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In this paper the transformation properties of spinors 

and pseudospinors with respect t,o, 1:nve.:t>.s1ons of spa.roe a.nd ti--· 
~·· - -

.· ie are investigated ~n some detailo, In parti~ular the various 

possible twocomponent theori.es are investigat,edo A purely 

geometrical approach to the theorem of Ltlders und Pauli is 

pointed out o,, o 
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I n t r o d u -0 t i o n 
.. _,------------···. -·- -.. ___._ 

Inversions of space and t1:me have gained particular 

import~nce at the time when non-conservation of parity beoom~ 

an experimentally established £act. A great number of papers 

1s devoted to this subject, never.theless it seems to me worth 

while to discuss it once more from a somewhat different point 

of view to that usually assumed, namely from a purely geomet

rical point of view. 

To my knwledge most of the work done-recently on space 

time inversions starts with either the field equations or 

Heisenbergs equations of motion (in Heisenbergs picture) or 

with Schroedingers equations (in Schroedinger picture) arid 

derives the various properties of spinors and tensors from 

these equations. Thus a dynamical point of view is assumed 

to derive kinematical properties of the fields. 

In this paper we shall assume as the be.sis for our consi

derations the connection between spinors and tensors and de

rive the consequences of this connectioni The various possible 
,,; . .. 

" field equati.ons may .be regarded as one of the oonsequenceso It 

turns out that some known results of apparently profound ph..y

sioal meaning become t.rivial from the poltnt of view of geometr;re 

Some o~her results may be better understood being related 
, . 0 

to·the group properties of spinorso One obtair:es a complete 

review of all the equations corresponding to first·rank spi

r.i.ors (spin.l/2); in particular of the twocompon.ent equ.ationso 

2e The connection of spinors and tensors 
' . ----------------------------------~--------

Spinors are usually defined by their transformation pro-
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One may introdue,. also a dual. spinor spaca :: 
~ . . . . .. . '. . . 

c") 

0 

·c· ·' · ,-· ·' CX. ~.,.., · .I\'. .• _' 0~ C . . ·1. ~ · \~,f ir I . . ~: 

,# . ' ,·.I.•-" . ,' t' ~~-;;, ' 
(., "" )1 ·I,; • ~)e 0. ·,L ' '··'a, tf . f . - ·&, 

,' ~ £~. .;-,, )';• ..I 
0-{D••·~~ :::;·,,'!, (2 0 2) 

The transformation coaff1c1ent.s in this dual;spaee are oompltix 

eonju.gat• (" * •) t'.o .those .cf.the· original :spacao 
' 

The two .'sp~_~es may lHi rega;r.'ded as 1.nde·pe:rident o. One ma.,-, 
' .. ~ . 

h.owever, intro.duce. a eon.neot·1on :between the' dotted and the WI:"" 

.dotted quariti'titH&o The :nioiit ge:riex-af cidnnect1on,· consistent with 

the t·rans!orniation. prcipert1e.rs (2 ol.i2)~ ··1s of the f' orm 
:. ' . ·"' ,. ,. (' :· ., ) Csx '. ~ ~ C« · · · · · · o( ~ 4, ~ · (2.o:3) 

whtirit "a1- is an Jirb.1trar~: -',: o~plex · :aum!ier (scalar) 0 

The conneictio:n. wi~h tenso:1•s sis ·obtained by the 1ntermed1a.r:,-

ot s_~c ond rank spil'lera ·co(~ <: : and. ·tu-st rank tensors X ("" ( f ~ 

A i '4 ,' 3 J Lf } • X 10 ~ ~. )5..,, ') ; 

C - ~ X - X C; :....: X ~. -t, x. 
1-il ?a <!':> . 1i ·! . .. ~ 

,I 
(i,Lo) 

C· ,' C I ·-· x1 t ..t.. ~c "" .;,:XJ • . .;;, X'°·· ~ '·"' . 
~ a, 

Another kind of ai:c»i••r• ma.;r ~b.e introduced,· possessing the sa

me transformation properties (2ol=2) and c_onnec.t11d with pseu= 
L ·... -

doTGJ~tors lt ,.,. Lt 1 (the s:raeket denoting antis;rmmetri!iatio.n . or v~~J 
with respect to all three indices) 

·,, 



W<PJ ~hall teiall th~ quan·titiies ddj;, p~~udoapl~orso _ 

R~la. t1ons (2 o 4=:5) e.rre the bani.s :f ci:r.: the dert~J:•mination 

trf th.1 t.':l!,'a:n~:fo:ir:mation prop~J.•·t1rei~ ,o:r £:$J)1.!!.ors and pseudil'>sp:tno.r~ 
( 

'l' 

l_. ,r 

Ffl.r- a.:u 1nT.fK.t>eion I .,, ~:t all three spaea ~~omp1ui'.,!'i\'ll.ts· w.~; · h~.~· 
·Y 

, 
}t! ~, ~ = ~ ~' x~ .. 

