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A b s t r a c t 

The elastic scattering of r ~rays by nucleons near the production threshold of a 

single meson is considered with the help of dispersion Telations. 

It is shown, that the production of mesons in the s-state leads to a cusp dependence 

of the scatt~ring ampl1t~de, the cross section and. other observable quantities near the 

threshold. 

For forward 1 .. N-scattering 6 -dispersion relations are obtained which do not con

tain infrared divergence or arbitrary constants.· 

With some def-inite assumptions on the analysis of photoproduction data, the scatter

ing amplitude, differential and total scattering cross section with polarized and unpola

rized ~ -rays, and also the, polarization of the recoil nucleon above the threshold are 

calculated as functions of energy up to 220 MeV. 

* * * 

I. It is particularly interesting to study the scattering of 0 -rays from nucleons 

near the threshold of meson production. 

As is well known, in the low energy region scattering of f -quanta from a particle 

with spin 1/2 and magnetic moment f. is described by the amplitude obtai'ned by Lowl 1 1and 

Gell-Mann-Goldberger1 2 1. 

A study of the scattering near the threshold of photoproduction may be of interest 
. . 

not only because it can be compared with the theoretical prediction of the dispersion rela-

tions but also because it is connected with the studyiJI of the cusp energy dependence of 

the cross-section (or polarization) in this region. From this last point of view the scat-

tering of r-quanta from nucleons or nucleons near the threshold of production of mesons 

is of great interest for it can serve as an example of the process, which has a rather 

small cross-section and is strongly perturbed by the intensive production of mesons above 

the threshold. Therefore, one can expect a large effect in the region near the threshold. 

It is clear that an experimental study of the threshold anomaly with sufficient accuracy 

may help the study of photoproduction of mesons in this region. 

The basic aim of the present work is to give a detailed analysis of the influence of 

meson production on the cross-section, polarization of recoil nucleon and polarization of 

r-quanta in the compton scattering near the threshold. 

It is shown that the polarization effect is very sensitive to the parameters describ

ing the photoproduction. 
In obtaining useful formula for the analysis of experimental data the phenomenologi

cal analysis and the dispersion relations are used. The numerical results based on defini
te assumption in the analysis of Photoproduction must be considered as prelimenary. In 
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out the numerical estimation the small effect in connection with the mass difference of 

mesons (and nucleons) has been CQmpletely neglected. 

There are alDeady many works, in which the scattering of ~-quanta from nucleon has 

been considered with different methods. In the present work an effort has been made in 

order to retain a minimum number of assumptions and avoid those approximation methods 

which are hard to justify. 

II. 

'rhe general expression'. for the scattering amplitude of • f -quanta from particles 
with spin 1/2 has the form1'4 ,5,GI . 

T - 11 (- _,) + R (s · s .. ') + < R (~ [e'.~J) -+ i Q<tc (s [S'..'· S:]) - K.,c e-e .2c c. c &c 

+i Rsc [ (~. i;.) cs:- ~) - (~. K:) ( se .~'l) .. i ({,c [ (S.K:HS:'-e) -(~k~) (e'·S:fl Cl) 

where R.1, 1<. 3 and ~l- describe the electric transition, while ((.t, Q.~ and R,- the mag-
....,. . _., I 

netic transition; e and e are polarization vectors before and after the scattering; 
...., ...,. -"' _.,., - .... , ..... , _,. ~ ~, ;e., 
& " [ '- ·e] s ==- L k. ·e.J k "- If K =-

,..._ I . • /2G/ f:Jt:f 

are unit vectors along the .direction of the impulse of ~ quanta before and after the 
, , 

. scattering;respectively; symbol C denote·s the quantities in the c - m - s. 

In the low energy region with terms not higher than the linear dependence on energy 

of 0' -rays the expression lr can be written in the forrn1 1 , 2 1. 

t. .... ...,, • f, c ... r-' ... Jr\ (- [ ... ~) T::.- ~ (e·e) ... ~ ...._~f--ff'M) vc s Le ·e 'J +it-~ Yc 6" S~·Se'J + 

·,e. , [c.., ...,,J /, ....... , ... , ... ... ..... ,7 
+ M rvc. e ·~::c. \.6"·~)- (e.·~: .. ) ((:;'. S~lJ 

(2) 

With the help of 

( 
_,. ..... ,, (-. _..,) f:.. .. _., -f f:_.[ __ I ~~) - _. _, ... , /"" ... ( ... '-+ 
IS·S; e·k. -lG"·S)(e·lc.) =-~ls ·e..e..J +(6"·k}(e.·s)-~.,.~."-) esJ 

(J) 

express1on(2) can be reduced to the form of (1). Then 
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.3. 
Denote the transition matrix by 

(4) 

T::. "2.. e;_.tJ,..v-:e" "e 1·N·e' fill. . . 

Choose two such coordinate systems x•·, Y', _z• ·and :ic, y, ·z., 'in which the- axes z and z' 

are parallel to the initial and final impulse of the photon'respectively while axes y 

and Y' have the same direction, In these coordinate _s!s.tems ·the eigenstates of the photon 
the spin with eigenvalue $

1
=t i have 

3L::-t£(h-,[) 
the following form ..., 

~ ..... ,_, I (h ~··J) = -·. . 'fi· 

~: = - ~ (k'- L1) ~ I (?.'+i[) (5) I '?'-. -'"ii -~ 

where h ' 1 , ~ are unit basic vectors along _the coordinate axis. In general case 

the polarization state of photon will be. a mixed stat,e,i.e. 

- ..... 
e = c ... >~. (6) 

where (e,\
4

and jC.,\2.are the probability of finding the photon in states with St=-+1. 

and Sa = -1. respectively. 

Using the eigenstate of spin as thebasis for the representation, transition matrix 
will have the form 

T :: 
·.·. 

(7) 

Introduce the density matrix of photon in the form· 

c<: 0 

~ = - 0 0 

c~, c: 0 
(8) 

The density matrix in the final state 
the initial state ,S';"- by the relation 

~ is connected with the density matrix in 
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j~ = T· g1 .. • T + (9). 

