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A b s t r a c t 

The solution of a compensation equation of dangerous graphs, for a system of inte­

racting Fermi-particles, as- an odd function of wave vectors 113 investigated. It is shown 

that this solution leads to the anomalous state the energy of which is smaller than the 

energy of the normal state. The energy differen(?e is_equal to the-binding energy of the 

pairs of fermions with parallel spin-moments. This anomalous s~ate can exist in the pre­

sence .of the repulsive Coulomb interactions. The elementary excitations are separated 
f 

from .the ground state by a gap the width of which depends on the direction of the wave 

vector. For the direction perpendicular to the-spin direction, energy gap is zero and 

therefore the state cannot be superconducting. The binding energy of the pairs and the 

width of the energy gap are of ·the same order as in the theory based on the creation of 

pairs with antiparallel spin-moments, where in the expansion of the interaction term in 

spherical harmonics, the first coefficient is more than three times greater than the ze­

ro coefficient. In the absence of the magnetic field the totai spin of a system is zero. 

In the presence of the magnetic field the total spin differs from zero. The paramagnetic 

susceptibility is calculated. 

* * * 
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I. Intro d UC ti on 

Consider a dynamical system of Fermi-particles with a Hamiltonian 

H = L_ T( U') (t 0- 1 t- l L_ U(f1, f1j t~ I fna{ ~ a.t'\' T( f ,f'): l<f,f') - f. &( f ·f') (l) 
f ti f t f.,ft_ L l. 1 J 

I t~ ,f:.. 
where I - is the Hamiltonian of particle, U-the interaction energy A - the chemical - . . potential, at I O.t the Fermi-amplitudes and f is a set of indices characterising one-

pa;rticle states. In our case f~(,p\o;_) , where f' is a wave vector and a;_ a spin in­

dex. 

Similiary as in the paper1/ and also21,?/ we transform the Hamiltonian (1) by means 

of the transformation 

,(l,f::: f (-«.fVo(.l't- ~y<l,:) (2) 

To secure the canonical character of the transformation (2) the functions {,.u,
1
0-l 

must be connected by the orthonormality relations 

~ L «fv u-;v t 1'1v ~~\/ ~ = S (f-f) 

; t ~fV~'" t ui,v."f v ~ :: 0 

I 

(J) 

We find the functions l.u,,u-~ ti:'bm the additional equations obtained from the compen­

sation principle of dangerous graphs2/ 

(.t 1.,. H·> -:::. o 
"1 ""' 0 

(the expectation value corresponds to-the vacuum state in the 

which are equivalent to the equations for the functions F ( f,f') 

~ 

(4) 

o(, - representation) 

q,(fit') 

I. l)(f1,t)~(-fJt1.)t-}(i1,t)<p(t◄,f)+ 5(f11h:)- [ {F(t)t~)5l,l,_)t F(t,tL)5(t1,fl J = 0 
t t 

(5) 

where 

cp(i,f') =- <p(1',fl-: ;.ufv "f,v + 
F (iif ') = t- ~v "t•v (6) 

and 

s (t1,ti.):: ~ ,U(~1,t1.;t~,t~) ~(t~,t~) 1 -
~, ,is. 

}(f1,t) =T({1
1
{)+ [. tu(11 11Q;t'1,)-U(t,,i;t1f')1FW,t') 

~',t" ) 

(7) 
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~ .In order .to represent the functions F 1 <I> in the. f'orm (6) the;v: must satisfy. the 

additional s.ubsidiary c ond1tions2/ . 

F ( t,,f1.) .= ~ lF(-\1,i)FH,t1.) + cp (tit,) ~(t,+L) 3 / 
't.{F(\,t)<t<tJiL) + FCt11~)qlct,tJ} = o 
t - - . 

In the ·formula (1) of' the paper2/ has bee~ put 

T (t,i') =(E(p)-i\) S(f-t'):; €.(,p) b(f-f') I 

U(l,., "' '')-: .1. J(.1'~ 1'..., • ...,r·, ;•) S(f~tt:_-F,'-F~)S(o;.-Dc1
)&cci.i~·•l) · 

H1u.j1a. 111 v 4J "J 11 1 . . 1 
_,, ...q _, ~,) . -

J (~,f:j 1l, ,:, ) =- J Cl) :p; ;i.' ,¥D ~ J (-,p,., -~J.;-tL ,- 1>1 • . 

