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Abstract

The solution of a compénsa{ion equation‘of dangerous graphs, for a sysfem of'inte—
réct1£g Ferhi—particles, aé—an odd function of wave vecto:év;é'investigated. It is shown
that this solutioﬁ leads. to the anomalous state the enérgy of which 1s smaller than the
energy of the nbrmal state. The energy differ;nqe is equal tﬁ the_binding energ&<of the
“ ‘pairs of ferﬁibns ﬁith parallel spin—momehts. This anomaloﬁs'qﬁaté can exist in the pre-
sence of the repuisive Coulohb interactions. The elementary excitations afe sépérated*
from the ground state by-a gap the ﬁiqth of which dependsfon the direction of the wave‘
vector. For the direction perpendicular to the spin direction, ehergy'gap is zero and-
therefore the state cannot be»supefconducting.-The binding'enefgy of the palrs and the
width of the energy gap are of ‘the same order as in the tﬁéor& based on the creation of
pairsbﬁith antiparallel spin—moments;‘where in the,expaﬁsion Af thevinteraction term in
spherical harmonics, the first coefficient‘is more‘than three times greﬁter than the ze-
ro coefficlent. In the absence of the magnetic field the totai épin of a system is zero.
In the presence of the magnetic field the tota; spiﬁ differs from zero. The paiamagnétio

susceptibility 1s calculated.



I. Int r oduction

Consider a dynamical system of Fermi-particles with a Hamiltonian

H = zT(H o * ,,Z U(’L,h,fuﬂ)aa % f, ,T(flf')=I(flf-')—R8(f-f') (0

. l f .
where I - is the Hamiltonian of particle, U-the interaction energy A - the chemical

‘potential f' ; the Fermi—amplitudes ‘and f is a set of indices characterising one-—
particle states. In our case f-(f| 2_) , where ? is a wave vector and 0; a spin in-
dexe. : - '

Similiary as in the paperl/,and alsoa/??/ we transform the Hamiltonian (1) by means

of the transformation

ZL(lL 4-‘+1}v v)

vy (2

To secure the canonical character of the transformation (2) the functions [uwoﬁ

must be connected by the orthonormality relations

?L“fv“n* 1v17:\13 = 3(f-{")

L g ¢ ”‘f'”,%lvz 0 o ®

v

We find the functions Lu.vs ff%m the additional equations obtained from the compen-
sation principle of dangerous graphsz/

<¢4. H>*0 ) (4)

(the expectation value corresponds to the vacuum state in the - S representation)

which are equivalent to the equations for the functions F(ﬁf) ,‘b(ﬁfﬁ

[
% {30, D DG RY 3 HPGH)+ SEh) - % [R50 8) ¢ Fiit) S =

(5)
where: A
FEOT%% q>(f,f)=—¢(s',ﬂ=§um.v ©
and

S '&1 ":J E:U(&hft)fi)fq qx"'ufl- .
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..In order to represent .the functilons F ) ¢’

:10n: in the form (6) they must satisfy the
_additional subsidlary conditions®/ . o
Fft) = ZiF(‘«,ﬂF(hhH¢(h+‘)q>(§,t)3 . (sa)
X{F(h,’r)qa(f,m*r F(fh,ﬂq) (m,)} o . (sv)

In the ‘formula (1) of the pe.perz/ has been put

T () = (B =A) 811 = e@d(-f) ,
Ul fosfedD= % 3(1:4,1’. ,r;,/Pa)S(fnfa Fi- m)S(q )ch %) -

qd

CIRAR = TE R = IR Fet- “ L

The solution of the equation (5) with the subsidiary oonditions (8 a,b) has been put
in the form

FG=FGE-S | PG = 4)(&)8(&%' q)c +)--4>(F’> ‘P‘rr7 O, (10)

The functions F(f) and 47(1’) are assumed. to be real and ‘viynve.riant ‘with respect to-the

transformation of the momenc¢um refleotion. e.nd satisfy the following equations

l}( )q)( )+ ._I;F(_LZJ(—v R -:,1>')¢(1,,) 0 F(f) F (1,)1- 4) (p) (11)'
where

3 = £9) + iz I J(ﬁ«?’w’)]ﬂf") a

The solution of this equations leads to the usual formula.e of the theory of superoonduo-—
tivity. o '

2. The Soclution of the Compensation Relation in .

the Case Cb(?,ﬁ;_) on' odd function of 17’.