Although in (7) and (8) the transition matrix and.the density matrix are represent

ed by three dimensional matrix, they have only four nonvanishing independent matrix. 

Therefore we can represent. them.wi_th the. help of. two dimensional matrix:and .apply the 

well known technique of.Pauli.matr1xl71 

(10) 

.... . ~:~.IJ. ~~: 

T = (I"· rJ-h 
~-) .. ~~· ... 1'1· $'~, . 

~-: ·fl· h 
- -+ A -+S~· B 

( 

C4 <:.: c, c.: ) 
g - -- c_, e~ c., c~, . -

i (1'\- ~~· P) 
(11) 

where . P,. , Pd .and ?i! ·_ are Stokes .. parameters; P 11 and; P'a' represent, the linear ... pola
x 

rization of photon along the~ and ~ axis,. while ~ ¢0 represents the circular .. polariza-
tion of the photon. 

From (10) it is easy to obtain 
. ...,, ... ~-,,, .. . 

:J.A-=:. Sr T : ~. ·N· '$. + J~ •. II·).; t 

1l ::..s r~:.1T) '::. 7'1t·"'· :;._ z'*;IJ.:; ~pi p I.. ' 71 7• 7-4 7-, 
(i " ) ~- . ...... ...,. ~· 

l &"::: s~ ~..,6r. T = ~i·•:·t~· ~~. +~-· ·tJ·'$~ 
• 0 . - ... (-!f ..... -t /If -+· 

~.o~- '$', :N·').,-'7:..,·N·t, (12) 

where the trace is taken with respect to the variables of ~-quanta. 

Quantities A and B oan be written' in terms of n.,_'... RC; defined in (I)' 
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~A= (Rl.. .. ().~) (1+W..e) -i (I{~ +14) S\h9 (~·h) 

:tBi! = (R~ ... R")(s; K' .. IZ'J + c-~+~e>CR.+R,) cS.K'+;') 
~;B~ = [R.!>-R'f- (~-~t1) (Rs--~,U (<S,'K-K.') 

::>. B x = ( R, - ~<:r.) (t\-eo> ~) + l (R'!> +Q~) ~" {) (c:f ·k) 
(lJ) 

Using (14) one can calculate all the observable quantities. For unpolarized ~

quanta and unpolarised nucleons the differential cross section will' have the form 

(15) 

where the trace is taken with respect to the nucleon variables. Substituting (lJ) in 

(15) 

4 .L( e)::: IR,-+ R:tl~ c~+~~e) ""' IR.-R:r..l2. ( 1-~6)~ + ICr<A +~){2. (?>- Co62.(\ -t- .2.C0 e) + 

+ IR~-Q .. \2.(~-~'Z~-i~~)-+- ~~~+R,( 2 (1+~~)'!.+ 

-t- !t I ~s- D.,\2 ( 1\- CO> e}'!. + 4 ~e ( R;~;t R,f" ( ~ + R 6) (1-+&!. e)~ -
(16) 

- 40.e (Q~-R1)'*(~-Q,) (1-~e)2. 
0~ 

.{I.,(~) = ( 1+ ~z.~) [ [R.\~ +[R2!~ + 4 Re (a; Rc:: + ~ Rs)j + (3-~2.9) (J~Iz.+ I~J:t) + 

+ :.t (~+3w..z.e-) (1~\2."'" \Qc;\2.) + 4 Re. [ R.* R~ + ~ ~ + 

(16 1 ) 

Expression for the polarization of ~eooil nucleon has the form and 
~T.,Ce) <cS~ = Sp(A-1\+•~·A"') s 
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T.(e) <~~ ~ isi ... e IIV\[CI<o .. Q~)(R, ... ~~)~r(4-+-eo~;,G)- (v'<!.-Q'I)(R,-i<~)"(A-~9)] 

= ·" l;. ~ J 1 Q, Q: -R; Q.~ ... QJ. R~ - f<,:" R?> -r 

+ [ R., ~;- R,*Q6 + R.lR:- R:~." R4J ~'\11 
(17) 

The well known theorem that cross section will not' change under the interchange of 

electric and magnetic transition is shown in the fact, that (16) is invariant under the 

simultaneous substitution 

R, ..;:::'! R.t R3~ R" , 1<, ~ Rc 
(18) 

From (17) it is clear, that the polarization of the recoil nucleon is also in-

variant under this transformation. 
4. 

Now we shall establish the relations between Stokes parameters and the statistical 

tensor moments are defined by the following well known equations 
I "to:: '{3 J;o :: f£ S i "T;o :: VI (f s: ~:9 

1;,_ == r [ .s"2
- s~2. ..- i ( s" sa ---s~ S"ij 

T;.z == ~ [ ~"2.- s'J' - i ( s)( s3 + s
3 

s:._g 
They are normalized in such a way, that 

' Sp ~/11 r.~. = ~J":r'~MI-1' 
The density matrix can be written in terms of these tensor moments 

s>~ ~ <$~ 0Too + ~-\C> \-to + ~2.0 Go + 22.2.~'2. +, ~2.-2 --r;_.2. 
with 

$'oo = 'fi" ~2.~ = '/fi 
---:-;:~::~:-(19), -(;;;-::;-(24) in Sj contain some mistakes 

(19) 

(20) 

(21) 

.e 
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Parameters 9Jl.l are connected with the Stokes parameters 

(22) 

On account of the invariance under the time reversal the expression for the scattering 

cross-section 1(&,~) of polarized ~ -quanta with unpolarized nucleons may be writ-
ten in the form 'd.sf -

(2J) 
where 

~ ..L .. (~) (~2.1 :::: sin~ (!Q.\'2..+-IR"\'2..: J~2.r~ -I r.2,_( 2), 
(24) 

<~~~, is the initial polarization of the ~ -beam. It is noted, that (24) changes its 
sign under the transformation (18). 

For energies of b -quanta below the threshold of pion photoproduction the 

imaginary parts of Q, , :. Q, are small. Above the threshold the imaginary parts of 

are determined by the unita;rily condition of s-matrix, which takes the fol-

lowing form the terms quadratic in electromagnetic interaction are neglected. 

