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A b s t r a c t 

The Hamiltonian of a· dynamical system of Fermi-particles is transformed by means of 

the general unitary transformation proposed by N.N• Bogolubov. From this Hamiltonian-we 

obtain the approximate second quantization (a.s~q.) Hamiltonian introducing the Rose -am-· 

plitudes with two indices. This Hamiltonian is diagonalized and .the collective oscillati­

ons considered, especially·for the pa~ra of particles with parallel spins. For the forced 

collective oscillations the paramagnetic term in the Hamiltonian is also taken into acco­

unt. This term leads to the additional "spin" current, connected with the elementary ex­

citations with spin-moment ± 1. If the transfer momentum tends to zero, this current va­

nishes as the terms omitted in obtaining the Meissner-Ochsenfeld effect. 

I. Introduction 

In the paper of N.N. Bogolubov1) using the self-consistent field method, among 

others, the problem of collective oscillations of a dynamical system of Fermi-particles, 

and the problem of electrodynamics of superconducting state are studied. It is proved that 

in the approximation used, the collective oscillations split in two independent branches: 

a) for the elementary excitations with spin moment o, b) for the elementary excitations 

with' spin moment± 1. The collective oscillations of the first branch are investigated 
• 

(see also the monography of the theory of superconductivity N.N. Bogolubov, v.v. Tolma-

chov, n.v. Shirkovl 2 1), and the results are applied to the electrodynamics of superconduc­

ting state, obtaining the Meissner effect. 

In this paper the problems investigated in the paper quoted above,are considered with 

the approximate second quantization methodJ) ,2). The collective oscillations of second 

branch, connected with the elementary excitations with spin moment ± 1 are studied. Moreo­

ver, the additional term in the Hamiltonian which gives the energy of magnetic spin moment 

in a magnetic field is taken into account. This leads to the additional "spin" current. 

In order to use the approximate second quantization method, the products of Fermi-am­

plitudes r:J.., d, are replaced by the Bose-amplitudes ll , It is proved that the secular 
v ;u rv.JN . 

equation for the energy of collective os.cillations obtained _by means of this method is i-

dentical with the equation obtained in paper1 1 1, Furthemore are considered the forced col­

lective oscillations for the case of weak external electromagnetic field. In the Hamilto-

nian besides the 

(see also~ 1 1) is 
--") 

terms which depend linearly on the vector ... potential of the external field 

also taken into account the paramagnetic term p~oportional to the product ..., 
t.:Jt 

...,. . 
(where ~ · is the spin vector of the particle, and Jt the magnetic field vector). 
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This additional term of the Hamiltonian depend linearly on the ·operators A .so we change 
/lifo 

to new operators 1\ r C(v ,u.) , where C(Y,;..) are .c-numbers. Vie determine them from the con-
IYPJ . I 

dition that in the transformed Hamiltonian, the terms linear 1n the operators ~ must va-
' . ~ 

nish. It is shown that current and particle density are expressed by the functions C(v1~) 
Thereby, from the approximate second quantization method like in the self-consistent field 

methodlll we obtain the electrodynamics of superconducting state and especially the Meis­

sner cefect. -The paramagnetic term 1n the Hamiltonian leads to the 11 spin" current, con­

nected with the e~ementary excitations_ with spin moment ! 1. 

2. Approximate Second Quantization Hamiltonian 

Consider a dynamical system of Fermi-particles with a Hamiltonian 

H = L T<ftf)a.~a.f, + 1, '[ U(1~.t~;f~rf!)~ 0..~ a.,,O:,, ""'H1+H.z. 
f,f' -ft,fL 1 ,1. U. '11 

f~rfL · (1) 

T Cf,f'):=· Ht,f)- /.. b(f·f) 

where I is the Hamiltonian of the particle, U -the interaction energy, ). -the chemi-

cal potential, AL , Al: the Fermi-amplitudes and I is a set of indices characterising 
f .l ..;. ., .... 

one particle states; in particular r:..(f 16'1 , where f is a wave vector and IS' a spin 

index. 

Similiary as in the paper1 2 1 we transform the Hamiltonian changing to new amplitudes 

a. ~ [ (.u.i o(. t tr ol.'" ) f v v ).1 ~y ).1 (2) 

To secure the canonical character of transformation (2) the functions {~,,.~ must be connec­

ted by orthonormality relations 

~ { .«.~v .u;v + V"fv u-;;111 :: Hi -1') 

t l.«.tv ~·v Lf'v ~~~} :. 0 . (J) 

The functions {&,~} we find from the additional equations obtained from the compensa­

tion principle of dangerous graphs Ill 

( r!..v o(..v H)., = 0 (4) 
i "' . 

The expectaction value corresponds to the vacuum state C
0 

1n the oi, -representl!,tion 

"'" + <LvCo=O, C..,ol.y-=-0 . (5) 

In the paperlll it has been shown that the equations (4) are equivalent to the equati-

on 
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(6) 

. where 

S(f~,f~):t U(f.,f~if~,f:)~Cf/,1;) 
ft',f~ 

(7) 

The transformed Hamiltonian has the form 

H :. H +- 1-1 (Rl t H (&) t H' 
" 1. 1. - ,_ 

(8) 

where 

(9) 
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Now we want to obtain from the Hamiltonian (8) the approximate second quant.ization 

~amiltonian(a.s.q. Immiltonian). Similiary as in the particular casel 2 1 we make use of the 

results of papers of Gell-Mann, Brueckner, Savada, Brout and Fukuda1 4 1. This means in or­

der to obtain the fundamental approximation, one may restrict oneself to the summation of 

only those graphs of the form of the complex, given in the Fig. 1 •. 

....... ... ------
F i g. 1 

All more complicated graphs are of the form represented in a Fig.2 (see alsol 2 1) 

ct 

F i g. 2 

These graphs cont~in the vertex parts of Fig. J 

, 
/ 

/ 

a 

F i g. J 

9-

~ 
/ ', 

/ 

"' ' "' ' / ' 
"' ' 

H(l\) In the exact Hamiltonian (8) to this vertex parts correspond the terms grouped in L 

H (~) 
and l. • !n the approximate Hamiltonian thus obtained we omit the contribution from H2_. 