( ,; . ·I !I 3 ) "' ... J r:,,D 
1 

~i ~1 d11 ~; "" .;;: 

I fit. 
~ 

, 

Fc2?' time inT~:r~io:a w1t ha:..ft 

r , ~-t . .. 

I , 6 
}(. ~- X· XO x,, I,.. .. 

(.l, -" ,,J 2.,, "3, ) 
~~- I - ~ ... 

~~ J ~4 
==- . l3 '@ 

l ' c11 . ,-, Cit _c1i ""' 
... 

C11•l· 

I I cl?,.i '-. .-.--
Ci• Ci i ,...:..:;,. 

C1; 0 

I I 
'-11 ·~ .~.~ cii c1i """ c,.i 
. I 4 

CH -· c,. ci't 
~- c,1 -,,c. 

(Jo6) 

It i.a easily stHU'l from (Jol=,4-) that the pseudo3p1nors d«r, 
transform with respect to I , acoording to ·the fo:rmu

rf-

lat (Jo6) and with resp•~t to I, 
\. 

aceordi.ng to the :foraulae (.'Jo5) o 

The cc:rrrflspcn.due acat g~neral transfo:rma.t1ons o:t' :fi.~.st 



G> ' c;, 

Q'i{j .rll·k spin.ors a.re 

I I 

c1 = (Q.<:!· Cz ;-O..c>· 

I¾ '2. ., . 
-4 . c~ Q-1 C c' 'V" :=; ~ - a. c1 

1 ' 1.. t 
(,01) 

c' ' ;;; Q c · _C;r. ;:; -Q..C, 

I~ : " 0 t ' 1 

c~ - o..-'c c' a..-'c ·. - - t,. i 
.., 

.\ 1 

,, 

(Jo.S) 

where ~ a. is an arbitrary complex nwnb~~o 

For pseudospiners, the rolea ~t I~ and Iiare aga~~ in~ 

terchangedo 

So far we· have considered the two dual spaces C~and 

C~ as independento Inversions of space and time interchang~ 

the dotted and the undotted quantitieso These inversions a.r~ 

thus represented by linear transformation of the fov~compo= 
_/ 

nent quantities (bispinor~) C~ ; C~ ~r d_, i d °' r~~-

pectively. 

The question arises whether it is possible t~ obtain a 

representation of inTeraions by means ot tw~=oomponent spino~~o 

For this purpose it i·s necessary to introt1111.~e some :relations 

between the C omponen.ts of the :bis pin or Co< • C & 1 W• ha.Wit 

already stated that the enly relation consistent with the tran•

formation properties of spino~s is relation (2o)) 

c°' ~ ~ cit' 
O< 

For pseudosp1n0r1 we may put analogousl7 

* d 01 ~ )(. d.oe 

c,o9) 

(,010) 

These relations.are of course ind~pend~nt of the pa~tieula,p 

frame of ref•r•no• .due to the s~alar cha~aeter of the coeffici

ent )t. e 

-· 

! ·-

' >( 



I~tl1i~'d.U@i.ng (Joi) int(OJ (Ji,1) 'N<r: g•t a set -of f~ur tra'B.;!'7" · 

fctn~mat:il.~I1l 1qua.ti~xuJ f~'.lZ" tmly tw©J cr;,mp~~enta. Cot ,o Tha cons1.a
t~nt'51' (()Jf thl&lS(el e)quati~lllS dem<=l.nd~ 

~lli'!- (g,f the C@Jn.?l\ta~l).~o 

Irit:?'(OJd:il<~1ng (J o,9) int@· (Jo8) w~ giflt, an.otht.r std.t o:r·· :to11U." 

tl"anaformati@n tquatirona :foir • tb.e tw,ni c@apiments. ~t 

Th~ ~~ns13t•n~7 ~f th~se equati~ns dtmand~ 

aim ~quation whi~h tJa:n llll!l'Wtdt btJ ~atis:f1edo 

(Jol2) 

I11. l!:ilth~r •~rds w~ ~btaillll. the res1l:l!lt that inversions of 

~pa~rt1 can brt r~prlf.senttid b7 transformations of two=component 

~p:iJUiiT.s whti:rfla.8 inTtrsiions ~f t:.tme ~a.nnot o It may b• eaphasised 

h~•IIJ"!itlr' that the r(lp:!!~$(t)Jm1.tat:1~n is n~t lin~a:r shoe it t?ans= · ·· 

flllr'R* th, ~r1g1nal q11.2Lantitie~ int1t their ·coaplex 1e1tJu.gates.o 

Doo;J \t©J th, :fatet thi!lt th• p~~lll!iospin~rs .t1ra:as:f'•r• witlL 
. ·. 