[ 
+ ~ -'I ( '+ ~ ._. - ( ..... I .._...1 -4 _. ~J] t. T (-" ', -e , - )<:., - e 1 - o) - I 1c., e , 1<., e, S ::: 

:> ~ JorQ c~+) [ T T c a:., it: e 1, ~ J -c( ... Ji+ ci., k., ~~ ~J 1 + 
~~ t~r.+ I ~ 

(25) 

V ( [ + ( -'1 .J1 I ...., 1 -) -~ ~.- _., _, _.[/ 
+ i~ J J_.Q. (~o) T '( .... J\0 9o 1 t. I e ) s r-":P l ~- J k. , .e., s") 

where 

~~:r. ~f,;:,e,~J ~ ;.£; .. c~·eJ -MJ.[(f[k:·e])-i(~[fit·e'Jil)j-

- M~ r~ ([tt] f) +; (; {ft·e] f])] + ~ [(~·~)(i.iJ + (s."e) (k·lJ) c26
) 

is the amp~itude of photoproduction of pions on a proton • 

In (26) only the lowest states are taken into consideration. ·E ~ correspond!3 to the 

transition from state ~ and negative parity to meson state Sy
2 

, M '1 - transi-

-, 
! 
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1- ' 3/ f-tion from ~l to P.h state, M 3 and E 3 are transition from /:1. to. the 111eson 

resonance state Plh.. From (25) it follows, that above the threshold 

j__\'VI R,c = Yc.~JE.\2. -'"~\E~J2Co!>~1=VcAi. R. - D· 

<; ' .:I IN! 3c = ..L ho V(tc Iw. Rl.c. :: Vc. ( lk.\2 +:tiM3o\ 2"-~ 1£.11~] = Vc.A,_ 

TM Q'IC :: Vc. \ lt.r\112. .::\Mlj't +t_ \t,_\2. +i (E:M~ -t E-t M:) f= Vc. A4 

\ w. Q,t = -Vc. ~ -i-IE~\~ +-k, (E,_* M~ ~t:..lM; )~"'YeA-s ; ( ~ R,c:. = ~. _(27) 

with the help of (27) it is easy to become convinced that the total cross section of 

-rays 

6' 
-t 

= ~ J..""(R,.:Cco) +f.Z;.c(coU :::4Ji ~ [E,J~+/1VIol 2 
-t-.2.IMJI2. --t IE;.JJ 

coincides with the total cross section of photoproduction9/ as it should be. 

(28) 

The threshold for production of Ji" meson V0 (Ji0)equals jlf4,1MeV, .while that of aJJ-r 

meson \) 0 (Ji·•)equals 1~0,S MeV. For energies above. Yo GT;+)the right hand side .of (27) con-

, tains both the quantiti tes characterizing the production of . .JIO meson ( £,0
, M,~ .... , A~ A~0 .. .) 

-+ + + + + .- and those for production of Jl· meson.(E",,fl:l,; .. A.,A~-)· The effectsconnected with the 

mass difference .in the Energy Vo (J .. ) > V > v~(J<o) are not considered in the present 

work. 

Cusp dependence of scattering cross section of (I -quanta in the neighbourhood of 

the threshold is caused by the production of m-esons in the s-state. According to the exist

ing experimental data, cross section for the production of Jf+ mesonin the s-state is 

much greater than that of 3! 0 meson. It is a difficult experimental task to establish 

the existince of production of T1° meson in the S-state. Evidently, an experimental stu

dy of scattering of r-rays in the en~rgy region vo~i>~ > vo ~o) will provide additional 

information on this problem. 

The imaginary parts of 12 1 ... RE> are calculated with the help of unitarity condi

tion. For the calculation of the real parts we have used the dispersion relations dis-

cussed in a number of works. 

6. 

Turning to the study of dispersion relations for scattering of t' -rays from nuc

leons we begin with a detailed consideration of the kinematics. 
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Let the four vectors K and K' denote the impulse of the incident and scattered 

photon, I p andp those of a nucleon. They satisfy the law of conservation 

1<-+p =K'+p' 
(29) 

Introduce f = ± (P+P') 
10/ 

Following Prange we will choose the following 4 orthogonal vectors as the basic 

vectors 

K = i c~+~:o') {(.)- ..!.. (1<:-IC..') = .!. (p- p') 
~- l. 1. 

(JO) 

Scattering amplitude can be written in the form 

T = k (p') e; t/,."0 e., u.. (p) 
(Jl) 

while Nr~ can be written in terms of the invariant functions 

(:12) 

where 7 6" are four basic· vectors introduced in (JO). 
I I ./

0 
,/

0 .A Gauge invariance reqires that e. k 1 = o , €·1<:,. O and Jer,tV,.v"'O,tv,.~K.·~s a consequence 

of these relations JVr: can be reduced to a system with eight invariant functions 

1; .... Tg of two invariant variables M II=- P· k and Q ~ 

(e'P') (e.£) {T, + i k: TJ + 

+ i (e.' H) (eN) [13 + i ~ r0 -
r:;f [Mtvt-ci"(~a·M~1 

l.. [ (e'f) (el'l) -(e'N) (e P)] ts [Ts + i k Tv.] - (JJ) 

L [(e'E')(e:/'1) 4- (e'rl)(eP'fJ ¥!> [ Ti + i k ~] 
f.1,1-\]'Z.- Q:t.(~Z.+r-12.) 

Normalization factors M'l.V'I:. _ ~:t(~+r\t:r.) etc are introduced for convenience. 

One can show, that in any system (including, 1n particular, the Breit system and the 

center of mass system) the following equations hold 
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,n2. 4•1 ... )/ .... ~1) - ........ ~ 
'¥ (e'E'J(eP'Y=ce-21: ,e.le =- (e'·k.)(e·rc~ 

f'.'l'"-yt.-qt.(Q2. .. ~Z.) !"iZifit'} Slk2.G Sill\
2 9 

fi,'tl) (etl) 

,t~t<Jl.- Q2(q2. ... f.42.) 