To the vertex parts a) (Fig.J) corresponds the second term of H~) to the vertex 

parts b) the first term of H~&) and to the vertex parts c) the terms of H~R) • To obtain 
. . H(R) H (6) the a.s.q. Hamiltonian we consider only 1. and .2. • How, instead of the products 

cl~ d.. II. of Fermi-amplitudes, describing the particle-hole complexses, we introduce Bose-amp-
., a. . (ft} H co) 

litudes A,,V. {R =-A ) • This means that from Hamiltonians H and .. we must take 
,.,.,1 "' r~}l.~. I"'Jiv., 7- :z. .. 

out pairs of operators olr. rly and (oty ci,Y ) and substitute them by Bose-amplitudes !J 
.,.. 1 :.L- J + . (/I.,~ 

and A. • Also we must find in H:~, the coefficients of the products (.tll.c(,V )(a&xolv .. ) fl3 v,_ 1 J. J I 
I t; ' 

and (oty ot~~,) (.t~-.«'1. )• This coefficients 
S t t :/. + "I' i- f-

( rLv~ "'\ o~.,., o(.)li H.L) D 

So finaly we get from H:z, 

are given by formulae 

( rf..v/'·v'i HJ.. oL~.L o(,t
1
)., 



:. 7 -

where 

'.rhe expectation value corresponds to the vacuum state C0 defined by (5) • 

The matrix elements A and B have the following properties 

* ,q (v~ ,v~ i v11vL)::: A (v1 ,v.~,jY~l'~) A(v3 ,v~j Y11 '\1,~.) =A(v't, v3 i'\l.z., v1 ) =-- R (v.,, v3 ; Y.,, V,) 1 

5 (v11V,~.j v3 ,v'~) =-B(v,~. 1v1 i V71'Yl)::: -/J{v.., v1 ; v~, v.,) 

(10) 

(11) 

(12) 

(Owing to these properties and to the fact that R A r~v.l. ::..- l~\11 
in the definition of A and B 

should have written the coefficient 1/4). ,..... 
How to obtain the complete Hamiltonian H we must add the part H., -self-energy 

of the particle-hole complex. In order to obtain the correct energy denominators, the same 
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as in the correct Hamiltonian, _it is necessary to choose 

H = 1 L [JG(v1) + S6CvL)J ~:iv}v,v2. 
1 V., 1 v.~. 

where 

SL(··1) = (o<..,. H ol~1 \::. r. ~(M') ( u; u, I - ~: v;IV. ') + 1 r. u( T41 f.~.j f.~.~,fn J( 

fl fl T \.\ ~ J4 I 1 T 4 f,, f,_ 
· . fUi 

. r , lfr "' ~ ~ ) lh* '] . ~; \fl(M1) (.u.f;v11Jfiv1- ~;v/);v1 + 't' (f~.f,)(.u..Mu-ft.'v,- ,a.-f,.'Y1 Uf:l!t J + + 

J(f,n:: T(f,f') +-I.. [U(f~+:if~A) --U(t>t;j t,+;)] F(t~,fn 
fd/ 

Terms neglected in (14) do·not depend on ~ 

I 

. (lJ) 

(14) 

Thus the complete Hamiltonian in the method of approximate second quantization has 

the form 

H:: t L. (SZ,(Ytl + S?.<vL)J~:,v~~}'1vL + L R(v,,v~l V,l "•)fo~v.,fo~1 v.~. + 
'~ ~~ 

vJ,v., 

f[ IJ(v31v'rj~,v.L)I\t At 
v,,v, rv, v~ /Jt.p·. 
vl,v,. 

This Hamiltonian is a quadratic form 

* +.1 ~ B (~ ...,.,iv.,,v.)n A 
~L_ I ~~~~~~ 

~~v, . 
IJ, v., 

in the Bose-operators p • 

(15) 

The Diagonal1zat1on of H and the Collective Oscillations 

In the monographyiJI was proved that the diagonalization of a quadratic form of the 

type (15) may be reduced to solving a system of linear homogeneous equations with respect 

to the .e.-number quantities ~(v1 ,v1) 1 
( (V,

1
VL) 

E. ~lv,,vL) ~ (&,<~) + St(v~)) 5N,vl.) + J.. LA(~ v,,.v,~,v.,)"t'(vJ >'+}+.tL. B(v., ~,·lj l't)11{~ ,...,) 
- I 5 I Yy, I I ( I I 

"JI"'~ :~," (16) 

-E. ~N,v.a.)-: [ ~(v1)·h.S?,(v.t] 1(V11v.~.)t l L.R-¥r(V.,,ll"j'1,v~t)~(~l"') + l L. B{~,Y.ti~,v.,rs<~l+) 
~~ ~~ 

with the normalization condition 

!:. f1~(v1,v.t)l~ -1~("1,VL1It} :: 1 
l'f, 'Y"' (17) 

·The homogeneous equations (16) lead to the secular equation for determining E 

When E are the ·roots of this equation and ~.(v-IJvL) "1 (Y v) the corresponding functions, we 
'l1t .,.. I f"l 11 ~ t 

can perform the diagonalization of Hamiltonian (15) changing to new Bose-amplitudes .b-.,.
1
lr,.. 

by means of the canonical transformation 

p(v1,vL):~ [5,..(v11vL)b-"'t~"'(v.,vL)t:} (18) 
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We obtain the Hamiltonian (15) in the form 

(19) 

The functions 5~,~~ must obey the following normalization condition 

~ 1l ·. - L. U'\5~\ -~ l1M-1 .J -=- 1 · . (20) 

"" When .in (16) and (11) we denote ·the coefficients 2R =-.X· , -l/}" 'f formulae (16) 

and (11) are identical: with the formulae obtained in paperlll with the self-consistent 

field method. The normalization condition for functions ,,1 gives the positive sign of B. 