(8a.) 

(8b) 

(9) 

The solution of the equation (5) with the subsidiary oorid1tions (8 a,b) ha.a been put 

in the f'orm 

The functions F(,p) and. <p(f) are assumed to be real ~nd ·inv~riant with respect to the 
--

transf'orma tion of' the momencum.ref'leotion.and satisfy the following equations 

(11) 

where 

(12) 

The solution of' this equations leads to the usual formula~ of the theory of superoonduo~ 1. 

tivity. 

* * * 

2. The Solution of the Compensation Relation in 

the Case q>(f1a-._) on· odd function of t-
From the form of the equations (11) we see that exist also the solution of this equa­

tions 'if <p(p';u;_) is: an· odd furict
0

ion of f • . So instead of (10) we put 
F (t,t') .. F Cf) A(t·f') -· r ~ q> H,i') :: q>(fl ~(,pt t') &( a-·a-') , -

A-.( _., ) 
F(f):F(·f) 

1 
<p(,p~li"2.)=-~-(?.,,-r .. ) 

1 
cp(p',<r,.)=--'t' ,-p,cr-,_ . 

(l.'.3) 

(l.'.3') 
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. . . . ~ _., 
satisfy these oondi tions, where ( e ::::1'(,p , 

S (,)z.1 = 0 for G"z. 4:~z, , G;_ 5::::o;_ ~ 0"2. =.:t 1 
~ I 

S (~) is a spin function ( · 5 (~) 11 l, 
~ ' ~ 

). 8 angle between wave vector and quanti-
.i. ' 

zation axis of electron spins. Substitute (lJ) in (5) and (Ba,b) we get for the functions 

F(f) , q>(f~ u,_) the equations (11) (further we will denote spin index by a- ) • We de-

fine 
Ccto-) ::-XJ L J(i-PJ-r~1') ~Cf'~a-) . 

r' 
We see that C(f,11') is an odd function of 1'., and er 

C(f">,IT)::.-·.c(-p''.11) J C(f"',cr):.-C(t',-6') I C.1f',rr)-:; c~c;:) 
From the equations (11) we obtain 

,:., c(f,G'> · ~ _ 1. [~ _ }<fl ~ 
q,c,t,,a-) =- .z. ~ ,2c;J ta'<O , Fe-,) - J., v cJ<r>+ t<f) J 

hence · .·. · C (f'
1
6") 

,, t__ J(~ ~ ... , ""'') :;::::====::::::::= 
CC-r~~) =~Iv 1i _1>,-1>rt 11 ~ c'cf> + f<r) 

We take 

Jc;,--;j--;,,t)= Jc,r-r•1) ~I: ]~(1,1') ~(c.-,}) ,,,_ ·, 

where ~ 
.. _, ~, 

is the angle between the vectors · ,p and ,P 
' : , 

Co:lJ = ~e c.o1 G' + (.b)'f /)i'.1\ e ~ e 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 

e,e• are the a_ngles between the vectors f and f' and the polar axis, and Y' the 

angle round the polar axis. According to the addition theorem 

e Ceo,'-)=- l<ca,e)!lc~e•>+.l !:~~:::;! (c'4le) p;ct.o:1a1
) Cc)"tm'f · <20

, 
"" a . ""I .. ' ' ~ 

Substituting (20) into ~17) and wr1tting them in the integreal form we obtain 

o0r C(1>'~e'o-)f''c!f 1 
. , 

C(ff:ir) =·i@'-~ ~(c,,e)~ ~l(f,r') ~(~_8) ~ c~c~: co,e,') + ~1.(~) 1(M.a'd0 (21) 

The solution of .(21) we take in the fo.rm 

C.(,p,6") = (j Ca,~ 1p{p) (22) 

.Moreover we consider the case when the interaction is effective only for the momen­

tum near fp and take into acc.ount only .,,,(f',,p'J£' '1,,(t,:.} (the contribution from 'J,,<ft!? 
vanishes). For the radial part of C(p1o") we obtain t.he equation 

