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Pemeaae KBaaTOBOMexaaaqecxoll aana'la Tpex B3BaMoneltCTB)'JOWaX 'IBCTan CBll3BHO C 

6on&maMB M8T9MBTa'leCII:aMa TpynaOCTllMH a Tpe6yeT DpBBH9'191!Hll Dpa6IDI:>K91!BbiX M9TOnoB. 

B cny'lae ByKnoaoa xopoTKOI!ellcTByJOmall xepaxTep RnepabiX can Doaaon~~eT ~ony'laT& nn11 

BOHBOBOII lj>yHKI!aa DpH5nHli<9Ball, y'laTbiBBJOI!Uf9 MBHOCTb pBI!ayca B3BaMoneliCTBall r0 OTBO

CaTen&HO naaei!BbiX paaMepoa cacTeMbi. B Dpenen&BOM cnyqae ayneaoro panayca can Cxop-
/1/ 

BllKOBbiM a Tep-MapTapocRBOM 6binH Dony'leHbl onaoMepabie aaTerpan&Hbie ypaaaeaHR 

l{nH DBpnaan&BblX BMDnaTyn D - d -paCC9RJIBR, .UnR CBR3BHBOr'O COCTORBaR Tpex ByKnOHOB 

DpBi5llHJK9Bae r O • 0 H9DpaMeHaM00 TBK X8K npa 9!0M npoacxonaT CTRraBaBHe 'IBCTBD B 
121 

neaTp, a nrur: SToro cny'laR CxopaRKoB , npenno"'!!n aTepan&;oBBbrlt Maron, y'laTbiBaJOmall 

Koae'laOCTb panayca B3BaMOil91tCTBaR r0 YpaaaeaaR a cneny10meM, naaellaeM npn5nBJKeaaa 

DO ~ llnH BonaoBOI! ~YBKI!aB caCT9Mbl Tpex 'IBCTal! DpB Banaqaa M9ll<ll)' BaMB KOpoTK0-
/3/ 

nel!cTayromax peaoaaacabiX can 6blna Dony'leHbl .UaaanoBblM • 

111 /3/ 
npH Bb!BOne ypaBH9BHII B ayneBOM a naaeiiHOM npa6nall<eHaRX DO fo , B T8XJK9 

ypBBH9BHII pa60Tbi/Z/, C)'lli9CTB9BHblM o6pa30M HCDOn&ayeTCR TOT <jlaXT0 'ITO npa ManbiX 

aaepraRX noaet~eaae aonaoaoll <jlyaxnaH cacTeMbr Tpex 'IBCTBI! B o6nacTa ·nellcTBaR anepabiX 

can ODpenenReTCB B OCHOBHOM H&na'IH9M I!B)'X'IBCTB'IHOl'O )'poBHll (pean&BOr'O Hna BapTyan&

Horo) c ae6on&moll aHepraelt. B TBKOM cny'lae·aonaoaaR <jlyaxuaa a Dpenenax noTeauaana 

MeHBeTCR nocTaTo'lao nnaaao (no xpallaelt Mepe can&ao ae ocnannapyeT) 1a nnR ee onpe~e

aeneaHR yno6ao aocnonb3oBaT&ca xopomo aaaecTHbiM MeTonoM pemeaaa aaTerpan&HbiX ypaa-
~/ /~ 

aeaHit - MeTOnoM MOMeHTOB ana 6onee 06I!UIM MeTonoM 5y6aoaa-fanepll:aHa (Br) • Ha-

JKe 6yaeT pBCCMOTp9HO DpaM9H9HH9 MeTana Bf K aana'le TpeX H)'KnOBOB, B3BaMonellCTBHe• 

xoTopb!X xapaxTepHayeTcR napa&rMa noxan&HbiMa noTeanaanaMa, HM9JOlllaMB neBTpan&abrll 

xapaKTep. B STOM cnyqae M9Ton Bf 3BXni0'189TCB B pa3DOJK9Haa BOnHOBOII ~YHXI!Ha B o6-

nacTa nei!CTBall DOTeBI!a&na DO nODHOII OpTOHOpMapOBBHHOII CaCTeMe <jlyaxnall, p81!aBn&Hbl9 
• 

'18CTa KOTOpbiX MOJKHO Bbl6paT& B BHne nonaHOMOB, OpTOl'OBBn&HbiX C BeCOM, ODpenenaeMbiM 
16,11 

panaan&aoll 3BBacaMOCTbiO DOTeHnaana • npa TBKOM Bbi6ope 6a3aCHblX Ql)'HIUiaA H)'D9B09 

npa6nBJK9Hae MeTana 5f COOTBeTCTByeT 38M9H9 BODHOBOI! lj>yHKI!aa B 06DBCTa aeliCTBaB DO

TeHnaana ee cpenaHM aaaqeaaeM no aToll o6nacTH. Pemeaae B ayneaoM npH6nHJKeaaa MeTo-

na 5f OX83b!BB9TCB cnpaBennaBbiM C TO'IHOCT&IO BXDIO'IaTen&BO no 'ID9HOB, naaeABblX no pa-

8 



flHYCY B38HMOfl&i!CTBBSI r0 , DpH'IBM ORO COBD8fl88T C TO'IBbiM pemeBH&M ypaBBBBHSI llJpe-

flHBl'Bpa flDSI CHCTBMbl TpBX ByKDOHOB1 B38HMOfl&iiCTBH8 XOTOpbiX ODBCbiBSBTCSI B&DOXSDI>BbiM 
. 181 

ojlaXTOpH3YIOIIIHMCSI DOT&RllHSDOM J!Mary'IH • npH COOTB&TCTBYIOIIIBM npeflBDbBOM nepeXOflB 
Ill 181 

ayneBOe npH6nH~eaHe MeTona Br npHBOflHT x ypaaseBHHM B ayneBOM H nuaeilaoM npH-

6nH~eBHSIX no r 0 • 

B o6meM cnyqae pemesae MBTOflOM Br ypaBHBBHB llJpenHsrepa nnB Tpex ayxnoaos cBO

flHTCH X pemeBHIO CRCTBMhl OJlBOMBpHbiX HBTerp&DhBbiX yp8BBBHRil1 CTPYJCTYPS ltOTOpbiX TSXO