This is the advantage of the method of approximate_second quantization over the self-con­

sistent field method. 

From the equations (16) we obtain 

E {~lv~,vJ.)~~(v1,vJ.)) =-[~{"'li-~(~~ (~(v11Y4)t~(v~vJ.)) + L~[R(vt,~jVu"~) + &"*(\'1, ~J"J,v.,)] 5CvJ, v~) + 

. "". 2-EI~~v1 ,V~j'!7 1"~)t·B(v~ 1v,j ~,v~)J 1[~v31~~),.. . . _ _ ( 2l) 

. . ·. * ·. 
,E (~(v1 ,v,) t ~(vt,vL)) =[S?,(vM &1(v,~(~(v1,v~).~1f(v11Y4~+ l~J f\(v~,~LivJ,v~t)- B ~v1,v,i"J,v't~ ~(vJ,v~)-

-2 [ [ f\\v1,"'i"l•'9- B (v1,v~jvl;~")}~ (vl,v~) . 
. \~ . 

We assume that the matrices A and B are real. For the types of interactions investiga­

ted, this assumptio~ leads to 'the .requiiemen't', t~t the fun~tions{~,ti-) in'ust b~ real,· whicll 

does not violate the conditions (J). After.these assumptions we can.change to new funct-

ions 

(22) 

For the functions e 1 ~ we obtain the equations . 

E. 9(vt1Y.~.) =[.fl.(v1) + ~ (v,)\~\"11V.L) ._ 2., 't [ AN,v1;vhv'l) t- 5(v11vL;v11 v~) 1."'6'J,v~) 'l V v . ,, J I 
l, ~ 

. (2J) 

E~(v1,".~,):[&t~vM Q.l"J)6("11'1~.) + .tL_[A(vt/•',;vl,"~)T ~(vt,v~;"~,v,)) 8 (vJ,"~) . 
. · . . _ vj 1v~ .. . : · ," · · · ·· .. . · . 

These equations are more convenient than the equations (16), because the right hand aide 

depends either on functions ~ or on functions e • Equations of this form are obtained in 

a form more general than in paper1). 

Let us consider the equations (2J) tn the case of a simple form of the transformation 

(2) , used in the t~e ory, of suppe;roonducti~fty i) 'l) ~ One may determine the oorres ponding 

functions {~,~) putting 
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~=.u.<t)SCv·f) · v; ~vch 1G')~(Ytf) fv . ' Tv r tr(-p,+) ; '11'(1') 1!(p,-> =-11(1'). 

Moreover we take 

!CM') ~E(f)S(f·f') U(f.trf,jf,',fD; ~ J(f1,Mfl~t~JS(r1+f~-t1'-t1>Sc~.c~')b(~-6;.') . 

As one can see the nonvanishing matrix eleme~ts.of (15) are of the form 

R-+,-+(f.,f,i.f;,fl).: R_+,t_( .. ) 

B .(1'1,f,i1'~ 1 f~)= B-++_L) 
- t,--t- I I 

A++,tt C..) = R •• , .. ( .. ) 

B++,-- < .. ) .: "--,u-(.. ) 
I 

(24) 

(25) 

(26) 

The spectrum of collective oscillations is divided also into two.branches. For the first 

one the oscillations. take ·place for pairs of' particles having opposite spins·(elementary 

excitations with spin 0), for the second one for the pairs of particles having parallel 

spins (elementary excitations with spin± 1)~ Let us note that the compensation equations 

(6), according to (24) and (25) go over, in~o the .. equatio~s of compensation for pairs of 

particles having opposite spins. These comp~nsation equations a,re used to determine the lo· 

west superconducting energy state in the theory of superconductivity 2),l). The collective 

oscillations of the first branch are investigated<in t~e paper1 1 1. Now let "us consider the 

spectrum of elementary excitations for the second branch. From (11), (24) and (25) we get 

E. '1: (f.,f,) = [52.(fM rS'G(f~))'~++(fvl'~o) + 2.[ R+++/f.,f,.l !'1~1i')5+/1't;ii.) - 2L.. B+ ... Jf11 f,i-IJ/,f~)11 __ f~~ -r,{, . . 
')++ · •' 11 

I ~I 4 1 'I /"' f 27 a) ' lfll' ,,,~ , 

-E.1It~tif~)=[5?.(f1H SL(1,~11 ... (-~,-f1)tl!. RH tt(f'tll;/l:fz.')"?+t(-~,-~')-2,[. B (ilfl.jf!,;f',.') 5-- (f,~fi') 
l (· 1'ML I ' tf,f1 uc . I (27,b) 

E.~ .Jf1,,,)~r~,f1)+5t(,,)1 s--( r1,f,)+.tL R.., .. <r.,f,if4',f~)s _(ff·,,~)-lL. ~-,+t(f.t, fLj tMD11+ l-t~,-p,? 
l U I' ~'A' ~'•' . { 1 

rt 1r1. r~ t(l. 
(2B,a) 

-E ~--(·r~.-r-1):[5Mtt' t&<rL~ ~-<·fz.;f~*'l~ ~-.-Jt4L;ft',t:)~-~(-r~;~)-L~ ,B_-,)r~, N f1',t1 )sH(tt~ rD 
. 1i ,1' 1't,f4 . (28,b) 
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"~~ Sc1vr.- ~- tO{[J(t,,M;,,;J- J(r.,a; r: ,ril][ uqJ"If·J u.rN!"'f.'l+vrN'-~'Mvr~~,-w~ t 

+ J (f~,-r~rr1Jf~)[ 1T(fJU(t,)Ulf;)'tr(tD+ U(N Z!(f'J 'IT(~j) acrD] -

- J (f~,- P:j- f4d~)[ V'(f1)1.L{f,) U\f;) U<fi)+ U.CN V(1L) U{t:J tNtfJ] J 
. J 

B++,--(~,fl; p;,tD -=- ~.- ,tt (.. ) = B C .. ) = 

= 4v b(f1+fJ.-1'1
1
- r:){[J(fA,fLj p;,p~)- J(pL,t4j r1', Pn][,uctJ UfM 1J(t4')Vff1J+V(('4~V"(f~)art:Jwf}ij ~ 

+ J(f~ ,-f~j-f-tJfn[1T(f1) .U(fL) V(f;)U(f;) t 1L(f!,}1!(fL) ,U(/'J)'lt{:p/)] -
(29) 

S"'6(f) is the same as in1 1 1 

61 (f)::l)lCt) + (t(t) 
) )Cf) = E (1')- 'A + v [ t L JCt',fi p,r~)- J(M'i p,r')J v(t'J. (JO) 

The function C(f) satisfies the equation f' 

C(f)+ .L:L_J(1',-f·i-r', ~·) c.ct'>, '=- 0 ·· , 
. .Y t' . ·, . 1 ,JZ(f) • . . • . . . 