(e'P~ (etJ) ::;: (e'!l) ( .e.P') 

M'l..y-z.- Qz..(6Jl.+ f-.42..) 

== ce 'Dt-~'JJ (e r ~- ~·JJ = ~-At (",...,..4 
(e~§') '-e·f) 

Si"' ... s Si"'l..e, 

::- c-e~JZ> c~·rJ + c~FJ c~-t.'J 
~z.~ 

(J4) 

where ~ is the angle between -> OoJrr 
1e. and 1e. , 

~ 

1<:. and 
~~ ~ 

~ are unit vectors along ~ 
-'> , .... [ .... .. •1 ( ) '2JC. .) §> :::: Jc:.·lc....J. We shall prove J4 in the Breit system, where 

....,. 

and 

p '=0 
...,., P·k: ~ fv,v ~ 
.p =--- k.::: --I<. 

[<1.. ~2. (J5) 

It is easy to justify the following formula 

...,f MIJ I 7G .,. leo = (~I:.+ M >.I 

(J6) 
QQl.. .= /Co2. (1..:.(0& ~) 

(J7) 

JC:-~ 2.. = f-1~2.- Gt(Qt..,!vfl) 
Ql--r ,, .. (?.. .:: 

~1_ 
~ (1-r ~e) (JB) 

Multiplying (J7) by (JB)- .we obtain 

fr..'~ . Q2.[ft-1t .;t- ~2./-~/:.~~2-)_l 
- s '"''2. e = ~~-...,.....,-=-..,..l:::;..'--=-=:.J=-
~ - . t¥1!. ... !VJZ. 

(J9) 

With the help of (J6), (J9) can be:: transr'ormed into the form 

k:- .s;t-. 1 e = 4 q2. Ml..~-z.- l¥YQ
2
+M?.) 

- f.A.l.. V1-. . 
- (40) 

from (JJ) and (J5) we obtain finally 
qt •·l.. 2.. /. ... , .... ) r.- ....,.,, .... -+ ...... 

-~-1. (e""'-'~)le.i6)- le de. ,e d-e_../ (e'k:')(e-~e.'' (41) M-..'Jz.- {:;J ... ~'"r..z.+M'l.) ~"'-"" b :JG l - = / 
~,....,. ...,. ' 1::} s; 2.~ s; 2.e 

Using formula ~- k 

;; ::- (Qz..1-M{ i_- [~ ·r_j (42) 

one can justify-other equations in (J4) in a similar way. As is well known, the 1nvari

ance under time reversai (or as one can prove it below, the requirement of crossing sym

metry)reduces the number of independent invariant functions to si~ ( 1;_ ., 7i = o ) • If we 

w~ite the scattering amplitude in Breit system in the ·form (1), then we obtain 
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R,~~\\'6:: ~ (1:i·~e +13)- t., (JiCMa..-"""G.). 

Q2. ~"~~ -=-- ~ (ll + "G 1:06~) +~c.. C-r; + ~ ~ ~ 

. 
R6 ~ ~ ""'- ~c,"Z.. (-r;_ +'It,~ e)+~ (1-t-Cld>~J T: - t..E (1-~rr:; 

Zf.A. 2N s- · :Z M 

is easy to become convinced, that as (£ ::- M , v = Jc..) 

R, + R1 \~ = () .. i [T,- T3 - v (G. -"T;,[j 

R!.J~=o == "2. T. 
~M ~ 

{~-

:;, ~M -r;; 
Based on the first principle of quantum field theory it _is·proved 

are analytic functions of v both for 8=o"(9'=.o} and for · 

where ~ is the mass of a Jl meson. 

(4J) 

(44) 

11-IS"/ 
that Ti 

Usually, only two dispersion relations for the forward. scattering amplitude R,-4-l(l:t 

and R~.,.~.,~~+2R, are considered. From (44) it is shown, that at G=0° they are re.ally 

four dispersion relations for the scattering amplitudes /l,+Rl!, ~ > R'l and Rs-+R, 

1-. 
Retarded causal amplitude for the scattering of proton can be written in the form 

(45) 

Similarly we have for the advanced causal amplitude 

l.Z (i>') t~,.1v U.(p) =- 2.:£2.f. ( J>;:~') 'h. ( c( '( "i- e i~2 <.t' f ~ (-~) &~ (~) ,f; (-f)] If> (46) 

Define the dispersive part ~~and the absorptive part Ar~ in the following way. 
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S : ..!. (N. te.£ . I aA<f\ 
'f" <- ,.~ 'f-Nf<ll J 

· J .:. 1 ( • 1 u:E GAr/) 
1 ro~ -I; rvi"J -~i (47) 

Taking the complex conjugate on both sides of (45) and remembering that /r are 

hermitian operators, we obtain 

+let 2d 
j> .f'l,..., (/>'K.'pt;) p : Nf¥ (p-t:' P- k) 

Changing the order of .j,. and j 11 in the o ommutator in :(45) and using - 2-

of z as the variable of integration, we have 

· . I t.t:l. ;~ Jv 
f'l~v 6'1:..'-f t) :: J.{..; (r'-t:. f> -11:.') 

Substituting (JJ) in (48) and (49) we obtain ... 
--r::s.~t; (- v,~z.)"" + r;:l,s;' (v,Q~) 

-r; ~ (:v, ~~-J :::- -r: ·c() r.'l~, 
' . ~' JY/ 

T.r =Ia ::: o 
With the help of (50) one oan easily write down the dispersion relation 

ft> sa lo3,!0, G c .;, Q~ ~ 3_ Pj v' A.,,J,~C {v', Q~ eM, 
.r. v•.l.. - vz. 

0 

Oo 

S?>z,., ( "' Q~ :: ~ Pj A~ . ., ( v', ~l.J d.tJ, 
.11 o v'l- - vz. 

(48) 

instead 

(49) 

(50) 

(51) 

Consider the dispersion relation at (/·:: o when the Breit system coincides with 

the laboratory system and. v becomes· the energy of r -quanta in the laboratory s;ys-

tem. 

