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А Ь з t r а с t 

It 1& proved that nonzero-rest-mass wa.ve equat1ons are 1nvar1a.nt under the 15-para

meter group of tra.nsformat1ons . Th1a group ts а representat1on of the conform&l group. 

1 D t r о 4 а о t 1 О D 

Kle1n-Gordon and D1rao equat1ona e.re 1nvar1&nt under the ten-pa.rameter group wh1ch 18 

а repreaenta.t1on of the~ inhomogeneous Lorentz group L10 . 

It waa estaЫ1зhed 1n papera ot В, CIUШ1ngl,Am,1 1 1 н. Baten,an,1 21 Р,А .М, D1rao,IJI, 

Н, ВhаЬа1 4 1, w. Pau11l'I, А, MoLennan1 6 1 et al that 1f the reat maos 1а zero the wave 

equat1ons are 1nYar1ant w::ider а eore extended 1,-para•et~r group ot transformat1ona wbtoh 

torma а repre88ntat1on of the oon!ormal group с4 , 1nvolv1ng L10• The Dtrac equat1on for 

а neutr1no 1а аlво 1nvar1ant under the four-p&ra~eter Pau11 group. 

It 18 acoepted tc bel1eve thll.t these propert1•• ot 1nve.r1anoe •11.7 Ьо aoor1bed to tho 

wave equat1ona for zero rest aaass onl,r . 

It wtll Ье proved 1n. the preaent paper, how••~r, tha.t Kle1n-Gordon and D1rac equa.

t1ona for non-zero ■аеэ are alao 1nv~1ant undir the 1,-parameter group ot tranaforмat1ona 

G1, wh1oh 18 the representat1cn of tho ocnfor■al group с4 • Ycr the Dtrac equat1on tbtrt 

1а an analcg о! the Paul1 group alao, The operators of all theae tranaformat1ono depend 

on the ■aas • •за para•eter and turn · 1.nto the known operatore 1n the l1m1t rn=O. 

In tho group а1, 1t 1s neoesaar7 to adopt tbe !or■ d1!!erent hcm tbe usual cne tcr ао■е 

operatora ot tbo repreeontat1on of the Lorents group. Th1a leada tc the d1tf1cult7: under 

torentz rotat1onз tne p&rt1cle шомеnt1.111 w1ll not Ъе transforшed as а 4-тeotor. 

The de·r1vat1on of tho transforшat1cna for • ,. О 1s essent1all7 basod upon the trane

tor-.t1ona for ■ •о. 

Therefore, Sec. 2 18 ooncerned w1th tbe oons1deratton of the oontor~al gt-oup ~f repre

eentat1ons :lor zero re at uaaaa . 

The wa::, !or tho der1vat1cn of tbe correspond1ng trana!or10&t1ons for •,. О 1• bo1ng 

eataЫ1she4 1n sec. J, 

In the follow1ng Sect1on there are g1ven tho 1nf1n1tea1mal operatora ot tho group 

о1, !or tbo wave equat1ona w1th •,-О•• well as .the analog of the Paul1 group , 
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?. Ccc,forr~l Group а.,о Оето R,, •.t Шa.ss 'l'ave ?.<i':i,!l-•l'-". 

As Н w"s poHted out in tJ,a lntrod\lct1oo ,s n,,m"ocr oi' Г"PCГSIJ-(,j oere oevoteO tu 

tl<e proof of t:,. oonform"1 1nvar1a.nco оС thc иrn rest т~з, wu.ve equ,stlon,•,. '-·' t>,ts ,;ео-

tion lo gtvcn а .sumrnar, ,·osн]t,, 1 )-81 of rnc.1n ocnccr"ln.~ >,N>. tOe cunfoc,,i>c] ~;го,tр ~n,J the 

Jnvari~ncc or the сего rest m"ss h!ein-,;or<\m, -JJlr"c e,1u"ti,шs. 

т~е 15-var,щ;ter conformal ,;roup ,:, o<>n,,1,,, of tt,e иr,ntz 1:rоцр L10 (t~.,r:,з\~tlмs 

~nd rotatlons), diJ.Btation tr"nзforma.t-tooo """ of t·o= proper oonfoп,,~l tNnefoгrnat!.oM 

(оее the f1тst row of NЬle l), 'Гhе proper <,onforпal tr-~n,.[<>Гmd'10n i,s the eruOuct of 

tho inveraion in the ,.щН J,yperaJ,here 
, ( . 