For a change of the spin direction for (+) to"(-) the equation (27) go into the equa-

tions (28) and vice versa. These. equations do not separate into equations for functions 

S•+ I~H and for function_s S--
1 
~-- • Moreover, these equations connect on:J,y functions 

with fixed ~ + f? . Therefore we may put . . . . 

. I I . 1 I 

f4:: f I f'l.: - f f~ I /1 = f I /1 : -; .f. 't-
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Then we obtain (29) in the form 

A ( p,-P+}i f~- f~~) =fv [[J(-rtz-,Pif5-r~) -](fJ -M iP;-!':J,)] [~fJ Uf11)urr1~t;'-~) t'IJ(t}1l(t1) Wt? tr(pLJ~+ 

+](-f~/1-i-PI'P')[!r(f).u.(t-}) .W1J')V(f'-~) f-U.{fl)'lt{ft""'f,) 1!(-f'').uff''-'f)] - . 

- J(-f+~j~1j -? (f 1+1t )[1Jlt).U.(f-t)1l'(f').u{t1) + .U.(t) 1l(f-'!-) U{f') 'tr{f·'f)]) I 
(Jl) 

. . . . 

o(f,-rf~ j f',- Pf~ }= ;.., [[ 'J(p,-ff1j r',,ff~) -Jfrt<Jdi F~-I'~»IJL(rJu(f1Jw;?V(r1J+VfpJVfi'1Jilll''ltlff18+ 

-t J (·pt<} 1 p'-~j1Jt' )[Wf)Wfi)'U!'f') Ult~t) + Al.{'f')V(f'-tt) I.(/1''J '1/"(f''-p) J -
- J (-ft~tP'rP, -p~)[1r(p)Mlp-~)~f~V(f!.1) + '"<PJ 1t(f'-1) 1l(r'J-iif~~JJ] . 

The solution of the equations (27), (28) leads to the diagonalization of the Hamilto-

R= tL LSl<t,)\fL(f,~ ~ft~~~++(t.Jf1)t EH(1.,t~.;f;,f;)Klft,f,)~++(f;,tn+ r L [ S1(f.)+.56<fL~ ~-c111fL)~_,(t.,fL)t 
t• f• f•,fa. 1· f.&. -' 1'~,rL , 

(J2) 