I. lik~ spinror~ 'With rt1sp~ct to ·1-e- ·a.:e.d Tie• · · 
~ . T . 

T~~$&g w~ ®~tain imm~diat~lT the r,sult that inT$rsiens of tills 
.. ,,-. :-· . :" : . :. ,·. ~ . ' . ~ 

l!l&ll!. bcti rt1prestJnt'.Bd '!1»7 (ntOla=l1n~aF). t:ransf'ormatl~ns ei'.! twoeompo"'.'" 
.. 

ne~t pse:1J.'!!.diospin(Ol~s vhfl:r11am inve,r~iens of spa.1011 cannoto . 
. ~ 

l/ This 1~ sh@vn ht~~· for ~imultan~u~s inversion of the 
. > V 

thrt11 ax,t' %
1 

p x2 , :sr::.) ~ b1mt 1 t f«,;llows directi,- also fer an 

inTersion of eiach of the i~t:a separatelyo 
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The two-component theory of.· spinors (Jo 9) ii' exactly 

. 
the theory of Majorana (19,:,7) (c:f'oalso Section 4)o In thi~ 

theo!y there does not exist the notion or time in,re:r.sion.so· 

The_two-oomponent theory of pseudospinors (JolO) was 

to my knowledge not yet discussedo In this theory there doe,s 

not exist theCnotion of space inversionso Both t~eor1es may 

be used to describe processes which~do not conserve parity (~fo 

.~ections 4 and 5)o 
.. 

Another way to obtain a two-component theo:r,;r of spinor.a _ 

was proposed indipendently by many authors (Lee and Yang-1957)~ 

Salam 1957, Landau 1957)0 It consists in neglecting either the 

dotted or the undotted quantities altogether (this may be formal-

ly achieved by putting the ~ of equations (Jo9) and (JolO) 

equal to zero or to 00 )o In frames of such a theory there is 

no place for inversions. ,.r: space as well as of time (of, condi- · 

tions. (J .11-12), cf o also Section !>). We may. consider here only 

rotations of the four-dimensional m~nifoldo 

4o Invariant equationso 
~--~~~----~----------=-~e=,,a~c;;:.;i 
To write the various types of invariant equations it is 

convenient to :J.ntroduce spinors and ps~udospinors with upper 
o<t 

~ ' :v 
indices according to the rule 

1 
Cl= -C~; 

l 2 C2 = C, d2 =· d , d = -d 1 . (4ol) 
c· c1 c· - =e2, d2 = dl, 2 

2 = ' d· ""-d l - ' 1 

Relations of the type 
- ,J. (/. 

(4o2) a b · or a.d. b, 
d. 

"' 

----



• 

aria then :invariant with· respect· to transformat!o:tus (2 ol=·2) o 

, , . We may now w::ri te invariant r.e.lations of the form 
. -

. ~~ ~ 
cc(~ C ~ :z. 'Yl"\ CCI, l . C CF : '"1- C (4oJ) 

::f'<or spin ors 9 and -. -
• ' 0{ 

· .. C«f d, p :;:; ~ rrn d.c< l c(;(P d.P ~ ,i_ ')1\.d. . : (-i:o4) 

for pseudospinorso The eoeffici~nts in each pair a;~ chosen 
. , 

in such a way that for real m the equations become complex 

conjugate. whe'n: 'relati~n (2 oJ)° is ;asswne'a. wlth? .. l1tt~ .:,;-1 J' ··ri··: ' 
- . 

may be. easily shown tha { equ'.~ti~ris: t 4~J.J.i )':are. 1:hva:ri.a.iit: ~1th 
. 

· respect to inversions of spae·e and time .c1:f' we put 

. (4o5): 

1 
Co< and C~ ., are trans:t' ormed lik·e ·. spin or~, ~ and 

like pseudosponll)J,S with A -:: ± ~ ) 
0 

· ·a .: ·.· •· ·• • · 

?ntroduti.ng in Ccx~ the 'deriTa.tive vector - .· -~.,...,_ instead· 

of :r~ w~ get two sets of diffe~ential equationso They 

may···oe conveniently written with help of: the -Pauli spin matrices 

.\5": :; ' ("' 0 ) 
" 3 . . 0 -..f. I . 

(406) 

•· 

(4o7) 

(408) 

VH may write further ~~, operator form 



- 8 -

C G""l 0i. -t G""o~o) l "= ~-1 ·· 
( o• ~. ~- ~o~o) '°. ::: Nn· it 

', -. ,_ I\. .(. , 

( 6'- oi + ,'\, \)o ~o) 1' = 
• 

,(. -'\'n 5 
Cui di -0 ~o 00) 3 • 

':.. ...; f. IIY'r\..1 

; (4_o9) 

(4ol0) 

Finally we may.write these equations in :fourdimension.al .f'orm 
' ' ' 

iri.troducing the -fourdimensi-ona.l spinors and pseudospinors 

-:_· t = l 1l f<1;1· _ 
and the fpurdimentsional Dirac matrices 

(4oll) 

. ~l~ - (~ :~) 
1 

i~ :! (:(;

0

_ ;_:o) 
One obtains 

(4ol2) 

( tr'lJr-- ··-t- 'Wt- ) t e o (lolJ) _ 

and 

( Xr J,... + ~-,yn is-)! ~ o (4ol4) 

where 
- ( cr-0 -o ) . 