J<~aa "-r " 
then of ~ tгansla.lJon ~"'' ,ч;~in 

of Qn inчerslon. ТЮ'ее о~ t),Pm (spиtJ.al) ooпneot.ed wHI> tno tr,,,,sitJ~n ir,to .~ un.\form 

nocoleгa.te~ fr-~me о! reroreno•.1
9

-l.>I 

ТМ la.ws of tranafor~a.ttons far \)се зol,,Cionз о[ zero-ro.ot-~~''" о, ileic-r,ш·<•o~ anC 

nll••c equ~tJono 

LJ' 'f. l~)" О 
(') 

') 't~-.x '((,..)=О 

' 
(2) 

~,.. g\von 1ц thO ~ ~no ..!.!! го~• of 'J'MH l. 

lt 1, аеег. from таыо l that even the sol"tton uf к,ein-a,,,1,n eчu~tion ta not ~ 

sco,l"-T under the dil~tdtion a.nd propcr C•Jnfore,~] tra.oc,[orrnot,oi,s. 

лt 1nf1tlite~1m..~l tranз!o~rnatJons 

't'' ( ~) се (i е1- ~ "'-r Р~) ';' iJ,.) 

<\'\~) ""(i+ ;c.)1"Hr,)'\'l>-) 

,,,\~) =-(i + <--I') 'tl") 

'-1'' (>-.) = 1..,1. т .!_r \ .. ) 'V ~:-.) 

0) 

(,) 

С,) 

(с) 

• 
м 

• 
м 
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' е 
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Та bl е 1. 

Finite Transformations 

- = _,...,z: ____ --------- ---- ------ - ------.---------------.---~-------- . --- -- ----- ------------------- -
Translation 
(4-parameter 

Rotations 
(6-parameter) 

---------------Transformation 
of coordinates 

------· ----------· 
·;1-------· ' , х" ""~r./'v 

){\'-:: )(\'- CL 

-- t' ~а..~~:-.:~ы_. 
Transformation 
of а scalar function ,, ~~t'+o.~J(X~= J(o."°~11X~ 

----------------½----Transformation of the 
solutions of the Klein 
Gordon equations with 
m = О 

t(x~'t~\'+4.~ 'f ;(J(r):'fo(_a-;~~) 

1-paramete transformations 
Dilatati1n Proper conformal 

__________ (!=E~~~!!Шi~r)* ____ _ 

x't4=~ 
а.. 

f'Cxr)= ~(a.xr) 

.. _ 
'.f.1~r)=C1. lfo(a:)(t') 

Х I - Xr _.,(.t' х2. 
t' - 1-2.(el..x)+J..'-.xf: ----------- --

~·с '_ J_ )(n +.L.,..x2. ~ 
Хт-1 -7\_i+1(J..)()+~x1/ ------------· 

. '(х~=Г1+2~+f"~;[_}( .. +~х'-'\ 
о ~ '\1+Ш.х)+.!.\1/ 

------·------ -~·---- ---.------------· 
Transformation of the 
solutions of Dirac lv'~r)=~~. 
equation with m = О • r 

, - *,.,.1 · :!>;~ , _i+2.~)~~~[_')(,.+ь.х"~ ч o("t-)=:,1r.(a.~.,x~ 11' о (:xt'')= о.. 'fo(ti.:r-> ~~J-[!.+%1-x)+J..i}:jto\i+~-tf; 

=================~~~===-==~~=====·====~=======- =~==~==========~==-=-==:=====-~=====-===~== 

------ ----
* .,,Q. _.., "- ol'- ~ J.. .L (cl-x)=~ .. x... ~ :.1.11.,~,L.i. 