Since the dispersion relations f"t 1;,., in e2.. -approximation contain infrared divergence 

of the form 

Q. (..L-J..) 
V Vo 

at ti·= 0 it is possible, in fact, to use only the oombinaUon 

~'-+ R~. = L1 

and 
Rs- 4 ~,:::. L.t 

also the quantities 

R 3 = L 3 I R, -:: Lit 
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which do not contain divergent term a~. v ~ cJ At 41~ o L .. L (vJ 
. > it can be shown, 

that 

. Ld-O~ Lf UJ 

L ~.~.'1 (-v) -=-L~.~,., ( v) 
,l 

Therefore, for these quantities we may write the dispersion relations. 
00 

~e L1 (oJ)-ReL1 (o) = ~).pf I.., L1(v') otv• 
Jl ll'(f1 1'L-V2.) 

Vo • , -Re L~ 3 'f (")- V ~ L 1 
(o):: -2vl -.£1 I.., L~,l,'l (•') civ' 

I 1 2,3,4 Jr \(11_ (1/ll._ oJl.). 
V'o . 

Two other dispersion relations are obtained in th~ following section. 
' ,;,Ji'l;'om (4) . ., .. 

I 

J o/ R£. L; (o) :: ~ f"oll·.:: ~'l... ;I llo • .1_ 
,· M M 2M llo 

v ~ L~ (()) = "'" :t c_eMy- .J =-± ~z.:. ~·. ~o 
• 1.1= e~ ,, .. -

:l.M 

.(52) 

(5J) 

First expression can be reduced with the help of the optical theorem to the usual form 
~ ... •' ·., ... .,.. 

Re {R,(oJ) -t ~1.C"U "- _e.z. + v.:t ..Pj o(v-') oC"' 
M .l..I'2 · '1/' 1 - 11 'l.. (5J') 

. t'o . 

i.e.-coincides with the dispersion relation first obtained by Gell-Manp, Goldberger and 

Thirring. 
... ,-

s. 

In the center-of-mass system f<,~ ... RGc. ·can be· expressed in •terms of· the scatter

ing ampli~ude with definite angular momentum and parity. Let us denote the electric .di

pole transition amplitude with' totai angular momentum 1/2. and J/2 by c-:1. and s res

pectively; the electric quadrupole transition amplitude with·angular momentum J/2by ~. 

Similarly the magnetic dipole and ~uadrupole transition amplitudes are denoted by ?n,, T/)
3 

and 'af}~. Besides these it is necessary to intrOduce amplitudes C'("".J~) , C 1 (e2 , »1
4

) 

C. 1 
( £~ 'M2.) ~d C' (7'1-12 £~) · ;,hioh correspond· to the transition from the 
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state lll: (£,)toE"' ('h'llt)Invariance under time reversal leads to the equation 

c'(?'Y13 E~)== e.' (f~lr1J) ; e.' (t;.M~)"'" c'(,.?~) (55) 

Finally, using the technique of projecting operator and restricting to the states 

with J S J/2, we obtain 

... 

R.c ::. £', + l e3 -t ~ ~ tb5 e -mol 

R:lc. == ?Y>, + l m3 +2 )n~ ~e - €.t 

ale :: £, -£3 -r.'l £.:t~e +-l ~~+Vic' (£3. )1.,2.) 

Rk ::?'Y),-'MJ ... .2~~~~ .. i £~ +WbC' (1'11~ £~) 

Rs-c. ::- £.t- VIc' (h13 £~) =- E.t - C(PI13 .£~) 
Rce = -~-Rc'f&.s 7\1.z): '?1?2 -C(e.s.-rn~) 

(56) 

Using (2) and (4) we oan,determine the dependence of energy of these quantities at 

Ve -+o 

E~0 -t ~ £3°::- ;.,2. ; £;-£l0 =-[~c:,_,) 2- ~f']v, ; so==-0 il'nt=o 

?l?,O = -~ r'vc. • """"" 0 -.sf'" . 1 I r '..S - 3 't: 1 Co (E:J. 1l1~J= o ; ~o (£.!. ~.?) =- ~ JiVe 
(57) 

In addition to (53) one can obtain two other dispersion relations by differentia-

tion 

'cs,2. 
R;!, = TM J:i tUu( 

r...2. 
R, = -2 fl 7;, 

with respect to {5]2. and then putting Q~ 0. The factor lt:c2. containing in R
3 

and R~ 

at · Q'Z. -+ o tends to >J~ which compensate the possible infrt\,'LUL divergence in J:i and 

-r;,. 
Consider 

ko't. R~:: ~ ~ = ~2.. -r; (v, (92.) 

:~. r Q ... •f142.~ 

If 1;, and T;; is an analytic function V at 

also be analytic ftmotions ofv. Since the pole terms 

~ v v,.'l.. 
vt-vz. 

'\)~. 

q 2"'Q!,Il¥ then /(3 and %'<;lt.Will 

of 7;_ w 7;, have the form 

where c;j} is some constant, while 
Q2. 

then it follows \)A"-
. ,.... ' 

~)_ .J 1/f 
~~"-o = 0 '5~2 oJ~- voz. 

)R., L · le .. 1 
i.e. the pole terms Ltt. dispersion relation for 3fb(l 2 and iaq2. vanish 
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Restricting the number of states as has been ~.1own in (56) 

'llRl fa,(u) 
~=-.?.7 (58) 

then f~(~1will be analytic function of ~ whose behavior under crossing symmetry 

coincides with that of ~ • Therefore the dispersion relation for CtJ~~ has the form 

or finally 

... 
l?_e E,_ (~) " 3!:!..'1 .2 S ..L..,. £~ (!1') tl.v' 

:::r. v'a..(v'~-\fl.) 
v. 

(59) 

Combining (57) with the dispersion relation for (l.r+R,we see that ~ (.t)and C(~ ~) 

satisfy the dispersion relation (59) separately. 

Similarly, differentiating f<.'f over ~l. one can show that ?'n-2 (f) also 

«) satisfies the dispersion relation (59). Finally, it is possible to construct 6 dispersion 

~ relations for the g quantities characterizing the scattering amplitude of ~ -quanta 
~ . . 

