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ON AN APPLICATION OF THE STATISTICAL VARIATIONAL PRI. 2LE
TO THE THEORY OF ATOMIC NUCLEUS
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The statistical variational: principle «which 1s a generalization of.the varlatio-

nal principle suggested by Bogoliubovlalaenables us. to-.calculate: thermodynamic:quantities
at zero temperature as well- as ‘at non-zero one. | o h

In the present paper with the aid of the statistical variation principle the super-
fluid state of the nucleus at nonzero temperature was investigated the temperature of the
rhase transition from the superfluid state into the normal one was obtained the behaviour
of thermodynamic quantities at the temperature close to 8 = O as well-as at the temperatu-
re close to a critical one 6 = G --was -investigated, . ‘

Just as. 1n the previous papers of one of the authorsIJ 4' basing on the shell model
of the nucleus we consider residual interactions of~nucleons;near‘the Fermi energy surfa-
ce, l.e., ’ | o ,‘ : o
‘ Ep=-d < E(4m) e, + 4.

Write the Hamiltonian of the residual nucleon interactions in the form.f

’mf{E(,dm)—l} REN a/om(,a)—f-

Z , CHR
2 IO has 8 8 oo i ) Qs (4] Copmath i 4 Qs (89
l L3 . .
m, mz/jll;h,z;ﬂz '
ﬁ.ﬁ,f’,,ﬂz
Rt pams = it + Rind, Fomi ¥ £
The chemical potentlal A_ 1is determined from the condition:

n = Z(a,.,,,/,s) Qpi(s)> @)
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the notations are the same as in . Let us perform the canonical transformation

Qpm(s) =Un(8)Oln,p €8) + f Upu(8)cAmip ) o
under the condition ‘ - e
Z,;'/,g)=21,,,{,5)1+ ) 4 =0 @
and determine a new vacuum state iP; . T R o
In order to avoid the transition from anleuen nucleus'to lan odd‘one ﬁe examine the excit—
ed states of the type. ‘ k ey :‘T‘ o e
B, = dme (£ At E,. . ®

‘The Hamiltonian is represented by us in the form:
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Making use of the Bogoliubov's variational theorem we get an upper 1limit for the: thermo-

dynamic potential of nucleus in: the following form

—~~92ﬁn[2435"/")j+ [E//un) Aj"
=2 Z T(4F1mm) A, Ents 5"“’ " Do (8) U 8) Vi 8) Vi (5) +

A8 mm - (8)
+ > JlsslmmIth 5"“’7{ Eils)y,, 15) Ui ()2 00 Vi),
S

From the condition of the thermodynamic 'potential minimum we obtain equation for the deter-
mination of ’u_ v !
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where
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It is easily seen that (9) assumes a trivial solution corresponding to the normal state,

viz.

Unis ) - 1-6p(8ym), . Un(s)=o0 u ym)
where QF(,,A ym) =1 for E(.4 ,m) ¢ Ep and F(,d yM)===0 for E(/J m) > Ep

Considering the seoond variation of the thermodynamio potential, as in]3', we obtain

the following equation for finding the phase transition temperature

21 /Am)—ﬂ/of%/mm) FF ﬁ”//f)—f-ZJ/xM/hm-)ﬁ, (8) = ‘ o. (10)

The phase transition temperature 9 is determined from the condition: the equation
(10) should have a non-zero solution. Taking into account the smallness of |IEC A ,m)-EFl/G°
and assuming the approximation!4! :

J = o,onet., £ = oonst. (11),
we get the phase transition temperature 0 equal to: )
——f— (A +d). (12)

This expression differs by a factor 2 from the corresponding expression in'3|. This 1is re-



lated to that we have considered the excited states of the type (5). It should be noted that
the concept ' temperature of finite nucleusk "‘begins to assume a physical sense under rather
strong excitation of the nucleus,. i1.e. near and above the: phase transition temperature.

We find a’ non-trivial solution for the Eq.(9). This can be done in the two limitting
cases: when the temperature 1s close to zero and when the temperature is elose to that of

the phase transition. In both cases the Eq. (9) takes the following form:

b ) Ul 1)+ ()= D) ;Mfﬂ»/mm)% EXwnh) =0
where 2,”{/5_) = E//-":”_')—A
Let us introduce a new function: . ) : )
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and assume >
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then, from the Eq.(13) we obtain Z(m(/s ) Vm(/j ) =-3 fcm(/-‘ E +§m(/5 )}/z

and the equation for Cm(A4 ) takes the form similar to (12) 111]5l
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In the approxima.tion of (11) the Egq. (15) 1s got in the form:
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The Eq.(2) describing the chemical potential 4in this approximation 4s written as
FF-)\'*A ; 0/ o :
n=.Jr gi_'/‘_cgrg“z‘s ; S - (18)
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and the thermodjnamic potentisl of the system in the following form:
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Note that for © = O the egs. (16), (18) are solved in a simple"r'nanner and the magnitudes

of Co and la are obtained in‘“.

We find an explicit form of C .and /L for each limitting case.

Case I: 6= 0 i.e. the temperature 8 1s close to zero. Expanding
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Solving (16), (18) in this approximation we get
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where ﬁl = - 7/’ y D — 13 the number_of_nucigox‘zs‘a'nd /2- 1s. the number of levels nea.i- the
Fermi surface. ' ‘ '

Case II: 9:;00 i.e. temperai:ure 0 1is somewhat 1es_s than the phase transitioén

temperature e .
In this case (13) takes the form:
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In the approximation of (11) for determining C we obtain the equation
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from where
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Remaining only the 1linear term in the expression ¢ (O )near o = 6, Wwe obtain
2 1 =]
¢® = =— a2/ -n)-(1 --8)
4-P . . e
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The entropyj;and the free energy E: of the system: are connected with the thermodyna-

mical potential (/ by the following relations:
S — _ aw _dw )¢’
a":b_'

E=ewa

It is easy to show that the derivative d(ﬂ\ vanishes in the ‘point O  and owing to this
~dc* o

fact the entropy é; suffers no Jjump in the point 9 y therefore the phase transition of

the system from the- superfluid state into the hnormal one 1s a phase transition of the se~’

cond kind.
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