" - """ t- , r t1 ., , · , · , , · 

** ~ is the operator of the transformation of the Dirac spinor under rotations. 

*** The numerioal value 
ned Ьу the requirement that 
the representation of group 
зtructure (15). 

of the exponent of 
'f O and 

с4 аз а whole and 

Ci. byj0 (a.x)and lf0 («-х) iз uniquel).J' defi-
't'o would Ье transformed according to 

may Ье found from the relation of the 

\J\ 
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.. 
where Pt4 > Mt"' , I and Ir are 1nftn1teз1ma.l operators of translat1on, rotti.tton, d1-

latD.t1on and proper-conformal tran~formations whoreas а.,. >ч.)r~, (. and olr are cor

responding 1nt1n1tes1mal pa.~ameterз of tr4nзformat1on5. 

Th& inf1.n1tes1mal operators of the conformal group and tts representations sattзfy 

thc follc~tng structure relattons 

[Pr ,Р,,] = О 

(Pr 'н..,J=-ilЪr"P).. -ъr).Р.) 

(И~•, М"9)= i (ъr>- М..,у + ь~I' Mt<).. - ъt<~ М..,~ - ъ..,)..И t-~ 

[1" , м .. )..1 = _;_ (1'.1'" 1).. -\.). 1..,) 

(Ir,I,,) =-О 

[Pr,11 =Pr 

\}\ •• ,I}:O 

[I I) :-I r, t" 

[Pr,I,1 = 1.(t•\ . .., +'- tr..,1) 

(7) 

(8) 

(9) 

(10) 

(11) 

(12) 

(1.3) 

(14) 

(15) 

In таЫе 2 are g1ven the tnf1n1testmal operators for the solut1ons ot the Kle1.n

Gordon a.n.d Dtrac equattona wtth m = О 1n х - and p-repreзentat1ons/ Ч" (р) = 
=(i:г. )-t. S (!.:X..f'l- 'Р"') 't' (><) J.'x /. 

Wh1lo the opвratorз Pt' ) Nr"' commute wtth the opera.tora of the wave equat1onз, 

the correзpond1ng oommuto.tors for the opera.torз I and I r are equal /1.n the p-re

presP.ntat1on/: for КJ.ein-Gordon equat1on 

Ll, rt.] = -ipt. (16) 

[Ir ,р~ = 4 i. ~Pr р'- (17) 

х/ An 1rna.ginary un it 
вnd an~ul~r rnomeлturn 
and rDtc1,t1on, 

i, appeared Ъесаuзе the рh.уз1са.1 opcrators of thc 1nomcntuin Ptl 
м are tв.keri аэ 1nf1n1tes1шal opcrator.s of the translat1on ,. ' 

!or 

ечщ 

t101 

1ns1 

rele 

r ' 
equ:; 

aut! 
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for D1rac eqtшt1on 

(18) 

(19) 

Thuэ, these coromutators o.rc equal to zcro 1f appl1ed to the solut1onз ot' the w~ve 

eq1.1a.t1onэ. Therefore, the tтansformed fun<::ttons wtll Ъе also the 3olutions of tiiese equa

t1ons. 

If we 1ntroduce thc operatorз 

1nstead of I r 1 Р r and 

(20) 

I, then (7)-(l') mц,у ье • r1tten 1n the form of the structure 

relat1ons of tt1e rotat1on g:roup 1-n the 6 - d1mens1onal арасе, 1.е., 1n the form (19) w1th 

= 1,2,),4,5,6. Thc conformal group and 1nvar1anoe of the maзэles& wave 

equat1onз wtth reэpect to 1t Ьу разз1ng 1nto 6-d1menз1onal sp.a.ce were studied Ьу зeveral 

authorsl), 4 , 14 1 _ 
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Т а Ъ 1 е 2. 

Infi11J~eз1mal Operators 1n Х and P-Repreзentat1onз 

s ~ tr 

о f the зcalar 
funot1on 

о 

о 

е 

f the зolut1on 
f the Kle1n-Gordon 
quation with m=O 

о 

t 
'fl 

f the solution of 
he Dirao equation 
1th m = О 

Tranзla-

tion 

pt' 

1 ) --
" i)J'I' 

fr, 

1 'Ъ 

7-~ 

fr 

1 ') --'- ')J't' 

Pr 

х/ d""" = _;,("r 1-1-'i>t'1) 