BS, 'ITO C HX DOMOIIIbiO nerxo HCBDIO'IHTb DOTBJUlHSDhl H3 HCXOflHOl'O ypSBB&HHSI B DODY'IBTh 

IJJI 
flDSI BODHOBOil ojlyHXflBH ypSBHBHHB 4>&flfl88BS 1 COflBp~SIIIRB BM&CTO DOT&HllRSDOB DSpHbl& 

I -MSTpHllblo 

§ 2. Tpa 6eccnHHOBbiX To~ecTB&HHbiX 'ISCTRn&t 

I. PaccMoTpBM cas'lsns cacTeMy Tpex 6eccnHHOB&Ilt To~ecTBeHB&tX qacTHn c Msccs

MH m • B3SBMOJl&iiCTBH8 XOTOpbiX ODp8fl8nB&TCJI DSpHbiMB ltOpOTXOfleiiCTBYIOIIIHMH DOTBHilHS

DSMB, 8 CBCT&MB ll&BTpS MSCC BODHOBSSI ojly&KilHSI 3SBHCBT TO~XO OT BHyTpBHHHX KOOpflHHST1 

B XS'IBCTB& KOTOpbiX MO~HO Bb16pSTb CDBflYIOIIIHB KOOpflHHSThl Jlxo6H: 

rne 

Chi 

.. .. .. y3 .. .. 
•t•T<•a -•a l • Pt•-rl + ~<•a +•al • (I) 

.. .. .. 
r

1 
-pSflHYC-BBKTOp -oil 'ISCTBilblo KoopnHHSTSM • 1 • P1 COOTBBTCTBYIOT HMDYDb-.. .. 

It I • q I I CBSI3SHHbiB c HMDYDbCSMH 

1 .... . .. 
It I • "'J3 ( Pa - p a ) ' 

.. 
P1 BHJlHBHflYSDbHbiX 'ISCTHll COOTHOWBHHSIMH: 

.. 
q I • 

2 .. 1 .. .. 
TP1 +T<Pa + Pa ). (2) 

8 flSDbH&ilmeM 6ynyT HCDODb30BSTbCJI TSX~B KOOpflHHSThl H BMnyDbChl, KOT0pb18 DODY'ISIOTCSI 

B3 (I) B (2) nyTBM nepeCTSHOBKR 

.. 
•• 
.. 
kl 

.. 
P u•l 

.. 
Pu It I 

pll 'ISCTHllbl I H 'ISCTBilhl I (I - 2 • 3)' 

.. 
P1•PuP1 

.. 
ql 

.. 
p II q I 

(3) 

npH nep&CTSHOBXSX plk 
'ISCTHil I H It KOOpflHHSThl (I) H HMDyDbCbl ( 2) npeo6psay-
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IOTCSI cornSCHO CDBflYIOIIIB(My OpTor]OHSDbHOMY Dp(e:CTS::~:)HIO : ( l{ -yS /!) 
(Pul • -: ~ ' (Pul• y3/2 -li '(Pul• --i/2 -~ • (4) 

4 

.-: 

,~. 

3TO o6CTOSITSDhCTBO DpHBOflHT K TOMy, 'ITO DpH DSpSXOflS OT KOOpflHHST 

( 2) K KOOpflHHSTSM H RMDYDbCSM ( 3) 6ynyT HHBSpHSHTHhJMH BbipS~SHHSI k 
.... ~ ..... 

a TaK~e SDBMSHTbl 06'h8MOB dod p If d k dq , .. .. 
2, BonaoaaSI ,PyaxnnB 'PC o 1 • P1 CHCT&Mbl Tpex TO~SCTBBHHbiX 'IS' 

6biTb CBMM&TpB'IHOi! OTHOCHTSDbHO DI06btX nep&CTSHOBOK 'ISCTBil: 

... ... .. .. .. ... ... .. 
• 'P(sl, P1 l --'1'(-sl'pl l • '!'(sa •Pa l• '~'<•a •Pa ). 

nepeilneM nsnee oT 'I'( ;:
1 

, ; 1 l x ee ,Pyp&e - KoMnoseHTe no nepeMeaao~ .... 
.. ... .. .. .. -lq p 

'P(sl ,ql) • fdpl 'l'(sl •Pile 1 

npBRHMSSI BO BHHMSHHB YCDOBHB CHMM&TpHH ( 5) 
1 

flDSI 

11188 HHTerpSnhHO.e ypSBHBHHS: 

.. .. 
'I'Cs 1 ,q

1
) nerxo no. 

.. .. .. 
lk( ·~-.) 

e 
.. .. v Jd rd .. --....----..---=--

"' C • 1 • q 1 l • c2 , 1 r • k !I + q ; - z f(s)'P(:,;I) + 

.. .. ....... ,-;1~ -••;s -••sP + l•pt 
2V -+ -+ e + e 

+ ~ J dq ds 2 2 -+ -+ t 
(2rr) y3 q I + q + q 1 q - z 

f(s) 'I'(; 

3 
rne - T Vf(s) - noTeanasn B3SHMonelicTBHH MBlKflY 'ISCTHuaMH, Z • E +10, E 

E0 - SHeprHH B CHCTBMB UBHTpa Mace, DpH'IBM HCDODh3YBTCSI CHCTSMS SJ .. .. 
poll m • f1 • 1. BexTopbl p H p 1 onpeneneHbi cnenyJOIURM o6psaoM: 

.. I -+ 2 
p - y3q' + -q 

$ y3 
2 .. 