+ ~~R'f·,r~;r;,rn~~-(t1,~Jp,_cr:,p;) t- ft. 5(r.,r,jN,rn[~:/~,f.~.)~~J'A~-tD+ ~~}t~,r~.)p_Jt;,-t1)] . 
~~~ ~~~ . . 

··.Hamiltonian (J2) describes the elementary excitations_ with spin moment :t. 1 which interq,ct 

with each other. Therefore the equations (28 a,b) do not split into the equations for the 

two independent branches. If we group the equation (27b) with (28a) and (27a) with (28b) 

we obtain two independent systems of equations, but for the functions with' sign (+) and (-) 

simultaneously. Then we define new functions 

~ ( ) . H> ., __ f•,f" -,Hc-rL.-ft) =-at rt~ ~ e~ Ct) 

~-_cr~,r~.)+~uC-rt,-f1)~~~-+~r1 ~ ~(f) 
(JJ) 

( f1 t-fl..-=: f./+f,_' = ~ ) . 

For the fu~ctions e"'t- and-J'~ we _obtain equations _in the some convenient form as (2J) 

t e~<{l) :: [aS1J(1)t .561t"1)1 ~1 (f) t .z, ~[f\C-r,-rt~;t'rr~~)+ l'>(f ,-pt, if', -r'+~ )]"'i, (f') , . 
(J4) 

E ~~(~1'=[ &'Lf~l t 51(f-,~ 6~(1') + l 'f,-l R(frfii; P~ -p~cy)+ l)(f_tPf'l.; f',-r11] 6~(11) . 
We note that· the· functions ~ 

1 
~ and consequently the functions e, ,r are add func-

tions of f1 fa. variables, this means for q = 0 
. I 

e c;') ~ ecf) ::-8 C-p) V'o(t') = ~(f)=--1N-f) 
o 1 . r (J5) 

(we now introduce arrows to distinguish. vector f · from f =l.p'\ ) • 
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We consider the equation (J4) for q = 0., We get from (Jl) 

(J6) 

5( r,-rj f:·ti) = 4~ {[J(f,-Pjf~-r')- :1(-r,1'it-p'~[ iirJ vrpJ+ ?r(t)d<f'~+-[J(·f,r'rfi)-XM'iti~11"(f)~(fJV(r'~f1} , 

If we restrict ourselves to the case when the interaction may be replaced by a cons-

tant inside a thin layer in the neighbourhood of the Fermi-sphere (Ef ±w 

zero outside it, we get 
A = B = 0. 

), and by 

(J7) 

(Hamiltonian (J2) is obtained also in the paper5) where it is stated that in the ca­

se of interaction which is constant in a thin layer, we do not obtain the collective os­

cillations with reversed spin. Then the temperature d~pendence of paramagnetic susceptibi­

lity obtained in the paper1 6 1 is not altered and· remains inconsistent with Reif'sl71 ex­

periment). 

For small q from (27) using (J7) we get 

(JS) 

To show that E ) 0 as solutions of (JS) we take the antisymmetrical functions 

(J9) 

Thus we get the continuous spectrum 

separated by a. gap. With the given q the energy . E depends continuously on the momentum 

1o • Hence the simple model of interaction of particles, leads to element~y excitati- , 

ons which have a continuous energy spectrum.We next. consider the case when the interaction 

J is effective only in a narrow layer near the Fermi-surface ( E ~w ) and has the form 
f 

J (f'-t1 fJ.j fL
1 
f f/) : -l(f',t-f/) I f.t T fL = f,'r fLf (41) 

After introducing (41) to (J6) and taking into account (J5) we ,obtain 

E.J'c;) = l SGcf)ecr>- t~t·(,t·fn e<f) 
f < 
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EOCf') "'l ~Cf)~Cf) + ~ ~~~(lf'--fl) C(f}C(I")- }C~)~Ct> c
42

) 
~'- UZ<t>~Cf) -

These equations are identical with the equations obtained ·in1 2 1 ,Ill by considering the 

collective oscillations of the first bran~h~ But in ~Ur case the solution must be the odd 

function of ji whereas in the former case, following the compensation relations, it had 

to be the even function. 

We change to spherical variables taking for the spherical axis the direction of the 
~- . f vector; In this case 

~:Cif'-f'l):t·(f,~ 1 1 fp~l.(-t~~)) 1 
.J"(f)-=-{f(p,~~) 

1 
8(f_)= 8(p,C4?c(.) (4J) 

-'> -, where ~ is the angle between the vectors f' and 1' • If the angle o<,. takes on the value 

7T ' the functions ;r and e change the sign. Then in the expansions of the functions ~I e 
we. have only·the terms with odd spherical harmonical functions 

o() - . 00 e = L:. a:. (f) P. (M11<L) .3" =) 1,. Cf> p (.Qrl "'-) .... ~L = "'... Q c~ f''J p ( ~.<.) 
<11.( .Z.M1 !1!.t1 I• L .Z.11.t1 . 411.H I d'IV I 11-. 

o 1!.fo "'-/D ·-

(44) 

Putting (44) in (42) we obtain the equations for the separate terms of the expansions. We 

consider the equations for ~he first term only, writing them in the integral form 
. t~ . 

E~<}) = 2,Sl,(})a.,C})- 3~ \ ~-~<},~)a.1(}) cJ..J' I 
-.0 

· toO C.()CC)) })' ·. 
E~(})=l~C})~<}) t t~) ~<;l ~Cl') ~-~C~ 1a')ciJ' 

where -~ 

(45) 

dM. .f 3. . 
-= -z. ..fi__ 
a 2. 'if E 'C·f'F) 

At first we consider the collective oscillations in the superconducting state when C 

is a constant different from zero in a narrow layer near the Fermi-surface. We define 

t.O toO I ') 

. .f Jm, ( ( "') I d.' - C( - i ch, { }j4(}~ 1 ;)d. I c/~)=yt1E_~11a'" ~(}) r 1 .z.})-~~)"" uz.c3·> 111(~ ~ 1 

(46) 
·. t..O 

c ( 1.) = ! ~ c ( ~.,(j, ~"> ,rr (,; )J. ,., 
l ' 3 d.E. - L tfM'j') 1 <I . (} 

From (45) and (46) we obtain 

a - 1 [ ri _ g_ j__ ~ i3>- Lt&"<J>-EL lllfi<J)CiJ) &.ca> c/J>.,.. ouj/czfJ1J 
J 

~Cj)=~.. 01,~·,_~z.(EC-4(})-LCC~(}) +l~C..z.(~)]. 
(47) 
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The first and second te-rm on the right hand side of (47) are even :functions of }. 

the third term an odd function. Then weget the following dependence 

E C (l)~ lCC ('-) - C ,_ ~ "'c 1-t<H'J C (1j)d.~' 
J d ., d J ~E.-L SM ;') -1 

and the :following equations for the determination of E 

c< -Lw:"'( 1, ~4c},n a'Z. c ( ') d , + 
1 a)- 3 dS._~ tSZlJ'l[~.S?/c)')-E~ 1 ~ a 

+ c~.(!~Y\cO ~~ca,a'> -(t i"Ca',ali) c <}")da'']d2' 
l E. _.oSl,(}'l[4Jl\f)-EI.] _L 62,(}'') 4 d I 

- ' 

For j 1(}1rJrjio,o)::11 {fFJ the equations (48) lead to ~he expressions 

{ p 1M. ~ - () ~ OJrC tq ~ . - 1 J-:::. 0 

where 

') c ':1 f. <1~--t-f.L 

{(P' 1m. ~w -1 t e· )( ~ - 0/rC tn t . . . + 1) - E..~} ~ 0 
., - E.~tf-E.z. -JVA-E"' 

E. e.-­
- ).C 

(48) 

(49) 

From (49) we see that the stability conditions for the collective excitations of the 

second branch in the superconducting state are the same as the stability conditions for 

the first branch for transversed waves, obtained in1 2 1._ Eq. (49) has a single root, for~ 
in the interval 

4 
-1<~(l!tT (50) 

That is, the interaction (41), different from the interaction considered formerly, leads 

to the spin-wave like elementary excitations. These excitations are stable if the interac­

tion is not too strong. 

Let us now consider the collective excitations in the normal state. Putting in (45) 

c o, we obtain finally 
oD ~ I 

C1C}) = 3t ~i1CJ,r) ~a'!-£2. C/j')dj' 
which leads to the asymptotic formula 

- E ~ N e -1.fi1 

which means that the normal state is instable. 

(51) 
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.l 

A.S.Q. Hamiltonian in the Case of Weak External Fields 

Let us consider the dynamical system of Fermi-particles under the action of a weak 

external fields. We assume that this gives only rise to a variation Hf,f'). Thus instead of 

Hamiltonian (1) w~ have 

H t ~H = H + L. bHf,f') ~o.t, 
· irt' , · (52) 

Applying the transformation (2) to the additional term in (52) and - in the same way as 

earlier - to the !oee-amplitudes Pv;,c. we get in the approximate Hamiltonian (15) the ad­

ditional term ~ H 

. t "' . -'(r " 

H'= H t &H = H ~I '[)Hf,f')L(~;v~-~•v4-1Lt~4~•v)f\v~ t lL)Hf,f')L(~~f'r., -~v,~'v)fVtv~. . (
5
J) 

f,f' Y1,Y.t. f,f' Vt,V.r. . . 

It is seen that the a.s.q. Hamiltonian now contains terms-linear in the ·operators p 
. ~ 

which leads to the forced collective qsoillations. In the Hamiltonian (15) we do not have 

terms linear in the operator.s ·~v,w due to. the compensation ·relation (4). 

In order to remove the terms linear in ~v~ in the Hamilton~n {5J) we can use the me-

thod of translation of the Bose-amplitudes 

II.. _, "'v + C(v
1
,u.) . 

r•vp- r ,_ 
+ + 1r 

~YJl- ~- ~v;- -r C (v,,u.) (54) 

where C and C* are a-numbers. They are be to be determined from the oon~ition of the 

vanishing of the linear forms ,.,. 
aH' 

- =-0 d 11.,. I d A • (55) 
t'v-"' . rvp.-

We now write the Hamiltonian (5J) when the transformation·(2) is defined by the for-

,..., 
'dH = o 

mulae (24) and the interaction may be replaced by a constant. In the approximation used, 

we have the sum of three terms, aooording_to the spin of quasiparticles 
""'I ,..., I . . ,.., I ,..., . 

H =- H<-+) + H (++)+He~-) (56) 

The perturbation terms caused by the external weak fields we write in the'form _.., 
-.t~l (f~~)) +C~c1")f"') J- ;.~ c;·s x(~) 

(57) 

J~ ~ 
where +e, mare charge and mass of electron, ~ the magnetic field vector,~ the vee-

~ ~ 
tor-potential of this field, p momentum operator of particle, CT spin vector, the com-

ponents of which are the Pauli matrices. 

By means of the functions 
-1 -l.f-r 

l I 1(1" ~ ) ~ \fiT' a. e. i s (1z.) 
I I 2. y v L f'lr ~ 

.,,~ 
(58) 
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and using the formulae 

0"'" s"" = ~- ol. . , ~ sol. =- .t s_ .j,;1~'"'el, ~ oz s"" = s"" ~3,"" 
we change from (57) to the Hamiltonian of second quantization 

6H.~t =-~ L. Cf:.-;p;J vf(f'1tM[ ~~+ ct t t- ~=-a, _] 
. f,tpl. "'i 1 fl. Pf PL J 

(59) 

(60) 

\'H =-!.l. f[E1lCft+f1'-iS1(,Cf1tfL)]ci a, +[SJe~(~tfi)tiS1l~Cr/P .. ~~ a. + b'J(z(t,tfi.J(p. +-r; _a._]\ (6ob) 
a "'' .z""' L t. '

1 ~ ·tt r,- 4 1 f,· r.~.+ II.' •' r.~. f1 t.~. J "' ,,.,, '1- • 

(The Hamiltonian (60b) for ~'J(, = SX,. has been used in the paperl 6 1 to obtain the tempera­

ture dependence of paramagnetic susceptibility in the B.c.s. theory1 8 1). 

Finally we get in the approximate Hamiltonian (56) the following terms linear in the 

f' operators . . 

s ~(-t),.- .t~ L (~-~)A Cf,+M[WMll{f.t)-1t(f.,.)ll{fl3[ p, +(1Hl.) -P. t (·fi - /!r ~ 
1'ftf\.=~ I~ I -+ . ' 11 

SH:l+)=-fm L. S'JC.jtvriwr,J~p,J-'lT((i)iifN[tJ.!/'1lJ- jt:(-f~.,-M] · 
~~~ . I 