~ under the restriction given by (56). We did not succeed in obtaining more 

dispersion relations without infrared divergence.The differentiation over Q~ for many 

times leads to unknown constants,whioh. are determined.by perturbation theory 1n some 

papers. If the experimental data are sufficient, one can also determine these unknown 

constants from experimental data similar to the case of Ji·N scattering. In the present 

work we do not adopt this kind of approach. 

In carrying out the calculation with dispersion relation for: the scattering of 

0 -quanta from nucleons it requires a quitedetailed analysis of. the experimental data 

on the photoproduction. From the existing data can conclude that r.., 'n1z ... 0. 

so take into consideration 1YJ
2
° = 0 then 

/l-ll (11) .. 0 

The calculation is carried out under the assumptions 

C (?n~ fi): C (£3. ?l-?z) =Co{~ ,z) "'-*fell 

'M, (11) :: m,O((I)::: - trz..v 

If we al-

(60) 

(61) 

For the remaining quantities we can write the following dispersion relations 

I: 
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"" 
Re ft w:: .!. . ~3. .P s= PIN'. /Etf~+ I E:J-

0 

/2. 
f. .rr V' v• .. -v:. 

v.,. 

g '}'YI "(-1) = ~ N.2.'1J +. 2.\/3 .£' s:m·. ,,_,;ft..,.JMtF· 
e b ~ J . Jl ~· II' .. - v 2. 

'· Cb 

{{e [ £.(~) .. ,t £J.(o~~·,.- ~ .... ~J! .PJ o·+ ti+ .J.v' - Qe c: (II) - :l. Re [ M (,)- -w- D7 
M -'Ji2. v• .. -v.._ . ~ 3 ''3 _J 

~ ~ ' 

Re.[£.(-J)-£3c"D =-r~ce_,2._,!kl\l +~l.rJM. I£tr2..Js.:f2-
. ~MJ ""'~ .Jr \1' v• ... -v2. 

v • .... 
Re cc~3f~)= 12e.C (£l.1Y>.!.);:: ~1} 3 .PJot<J! (~t.:Mlt+(ee~"'f.f.jr 

· s 11' v•t.- v~ 
Vo 

(62) 

Since the considered energy region is near the production threshold of a single 

meson, the processes in which more than one meson or other particles are created, are 

neglected. 

If the ~ ... -h.'l.e.. analysis indicates that I""' ')\.1z_ 1 Q it is not difficult to take it 

into consideration. 9. 
The energy of ~ -rays in the laboratory system and. that in the center-of-mass sys-

tem Vc are connected by the relation 

v 
Ve. = , 

(1-r ;: 
With the help of the expression for the total energy meson in the center-of-mass system 

/ .• - 11 + ~ikf-1 
We: - :-;::::=:::~;::'=;-'-f'1 .... 211/f.! I . , 

it is easy to obtain the expression for the quadratic impulse of the meson produced. 

Yltir q/= Wet-tvti."-=- (t/-Vo) (v .. v.- /:2M) 

1-+~ ,.., 
vo= ~(1+ BL) 2/VI 

With an accuracy (better than 7.5%) one may put it. equal to 

then 

a'-~ llt-v.'l... -,, - . 
"/-t- 2.v ,.,., 

CJc. (vt-"·2.. 
; 

V'e. v 

(6J) 

) 
l 

l 
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On account of the mass difference between proton and. neutron, ;r.-+ and .J\ 0 meson, 

the· scattering amplitude near threshold has some fine structure. For a r.eliable numerical 

calculation it is necessary to have a more detailed analysis of the photoproduction data 

than that we have at the present time. Since we hope only to obtain the order of magnitu

de of the anomaly near the threshold, we restrict ourselves by taking into consideration 

the production mainly of .J\-+_ meson. Quantities ~. M~ and E:t we:..·e taken from the ana-

lysis of Watson and others 116 1. It· is assumed that Ji'> are produced only in the resonant 

state J ~ ~/2.. (through £2 , M; ). The connection between the amplitude· of photoproduction 

and the phase shift in ~-N scattering is now well-known~[see, for examplel 16 ,l7I]In 

the enerty region,where one can neglect the mass difference of and after summing 

over the· contribution of .!\' and J\+ production, the terms containing the phase shifts 

cancel each other. For example 

Dispersion integrals are performed analytically 

by some simple'expressions. 

after approximating A 

Let the energy be measured in the units d 0 ~1SOM3g We approximate /£~[~in the 

energy region -:1!! ~" v, .. 2,20 by the following expression 

-•s-)"' c.M~-' e"' A- (3 '3 ·10 -- Vo « O,S''i-
- ' cA-tf·. M 

(64) 

It is just the contribution of IE1 (i in the dispersion integral which leads to the 

cusp dependence of the real part of amplitude on energy. As can be seen from (62) the con

tribution of \E,I2. is characterized by. two integrals 

*In 
both the 
The J>art 
ance may 

v, 
1:_ vl fj I £,\2. olv' 
Jl ..J' ( V'"--11,_) (65) 

' 5/ 
the general case it requires to parametrize the J x JSmatrix, which describes 
J\- N scattering, the photoproduction and the scattering of 't-rays by nucleons .• 
of phase shift in Jr-N scattering due to the dtS{lo~ of isotopic spin invari
cause a change in the scattering of 0 -rays. 



Substituting (64) into(65) gives 

and 

-J, 

!.v2. _p{ ~ 
.rr J "'2. -1/2. 

J.,v' = 

~. 

lA {o.IL~ ~"~-I - i ~ ~I~ -+ ~ I -:-- w:\ - (; ... _I 

.Ji AA.~ ~ -~~-1· - ~ •--J1 ~do y v, .. -1 -.a •-vz. 

>J,L 

ioJt-1 4./ oJ~ "1-IJ,~ 
j_oJ IJ~ 11,~-1 - "· ~ 2vt. ( I £,12. 

Jr J -J'("'"--11"-) 
J.N• = 2Av 

.Ji {
~ 

I J"'ii':7"" 
~~ 

- ~ 1-\)Z. o.Jz.~ 
~z.. ..-.-a 

IJa(l},t -I) 

v.'- (-r- ""-> 

( 11>!) 