p --q 
'Yf 

1 .. 
+ \i'fq 

CTporo roaopH, ypsaaeHne ( 6) nparonao JIDR xoaxpeTHoro peureai!H TODbKO J 

ro COCTOSIHHR, TaX KSK ORO He COflBp~HT rpaHH'IHWX YCDOBHli H
0

CDSJIOBST8Dbl 

OJIH03HS'IHO ae onpeneneao, 'iT06bi yqecTb anonne onpeneneRHbiM o6psaoM r: 

Ill · .. .. 
BHR, 6yflSM HCKSTh, CDSflyR 1 BODHOBYIO $yHKDHIO '!'( s 1 , q

1 
) B BHflB: 

... .. a .. .. 
'l'(sl,ql) • (2rr) c;6d(sl)c'l(ql-q<J) + 

F(:l.;l) 

~10 q 1- 0 

rne c;6 d ( s 1 l - BODHOBSSI $yHKUHR CBH3aHHOro s -COCTOgHHSI 'ISCTHU I H 

yJioBneTaopReT ypsaaeHHIO: 



npHq9M OHO COBD8)189T C TOqH&IM p9W9HII9M ypaBH8HIIH llJpe

RyKDOHOB, B38HMOJ19l!CTBH& XOTOp&IX ODIIC&IB89TCH R8DOXSDI>H&IM 

. 181 
fiMaryqH • flpR COOTB&TCTBYJOIII9M Dp9J1&DhHOM nepeXOJ19 

Ill 181 
X ypaBH&HIIHM B HyneBOM II nRH9liHOM Dpll-

MeToAoM Br ypauaeasH llJpeAHRrepa ADH Tpex ayxnoaoB cso

oJ1HOM9PHhiX HHT9rpan&B&IX yp8BB&HRll, CTpyKTYPS KOTOp&IX T8KO

HCKDIOqRTh DOT9HDII8D&l R3 HCXOJ1ROro yp8BH9HHH B DODyqBTh 

.. 

1111 
HBll 4>aAJ19&B8 , COJ19plKSIIIH8 BM&CTO DOT9HDH8DOB D8pBbl9 

qacTBil&I 

CRCTeMy Tp&X 6&CCDRHOB&l)r TOlKJ19CTB9HHbiX qaCTHil C M8CC8-

onpeA9DH9TCll napH&IMH XOpOTK0)19liCTBYJOIIIHMH UOT9BilB8-

BODBOB8ll ~yBKilHR 38BHCBT TOD&KO OT BByTp9HHHX XOOpAHHST, 

cneAyJOIIIH9 aoopAHHSTbi Hxo6s: 

r ~ ) • p1 -- 't +li<;~+;a> (1) 

.. .. 
i -oil qacTBU&I. KoopAHHaTaM • I • P, COOTB9TCTBYJOT HMDyn&-

C HMDyD&C8MB 
.. 
PI 

HHJ1BBHJ:\Y8DbHblX qSCTHil COOTROW9RH!IMB! 

1 .. .. 
"'J3<Pa -p~) 

.. 
q -I 

2 .. 1 .. ... 
sPt+T{p~+pa). (2) 

T8KlKe KOOpJ1HH8Tbl H BMnyD&Cbl, KOTOpbl9 DOnyqaJOTCR 

.. 
p II 0 1 

.. 
Pu k I 

pll qacTBilhi 1 u qacTBil&I I {I • 2 , S): 

.. 
P 1 •PuPt 

.. 
q, 

.. 
p II q I 

(8) 

H k XOOpJ1HH8Tbl ( 1) H HMDyD&C&l ( 2) npeo6paay-
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OpTOr)OH8DbHOMY np(9:CT8:;:]BIO : ( li -yS /
2
) 

-: ~ • <P,2l• .,ja/2 -li • <Pu>• -..ft/2 -li • (4) 

4 

• 

8TO o6cTORT9DhCTBO npHBOAHT X TOMy, qTo npH D9peXOJ19 OT KOOpJ1HH8T (1) H HMDYDbCOB 

) 2 2 .... ... ... ( 2) X XOOpAHHSTSM H HMDYDbCSM ( 3 6yJ1yT HHB8pH8RTHhlMH B&lp8lK9HHR k + q H ks + qp .. .. 
a TaXlKe 9D&M9HThl 06'b9M9B dad p .. .. 

\1 dkdq .. .. 
2. Bonaosaa ~ysxnHll 'I'{ • I • Pt CHCT9Mbl Tpex TOlKJ19CTB9HHbiX '18CTHD J10DlKH8 

6biTb CHMMeTpRqaoll OTHOCHT9DbHO DJ06b!X nepecTaHOBOX '18CTB!l: 

.. 
' lp { s I 

Tlepei!A9M Aanee OT 

'I'{:, 

.. ... ... .. ... ... ... 
Pt) -~'1'{-sl'pl) • 'l'{s2 •P2 l• 'l'{o a •Pa ). 

.. .. .. 
'I'{ s 1 , p 1 ) x ee ~yp&e - xoMnoaeaTe no nepeMessol! p 

1 .... 
... .. ... ... -lq p 

,ql) • fdpl 'l'{ol •Ptl• I 

(5) 

.. .. 
flpBHBM8R BO BHHM8HBe YCDOBH9 CHMMeTpHH ( 5), J1Dll 'I' { s

1
, q I) nerxo DODy'IHT& CD9J1YJ0-

11199 HHTerp8DbH09 yp8BH9HH9! 

'1'<:,.;,) 

.. .. .. 
lk( •,-.) 