s H (t+) :-~L. [ V(M«<N -1l(r,l«{fi~l[S1l (fi+f~)ti~Je~(flf.a.~ fl. (.h. p,.)-[S 'Jl rvo,)-i. sx (flf}Pl+ (-.6 -· )~ tVflz."~ U It 4 11'H f/ t.11 I• 1 ~rH 11.1 f1 j 
I 

(61) 

Thus the Hamiltonian (56) is the sum of the Hamiltonians 

H 'c- +): [ r~(f~)t £cr.)f-+cr4,t,) ~-t<f~,f.a.) + L Ft}1',,f,j r:,r~) p~ if4,fi.)P-tCf•,P.t) -+-
' 1• ra. t.,t.. (62) 

I ~,N 
"" "" 

+ 5 ~Jf•,f,it1',fl)[~:fM,) ~:lr~;r!)+ ~-lM~) ~-t(-r~,-~)]+ ~~(-+) + ~ H~-+) , 
where 1':,~r . 

R_it.,fl.;t~ ,f~): ~ S(t1+f:.-r:-f:)[ J(f~,t~iti ,t;)[.u{NU<tz.)u-<r;J14fl>+ 'll(('t) mfi)V{f:Jvrfi>] + 

+ j(f., -r:j p;,-r,)[AL<f,)'li(f,) mrfl~LCf~)+ 11<ft)L«fL)Ll{f1' >v-q:>] + 

+ [j(-~,r:rr: ,p.~.)-J(r~/f1rf;,fl~[1r(f.)Ulft)mt;>~r:J+ U{~Jurf,}U(IiWfft~} 
I 
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BJf~,ftjf~',-r!) =- t Sct~t1',~.-f~-r~){- Xt~,r~j r:,rnlacf4JU!fJ.)V(t:w<pD+ v-cr~)wML«p;JwtD] + 

+ JC f1~~;j r~ rf.~.) ['trlf.).U.(f,)ucrni4rn + u.<Ntr<f.~.) «-( ra1T<f~>] t (6J) 

+ [:X-t.,f~rf~',f,) -J(f~r1'1r r~ ,rJ)[.u.{p.) '\l'(f.~.)11(t:rtrcrD+ trlp.> u{fJ~(f/Jutf3'J] 
I 

H'(++ 1 = 4 L.. [ S2,(ft) + S2.cr,~ P:+ct1,ft) ~+t(~,r,) + b H ( + +> , c
64

) 
1't1fL 

_, t f"J (65) 

H <--) = ± L. [~(t1) .. t2(r.J1 ~--Ct~,f,) ~-(t~,tt) + b H (--) 
1t,t1-

(The first terms in (62) lead to the secular equation for the collective oscillations of 

, . · · · Ill 121 first branch, investigated in ' ). 