From the:form of the equations (11) we see: that-exist also the solution of this equa-
t1ons 1f 4)(1:'6‘;_) 1s'an‘odd furction of B . So 1nstee.d'~ of (10) we put ‘
FOhE) =F@) 8610 ¢ (8 = ¢ig) SF I 8(e-r) o amy
FP:FD | O q) qxp.-n) Cb(?.“‘z)‘ -¢(’-F: %) .

The functions of the form

PFmY ¢, Zs“zmr) o) | ¢ )

(13)



- satisfy these oconditions, where ( E’:F/P s Sq(éz) 1s a spin funotion ( - S (q) =1,
S (*)= 0 for G %4, , 5 5 26 9 0' 4 .0 angle between wave veotor and quanti-

Z
gation axis of eleotron spins. Substitute (13) in (5).and (88. b) we get for the functions

F('P) ¢(1’,¢1) the equations (11) (further we w111 denote spin index by 0" ). We de-
fine - ;= .
C(p,s) X,ZJ( 7737 $ 50 a9
we see that C(f)7) 1s an odd funotion of. 4: and ¢ - o
CF ) =-CEFo) | CEN=-CFT) ”,")=C‘(f'°) .
From the equations (11) we obtain o
B . C(do.) . -Q . i ‘S . .
¢(:P, 1\{*—1?;-)-?—(0 ) F 'f 2—{ " C‘(P)* 3 ) (16)
hence - . )
- We take - o
J@FFEY= TN = T Lenk @)
where K 1s fhe‘ é.ng_le Vbe{:ween the veotors ,F and 19 )
cm=,cme'cw':c->'+é m‘foémeme' , Q9

’9 8' are the: angles between the veotors ff' and /p and the polar axis, and Y the
angle round the polar axis. Aooording to the addition theorem

P(m3)=&(me)&(me)+zzmg-&(we)ﬁ\(we‘)@?“‘f LT (R0)

Substituting (20) into (17) and writting them in the 1ntegrea.1 form we obtain
C(P; )'Pudf Ido
. 21

C(F?v)--i Lt (ane)SSJ (pp) (e

The solution of (21) we take in the form ' : '
Cpis)=owé¥ip) (22)
‘Moreover we consider the ocase when the interaction is effeotive only for the momen-
tum near. Pe and take into aooount. only" :Z,‘(f,f')g -Z( fF) (the oontribution fz;om :Z,(f,[’)

vanishes). For the radial pa.rt' of C(p';f) we obtain the equation
1 PF'A Bl
Yy dp'
‘V“’)-'lcm* o) e
, 1 poA Y+ 56) ' ‘.




- Looking- for a solution which ohanges slowly with p near 4, and taking: }(‘P)ge’(‘l"h) )

we get . p ;/~ 4, -% ; .
Y’ .zwe’e, M. Jwele ™ o (24)
where N : dn ] 'PFL w B} E_'A

=S ="‘"74 %470 ) dET rE
i (the 1nteract1on of electrons with sound quanta we have to replaoe by an effeotive elec-
tron—eleotron interaotion, whioh is different from gzero 1n a narrow layer near the Fermi
surfaoe EF-t w ‘ Y. In order that '\PQO for g - O the effeotive interaction must
be attraotive (7 (pF)<0) . Having obtained the solution of (23) we get the function i)
and so the functions F(?) and (P(f,r) . Moreover, as oan be seen, we obtain another so~
lution of (11) Af we put CP(P'o') = 0 and F(’p) = 1 for p( PF - and” F(f’) 0. for f)PF.
We examine what special form the transformation (2) takes 1if the funotions F and
(P have the form (13). Taking into acoount (6) we see that

u+yiu(13°)5(f'v) fy =P 0')8(1"“)8(“"5) f‘(f”]‘r) ,Vz((-ls) )

| @)
. '1’_(1;3'6)#_7'1}(_1',7,0.) 17(1,'0‘)._...1}(1,, a’) (P, o) = fmew(f) ) 40-(”) M’r)
"Lk \ = o0k O (F)r) = u@’)wﬂﬂ
FE 2B H ) = £ ' (26)
Therefore the transformation (2) has now the form +
Q= A1y, - BFIMG, Q2 L) Ly Wf'r"""‘f:r | 27
‘If by means of (27) we transform the Hamiltonian )
% % L J )4 e, a:. e : 28
H= Zema IV e (?”ﬁ} H 4) fio fla R ﬂ"i ‘ ‘ ¢ ‘), ‘
LACA