(lid.) (66) 

(11>1) 

(67) 

{y<l) 

From (66), (67), (64), (62) and (56) it can be seen that both the derivative of the 

imaginary part of the quantities R L and R3 (from the side v >i ) and that of 

their real parts (from the side "ci ) turn out to be infinity at the threshold. At the 

same time their derivatiws from the opposite side are finite. This is a very general 

conclusion. Therefore,dispersion relations automatically lead to the threshold anomaly 

B I I 
which has been studied carefully with the R-mtrix formalism by Wigner, a~, Breit, Okun; 

Adair, Newton and many others*. 

The application of the dispersion relation permits a. more detailed analysis of the influen 

oe of the inelastic processes on elastic scattering (or reaction) in some energy region. 

Furthermore, the' anomaly in the neighbourhood of the threshold( such a "local effect" 

is the only effect which can be obtained by a direct analytic continuation without 

using dispersion relation) is shown to be only a part of the general influence of ine

lastic process on the energr. dependence of the elastic scattering, amplitude, 

From the example of scattering of 1i quanta by nucleon one may see how the exis

tence of the inelastic process photoproduotion in the energy region V >Yo oa.n influen

ce the characteristics of elastic scattering in the region with tl< Vo (the deviation 

from the Powell formula., or from (ll.) td: \J< V6). 
The form of the nonmonotonio dependence in (66) and (67) is characterized by 

a steep drop of the value of the function in the region v<- Vo (with infinity deriva.ti-

* Authors will return to the application of dispersion relation to this general problem 
in a subsequent communication. 

1 
! 

I 

t 

l 
I 
I 
I 
I 
L_ 
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ve at J:.Vo- ) and a slow increase in the region v">.Jo (with a finite derivative at 

• .J:. Vot ) 

10. 

In the energy region JJ0-550 MeV (3~2 < ~ < J.J4) the quantity is 

approximated by 

(68) 

The contribution of photoproduction in this energycregion to the real part of the 

scattering amplitude near or below the threshold is shown to be small. 

A previous analysis of photoproduction and, in particul&r, the result of GlKi&~ and 

Sato indicates that 

(69) 

For our es'tl.mates we shall use (69). The polarizat,ion of the Dec oil nucleon is especial

ly sensitive to this assumption. In the energy region !<"~ :l;.,o the quantity {Ma3 JZ is appro-

ximated by 

It follows then 

e~ 
8 0 ::0,009 M (70) 

The contribution of th~.s term corresponding to the photoproduction of meson in P%. state 

is given by the following dispersion integrals 

(11>1) 

J 
(..t<l) 
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"· &Y~ .eJ J.N• 
Ji V' 

1 

/E4 /1. 
11'"--11 .. 

= : vl [~. (v.~-•).s1~+ (112.--i)~/-"' .. ~ j 
'1,-~vi'"-• 

I 
\Mt M. .. L ~ ~,z._, . ..;t 

1 '~ ... ,1 1-112. "\. 

-('11.-1) I ffi em.! V~l +II, V'V2=1 I 
.J ~ V1'J.-I - 'J, V\Jz.- I 

(-.r.:~) 

1 
(.J>i) 

(72) 

in which the second derivative with respect to energy tends to infinity at v:~ (from 

the side v < i ) 

In the energy region :z.. <II< 3,3Lf 

I 2 e~ )~ 6 MJll .. .t,lt ;:i (1- o,2'f4 v 
contribution from (70) and (7J) are given by integrals of the form 

"2. 
:r~ ('~~) == :w1 £ ( ~'T ~"' ... -rv'" .Yv' = 

.:ll J "' (v•z._v ... ) v, 

= i_~ ~ ('fd).l.+~ll+'l{'Jl. (llz.-t-v)J..-~v ... '6V"2. (h)ld.J 
Ji ( "ll,-v "• ... \} vz. 

and 

(7J) 

v:. ·:: ,;· .~ t-2: t,..\ :.! 

(74) 

Ill 

J,_ (-J):: ¥l.P 5 ~· 
'{, 

(J.+ ~·+ rv'2.> 
'll'z. - v-a. = ,;.~-2¥"(".~.-v.) +~[(·-~,_-\}·. "·+" ).C+l(l/tc.,~-V2.J .. ·~.u· .· .. v,-v liz.+\) -1, .. - v't . · 75) . 

d. d.~ 

The energy dependence of the real part of the amplitude. R, ... ~10 (in laboratory 

system), Calculated with the help.of the dispersion relations is shown in fig. 1-J. The 

half widths of R, and R, are equal to ~ v., and fo '1/0 ,. respeotively
1 

which are deter

mined mrdnly by ·the quadratic ratio of the real part ·of. the amplitude· to. the coefficient 

A in (64) 

t; =1-'1 = i ( ~R)~ 
(76) 

In the general analysis of the nonmonotonio dependence near tqreshold s~~~ gave 

a restriction for the Wid. t\t of the peak 1<~ "'"I (where Ro is. the radius of interac

tion). In the present paper a more accurate criterion (76) follows in a natural way. 
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The influence of an inelastic process on ~ R.:!. is very strong but the contribution 

of OL ~ in the observable quantities is rather small, so that the experimental study of 

the energy dependence of lk ~ seems to be quite difficult. 

The energy dependence of ~ ~ and ~ 1<6 are determined with great accuracy by the 

formula (4). 

The nonvanishing values of Rea 2, and Re. Rs are due completely to the inelas-

tic process, although the photoproduction in the s-state does not contribute to these 
quantities. 

Differential cross-section (in the center-of-mass system)(l2)can be written in the 

form 

(77) 

The numerical results for the energy dependence of differential cross section at soo and 

0° are presented· in figs. 4. and 5, in which To (::30°~ v) is calculated in the lB. bora-

tory system while Io (o", ~) is calculated both in the laboratory system and in the center 

of. mass system. 

The energy dependence I 
0 

(o0> v) has been calculated by C ini and Strofollini. our 

result gives a agreement ·near the threshold region. Outside this region the agreement 

is very good. 