'( s = '(., '( 1. '{3 (&t ~. ·o .. \S"o (4o15) 

Equationtof the form (4ol4) _were proposed by Ivanienko (1957)0 

Taking 1n acc.ordance with (4-.5) for a.. the value ()... ~ !d = ±' 1, 
orie easily obtains.from (J~7..;a), :from the oorrespondirig trans-

formations formulae f~r ps'eudo~oalars and from -(4 .. 1) the fol= 

lowing. trcLnsform~:tio~;,:tormu~ 'f' and. { · 
•• w_ ·, " A 

I;:. q/ix1r;'. Ley.. t<x)' t1

(ir= l E ~,i., ~(x) ·(4 .. 16) 

. - - 1 •· ; I 

It: ,f_(x')::: A..ffs'('t tC'><), 
I I , : ! (x') = l.€-(('\f '( Cx) .· 

For t_h.e ·t~ee inye_rsio?ls I-1 , 
; . '" ' 

verilf:'H~s :by_ t'lie ·same'· meastnt that 

In terms: hf 'two~ompon.eni:. spinors 

' (4 .. 17) 

Ii., , ::l1 .: -one easily _ 

for I.i.. . , =_-t~;)! ie{s-(t'\'lx), !{JC1J=(Et~t~). 
:r'ourmulae (4;~16-17) -ma.J" be writ= 

.. 



tea in the following wayo ·~ •; {\ I.• 

: 

r.:;r.: 
lf::EX, 51 ~,; G~. 
ex•~ - G'-f 71';.. $ s'. .,< ·~ (4ol8) 

f I-~ GX ~t~ €~ It: 
·~ 

'X~ = E-f YJ' -.. - (; $· ,..._,~ (4ol9) 

· Le~ us go over now in equations (409-10) to, the two-oom
ponent. i;heory according to equations.(Jo9=10)o Written in terms 
o~ f ·• ~nd '"S these relations are·,·~ 

· .. t :::. Cf . J ~ -= C ~ .(4020) 
where · · · .. , 

C ~:~d(_o,i3 ·~ ~)t (:\;: ); (l>tJ! ::i) 1 {f: ::f~.,~. !.: .-~. ;;; . F*ilf ·. · .. (4o2_1}. 

C is in our represen.fatioz{ j~st the :~atrix · ~f ·charge ~onjuga
tiono It sat1s:f'i:es 9 as may be easily verified, th~ w_ellknown 
relations · 

--c-•r,,. c ~ i; --- ¥,: er;· ~\ y;~ =-~ "F) .,. ·· 
. , · ct C ;:; '1 1 C' ~ - C . ~. 

(4o22) 

In terms of two=c omponent a'i,ino~s equation ( 4 o_20) may b~ writ
ten in the form 

i ~ -(t1,..eia. )." 

- s = - ~)l..~;!.11~ 
Q-r- I~ Expressing with 

formulae for spinors 
by means of 'X, and 1 
I~ ; ~' ~ -t: ~ ~ G"' e X'tf 

X .. ~ ...:}'\ o;__ If~ ·.· 
, * Y) ~. A..)(.. (S"'~ 's 

help o:f relations (4o2J) in (4.,18-19) the 
and the formulae for I-l: f·or pseudospinors 
respectively, we get · . · · · 

. ..,,~ ... * 'V 
fl, ;:;,· <. 6 )\,.._ E,-a. ~ (4.,24) 

. . -. ~, 

~,~ ~ ~ :E. IL~~~- ' . . ,. "' 

~ ..} : ... ":"! -· ,, c·_:4· 0·2· ·5_·) - ·_·., ... 

Introdtici.ng in 'the same way' (4~2J) into the equations :for. I::,-... '., 
for pseudos pin or.fl, c3:nd :f'o_r It • for. spinors:··we' get:: :four equations 
for two variables· witJh ·are :tnconsistento This shows once more · 
that the notiofL of !:_iJne inyersion. (space: inyersion:)-:,doe~· not .. ".\':. 
exist for two-component sp:1.nors (ps~udospinors) o _ · · . _· ·. 

Expressing further b;r means·of'(4o2J)'·~,r- thr'ough;'~:aha. .. ,:• .. 
g through ·-·'tl in equations (4o9) an?, (4ol0), we get the fol

lowing twocomponent equations fpr _spinors and pseudospinors,· 
... ' .' ' . 0 . 