(see (1) and (9) ), we can see that we must write the oompensation equation for the dan-
gerous diagrams for the pai.rs of fermions with parallel spins and antipare.llel momenta.
For the funotions u(f:) ’ V(f: ,0‘) we get one solution for the normal state

' 1 )E(F)>Ep - o { ) E(P))Er. . .
u(F)=ee‘”={o G IR S G S VI IO

(where OF(FF)FQF('F(V),., ), and taking into account (26) and (11) the second solution

l-a.....‘ bf) - | L, _AfA_ ) ’
wpy= A+ Y ).S ' ’t(f.w)-;,ﬂ, v______m)}' (30)



- This.solution isrof.the:type obtained by Bogolubovl( but: it depends on the-direction
) o~ *
of a vector ¢” and for © =%ﬂLlait goes over into the solution for the normal state..

N

3. The Energy Difference for Two States. Energy gap.

Now we find the mean energy in the vacuum state in o¢ - representation and e¥alua~-.

‘

_te the difference for solutions (29) and (30) The general formula for mean value is

E=(H) =2 Z [T(f S')+’3(H')] F(’t M+4 Z U ‘s«,’ts.,ﬁl,f,) 4) G m 4’({4,& - | N
o 1; fu . ) . - ‘ (3D
Taking inte acoount-(g) and (13) we ohtaigﬁ' ' o :

—)

(=X [emeyol e )+iZ IFH, ’)49(1’")4’“’ )= ]‘ZWF(H %”C‘G’)Wa ® .
Lt

(32)
~ The energy difference for the two solutions we find using the identity

ooy - g = Sy @) NGNS 3P I
‘UI(PW) 6;‘?)— 1 {1 m)g _ff{/i'f‘ \[,Yl.mze.,.y(l,).i: ,’ o)

Finally we get

%3
¢ = —-e,to‘e
_V_,_.Z_b(m[o(f,) 9(?)} ’L"Z\r_”’):b—(?’ (s ) yery

<

From this it is clear that the solution (30) leads to the energy state whioh‘liesloWer
than the normal state. This is also the anomalous state connected with the pairs of fer-
mions with parallel spin—moments.' ‘ ‘ o \

Let us compare the ground state for the case of pairs of fermions with antiparallel
spingii%e ground state for the case of pairs with parallel spins. We see that the binding
energy for the pairs of eleotrons with parallel spin—moments is proportional to Eup(ﬁ&)]s
while the binding energy for the pairs of electrons with antiparallel spin—moments is
proportional to “@Xp(-%,) . When the case q‘(p,,p’)73]o(ﬁf) 1s not realized the ground
state of the‘system for pairs of fermions with antiparallel“spin—moments has lower energy
than the state for pairs with parallel spin—moments.

We shall now f£ind the formula for the elementary excitation in the superoonduoting

state. The general formula is given by3/

Lo * * -
<°"J“-l|°cv>°F%‘%("l}ﬂ(ﬁv%v‘%vvyﬁ t ST B (35)



Z U(lﬂ,h) *a., 4 [q)(ﬁ’fi)( +lv _‘IV {v 1},")+ ¢(§1,§4)< 'i v ‘f"’ 1_ v _VV)] (35)

ﬁ f

We remark by the way that (35) is identical with the formula for the energy of ele-

mentary excitations given by Landau4/ '
SE
SeM = Ty, ' (36)

Here E  is the diagonal matrix element of the Hamiltonian (1) transformed by means of
the transformation (2)3/ if the expectation value of o(;+d(u is not zero but m, . In
.that case the mean energy is given by the formula of the form (31 but the funciions F
and 43 are now of the formz/ -

RASR AL \mvm / F(&.@@{e (e Ly Ly%’}
| (37

For | = 0, that 1s M, = 0, the formulae (37) go over into (6). Taking also into acco-
unt that in (31) F and QP are functions of M, we get