Rotat1onз 1 D1lata- Proper confor-
mal tranзforma-

tion 
t1onз 

м,. ... I lr 
-

t ~l'~i-"";1-r') о 
"r ·»,. 1.1 1 ,) )( .~" - "r""~ 

.L~ :!.. -f 1..) ') -~~r~-~+f1ty]~fr1 -t l'Ъf-1 о/11'1"' ·frъvr--11 

1. ~ 1.... -1' l.. J ") ,i.t..L -1.1' )( 1.. -Ь 
-:r l'Ъ1'-1 "•~ 

"ru +i. -Ъ~r r "•"~ t< 1' 

¾ ") 'J fr-ъr-1 -v .. ~ '-fr1.. -~ 
llfl' 

-~ •'- Щ ) Jo \ ·t fr~ - ~+~')f-. Ъfr -

... , 
r¼)._ о~ 1.6 x,.l.. + ~ "''--1- - 4r"").. -:!.')( -1 ('\х) 1У~,-1-~"~ 1' !. ,.. )~ 1. -ъхr oJ1.; 1' r 

~") 
-ь 5° .-i~fr;;;-~+f.~i/1r'6-1\1 1¼ 1.. -у ~+~б i'rъr14 - 2-~ Ъf-; •~,. 2. '1" 

СХ> 
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J. Conncct1on betwoen Vlзve r:guat1ons 

with m t О and m ~ О 

The 1nvar1anoe of the Kle1n-Gordon and D1rac equationв for the nonzero mаез under 

tho l~-par.i.metr1c group will Ье proved Ьу eetaЫ1shing the oonneot1on between the oqu.o.

tions w1th thc ma.зs and w1thout 1t. All the conэ1derat1ons w111 Ье carr1ed on 1n the 

momenturn зрасе . 

If 1n the Klc1n-Oordon equat1on 

(21) 

the suЪзt1tut10n 

(22) 

(2)) 

1з roa.de, then equat1on (21) takes the torm of the Klein-Gordon cquatlon w1thout а mass 

(24) 

S1m1larly the D1rac eqUAt1on 

(25) 

Ьу rneanз of sub&titution (22) and the transtorma.t1on of the functlon 

(26) 

where 

' 
(27) 

1s reduocd to the form of the D1rac equation w1thout а mass 
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i 1'\, 'fo(i ,1,,) =-О (28) 

з1nсе 

с!_-1( :\с!_-1. 
;:> -\.'6f +m).::> = '-'6'\, (29) 

One may point out \he w1de class of suob transformat1onз of Klein-Gordon and D1rac 

equat1ons to the mн..sз m а о. All of thern are not covar1a.nt. One of tht:tm w1th tl\e un1tary 

S 1s u••d 1n1 151 • 

Bquat1ons (25) and (28) a.re 1nvar1ant under the 15-parwneter oonformal group. The 

transformat1ons lawз of tt1e solut1onв о! the!Je cuqat1onз a.re g1ven 1n §2. Tt1e 15-paramet.er 

tranзformation group 0
15 

leavtng tbe equat1on with nonzero masз 1nvar13nt тау Ье obta1noo 

1n the follow1ng way: 

1) Kle1n-Gordon and D1rao equ.e.t1ons reduoe to zero ooss form Ъу (22), (2)) and (22), 

(26), respeot1vely. 

2) Ttien some tranзforma.t1on of the 1,-parшnвter group for m = О is be1ng perfo:rmed. 

)) Hav1ng made the trans1t1on8 1nverзe to (22), (2J) and (22), (26) we f1nd the ope

ratorз of the 15-Pe.rameter group for nonzero mв.ss. 

4. Inf1n1tos1mal Operators of the l~-i--.arameter Group 

for Kle1n-Gordon and D1rac e9,uat1_ooв w1 th m t о, 

The f1n1te tranзformationз ot the 15-parameter group G15 Ьу m I О are extremel,y 

coшpl1cated. But stnce they are entirelJ' dcf1ned Ьу the1r 1nf1n1teз1mal opвratore then 

there -111 Ье g1ven only the l.atter ones calculated Ьу thc aboveQent1oned way. 