. ( 6'i li + ~o O o J ?l . ~ - L mi )L ()a X ¥- ( 4 o 26) 
' . . 

':, ((r{ 04 + ~o~o_r·11 .. ::s·· "N))(.. ~i. r, ~ ~0 27) -

In' ·the twocomponent theory of neu.t:r,.in<?,.P,10op~s~,d _by. Landau, .. .- ,,.i . 
Lee and :Yang :and by ,Salam one :proce.eds ·i:n ·a-different wayo It 
is seen· eogo from (4o9) t.h9.t the_ terJll.s .)Vb,;.~_~, 11!:i.;X; ~h~_pompo;>.e~:t;;. , 

· ~ · and "1,,· .. vanish if-YA~. :Oo. In this ',case' one· ·may trea'!; each 
equation of the pair se:par~telyo Ne.gle,?~,in~.:,~

0
~.gt,, f,- .'Ne .get ,pril;r ;~ ~ 

one (two'.'."'c.omponent): eqµat1on.:for'.~ and· vice· versao It is easilt . · 
seen.that when on·e-of. the components\{) or 'X, is neglected (put equal 
to zero) then it makes no sense of sp~alt:tng ahout inversions since 
these transf~rmations transform according to 



""'10 .... 

(4o:18""19) ,~ into X and'v1oe versao 1h• notion of invers1,on~ 

c.if space as· well as o! time ·does not exist · in this k1nd ,of th,e~:iry o 

·of cou.rse we may also use W'Bother interpretationo Instead 

rif neglecting one of the equations we may consider it as des-. 0 . . . 

cribing particles of an nan.tiworld"o The world does not mixwith 

the "antiworld" due to m• Oo 'The notion of·1nvers1on~ is.when 

:preserved and· each inversion traasforms · the world· into th(e ~an~~ 

tiworld" and vi~e versao We have· th.en to do with an e~sentially 

four-component theor;r·o 

The difference between the theory of Landa.ui Salam and Le~-
' 0 

and Yang and the Majorana. type of theory consists, £fpa:rt :f~om 

the transfor~ation propertie-s, in the fa.ct th~t the. latter gi

ves a two-component-theory of particles with not ne~essarily 

vanishing rest mass, wherea.3 :tn the first the ·vanishing of the 

res't· mass is,'. essentialo In· the Lee and Yang-Landau--Sala.m theory 
• <,'. 

the spin of the· particle 1s always paralell or ant1pa:ralell t(o 

its momentum, whereas in the.theory described by equations.(4o26) 
- . 

or (4o27) this is: not the caseo Of course if w,a put in equations 
. - -

(4.o26=27) m = 0 we may obtain all. the theoretical results o:t Lee 
- , 

and Yang, Salam and Landau by proper choice o! the tnteract~~n. 

HoweYer we are-free to introduce a certain amount of dep~olari

zation by allowing m ,- o·whioh may be of importance when morie 

accuraie measurements of polarization phenomena are availableo 

5o Bilinear foras and the theorem of Lttders and-Paul1o ~~--------------~---~---~---~~~cr;ac:.~~~----~~ 
.The existence- of- bilinear invariant and oovaria.nt·forms is 

i' 

;al z;J ~~;-Ji;: 
S&::c 

' 

" 
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of importanc,e for th® itJ©n.at:i·uct1·on lClf such physlcal quantitie,si· 

a~ Lagrang,san 9 c1tr1:e:o:t/'moment~~~ :a~g~lai- m~m~nt111ni"~i~ ~ ·i~ · 
' • S \ ' • ,,_ ,C • • ~ • ' ' • : •'' '. • • • .. • S • •: • • • • • •• ; '"• 

the usual f©~~tl~mponent the.•?J:ry WI! haw'EI the following form~. 
i ' • . • ·; '. ,,. '' ',, • • ~ 

or~ ~ t { (,. ,~ ,.. y:,'(f )~: 
Tb.~ tran.sfcirmation 'i>r~pettieis .· ~f t:h~se. forms are eas:11y ob= 

'· .: 

... 
·(5o2) 

• ~ > f ,.: 

ta.ine.d from (4~16~17.) ·a~d the well kriown commutation p~ope:rt1:... . 
' .... . - ~ . . 

,., •.•.• !t.l,' 0 ,. 

es of the l ma.t~ioe~/·They a.re given ·1n the ~ollow~g tabie :lo 
/1r '••, '. '• ,• .. 

. ' ' ~ .. ! 
'-~ .. :r: T-,~;i' I,· 

.,· I .. ~- . ; . 

l\tc 
.. r·· p~$Hi.on. . lt : · . _r~t C . .. , y. ' :_, t. . ,.:t. ... --,._ ______ 

f--~.,.,;; .• __ ~::-...,,.,;.-. 
I(• t-fJ ,. -l_. : ~' ~ + {t -\; :+ ' 'i i' \l' =• ,, ,·, ~ . ........:~ . • , . . i'~.~ . .. ,• . 