V .. -+ e 
• --r f dk ds -;-r--v 

{2 rr) k + q 1 

... ... ... ... J 

z 
f{o)'P{:,;, )+ 

........... 
-l•a P + I• PI 2V 10 tP -lap 

+ f .. .. I 
{2rr)ay3 dq ds -"---2-~+~e-::-:------~ 

2 2 
q I + q 

.... 
+ q lq -tz 

. (6) 

f{s) 'I' {-; • ;) • 

3 4 
rAe - T Vf{s) - noTe susan saaHMOAellcTBHR M&lKAY qacTHuaMs, Z • E +10, E • TEo 

E0 - 9H9prHR B CHCTeM9 ll9HTpa Mace, DpH'!eM HCDODb3Y9TCR CHCT9Ma eAHHHil , B KOTO-

poll m • f1 • 1 . BexTop&r p H PI onpeA9DeHbr cneAyJOIUHM o6paaoM: 

.. I .. 2 
P • ..;r q, + 73 q 

2 .. 
•-q • P, {3 

I .. 
+ Vfq 

~ 

(7) 

CTpOro rOBOpR, yp8BH9HHe ( 6) npHrOAHO ADR KOHKpeTI!Oro pemeHHR TODbKO AnR CB!I38HHO-

ro COCTO!IHH!I, TaK K8K ORO He COAeplKHT rpaHH'IHbiX YCDOBBll n,cneAOB8T9DbHO,ero pellleHHe 

OAHoaaaqso H9 onpeAeneso. 'iTo6br yqecT& snonse onpeaeneHHbiM o6paaoM rpaaa'!Hbre ycno-
111 . .. .. 

BH!I, 6yAeM HCK8Tb, cneAyR , BODHOBYJO ~yHKilHIO 'l'(o 1 ,q1 ) B BRAe: 

... ... 8 .. ... 
'l'(s 1 ,q 1 ) • (2rr) cp d(s 1 )8 (q 1 -q~) + 

F(:,,;1) 
q2-q2-10 

I 0 

(8) 

rAe cp d ( "t ) - BODHOB8R ~yHKDH!I CB!I3aHHOro S -COCTO!IHH!I '18CTHU 1 H 3, KOTOpaa 

YAOBDeTsopaeT ypasaeHHJO: 
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3, BonHOB811 <jlyHKilHSI B HMilYJ!bCHOM npencT&BnaRHH 
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k 2 F ( k +a2 o.\ qo). (30) 

nOJlp06H99 s -pacceHHHe a syneaoM npa6nH>K9HHH MeToJla Ey6Hoaa-

= 0). B aToM cnyqae na ( I ,16) cneJlyeT, 'ITO 

Moo (p) 
c 00 ( p. z) -

- Bo,oo(Z) 

(0) 

( 27) CBOJlHTCH K OJlHOMY yp8BH9HH!O Jl11SI FOO I 

- ( 2 / I M ( - 'J3 "fir fdOq> oo Pol<f>d(plol 
0 I B + 

- 0,00 ( z - q ~ 

M 00 ( p) M 00 (p 1 ) 

2 2 2 .... ... 3 2 
[1-B

0
•
00

(Z-q
1 

)](q
1 

+q + q1 q --rz>q 

(0) 

Foo (q) 
·--2 

q 0 -10 

(31) 

paccesHHH, cornacao ( 30), . ( I , 28) H ( I ,30), BbipalKaeTCH cneJly-

V (O) 

A o ( q o ) • N F oo ( q o ) ' (32) 

C TO'IHbiM ypaBH9HH9M Jl11SI CHCT9Mbl Tpex TOlKJl9CTB9HHbiX 

10 

• 

'18CTHU, B38HMOJl9!lCTBH9 KOTOpbiX OOHCbiB89TCSI H9110K811bHblM ojlaKTOpH3Y!OlllHMCSI noT9HUH8110M 

/8/ 
HMary'IH • Kax yxa3hiBanoc& a ( 1 ) , ayneaoe npa6na>Keaae MeToJla Ey6aoaa-ranepxaaa 

cnpaB9Jl11HBO C TO'I!fOCTbiO BK1110'1HT911bHO JlO '1119HOB, 11HH91lHbiX no pBJlHYCY B38HMOJl91lCTBHSI 

r 0 0o3TOMy H3 ypaBH9HHI1 ( 31) OpH COOTB9TCTBY!Olll9M Op9Jl911bHOM nepeXOJl9 MOlKHO 
. /1/ /3/ 

nony'IHTb. aaaecTsble ypaaaeHHH a ayneaoM H naaellHoM npa6naJKeHHRX no r 0 • Dn>I 

aToro 8 ( 31) Jl11SI <P d ( p) cneJlyeT acnon&aoaaTb BbipaJK9HHe ,37), a M00 (p) BCIOJlY 

aaMeHHTb aa 1/Loo • OrpaHH'IHMCSI Jlanee npeJlenbHbiM cny'laeM pacce>IHHSI npH ayneaoll aaep

rHH: q
0 

= 0, Z c - a 2
• B aTOM cny'lae H3 Bhipa>K9HHil ( I ,33) H ( I ,35) H H3 paano-

1 
lK9HHSI ( I ,35 ) nerKO nony'IHTb C119JlYIOlllH9 COOTHOIII98HSI, COp8B9JlJ1HBb!9 C TO'IHOCTbiO JlO 

2 
(aro) : 

2 v 2 
( 2 -q ) • -:-Tq I • I- Bo,oo -a 1 L

00 
a + va 2 + q 

1 

v 
r:-r-00 

V-Vo (1 + ~aro ) ' 
aV0 

- ~ •o ) ' (33) 

(34) 

rne V O -rny6HH8 OOT9HUH8118, COOTB9TCTBYIOlll9rO Hyneaoll 3HeprHH CBSI3H JlByX 'IBCTllU, 

(0) 
Ecna Tenepb aaecTH aoay10 <jlyHKUHIO a ( q) , CBSI3BHHYIO c F 00 ( q ) cooTHOIII9HHeM 

(V -V0 )L00 co> 
a ( q) • - F oo ( q) ' 