The 1nf1n1tea1mal operatora ь.аvе the follow1ng formt* 

а) In саее of Kle1n-Gordon equat1on 

Р: "f-.. J'L•l 1L,"!>/ , P0):.oa{p.'--m'-

K 1 (, • "! \ 
М .... = t \1'"-~ - р" op..._J 

мх _ 1 {rf_,.. .. ( • 1-) 
....,. --r r. ?-с- ·ч~ - r~ ~ lr,· •~! 1 

-----------------

()0) 

()1) 

* For з1mpl1c1t.r only the case of the poв1t1ve tre4ueoc1ea р.~ т ts conз1dered 
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ос 
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meter 

22), 

ed. 

оре-

d 

In case of D1rac equa.t1on 

MD tv\1( 1 - +-6 
't""-- "t.~ i. "t.. ..... 
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(J2) 

(JJ) 

(J4) 

(J5) 

(J6) 
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D - IX '-"'- r. -q /о t. t.) Q ' t J ' 
I't. - 't. + "r:4>:~) Lh'lr0 r-.. Lr't."6"v--po -WI +L'-~1.r• (r.--..,m)j-

_" (~ о 1.m ь \ ~ ... (. ',\ '}_ '\ 
1-..('l'•fr + р. )у;у + ~-р,, т r•")r:.J 

I~=I~ + 4po"~~-w-,'-[2.~.,(2.p;-wi~+...,,rJ+ 
07) 

+ im)', ID _ ~+'4"ро ('( д._ + iwt д::\ 
Ро ~p!- -m'- p

0
'-- mt. ~ l'•Pr Ро )р~} 

The 1nf1n1tes1Jli&l operatoro (JO)-(JJ) and (J4)-(J7) sat1sfy the relat1ons of the 

$truoture (1-1,). Theretore, the transform&t1ons determ1ned Ьу them form the repre3enta

tion of the confor~al group с 4 • In the 11m1t m = О they pass 1nto c orrcspond1ng opera

tor.s for equat1ons without аазэ, wr1tten 1n ТаЫе 2. 

All the 1nf1n1tes1mal opera~orз e1tber commute w1th their wave equat1onэ or oommute 

1t appl1ed to the solutionв of these equat1onз e1m1larl.y to tbe саае m = О /зее for

mulas (16)-(19)/, for 1notance, 

(ID, .:"r+~]=-(i+'4"y.X"irн~ 

Kote, that all the oouutators equal to &ero for m 

ш ;. О exoept 

LM~., ,i:ip-+wt}= Р~ ~;;-m._ (r'L~" - r" '6"-)('-"6Р+"') 

(JO) 

О are equal to zero аlво for 

(J9) 

So, the Xlein-Gordon and D1rac equat1ons w1th~the mа.зв a.re 1nva.r1ant under the 

15-parameter group G15 , 

However, 1n order to obta1.n the representat1on of the confor1na.l group С 4 аз а who

le •• had to ch&nge the repressntat1on of the Lorentz group i,_0 /the operators Р0 a.nd 

М~~ ha.ve ohanged/. In v1ew of th1e the law of tra.nзformat1onз tor 4-mom&йtWD of the par

ticle pl' /wh1ch dоез not oo1no1de, generallJ' speak1ng, w1th the operator of the 1nf1n1-

teэ1mal translat1on Prf 1з d1tferent tro11 the transfora:iat1on law of а 4-vector* Th1s 1-8 

а diff1cult7. Analogoua onea ~ar take place аlзо for other phys1oal quant1t1ea. 

------------------* Р~ 1а tra.nзtorшed аз а •-veotor. 

I 

I 

I 

I 

I

I 
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ln concluэ1on we Po1nt out that 1t 1о·розз1Ъ1е to f1nd the analog of Paul1 group 

for nonzero mass D1rac equat1on us1ng the method g1ven 1n Seo.J. For 1n$tance, 

the one-pa.rameter group iэ 

'1' 1(р) =. q,xp(i"'-Гs)'t'(.p) 

where 

rs 1s а Lorentz pseudQacalar 1n the representat1on ot the group с, 

The a.u.thors are grateful to Prof. 11,A,lla:rkov for the 

We w1sb to thank L,G, zasta.venko tor useful d1souss1ona. 
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