_..,..... __ 
~ 

-ti: 'V) .~:•;+ •., 

½l4'ls~' •·. + -= - i< ·--. .. . 
' 

,\ 

t(ft,1~ trcf) 
$ · •• -.·~ ..,t , ' ., ,.-.-·+ --~_ff.~:_; ; \ ~·· ···- -- ...... - - -

' ; ··.· ; ; .: ; .· .. ~ ; .. _.., .. , .. 

,½lftrt"f' crrtF) + 
,. -- ; ;; 

-\p + - - - + 
~~ ... 
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:In ~this ·t.ab1e •,+ ,denotes ·:inYa:r.±ance ·anfl ~- ,denotes .change., of 
i: :~;:'"/ 

.•sign. ·o:f ~the ,corre~pondi~g fform, }:[rt '1-s 1:eas•1~ '.seen :from .column 
. - - . . - :'· / . . r:··. -

_,1 ltha:t :::tor ts,paoe •1nv:ers:1"ons ]It ·ithe .:f.orme (0 on:tai~j_lllj/(s trans-
. . . f' ' \;" ! ; ' • • • • 

:for~ ·.11ke ;pseudotensors,1 '.the :fforms ·1w:iithoU:t ;ls ·11ke ·(tens~rso 

':For ',t;ime -±nve:ts':1:ons .:a:t (<seconfl ,oo-lumri·:) \We }~ave :just :the op= 
~- ~ . ; . ' ·. 

':pos:fte. 'itrans·formation 1prC?pe.rt±es,. :iThe ;:toraa 1cwi!thout !¥s ·tru.:S-

:.fo:I'm ·:,l•ike_ 1pseU:doteneors .a~d ·ttho·s-e ~wjlth i(s .1'.:tk~ itrue :tensors.a 

'Th'is ~fact ~o onst::ttu:tes ;a \di'tftctiffit;;r ·,when iwe -.-w:1:sh :to "eir.ite i.n

~var:iant -:r.e1at.:1:ons rbe:t·ween ~.~orme 10:f' 1the tt~pe <(5,o-~~ ·and ·true 
, . . . j,r .. - . 
:tensors,. 'cTh:ls Cd'i-f:fio.tillty- (Can :1be ·:remo:v:ea. .~n ~rames -of •classical 

,_ ~ ' 

' ~<~ ,:-'; . :-_ .~ 
:theory 1on1,;r 1b_e :int·ro-auo'ii•g':1ins't.ea:d ro.f tthe '~tr.ue \tensors.:, .quan-

• c· ~; • .· : 

ttities .. which :behaye ~1·:tke ((!5.~~~.o J.E~g .• ':ins.teed ;of tbhe -:true vec-

't or :;Al1A .{_Ge:lec'trom~gne:t'i:~ 1Po.t:e:di·ta;.D •.we ;m~y- -'~ntroduce the 
- ·-

·,veo·t or ~6(f:t:)4,_;where ~e- {~t,D ,ohan.ges rs'i,gn ·,when J~t ±s';replaced 

~by ··- 't{ {ff ((it:D ~= ,i :) .• 

:In ,qu~n:tum -ttheory :there : .. is ,ano·ther \W~Y' ro4t ,of' ,the ·diffi-
' ' ,oulty .,.without ,changi?!g ithe ·:trans!orma:t'i9n -=pr~pert'ies of tru-e . 

"tensors. 'This ,,way ·out ,was n,;~·pose·d :by :;Schwinger ',(19.51) and has 

.strong .relat•ions .with 'the •conneot~on rof .-s;pin r.and :statistieso 

·,If ,we :a.nt·:t:symmetr.1~• :'in ,quantum itheoi:;r t~he :~orms ((!5.;1) · 
~ ·- . . ·. ·:r-- . . 

,J7J(Q~J ~-;~({,J1.FO:VJ -1_WiQ iJiJ)) ;(5_,oJ) 
;T" ·:T tJ- ,~T ~- . iT !Ti 

ifeolumn -·J) 

'-We ,may <ob.ta'.in :change ,:of ~sing ,of \these ::forms 1by ~the ttr~ns_posi;.,.. 

1tion ,,.._ r-?T,., .... 

\~tow ....... \Wt0 tW _ :,(5-o4) · 

:,If' \We :now isupp'ly ,each ,t,;ime ±nTers1ion ·;1:.t 1by ,a ·transposition 

1(5 .• "4:) ·,we cge't just tthe meoessa~y :ohar:rge ,o~ :s±gn.. :we shall denote 



tim,e inve.rsicm foll'tiwed .by a transposition by It (column 't :)o 
I . 