2a v0 y2fiti 

TO ll11SI 3TOI! <jlyHKUHH H3 (31) nerKO nony'IHTb C OOMOlllb!O (33) H (34) ypaBH9HH9 0 cnpaBeJl

"2 
11HB09 C TO'IHOCTb!O llO (ar 0 ) 

+ ~a•o 4 
- ~ •o ) a ( q) • ya 

a+ya 2 +q~ 

I + ~ aro 

2 
q I + 

3 

4 

2 
a 

d.. a( q) 

2 (l+~arolf-} 2+q"+tif+!a" + ~ q q I , y 3 

+ 

(35) 

OpH'I9M ll11HH8 p8CC9SIHHSI A O cor naCHO ( 32), 6yJleT CBSI38H8 C a ( q ) cnenyiOHtHM o6pa-

30M: A
0 

• a (0) • 

npa (35) nepexonHT B ypaaaeaae B ayneaoM npa6naJKeHHH no r 0 

Ill 
Jln>I a 0 (q), r 0 .. 0 

r
0 

, TO H3 (35) 
/3/ 

a ecnH nonolKHTb a(q) •ao(q) + al(q)' a I (q) nop51JlKa rile 

Jl11Sl a I (q) nerKO nony'IHTb H3B9CTH09 ypaBH9HH9 B 11HH91lHOM npH611HX<9HHH no r0 

11 
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§ 3. CacTeMa Tpex HyKnoaos 

1. PaccMoTpHM aa)laqy o paccesraaa aeltTpoaa Ha JleltTpoae. Byl!eM cqBTaT&, qTo Mac

Chi HyKIIOHOB paBHbl m 0 a BX B38HMO)l9itCTBHe xapaKT9pH3yeTCR napHb!MB 119HTpan&Hb!MB 110-

T9HIIHanaMH, npeJlnOIIOlKBM0 qTo IIOT9HIIHaii B3aHMOJleitCTBHSI V (fk) 

H k ' HMeeT cneayro!llHit sua: 

M9lKl!y HYKIIOHaMH 

<+> (+) <+> <-> 
V(lk) • V 11 (lk) P a ( lk) P r (lk) + V 10 (lk) P a (lk) P r (lk) + 

<-> <+> <-> <-> 
+ V 0 1 (lit) P a ( lit) P r (lit) + V 00 (lit) P a (lk) P r (U:) , 

(36) 

rae V t ( lk) -IIOT9HUHan B3aHMoaeltCTBHSI aByX HYKIIOHOB . (~ B COCTOSIHBH C IIOIIHb!M cnHHOM 

s H nOIIHb!M H30TOnHqeCKHM CnHHOM I , PU r ( lk) 
(a," ' 

p lk 

np09KIIHOHHbl9 onepaTOpb!0 CBS!-

3aHHbl9 COOTB9TCTB9HHO C onepaTopaMH nepecTaHOBOK CnHHOBblX H H30TOnHqecKHX 

nepeMeHHblX HYKIIOHOB I H It COOTHOW9HHHMH: 

<±> (U) (±) (r) 

P a (lk) l! ( 1 '!: P lk ) • P r (lit) • l! (1 + P lk ) • 

8 cnyqae paCC9SIHHSI aeltTpOHa Ha aeltTpOH9 nOIIHbllt H30TOnHqecKHit CnHH CHCT9Mbl < • \! , . 
a nOIIHbllt CnHH 5 MOJK9T npBHHMaTh aBa 3Ha'l9HHSI: S • 3/2 H 5 • lf2, nonHaSI BOIIHOBaSI 

<jlyHKIIHSI0 3aBHCSI!llaH OT npoCTpaHCTB9HiiblX, CIIHHOBb!X H H30CnHHOBb!X nepeM9HHbiX
0 

JlOIIJKHa 

Ob!Th aHTHCHMM9TpHqJiolt 110 OTHOW9HHio K nepeCTaHOBKaM lllOObiX nap HYKIIOHOB H MOJK9T 

/9/ 
ObiT& npeacTaBneaa cneayro!llHM ol5paaoM 

s - 3/2 . 'I' - ( 1/1 '(" - .;,·,') t/r)( • 

s - l! • 'I' - 1/1 a'.- 1/1 ~. + 1/l'e"- 1/1"(' • 

rae <fJyHKUIIH 1/1 3aBHCSIT TOIIhKO OT KOOpJlHHaT 5iKOOH ( 1), npa 9TOM <jlyHKUHH 1/1 

(37) 

(38) 

oona-

Jla!OT cneayiO!llHMH CBOitCTBaMH CHMMeTpHH no OTHOW9HH!O K 119p9CT8HOBKaM KOopaHHaT aByX 

HYKIIOHOB: 1/1 a -nOIIHOCThlO aHTHCHMMeTpH'lHa, 1/1 ° - IIOIIHOCThlO CHMM9Tpaqaa, a na-

pa <jlyHKIIHit 1/1' , 1/1" npeo15pasyeTCSI cornacao npeacTaBneaaro (4). B (37) • X npeJl-

CTaBIISI9T COO? II noiiHOCThlO CHMMeTpH'lHYIO <jlyHKIIH!O CnHHOBbiX 119p9M9HHbiX0 a (' , '"

<jlyHKIIHH H3oTonaqecKoro cnaaa, npeo15pasyro!llHecg cornacao (4). Aaanoraqao B (38) <jlyHKIIHH 

e SIBIISI!OTCSI KOMOHHHpOBaHHb!MH <fJyHKUHSIMH CnHHa H H30TOIIH'leCKOrO cnaaa, IIpaqeM f" 

H { a COOTB9TCTB9HHO CHMMeTpH'!Ha H aHTHCHMM9TpH'!Ha, a g' H '" HM9!0T CHMMeT-

pHIO, onpeJlensreMyrv npeJlcTaBneuaeM ( 4). 

