biTb aanncaH B BH.oe: 

1'\ ~ ( t) := ~; ( t) ~'3 ( t) - ,;:; + il <S 'J (t) +' ~ *;.-< 3 ( t) + ('->,?; ( t), /3,3/ 

rae 

,., = < N1 \l ( t) .> =- ~.,. ~ + < ~; (t} ?a U=J > 
/3,1/ 

...fl..~ , ( t ) ::::: f'; ( i ) )A 3 ( l: ) - < fl; ( i) )-1 s l t );> j < ...0.. 3 '3 (f) > :;;: 0 • 

Vf cnonb3YSI npe.QCTaBneHHe /3,} / H cPOpM yny /3,3/ HeTpy.o HO y6e.QHTbCSI B TOM, 

qTo Bee BCTpeqa!OlUHeCSI B ypaBHeHHSIX /2,8/ H /2,9/ cPYHKUHH MOT'yT 6b!Tb Bbipa:lKe-+ 

G•i) 
Hbl qepea f/ H Bb!ClllHe cpyHKUHH 1 nocne.QHHe CO.Oep:lKaT npOH3Be.QeHHSI 

p(i:.) lA ;--<+(t) B 6onbllleM qncne. HanpnMep: 

~ 11-a-(f)/ ~~ (i.') ~ = f-'" G~~ + /-' c:; + <( 1l3~u-> I f';(t.'JS> 
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<< IY"l~(t:) ~p(c)l bitt')~=- ,;::; Cp~1 
+ f->~0 c;; + f-'f-' G~~ + 

+ 0 ~ .n..Hc:tJI~Jrt.'J ~-t f-'~ ~ ?3(fJf'",.(t1Jf/Ct'J~-r 
·!, 

.· 
B nepBoM npH5nn::>KeHIBI npeHe5peraeM BbiClliHMH cpyHKUHSIMH, Tor.na ypaBHe

<.il 
HHSI .nnSI rpHHOBCKHX cpyHKUHil pac~errnSIIOTcSI, H .nnSI cpyHKUHfi Gl'f nonyqaeM 

cne.nyiOIUYIO CHCTeMy ypaBHeHHfi: 

r.ne 

D<. 11 (o)= ~ {fi.(det) + 'J(o)(6+2.f-J'P') +p.(a<A)f3-J(}= 

o{_u.(o) "' 2. L,U .. ( d£A) (?> + .2.. J(o} ~ f-'} .= ~.2.l (<>) 

r<i) ooJ, <fl -i.C..(i.-£) 
u o (-t-O= G (E.) e. · cLE. 

~t 3f --..o 

/3,6/ 

/3,7 I 

/3,8/ 
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c Ci) ( £) = J_ L ~u- t),K) c/) 
~~ N (K) . 1(. I 

/3,9/ 

MOI"YT ObiTb npHsene.Hbi K sHny: 

( E- A~') c~' - -s~' cc:' ,. -1v 6 

"D (:1.) G ,., . ( - R C•l ) G,., -
0 14 "' + 1::... + .. 14 -

0 

(E.- A~'') G'~' - 'B~' G:' == o 
/3,10/ 

-.:~..,(1.) G()' ( l'IILI -)G'~'-- .f." 
J.j,... ~ n,.-rE ... - .l.lT"' 

• K 1 

, 
l".ll9 

A~''= .<. { ~·.(at t) ~ ( :J( .. )·- 'J(v.l)( d + l.P,*f-') + )"· ( dfA) ~ ... J ::: R:'l 

'"B~) = 2. f> { _?• (?fA) + J.. J2' ( J(o)- J(KJ) J ::. i:J.) • 
YpasHeHHSI /3,10/ HMeiOT peweHHst: 

cell 
1<. 

'- 6 ~ ~ell 1 
::::. - - L...-..J ~ j. ( "J _'e__.; __ t::__C-:;:LI 

2:rr ..2- (l.J c.. ... 
I I.= !,:1., 3,"tf 

rne 

·":,. 

e = E- - "'~~. 
oL - J. { A ,,,. A' .. ' } ... - ..z.. 1(. -· .. • . ' 

A" = ± { A~4, + R~t, f 

E. ll.,•LI - E. = v ~a._ 13,,1 J;-;;-
11. - ... 1(. .... ... 

' E.(.t.M)- - f_ 
~1!'- 1<. - 1<. 

Z 
(Cl z (1.1 (11 1:2.~ 
i. (K)- i (">..:: -z,. ,K,-- Z 4 (1<.) .. .1 

Z 
.~, z ()) z , .. , .~, J:) 

L (K) "' (K}-::- L (K) :=- z.4 (~<).,. __.!!,.. 
4 E..,.. 

,., . 11) "B ,., zl.. (", =- z;_ (K) =- _!5,... 
£..,., 

Z '" ,., '"B ,,, 
3 (K) "'- Z 3 (K) c - __!:. 