It is ~as:il;y seen f:E'.om o:,lumn_ , that the product 1~ 1° ); J,t,,, • · r t -rt 
l<.!lavies the .st:ala:r and ·the p_15eudosca.ar :f'orm.s unohangedo Th:1.s 1x· 

thre content· :o:t Lttders Pauli theoremo -It. states si:,:ply that an 

®Wen number of inversions .doeis not @hange anything in a form· 

whi~h:1s invariant.with rieispeot. to ro~ations (proper Lorenta 
-

groi:x.p) o Thi.~ statement be~.ttmeis. tor. Bose fields still mO!'.e tri.~• 
·• 

vial since in th~is case I,l: :,s It du-e to the !act that Bos© . 
-

f1.elds are quantized with commutators and symmetric :forms must 

~ be used., 

It may be noted that one could even reverse the a:rgument · 

and use the demand of proper _behaviour under It . of the· :forms 

(5ol) to conclude upon the qua~tizatlon. of. the .. :f'ield by __ m~ans.• 

of ant1commutators for spin 1/2.fieldso Similarly one could pro

ce~d :for fields of integer spino 

For pseudospinors_the situation is simi:l.aro In this ease 

the forms with (S (without QS ·)_transform like pseudote_n~ors · 

(tensor•) f:or It· and like tensors (pseudotensors) for I;; o 
. 

Using transpasitian together with and denoting the result~ 

ing transformation b7 1°'"',. we' gl!t again . :.r .. the necessary ckange 
I 

of & sigh, and the result that I=r;. It 

form unchanged which is invariant with 

Lorentz grottJ)o 

== It t leaves. each · 
1" . 

respect to the vrop~r 

0 

It may be noted that in.the above form~lat*on charge eonju-

gat1on C does not enter explicitly into the theoremo The usual 
c'" • • • '•' ' • ,• > , • ' 

formulation ~1th C is :from the geometrical p_oint of view ra-. 
" .;. . ' 

thfjJ?' u.nnaturalo It may be obtained by multiplying I+ 
:'l' 

J9 
t . by 

C2 o c2 -
The operation -C 0 C does not change anything and there-
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:f'ore 'the' same results hold for I{,;It as for I'r' oC oC· I{. Now 
C It is 'just Wigners (19J2) time r;versal and ~hus th•t usvial 

form follows in which Lttders Pauli theorem is appliedo It ms,.y 

be noted however that from the geometrical point 'o:f view 

oharge o onjuga'tion C appears in this -theorem only appal'.•ently o 

Let us go over now to the two-component theor7 deserib~d 

by equations (4026-27)0 From the fact that in such a theory 

either space inversions (f'or pseudospinors) or tl..'P'Iie inve:rsi.o!!.!$l 
• 

(for spinors) do not exist we easily see that it makes no 
- ~ 

sense to speak about the Lftders Pauli theorem in the above 

f''ormuJiationo Of course other inYa.rianoe properties (timll or 

space inversions excluded) m?,y be derived :f'rom the 1nvariav.~·ei 

with respect to the proper Lorentz groupo We do not wijnt to 

discuss. this point herao. 

The main problem in the p:rocess of quantization is the 

oonst:ruct1on ot a Lagrangeano. One' easily verifies that, in th.·e 

classical theory a Lagrangea.n which does not vanish identi,ca.lJ,1' 
' ' . 

and 1s constructed out of spinors must Ieoossarily be eithe~ 

in.v~rina.~· w,1th respect to I=;:· but not hermitean or hermitf-la.n 

but not invariant with respect to I=y: o For a Lagra.ngean cons

tructed out of pseudospinors we get the result that it may b& 

either hermitea.n but change sigh in tie• inversions or be in

variant with respect to It but not hermiteano 

In quantum theory it is possibl_e to write a La.grangean. 

which (due to the anticommutation rules) does not -vanish ii\~n"" 

tically and is,hermitean and invariant with r~spect to I•fo~ 
l' 

spinor,es and with 'respect to It !or pseudospino:rso 

~-; . 

' ,,~~ 
,j 

·~ 

{ 

t 



The easiest way· to get such a Lagrangean is to start 

tor· spino:rs w1th·the usual antisymmetrized Lagrangean :folio 

& Dirao 3pin 1/2 fiel4 
~ -· . 1 . 'f - ... 

L - 2 '+' . ( 111, dµ. + 1l ) \p • 2 4' c,~ a,,, - m ) 4' (5,7) 
- '. .. . . .. ~ .. . " 

we get 
L I,;; - i { x* O'l()t X + X o{ at :x*+ X d0 ~•\ ,ta

0
~} 

~ h'l i l ~ + rt-) l X Ga "A + X. ff 2 l * } (5 0 9) 

One eas111' verities the hermicity of (5o9)o Inversion of space 

(41124) do•• not change the firat t•:r1t (1nd@pt9ndent o! the mass: 

constant m ). The second t•rn,-containing the mass !actor m 
•. 

t:ra.nat'c:rms.tmdGr a. space inT1:raion into 

. M l(-rt+~*)f>-t2 ](J4~e~-~rt,~-,Xoe~1 (5ol0) 

We thus inter that :for Tantahin.g rest mass (m x 0) Lagrangean 
- . 