. FG#) s4>(f. 8), 9difi)}
S ' +4 I O vlAlL
£ty “‘”Fw+[Tm'>+>(ﬁﬂ Ty § ATV ]
v & ﬁ .
- (28)
CF 54
Finding 5”\\/ ; &w, from (37) we see that
%E > <°‘vH‘”"Lv> '—Q’M | (39)
v ny=0 '
Introducting (13) into (35) we obtain
Y= 3@ -otie) = § afrod 2 IEP FIRVSEOF) 40y
, T ’
After using (11) and (26) »
Go(p) = Vptan's + 3%) - - (41)
‘ On the Fermi-surface 1 -3’,1 v
S2 (pew0) = ELECER = A (42)

Thus the fermion exoitations in the anoma}lous state are sepaiated from the energy of
the ground state by the gap which depends on the direction of the veotor 1';’ « Since the:

enérgy gap can be equal to zero there will not exist the current-carrying state of system
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state with respect to weak perturbations. This means the anomalous state which is consi-

dered by us is not superconducting.'~ o

4. The Influence,of thefElectron-Electron'Coulomb.HepuISion

Let us now examine the combined effect of the electron—phonon interaction and’ the
Coulomb interaction between the electronsl/ 5/ Similar as in the case of the electron—
phonon interaction (which is essential only near the Fermi\surface,E':_i w ) we replace
the Coulomb interaction by a model interaction. Because of the screening of the Coulomb in-
teraction we replace it by a constant repulsion of electrons (essential only near the Fer--

mi-surface EFi' Wy o, Wy > W ). Thus we put
h SIS D I ) I L IR
j“("b,’)') ) l’gl or l%’l >(/J

We obtailn the equations analogous to (23), from whioch we can determine - 'YK?) in two
intervals( I} 1{w and w<I31<Wy) ,

364 wn

S A W (b)o(b |
Wiy == 4 4 \xid ; R N )
Yy = fr‘aL&_}x XS “3) \H/(g)x +3 T 44
We denote »
Yoo, lBike
yay = {% @ e, o R

)
From (43) we get' ‘

et 1 G s - SeEursal

A @y w T (45) -
“Vﬁ‘s[%&h‘ma + Yo §5c e"’””o 5 Yo Qe ] ’ . )

where BN ' '

-% oo dm ] 250

Aok 341,;,1—5 - %41,}»)0 > S e dE >
Hence C
%Ac,‘ -
-—(lm, 3) w.) =4 (47
E (g'ﬁ’k 3G :

So the.condition of appearing of an anomalous state has an analogous form as in the .

’ paper 1/ for the case of the pairs of fermions with antiparallel spin—moments
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Sec. .. . St
S4on P e T L (48)

%, Potal Spih of*a‘Systém}”féiaﬁéghétio'SuSOGptihility

Spin moment for the unit volume 1s given by the formula

~

51442( o Q) (49
We pass to the operatorv"d— and find (49) for the state C (vaouum state in ihe oL rep-"
resentation) ¢ o ’
=4 z‘_ tF(p,f) F(?.‘).S
(50)
In the absinco of the magnetic field F(p Y ER A ) and therefore 9=0 .

Consider now a aystem of Fermi—particles in the. presence of .external, weri, constant
magnet ' fleld 8?{ s applied along the

Z axis.
In this case to the llamiltonian (28) is added the term

-& S}CZ(,&* e,

fff_f’ 1’-)

(51)

where +@ 1s ‘the churze of the electron and m 1its mass.
“The compensation equations lead to the formulae
w-% 8N 3(1’)+
Ay 4 A- H ] [

ey

CEn=CE T CG’) |

Hence

S dg,dx
AT T AR (52)
After performing integration
. : 6
~ 1'_’_______ - exp (%~ %
Oo” o 28U |1 [1- exp (= %)] o

For the paramagnetic susceptibility we get
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From (54) we see that in the absence of the magnetic field the total spin of a sys- '
tem equals zero. In the presenoe of the magnetio field the electron-electron interaction
cannot be take into account by'means.of.perturbation.theorytsince wejhave;obtained'the non-
analytioal dependence of (54) and (55) for g near §4* 0.

In this paper we have oonsidered formally the solution of the compansation equations
as an odd funntion of p . It is provided that from- the point of view of the transfor-
mation (2) this leads, to the state of system with the pairs of fermions with parallel.
spins. In order to explain the physioal picture of this state one have to examine the ther-

modynamics of this anomalous state.

It 15 a pleasant duty to thank Frof. N.N. Bogolubov for proposing this problem
“and’ helpful advice D.V. Shirkov and V.V. Tolmaohev for valuable disoussions.
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