2, nng aan&Heilwero B cnyqae S = 1/2 yaOOHO BBeCTH cneayiO!llH9 <jlyHKIIHH: 

12 

• 

'I' 1 - .,/2 ( 1/1 • -1/1 ") • 'I' = _1_(·'·. +·'·") 
2 y2 'I' 'I' • 

'~'a • ~<1/1"-1/1') • 
1 • 

'I'. - 'J2(1/1 +1/1') 

a JliiH S • 3/2 BB9CTH 0~03HaqeHHH: 

1/1" • -'PI ' .;,· • '~'a 

H nepeltTH K <l>yp&e - KOMIIOH9HT9 110 p 1 . I .. .. 
... .. .. . .. .. -lqlpl 

IJI I ( 8 I' q I) • f dp I 'PI ( 8 I ' pI ) e 

Toraa
1
npRHHMaH BO BRHMaHH9 COOTHOWeHRSI (36)-(40), a TaKJKe CBOitCTBa 

liRA 1/1 , anSI '1'1 (: I • q I ) MOlKHO IIOIIyqHTh cneayro!llHe HHTerpallbHbl~ 

CHCTeMe eaHHHU, rae m•1l•l): 

IJII (:I •~I) 

.. .. .. 
lk ("I - • ) 

V ... ~ e=------.--:::-1 f dltds 2 i ,1. 
----r k + ql-(211) 

.... 
1

1 
(s)IJI 

1 
(s,q 1) 

~=.p-t-:-:. t'tj _,:1-; + .::1 
V 1 _, _, e + ( -1) e f ( 

• I a -- f dqds 1 " 
1•1 II (211) 8 q ~ + q 

rae Z•E+IO, 
4 

E • TEo F. 0 - aaeprnsr B cncTeMe ueHTpa Mace, B• 

onpeaenHIOTCSI Bb!paJKeHHeM ( 7) 0 

3 - T v1 f 1 (s) - IIOTeHUHall B3aRMOI 

IIBYM!I HYKIIOHaMH B COCTO!IHRR, OIIpe!lt311Sl9MOM HHlleKCOM I = 1, 

COOTB9TCTB9HHO TpHIIJl9T'll?e H CHHrneTHOe '!eTHb!e COCTO!IHHH, a 3, 

CTBYIOT TpH11119THOMy II CHHrlleTHOMy aeqeTHblM COCTOSIHHHM, 8 ( 41) IIIISI 

neKc I npoceraeT aaaqeaasr 1 a 3, a 111111 s - 1/2 I - 1,2,3,4, I 

a II H tu onpeaensrroTCH cneayrornHMII BbrpaJKeHHHMII: 

I -

/: l/y3 0 -1 0 0 I 0 

0 0 0 0 0 0 0 

S • 3/2 , (a1,1 Ji 
l/y3 .• , )- ! : -I 0 0 0 0 0 

0 0 0 0 0 0 0 
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§ 3. CacTeMa Tpex ayxnoaos 

pacceHHHH ae~Tpoaa aa rre~Tpoae. EyrreM_ c~BTaT&, ~To Mac

ax B38HMOA9~CTBH9 X8p8KT8pR3Y8TCH napHbiMB 118HTparr&HblMH no-

'ITO noT9HIIHarr B3aHMOA8~CTBHH V (lit) Me~y HYKITOHSMB I 

BRA: 

(+) (+) (+) (-) 
VI 1 (lk) P u ( lk) P r (lk) + V lO (ik) P U (11:) P r (ik) + 

~) (~ (-) (-) 
v 0 1 (lk) p u ( lk) p, ( ik) + v 00 (ik) p u (ik) p, (ik) • 

(36) 

B3ai!MOA9liCTBJIH ABYX HYKITOHOB B 
(t) 

cnHHOM t , PU, r (lk) 

COCTOHHHB C norrHbJM CnBHOM 

cu., npo8KIIBOHHbl9 onepaTOpbi, CBH-

C onepaTopaMH p lk nepecTaHOBOK CnHHOBbJX H 1130TOnH~9CKHX 

H k COOTHOIII9HBHMH: 

Ctl Cr> 
P , (lk) • !HI + PIt ) . 

CnBH CHCT9Mbl ,· • " , 

rrpHHHMSTb ABS 3H8'19HHII: 5 • 3/2 H 5 • lf2, norrHSH BOITHOBSII 

rrpocTp8HCTB9HHbJX, CllHHOBbJX H H30CnHHOBbiX ll9p8M8HHbiX, AOmKHS 

ll ITO OTHOIII9HHio K rrepecTaHOBKSM ni06biX nap HYKITOHOB H MOlK8T 
/9/ 

cnenyJOIIIHM o6paaoM 

s - 3/2 ' ljl - ( 1{1 '(" - 1/1"(') 1/1)( • (37) 

s -" ' ljl - 1{1. ~ • - 1{1 e . + 1{1 -~--- 1{1 "e- ' (38) 

TOITbKO OT KOOpAHHST SJxo611 ( 1) • npu STOM <jlyHKilHH 1/J o6rra-

CHMM9TpHH no OTH01119HHIO K nep9CTaHOBKaM KOOpAHHST llByX 

10 8HTHCHMM9TpH'IHa, 1/J 
0 

- nOrrHOCTbJO CHMM8TpH~Ha 1 a rra-

rrpeo6paayeTCH cornacao npencTasrreHBJO ( 4). 8 ( 37) X • npen-

CHMMeTpH'IHYJO <jlyHKIIHJO CnBHOBblX nepeMaHHbJX, a (' , ( "-

cnaHa, npeo6paayJOmueca corrracao (4). Aaanoru~ao B (38) <jlyaxnua 

POBSHHbJMH <f>yHKUHHMH cnaaa H H30TOnH~9CKOrO CnHHB, npH'!9M f" 

~' H ~ " HM9JOT CHMM9T-

(4). 