(, 119) is inTariant with resi,aat _to space inversions. for arb1 t-

rary -~ aatis!;ring condition (4e21)o For non-vanishing re_st 
- ,,,.. ... ... 

maza (~ ,' 0) w• must put .. upon }(. the :further co:nd.1t1on. )(.: )-(. 

This tog~th~r with [ }(, [2 -~ l determines -~ u'p to a sin~ 

factor ),t - + l • EquantiOllS .(4o2.6) 'follow from (,o9) with .... 

{
.· * l' • * ~ \ 

L w .... i X_ 6°i a(, Jl ,+ i frt a,x ti a0 X ~ ;Jt ao °'l J 
(5oll) . . ., 

+ m tx. triX + x*.~i l. } . 
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An analogous situation presents itself for pseudospino:r.ao 

H.s:r~ til obtain invariance we have to assume (for m ·1l' 0) an 

:lma g :ina;t(7 ¼. ( ¼ Iii< + 
""' 

1 )o This mea.na,th~t equation (4o27) 

. gl':t~ .3ust the same :t'orm as (4o26)o In the two-component the•~-
•· 

ry there is no-difference between equations (4o9) and,(4ol0) 
!) , - ~ -· -

apart from tlie transformation properties of the fields occur= 

1:!i..g in these· equations (in (4 026) inversions of time a.re forbidd,tin 

1n.,{4o27) inversions of space are forbiddeno 

The above co~siderations reveal another deep-lying dif:fe-
• 

rAnce between the two-component theory described by equation~ 

(4o26=27) and the theory proposed by Lee and Yang$, Landau· and 
·-

Sala.mo In the former the Lagrangean of the free fields is in-
'-

var.ia.nt (with proper choice of ),(, ) with re.speet to the allowed 
C 

inversions (of ·space for sp}nors and of time for pseudospinors)o 
-

In the latter an inversion brings il\e fields occuring in the Lag-

:rangean into non-existing fields or (in an alternative 1nterp:reta= 

, t1,on) into fields describing the "antiworld" o Thus in the the~ry 

©f Lee and Yang, Landau ant Salam non-invariance with respect 

t,ti, spaoe and time inv·ersions is an intrinsic property of the 

fr~~ particleso On the contrar,- equations (4o26) are inTariant 

-,,.with respect to space inveraianso The assymetr;r in the. angular 

distribution results here from the non-invariance of the in

··,teraction Hamiltonia.no For equations (4o27) the situation is 

just reversed with ±espeot to space and timeo 

ACKNOWLEDGEMENTS 
l_E.1... . 

It is a p'ieasure .to· express my. grat-,itude to· pro:L'~ Blokhinct'<T 

·and to other aumbers of the staff of the Joint Institute !or 



Nu.Cllear Research· ft)l.' thrdr kind hospitabil:!.ty at the Ins.tituteo 

I wou.l'!:i als~ 11.ke- t:o ex1lrtess my thanka t'!ii prof o Vo Vot1:·,.uba and 

Additional n.ot 1eio I rie<Cleived a pr1aprint of M:r,o KoMo Ca.,o;a s :pape:ir 

in which similar pr,oblems a:rre tre.9.tedo Thore are essential d.1:f-=

fe.renoes as wall in the ap:proath t~.th:&i subject as in some of 

the results especially those conoe:rn1ng the inversions of spaoe 

and time i.n the t·w·io-oomponent theory. ~:f Iv1ajoralil~o 

REFER E-N CE S 

lo Case KcMo p (!'Xeprint 1957) 
2o Ivan.1enko D~t (preprint 1957) 
Jo Landau Lop (preprint 1957) 
4o Lee ToDo and. Yang CoNo 9. (p:repr:int 19357) 

5o•Lftders Go P Z, Physo lJJ, J25 (1952), Detci Kongo Danske Viden

skabernes Selskabp Mato=fysiske Mt:;ddelMEi"p ~,-Nro.5 (1954) 
60 Majorana. Eop Nuovo Cimento~ 14s> 171 (19-'7)o · · 

'. - --= ·. 
7o ~a.uli Wo, Article in "Niels Bohr and~the Development of 

P~ysios" Pergamon Press, London (1955)0 
Bo Salam A:~ SI (preprint 1957) o' 
... ,,_ 

fo Sohwingor, J a, PhysoRevo .§.g_,, 914 (1951) · 

lOo WignerEoi 'G6tto Nachro (M:atho Natu:rw; Klasse) Po 546 (19J2)o 

0 