Our result for Io (9o0 ,-J) in the energy region near 200 MeV also agrees with the 
llJ,lBI 

other published results • In the present work the energy region near the threshold 

is considered more carefully. 

t i tion (j.f~...., is presented. The cross section on fig.4. the total scat er ng cross-sec ~~~ 

according to formula (16) and (18) is also presented for comparison. The local effect in 

the neighbourhood of the threshold is practically nonobservable, but is seen more clearly 

in the difference 

fi.s I - .L 0 (So':) 
/~Ji 

or in the energy dependence of A (v) (fig.6 OM.J. 7). In order to obtain the experimental data 
2. 

of A1 ('-~) it is sufficient to measure the cross section Io ((),v) and /JSD 

with such an accuracy that it is possible to study the energy dependence of the diffe-

renee 

It is interesting to note the energy dependence of the polarizationof a recoil nuc

leon. Below the threshold the imaginary parts of R, ... R, in the ea. -:-approximation va

nieh, then the righthand side of (lJ) becomes zero and the polarization of the recoil 

proton also vanishes. On account of the invarianoe under time reversal the cross section 
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for scattering of ~- quanta from polarized proton will not differ from I 0 (&) 

below the threshold, 

Above the threshold for production of Jl- meson,polarization of the recoil pro

ton differs from zero Numerical result for the energy dependence (energy it\ l.s.) of po

larization at 8:90° (angle in c.m.s.) is shown in fig. 9. It is seen, that in a rather 

large energy region from 1'i>0-2Q.o MeV the polarization reaches ~o +2!; %. 
The-magnitude of polarization is sensi-tive to the assumptionsmade in the analysis 

of the photoproduction, and especially to the assumption (69}. It follows' that the expe

rimental study of the polarization of the recoil nucleon might give useful information on 

the photoproduction of mesons. 

In the expression (20), the contribution of the term JR4j ~ is decreased in c~mpa~ 
rison with that in } 0 (e) and the term containing I R3 I 2 has a minus sign , therefore 

the energy dependence of (T22(90°))> near threshold has a deep . pit ~ Fig. 7 ). 

12. 

A detailed study of the scattering o~ ~ -rays by nucleon near the threshold of meson 

production with the help of dispersion relation permits us to see how the photoproduction 

in the S-state gives rize to the anomaly in the neighbourhood of the threahold.The scatter

ing of 0- rays by nucleon and nucleons, the photodisintegration of deuter.on and other 
~ 

nucleons are examples of processes, invhich the inelastic process has a very~ large in-
. ~: . . · .. 
fluence on the energy dependence of the elastic amplitude in a wide energy;'region. 

; ~ . 

Although the local effect for a series of observable quantities in the. case 'of '('-# 

scattering is shown to be great, however in the experimental study of the local anomaly 

it is necessary to have a good experimental condition. Especially this refers to the 

high energy resolution since the nalfwidth of the ,.cor-

responding cusp equals aJ,lproximately 5"+ 10 MeV. 

The exp.erience obtained in the· numerical e-valuation shows that the contribution of 

other states may smear out the sharp energy dependence of the observable quant~_ties 

near the threshold. Therefore, for the experimental study of such an ef~ect it is more. 

favourable to have cases not at very high energy and with particles of low spin. 

l 
[ 

I 
"----· 
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The scattering of ~ rays by deuteron near the threshold of photodisintegration will 

be reported in other place. The focal effect in this case seenis to be not very smaLl. 

From the point of view of general i"nfluence of one process on another it is of in

terest to study the photodisfnt.egration· of deuteron in the energy region near and below 

the threshold of meson production. It seems to: be possible to study the well-1olown"re

sonan.ce" dependence of the cross-section in photcdisintegr?-tion by the· method of disper

sion relation. 

Local effect in.photodisintegration of deuteron might arise also from the reaction 

'(+d. ~ d "f-JIO 

It is usually adopted, that at very high· energy the . 't A/ scattering is 'completely 
... 

determined by the inelastic process (i.e. the imaginary parts of the amplitude). On ac-
··.·: 

0 /1/ scattering and especially the 1 

t': 
count of this it may be very interesting to study the 

polarization of the reeoil 

like 

nucleon near the production threshold of new particles 

and many othe.r processes. 

We are much obliged to B. Pontecorvo an.d J. Smorodin~ky for valuable discussions*. 

* J. Smorodinsky kindly informed us that G. Ustinova had considered cusp problem in f-N 
scattering near the threshold by Baz' method (in press). 
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-Fig. l. 

The dependence of Re ll, (the upper . curve) and of .& ~ upon energy. 
The values of the functions are expressed in the fractions of e~. 
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Fig.2 

The dependence of .& II, ( the upper curve) and of Re 116 upon energy. 
The values of the functions are expressed in the fractions of e~/~. 

( 
I 
l 
I 
f 

l. 
j 



r 
I 

r 
I 

I 
I 
I 

- 29-

t 

0 

Fig. J. 

The dependence of Re "'" ( the upper curve ) and of Rto l?c 
The values of the functions are expressed in the fractions of 

upon energy. 
e~. 
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0 as , 1.s 
Fig. 4. 

The dependence of the differential cross section I 0 

A), of the total scattering cross section 6$/q~ 

ffs /41l 

llfv 
0 

(90°) upon energy (the curve 
( the curve B ), of the dif -

ferential scattering cross section without the account of the dispersion part ( the 
curve C). The values of the functions are expressed in the f~actions of (e~~ 

w 
0 
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Fig. 5. 

The dependence of the differential cross section Io ro·) upon energy in tll.e lab. 
. . •' ' ' . ,; •' ·' ;. ··•: ' . 

system. The upper curve shows the o:ross section in the lab. system, the lower one -
in the centre of mass,system. The experimental data are taken from lS). The ~alu~s of . . .. . .. . . .. . ~ & . . 
the functions are e~p~essed ~n the fractions of (~). 
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Fig. 6. 

The dependence of 6.; ~. ~- I o (90). upon energy. The values of the function are 
'" :/( ( ,e.:l-)2. expressed in the fractions of M . 
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The dependence of the recoil proton polarization at 8 = 90° 
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