S = 1/2 Yll06HO BB8CTH CIT91lYJOIIIH9 cPYHKIIIIH: 

12 

• 

a rrrrH 

"'1- _1_<1/1" -1/J"l. y2 

'~'a • Tt<I/I•-1/J'l' 

5 • 3/2 BBeCTH 0~03Ha~9HHII: 

1{1" • -'!'I 

ljl = _1_(1/1. +1/1")' 
~ y2 

1 • 
"'· - T2"(1/1 +1/1') 

1{1' • 'i' a , 

H rrepe~TH It 4>yp&9 - KOMnOH8HT9 ITO p 1 .. .. .. .. 
'i' 1 (s I' q 1) 

.. - .. -+ -h1P1 
f dp 1 'PI ( s I ' pI ) e 

(39) 

(40) 

Torna
1
npHHHMaH BO BHHMaHH9 COOTHOIII9HHH ( 36)-(40) o a TaKJKe CBO~CTBa CHMM9TpHH <jlyHK-

IIHA 1/J , lliTH '1'1 (:I • q I ) MOlKHO norry'IHTb CIT81lYJOIIIH8 HHT9rparr&Hbl9 ypaBH9HH!I ( B 

CHCT9M8 8JlHHHil, rne m • 11 • 1) : 

"'• <;1 .~~ > 
v .... 
~fdkds 
(211) 

.. .. .. 
lk(ol-•> .. .. 

1
1 

(s)IJI
1 

( s, q 1) 

~ .... .. .. .. .. 
(41) " V ta 1 p-l•pt flj -la 1p +I•Pt 

1 -+ -+ e + (-1) e • I a
11 
--

8 
f dqds 11 (sl'i'1 (s~q), 

l• I (211) q ~ + q 

.. 
p rne Z•E+IO, 

4 
E • TEo F. 0 - SHeprHH B CIICT8M9 ll9HTpa Mace, B9KTOpbl H P

1 
3 

orrperrerrHJOTCH BblpaJKeaaeM ( 7), - T V 1 f 1 ( • l - ITOT9H11Harr B3aHMOA8~CTBIIH M9lKilY 

llBYMH HYKITOHaMH B COCTOHHHH, onpell~ITS19MOM HHA8KCOM I I= 1, • 2 03Ha'!aJOT 

COOTB9TCTB9HHO TpRnrrl!THOe H CHHrrreTH09 '19THbJ9 COCTOSI!IIIlt# a I= 3, I • 4 COOTB8TCT-

CTByJOT TpHnrreTHOMY H CHHrrreTHOMy H9'18THbJM COCTOHHHSIM, 8 (41) /liTH S = 3/2 HH-

uexc I rrpoceraeT aaaqeaua 1 H 3, a ana 5 • 1/2 I • 1,2,3,4, rrpH~eM KOHCTaHTbl 

all H 'It onpenerrHJOTCH CIT9/lyJOJJlHMH BblpalK9HHHMH: 

I 
1/'1/3 0 -I 0 0 0 I 0 

0 0 0 0 0 0 0 0 

S • 3/2 , (a1,1 Ji ,(til)· I (42) 

-I 0 I/V3 0 I 0 0 0 

0 0 0 0 0 0 0 

13 



,, 
,I 

I 

l/2y3 v"a12 " •!i \ I o 0 

v"s12 1/2-Js 
-!i " l I 0 0 

S•!i,(all ) • I " -!i -1Afa -.;8;2 <•11>- 1 1 0 o I . (42
1
) 

-!i " -.;812 -1/~sl ' 1 1 0 0 

YpaBH9HII9 ( 41) He COJl9plKIIT IIBHbiM o6pa30M rpaHII'IHblX ycnOBIIII. '1To6bl IIX y'I9CTb1 aeo6-

XOJlHM01 no aHanorHH C (8), KOHKp9TII311poBaTb BHJl BOnHOBOII ~YHKiliiH. nn11 9TOrO paCCMOT-

. ~ 

pHM pacce!IHRe aa neiiTpoae aeiiTpoHa c Ha'lan&HbiM IIMnyn&COM q
0 

, npH'IeM nanaiOJlleMy 

aeiiTpoHy UpRUIIli19M HHJl9KC 11 a HyKnOH8M1 o6paayiOillll~ Jl911Tpo~- RHJl9KCbl 2 H 3. Torna 

aCRMilTOTH'I9CKR9 ~YHKilRR CUIIH8 II 1130Cil11Ha 6yJlyT IIM9Tb cnenyiOillll9 3H8'19HHII: )( 
0 

(' 

nnSI s • 3/2 11 x't'' nn11 S • 112, a aMnnHTYilbl ynpyroro pacceSIHHSI As !lll 6ynyT 

BbrpalKaT&CSI cnenyiOWIIM o6paaoM: 

Aa~<6>. 
a a • q -q .. •• .. ... 

Jlm(-1 - 0 fda 1 dadr)( (,..</1:<•
1

llfl(o 1 ,q 1,u,rll, 
q,~qo '" 

a a (43) 

I qt-"o ~ ... "'* • m(~ ~ ll lim --.;;--fdo 1 dadr)( ._<fld(s 1 )ya1 ,q 1 ,u,r, 
qt ... 41o 

A~ (6) 

rne "'d <•,> -BOnHOBaSI ~yHKilRII Jl911TpOHa1 u' r -coOTB9TCTB9HHO CUHHOBbl9 H R30-

CURHOBbl9 nepeMeHHbl9. EcnH T91l9pb BBeCTII HOBbl9 ~YHKilHII 
(0 ~ ~ 

F <•rqt 

cnenyiOmeMy onpenenea1110: 

co ~ ~ 
~· ~ a ~ ~ F (ol'q 1 ) 

lfl1 (a, • q 1 l • (21r) </1 d (a 1 )8(ql -qolBu+ a a 
q 1 -q 0 -IO 

cornacao 

(44) 