. ~ -1 f,.\+ A "!'(p') i!r' 
~<1') ~ -1 (.ti)~:11 ~x'-iU -
' ·. -1 f;A ~ 1t11

0') )(.z. t t<p') 
(2,) 
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Look~ng for a s~lution which changes slowly with f near fr and taking. }(f):E'(f-PF) 

we get 

(24) 

where 
w = e.'A 

: . ' ' 

(the interaction of electrons with sound ·quanta we have to replace by an effective eleo-

tron=eleotron interact.ion, which is different .from zero _in a ~row layer near the Fermi 

surface EJ:.t W ). In order that "iJ ➔ 0 for ~-t..::, O the effective interaction must 

be attrao.tive (:11(f,.) <:. 0) : Having obtained the solution of (2J) we get the function C,(;jr) 

and so the functions F(,p') and <p<f,G") • Moreover, as oan be seen, we obtain another so-

lution of (11) if we put <PCr't) =- O and F(f) = l for f~ PF and P(,p)=-0 for f)PF· 
We examine what· special form the transformation (2) takes if the functions F and 

<p have the form (lJ). Taking into aooount (6) we see that ..:, 

-"+v=-«C,p)b(f-'11) I ~v =~<-t,o-)S(,p+t")S(a--s)_ , f :a.(f,a-) J v=-(l,5) I 
(25) 

➔ e u,, _,,) / ~•') ~ JX-~) 1'-Cf',a-).=-"".t>'(-f,<t) J 1"(,p,o-) =-1'-(-f',-cr) J 1'-(f,cr)::: o-w <t . , , 

and 

) (26) 

Therefore the transformation (2) has now the form ..., .,. 
4_,,.:. JJ.(f)J.f/1' - 1'(p,a-)~p,- J °=.;r•,:,. ,IJ.(f) ":.;10-+ 1f(p,(1")"'-,:o- . (27) 

If by means of (27) we transform the Hamiltonian 

t .i ~- J(.., ... ➔ ""',) t t Q, 0. H = L f.(f)O.,,, a._, +- lV 1VP.a.j i>l r'P1 a.~ Q,to-. }h .:, a-.. f,~ 'f>0'1'11' 1'4♦ &':.f\tfi'. . f10"11.i..&-T,1.~r11 

o:; ,er, 
(see (1) and (9) ), we oan eee that we must write the oompeneation equation for the dan-

(28) 

gerous diagrams for .the pairs (!f fermions with parallel spins and antiparallel momenta. 

For the functions .tt<f 1 , 1Jt,p1<r) we get one solution for the· normal state 

jt l:(f})E,_ j O 
I 

E(f))E,,. 
.«.(r)= eG(()= lo', E.(f)<ci:, J 'lHf,cr):BF((,o-):.lt1 J E<-;1)<1:F <29) 

), and taking into account (26) and (11) the eeoond solution 
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This solution is of the- type obtained by Bogolubov1( but it depends on the •.direction 

of a vector r and for e • 'f/;_. it goes, over into the solution for the normal state .•. _; 

J. The Energy Difference for Two State·s. Energy gap. 

Now we find the mean energy in the vacuum state in ol - represel}tation· and etalua-

te t~~ ~ifferenoe for solutions (29) and (JO). The.general formula fo; mea~ value is 
_ . . . . ·, · I I . ,f,; ., , • I 1 , 

E-;: <H)0'::: 1 L [ T(f,\')+ 'Jft,\')] FCt,~1)+ l L. LJ (~~,t1.j1'1.1f1) ~ (f4,f1,) ~({1,fa,) 
H' f1,tL 

I · . . ft,f.i. (Jl) 

Taking into account (9) and (lJ) we obtain 
. .. . . . .· . . C.2.C'J 

(H).., '[[ t:<t)t3cr~ F(f')+.f[ J(~-r/i>'~r')<pCf,a-)q,(r','") ~ .2,~ 3<1>) F(f):-:-'.~ l~ c~;)+ }.i(f) 
. 0 f · · . f',t' · ' · f f • , 

(J2) 

The energy difference for· the two solutions we fin·d using· the identity 

u-~"'a-)-B2ct):. 8c.<t)f1- act) i _ e;cn -{1 + a<P) . 4 
~, ~t l ( V'Y1.~10q2(p)J )... ~,,4c.r.,20t}~p)J (JJ) 

Finally we get 

~ [ .1...,. el•-,;-\ • A "\"" · C:\p) dM.. 1/~ -¾. 3 
'- a<f1 ~Cf,G") - r(rJJ- .n, L ~ .1. = - :z.1. - e.. tv.z.fe --~) . -t . f C (r)+ }z(p) (!) dE. ll ·. 