The perturbation in (62) 1 (64) 1 (65) linear in p are given by (61). Thus we per-

forme the translation of p amplitudes 

. f!/f•l.,.)4 ~-~-(ff,fL)+G_h.,f,.) I ~tft1,fz.)-7 ~tr(ft,f,)i-Ct+Ct~,f~-), ..• (66) 

and according to (55) the equations for the function C are 

* * ~ [.Qcr,1+.51trl~ ~lt~,r~.)+ LA_ cr~,ftjf;,f~'~ c1'~',rJ+ L. ~lV~-jr:,r;)c c-r~-~'J+ 2.C;,;.tA(~t"'Xi:-iJ{lJ(pJ~<M -1J(p1Ja<t~ ~ = o 
~· 1 + + "'' 0 1 t -t :!J 1 
flrfL IIJIL 

(67) 

[&51cr,)t.s1(rL~Ci-ft,-f~t ~,R_f1,,t1jt;,~~J-r~;~)+~~-fr~,r~..if•',r~)(~f:,r:)-ze.~,x(..,...flXf:-r;·xvcMU{f?,)-wf',)utp.J];: o 
td,a. 1'~,t ... 

or 
. t ~ 

[SGCf,)t- 2Cf~,)}[(~1\f~)~~J~;f~) + ~ fA)11,f~it;,f~) ~ ~}1.,f,.i1;,,~~lCJr~,f~)-~i-1ilf!~=-~ (f~-~)Jt(t~tf~tT(f,)4{f1)·tr(~Wl~~ 
~~ 7 

[~l~~t~(f~.~[c~~f·,f~)r~tf,;f~)+ ~~A(r1,ft.j~'~1DrB(-r.,t~.j~!~f~m c~+cf:~r~)+ ~)-t~,-f1')] = o 
f•tfa. . 

Similiary we get 

(68) 
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(69) 
where 

+(r~,1'~.) :: ~(M\ sur~.' ['~~'Cf").lLtr.,J- tr(.M«(f~.B 
( ~ ~ The equations 68) connect the functionsC,C* only with fixed 1~+f~ • In these equa-

tions, for the time being, we do not take into account the term 6H~ 
denote the functions 

• When in (68) we 

(70) 

the equations (68) are identical with the equations (81) and (117) solved in paper1 1 1. We 

shall apply the results of this pa~agraph to the investigation of the electrodynamics of 

superconducting state. 

Electrodynamics of Superconducting State 

Let us consider the qhange of lowest superconducting state due to· the weak external 

electromagnetic field. We want to obtain a current as a function of vector-potential A 
and a magnetic field c5 'JC. 

Considering the Hamiltonian whose mean value is given by 

R: ) LtJ\r,-\7-)[~Cf- e.illf>)- fm, & & 1{(1")] lt'C-r,1~) a. v (71) 
we obtain the current as a coefficient of the variation of A in the formula 

~H =- )T1b1 rJ.v (72.) 