~· ... 

Z 
()) ,., :7 (~) "7 (~) 
..L. (K.)-= Z~ , ... , ""'.z:....! (K) = ..z;:...3 (it):= 0. 

13,11 I 

/3,12 

f"' 
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no.ucTaBnsui B 13,91 pemeHHSI 13.121 c noMOWbiO 11,81 nony'IHM cne.uyiOwee 

Bblpa:>K~HHe ,llnst CII9KTpanbHOil: HHT9HCHBHOCTH: 

13.131 

.i 

r.ue 

J 
H Tor.ua c noMOlllhiO 11,7 I nony'IaeM cne.uyiOwHe Bbipa:>KeHHSI .unst KoppenstUHOHHhiX 

1: 

13.141 

3aM9THM, 'ITO nony'I9HHbl9 KOppenstUHOHHbie <}:JyHKUHH B 5onee CnO:>KHbiX 38Jl:8'ISX 

H eo5XO,ll HM bl .lllll'l HCCn 9,llOB8HHSI M HHHM yMa CB050,llHOi!: 9HeprHH. 

EcnH nono:>KHTb 9--= i , Bblp8:>K9HHSI 13.141 .ll8IOT ypaBH9HHSI .unst 

onpe.ueneHHSI t11 (?>J (?>" 

(?>*(-> = }.. ...£.) J R ... - ~ ~ c. f.~ t:..... d. b.. :r .2- (.2.nl E ... .2.tr 13.151 

{'*f'* .§. v J ':B (L) = @ill ~ c. i.h. £.."' oL"-..l- £.... 2. 'it" 13.161 

~f.> = .6 .v -r;,:l) 
c..,t~ c. .... ot'i: 

I (.in I) -£. ... 2.~ 
13.17 I 

BeKTop npeo5paaoBaHHSI onpe.uensteTCSI H3 ycnOBHSI MHHHM YM8 CB050,llHOi!: 

9H9pi"HH: 

;f Oll&eJ!.RIIeuuun lmcrwr~~~: 
1/' tmcpaux nccne)lonandr.l 
- ,. E~15JJMOTEKA 
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)F 
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- ~ ~ 
e. J. 

YcnoBHe MHHHMyMa CB060.llH01i 9H9pi'HH B H8lll9M cnyqae HM99T BH,ll: 

... 
()(~flJ . · 3(:1eAJ ~ 

- 6 N )-19 ete"' -)-19 N C1 i"DI. f> - ?· N () ~&>4 • fo + A £t = o • 13.181 

VfTaK 1 Mbl nony'IHnH 6 ypaBHeHH1i 13,151 - /.3.181 .llml onpe,lleneHHSI 6 H9H3B9CTHbiX -6, f.> J ~"') ;f" 

VIa ypaBHeHH1i 13,16/, 13,111 MeTO.llOM HTepauH1i Mo:>KeM Bbi'IHCnHTb (3 n f->,.. 
B cnyqae H30TponHoro cpeppoMarHeTHKa nTepauHSI .llBeT TO'IHOe peUieHne: 

f::; (2''* = 0. 13.19 I 

Tor.lla na 13.181 nony'IHM: 

6 N?. Cffc~.. = 'A 'fDI.. 13.201 

HeTpy.llHO y6e.llHTbCSI B TOM, 'ITO Ha B03MO>KHbiX .llBYX peUieHH1i 13.201 MHHHMYMY - -CBOOO.llH01i 9HeprHH cooTBeTcTByeT peUieHHe f /1 d-! n TaKHM o6paaoM .llnSI onpe-

.ll eneHHSI a6coniOTHOI'O 3H8'I9HHSI OTHOCHTenbH01i JJ8M8I'HH'I9HHOCTH M ... d 

eM cne.llYIOIUee Tp8HCU9H.ll9HTHOe ypaBH9HHe: 

I'.ll9 

1 
6 

= :z_ ( c tt,. s:... d..;: 
(..z..n)} ) z. :r J 

.:• ,. 

E~ • 2- { }A-• ~ + d ( :J(o)- 'J("))} 

nonyqa-

I 3.21 I 

YpaBHeHHe 13,21 I .llnSI OTHOCHTenbH01i HaMai'HH'IeHHOCTH, I'O.llHOe .llnSI Bcero HHTep

Bana TeMnepaTypbi, 6bmo paHbUie nony'IeHo B pa6oTax [1] n [2] • B pa6oTe[2J 
.llBHO peUieHne ypaBHeHHSI 13.21 I .llnSI o6nacTe1i HH3KHX TeMnepaTyp H TO'IKH KropH 

Ia nocne.llHe1i npH ''dt ... 0 I~ a ·TaK:>Ke pacc'IHTaHa napaMarHHTHaSI BocnpHHM'IHBOCTb 

BbiUie TO'IKH KropH. 
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