~E 2. -- -\/ - y (J4) . 

From this it is clear that the solution (JO) leads to the energy state which' lies lower 

than the normal state. This is also the anomalous state connected with the pairs of fer­

mions w1 th parallel spin-ni'oments. 

Let us compare the ground state for the case of pairs of fermions 'Nith antiparallel 
with .. ... . . . . . . . . 

spins the ground state for the case of pairs with parallel spins. We see that the binding 

energy for the pairs of electrons with parallel spin-moments is proportional :to [exp(·o/ti)r' 
while t·he binding energy f~r the "pairs ~f electrons ;1th a~fiparallel spin-m'oments is 

proportional to e.Ap(-3/s
0

) • When the case J.i(,Prf"))3Jo(f,f~ is not realized the ground 

state of the system for pairs of fermions with antiparallel spin-moments has lower energy 

than the state for pairs with parallel spin-moments. 

We shall now find the formula for the elementary excitation in the superconducting 

s'tate. The general formula -1~ give'n byJ/ 

+ ~ . "' * \ <c{,JI H l~v \:: ·t,~(t,r)(.uf',,\,v-1'tv ~•v' t_ (J5) 
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+ l. r. uc,4,tLj 1~,11)[ 1Ch,t1)(u.;,"~;~-~~v 1,) + 1\i,t4)(a..L 'v \)-t'V -~,., v-t,)] 
. J.. 11 ,t._ 1 11. '14 1Z. H L IZ. , (J5) 

-\\,1L 
We remark by the way that (J5) is identical with the formula for the energy of ele-

mentary excitations given by La.ndau4/. 

bE 
(J6) 

Here E is the diagonal matrix element of the Hamiltonian (1) transformed by means of 

the transformation (2) 3/ if the expectation value _of ol: .,(,v i.s not zero but m,v • In 

.that case the mean energy is given by the form~la of the form (Jl) but the functions F 
and ¢ are now of the form2/ 

~(1111t .. )=~lAL+l~)1-"'-v) + ~/1/n.v ~ 
1 

H1,~~) =-t 1-&:v~)1-1tv) +- u.:~"~ .. \> 1\, J 

SF ~ 
Finding b'n.y 

I 
S'¾.v from (J7) we see that 

Introducting (lJ) into (J5) we obtain 

J1lf) ~ aC1>1[ .u, 1f) -~2cr,a-)]:.. ~ ,U(p)tHy,o-) ~ J(,p,-r; -p~1')'ZJ-Cf;u),ll(i') 
1' 

After using (11) and (26) 

~ er) == Vy.z.c.,,2e f a2.<n 
on the Fermi-surface ~ -¾

1 
S6 (f1 cce) == I w, e/ J . .t.J e e == Ll 

(J7) 

(JS) 

(J9) 

(40) 

(41) 

(42) 

Thus the fermion excitations in the anom~lous state are separated from the energy of 
-') the ground state by the gap which depends on the direction of the vector f • Since the 

energy gap can be equal to zero there will not exist the current-carrying state of system 
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state with respect to weak perturbations. This means the anomalous state which is consi­

dered by us is not superconducting. · 

4. The Influence of the Electron-Electron Coulomb.Repulsion 

Let us now examine the combined effect of the electron-phonon interaction and the 

Coulomb interaction between the electro~1/, 5/. Similar as in the case of the electron-

pho~on interaction (which is ess,ential only near the Ferm¼'"surface, E F ± w ) we replace 

the Coulomb interaction by a model interaction. Because of the screening of the Coulomb in~ 

teraction we replace it by a constant repulsion of 'electrons (essential only near the Fer-

mi-surface E Fi. W ,1 , c.JA >. W ) • Thus we put 

J
1 

ci ,r). { J,,., c1 .r> .. 1" c;,} 1 
J1c C),~) 