-? 

~~~~) denotes the last term of (7J). In the Hamiltonian (71) we do not write the interac-

tion ~nergy of particles because this term give no contribution to the current. _, 
Let us consider the Fourier-representation for the current j;(-r) 

--9 ~ ~ ...., i(t1tf .. )1:( t + ) e.a. ~ [ ;(f4tfL)..,. t t 
i~'Ctr)=~v[(f~,-f1)e. ~r/1/0:.1'4-~a:- -~Jl(r) ~o+ L e (a; ta, !0: _a. J] (74) 

t •• r.. 1111,~.:~* 0 P., tl. 1'1 .,,. 

where ~ t> ::. v r t)'t(f} 
1' 

In the same approximation in which we have obtained the Hamiltonian (62:), (64), (6?) we 
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~ T 
express the current j.,' as a linear function of P-t and fi-t • Then we change to the new 

translated Bose-amplitudes A t C • The functions C + are given by (68). 
r-+ -t -

Let us consider the current - ~ 
j4(1') = <J'/C'~")>o (75) 

Taking into account that 

<P-+ t c_+ >. = c_+ 
~ 

we obtain 1~1,.1 as a function of C _ -r 

-'> -? . .... i(f1.,.f.J1':[ . ·l[ ( ) ~ ~ ii1"> = i~'- t) =- :.~ t L.. CtL-t)e vcr1lM.{fL) -v<rLJ.u.('ft)J c_+ t•,r.z. - c_+(-r~,-~l)J 
un.~~ 

(76) 

1 _, i.Y"'J { '\ :"\f. ;t ~ .i(fVf.z.lr} (77) 
- ~ [L_.A(~)e, )o + L (t1'{f4)v.{fJ.)t-'ll(f.z.)a(f4)JLC .... /ft,fL)tC(-tL,-f~Je. 

~ -;> f·+f1.""~*0 . 
Similiary we obtain ..i1c.-) as a function of C , C C • In the formula (77) we can 

d -t- ++ ' --
use the notation of (70) and make direct use of results of paperlll 

~~(f)= o 
1 

e '~,(f) ::: e dtcp 't(f,cp (78) 

where lJI-(~J is the l<'ourier-component of the transverse part of the vector-potential A , 
the q-dependence of the function '7::(-p1 ~J can be emphasized by writing "'t:(ft'y}=t i(f,~J • The 

Fourier-components of (77) are 

~.,(~) =. :'W\J ~ ~ (.tr'>-~)[11'(f-~)U(f) -1T(t)-U(f-~)] B~(r)- ~~ j"(~) f 'l!~) • (79) 

Followinglll' for sufficiently small q 
.z. 

i1<'1-J =--~a (80) 

we obtain the Meissner effectl 5 1 ,1 6 1. To obtain (80) we consider the collective excita-

tions of the Bose-type only. In the paperslll ,1 91 is proved that in order to satisfy the 

Buckingham relations (or, what is the same, the gauge invariance of Meissner-Ochsenfeld 

effect), for small q is essential only the contribution from the Bose-type collective 

excitations. 

Now, let us consider the last term of (73) 

. 1'<,.> = _ _g_ CMJtL L. lf C-fi1:z.)6' Lfrr,12.) (81) 
""' /JL .2.., ~:z. ' I '""' 
j~'(-r) is the current of elementary excitations with ~p:ln o, and j;c-r) is the current of 

elementary excitations with spin 0 ! 1. This means that we obtain the additional term to 
~ . 
J'f and 111oreover the "spin" current, current of elementary excitations with spin f 0. The 

components of (81) in the Fourier-representation are 

..;' (-+).::: .ie. J....I: e.,~~f.,+fJ.)r(~+f.) (o.,+ 0.. - Q,+ a, '\ (82) 
dLJ( z,._ V I 1 ~ 'f --t>1t _, + -r- ..!! - J I 

1't+f~"'CV a •· '"' ., r.1. 

. ' .C:(f1+f-~.)'f" + t- ) 
·I __ .t.e. .i. . ( t L) CL 0.. - Q., a-\4(-i-)- ,...- vL e, fd~ ~( -1'+ ""+ -b- b _ 

d J o~.ll!'l. fttf~."''\- 1 r"' 11 u. I 



- 21 -

(85) 

-;'! 
The components of jL(--1 we do not write they turn out to be equal to the components 

~ 

j:.Ctt) . 

--:" Let us consider the current (84) representing an additional term to j
1
(-+) which arises 

in the ( X, Y) plane. In order to obtain .the exact functions ( c_+- c·~-+) one must in the 

equations (68) take into account the term ~H~ too. This gives also a small correction to 
~ 7 j1 • We want to investigate the current ~1.(-+l in the zero approximation ~nly. We take 

the equation (68) as our basic equationand consider the term arising from ~Hj{. as a per- . 

_ turbation. According toll! the equation without perturbation has the solution of the form 

C -~c-r,,fa.)- c: +c-r4tr,)=- e, £%-z. c ~1 ~ i cr,~) 
(86) 

Putting this solution in (84) we obtain }(-t) in the zero approximation 
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• l. .C:1...- "' L () "' 
~·u(-+) = ~;, {; ~e ~, ~1.(~) = 2..~ aa ~/")) 

1J.Cf(-+) =-.c:r..t .i ~ e"~1'0 ~ (4)::.- £ E_ ~ (-r) 
d 2.""' v '- n. ,_ r :z.'""' Gx vvz. 

~ . 
(87) 

where 

- -{Jt, (o]:: (Jt, Cpo!. t(p1 J)[V(t).U.(f-~)- V"(f-~)U(f)] 
z.r z. Y'P I 

m (1') =r. a (~)L/v 
z. ~· :z. • 

;:;;t "' 
Introducing the vector 0V = (O,O, 6V ) we get (87) in the .!form 

-:? a. -;::;" q.a. 1 ";:j 

a2.t~+) = :""' ~ GWtL d{t = rm v 1l (88) 
~ 2 

As we see from (87), for small q ~1. (·t) vanishes like q , that is like the terms 
. -;'P 

neglected in obtaining the formula (80). Thus ~~.(-+) gives not rise to ·the Meissner effect. 

Let us consider the "spin" current of elementary excitations with spin moment + 1. 

From (85) and (69) we get 

where 

. i.ea. ~ ~ _,~.,. ~ ( ) . e" 1 a ~ 
~H(++):: R v 'i- e, ~z. O"t.~ ~ =- Q v 'OZ. d\.~ (-r] ) 

• .1. _,·~.,. - " 0 -
lt~(++)=- ~!, ~ L.e ~2. de" c ~) = f;, ~ <n: de,/'~'>, 

~ 

• • t :.,yr[ - ~ ~ e"- - - ~ Jn (H):.-~ i L.e. q tJi11C~l- ~ctci\.11C~)J:. -z. L[! If c.,.)_ L ifC-r) 
. '1-m. V ~ ~ 1 f . lt1fl. V 'M •1 ~a " 

t. 

(89) 

rf=(ii,.,ie) ,o) 
1 

X<tr)a[Je(~)iC:~-r 
1 

't-

Yi cp=/lC,.)[ [ltCr)U.(1't\-)-V'(ftJ)~fa_ Jf( )~H) 
" lo ..p ~(p) + 5?.(-pt~) l( ~ ).. ~ .• 

(90) 

The factor F(~) is obtained in paper1 2 1 inc onnection with screening of Coulomb interac-

tion ~ , e G<k) eF-(k) . 
FC(I) = - '- -

_ r V ~-lc."'\. [tk.)- E,Cll!) 

E(l~) is the energy of the, electron elementary excitation and ef I eG the solution of where 

the compensation equations for the normal state. 
':::! 

x-component of "screened" magnetic field 1t produces From (89) we see .t.hat the 

the currents in the (Y,Z) -plane and the y-component in the (X,Z) 
= 

cing the vector 'X by (90) we get (89) in the .form 
-4 

4 1. :;:j L l] 
A r H) - .i.. Q_ ()J.Itl 'Je, ( tr) :=. .1.. 6 c,wd OJ.llL V1 ( rr) 
d'J..\ - v 4'1'1.&. . v 4m. 

-plane. After introdu-

(91) 
....., 

The same formula we obtain for ~~(--) • After changing in (91) to Fourier expansion 

we obtain the Fourier coefficients vanishing like q2 • Then the "spin" current gives not 

rise to the Meissner effect. 

It is a pleasant duty to thank prof. N.N. Bogolubov for proposing this problem and 
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