1}1, l}'I < w 

l}I or l~I )w 
(4J) 

we· obtain the equations analogous to (2J), from which we can determine · "/1((} in two 

intervals( I } 1 ( C.J and ev<l}I ( «l1) 

"' . ,f . <.J, • "f (}') d.. 3' 
· 4 ii-n. , "J.itx ( j (i-i)-;=::' ====== 

. 1f!C3) ==- It Te) ) 1 -a,. ,lail1c3'Ji< 1 t•}'z. 
-1 -c.l1 I 

We denote 

where 

Hence 

J VQ 
111c~) ;:: l 111~ 

1 
l}I < w 

J 
w <. l}I( CJ 1 

From (4J) we get, 
A [ q) r~ ) l.W A "' '\] -"/'o = :; ~~e, "f\ f.n ~ + "l'o \ ~4,pJ..t-~~G ~ '\\'o + ·fl\'o ( e,~1'1,. + ~He./ 

-1 [ ,u , "'◄ ·o 1w • . 1 · -11-=-1 e,~c.11«.\!W +\fc~4c,{;\,\,."f'o + l'l'o)~'-

-f =-J d.M. ~"- >O 
· 1111,, 191v d.E 7 ~fh. ) ~1C. =- J,i(, ~ ) 0 

',,te, \ - 1 
,j ( ~ 1-) ( fl - . A c.i, I -
"T Lin. "I'~ t j . ,~-13~ A + . 3 ~~e. 4'- w · · · 

(44) 

(45) 

(46) 

(47) 

So the condition· of appearing of an anomalous state has an analogous form as in the . 

paper1/ for the. case ·of the pairs of fermions with antiparallel spin-mome~fs 
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(48) 

· 5.·· Total Spin of a System·,• Paramagnetio Susoeptibility 

Spin moment for the unit. volum.e is given by the formula . 

s~d~ 1(,a,i+~r+·~Cl.~_.a.1_) .. .(49) 

we pass to the operators d.- and. find (49) for the state C~ (vaouuni state in t.he °'- rep-

rest>ntation) 

In the abs.::nce of and thorefore 

(50) 

s~ o. 
Consider now a system of Fermi-particles in the pr~senoe of external, w .. ~:..,, constant 

magnet.1.r. field s'X , applied along. the z. axis. 

In this case to the l!amiltonian (28) is added the term 

- .i s 1l ~ ''°'ft a.ft - a,;_ ·ctf.'.") 

wher.e + e. 1s 'the" 'ck:r~e Of ·the electro.n and ,m, its mass. 

· The compensation equa.tio~s lead to the formulae 

(51) 

. . i [ }Ct)+~f;Jt.. l 
F~:i~,~) ~ 11- 'IT"}<t)t ~~x1i.tcAcr, .. <,2) 

C(V,+) = (Cf,-)==' c (f) 

Hence 

After., performing integration 

. ~ 7. = -~ & ~ X [1 -. t)(f ( % .. ~1)] 
J fJt . ·etc 'W\, (54) 

For the paramagnetic susceptibility we get 
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- .,.2.al.M. C ] 
~ ~ ~ 7E [ ,1 - e.xp ( % -- !<$~} :· (55) 

From (54) we see that in the absence of the magnetic field the total spin of a sys­

tem equals zero. In the presence of the magnetic field the electron-electron interaction 

cannot be take into aooou~t._by me_ans _of perturba~ion .theory,sinoe we.,have_ ?btained ·the non-

analytical dependence of (54) and (55) for ~ near ~-t = o. 
... . . ' 1.,... . .. , .. ' . ... . ·: ., 

In this paper we ha,e considered formally the solution of the compensation equations 

as an odd: funntion of . ,p . It. .1; provided that from the point of view of the transfor­

mation. (2) t,his leads. to_. the state of system with. the pairs_.of fermions with p~rallel 

spins. In order to explain the physical picture of this state one have to examine the ther­

modynamics of this anomalous state. 

It is a pleasant duty to ·thank Prof. N.N. Bogolub°'v for proposing this problem 

and helpful adv::i.ce D. V. 'shirkov. and' V. V ~ Toimachev for valua,ble .discussions. 
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