To,y'IHTbiBaSI COOTHOll19HBSI (37)-(40), MOlKHO BblpalK9HII9 (43) JlnSI aMnnHTYil paCC911HRSI 

llpiiBeCTR K BHOy: 

As (6) • 

~ ~ 

q lqO ) 
A (· -

s q 1 qo 

(I) ~ ~ 

2_(fd:,</l~(ai)F (o,,q,llql•~ • 

'" 
(45) 

a na ( 41), npHHBMaSI so BHBMaaee ypasaeaee ( 9) nnSI if> d ( • 1 ) , nerKo nony'IHT& nnSI 
(I) + ~ 

F ( a
1 

, q 
1 

) cacTeMy RHTerpan&HbiX ypasaeaell, aaanoreqayiO (10): 

~I 

rne 

1,o 
81 

(I) ~ ~ 
F (a 1 ,q 1 ) 

t • q I- qo - 10 

v s~c:1 _:, 

- I f ~ ~ e ("2')T d kd. --::-----
" ka+qa-z 

I 

f I (a) 

(I) ~ ~ 
F (o, q 1 ) 

q i - q I - 10 
I 0 

... ~ ..... 
tofPo 81-l•tPo 

• Y I [ • + ( -ll e ] </1 d ( P 10) + 

... .. .... .. 
lalp -lop! f II -l•t: +1-:..~, (I) • 

f V 1 ~ ~ e + (-1) e F ( 1 
+ I a11 ---a f dqds f1 (a) --

1•1 (2w) a 2 ~~a q'-• 
q,+q +q,q -,z 

a a . 3 a Z • q 
0 

- a + 10, - T a - aaepre11 CB!I3H neiiTpoaa, ¢ d (p) 

onpenenSIIOTCSI COOTB9TCTB9HHO BblpalK9HBSIMII ( 11) II ( 12), a 'E 
onpeneneabl cnenyiOillBM o6paaoM: 

s • 3/2. <rl >. 

s -" . <r1 > • 

"' 

( 
_,,;;) 
-4/3 I 

0 

~/3-./3 

2/V3 

2/3 

-2/3 

(81) - ( ~ l 
..... n 

(I) ~ ~ 

3aM9TRM, 'ITO B Up8Bb19 qaCTR ypaBH9HRII (46) ¢yHKilRR F ( • ,q) BXO, 

Ha COOTB9TCTBYJOillR9 llOT9HilH8nbi f I (s) , 3To ll03BOnlleT nnll K8lKilOrO 
(I) .. 

BB9CTII CBOIO CRCT9MY opToroaan&HblX ~yHKilHII rp n ( s) > ynosneTBOpll~ 
(I) .. ~ 

( I , 2), H npencTaBRTb F ( • , q ) B o6nacTH nellcTBRII noTeanaan• 

(I) .. .. (I) .. (I) .. 

F (s ,q) • I rp n (s)F n (q), 
D 

rne 
co .. .. co• .. co .... 

F n (q) • f dsf
1 

(o) rp n (s)F (s,q). 

I • 14 • 15 

I: • 
I 

r· ~ 



) - I 

I/2y3 ..;"8;2 " •!i \ I o 0 

v"s12 I/2Va 
-li " l I 0 

0 

" -li -·~ -vs12 
1'•J>- • 1 0 o I . (42

1
) 

-li " -vs12 -1/~ar I 1 1 o o I 

COA9plKHT !IBHhiM ol5pa30M rpaHH'lRhiX yCnOBHII, 'ITOI5bl HX y'leCTb, 88015-

C (8), XOHKp8TH3HpOB8Tb BRA BOnROBOit ~YRXUHH, nn11 STOI'O paCCMOT-

. . 
A911TpOH9 H811TpOH8 C HB'lan&HhiM HMDyn&COM q

0 
, DpH'l8M DaAa10Jil8MY 

HHAeKc I, a ayxnoaaM, o6paay10mH"'! 11e11Tpoa
1

- HRlleKChi 2 H S. Tor11a 

<j>yHKUHH CDHH8 H H30CDHR8 6y11yT HM8Tb cnellyiOmBe 3H8'l9HH!I: )( 
0 

(' 

)("t' .QnSI • 112, a aMnnHTYAhi ynpyroro pacceHHBH A
8 

(9) 6y11yT 

a a 
ql-qO • •* ... * • • I lim(-- fds 1 dadr)( ( <f>d (a

1 
)'f(o 1 ,q 1 ,a,r) , 

q .~qo "" 

a a 
q -~ • 

lim I-+,;-- fd:1 dadrx ... ('*¢>: (s
1

) 'f(a
1 
,;

1 
,a, rl I, 

qt -+qo 

(43) 

-BOnHOBa!l <j>yHKUH!I li911TpOHa, a ' r -cOOTB8TCTB8HHO CDHH0Bbl8 H H30-
(0 •• 

EcnH Tenep& BBeCTH HOBbie <j>y&KUHB F {al,ql ) cornacao 

co •• 
.. .. a • .. F (opq 1 ) 

'~'t<• •• q.l•(21rl <l>d<•.l.5(ql-qol.5u+a a 
ql-q0-10 

(44) 

COOTHOili9HH!I ( 37) -( 40), MOlKHO BbipaJKeHHe ( 43) llnH 8MDnHTYll p8CC8HHHH 

. .. 
A ( qlqO 

8 -~) 
q 1 qo 

(I) • • _:_(fd:t<f>~(si)F (sl,qi)J41•"o • ... (45) 

BO BHHMaHHe yp8BH8HHe (9) llnH <f>d (s 1 ) ,nerKO Dony'lHTb llnH 

CHCTeMy HHTerpan&HhiX ypaBH8iiHII, 8H8nOI'B'lRYIO ( 10): 

14 

•.. 

r11e 

110 

s. 

(I) • • 

F (ol, q I ) 

q i- q I - 10 
I 0 

.... 
v. lit(•· -•> 

- f • .. e (2"")" d kd. --::-----
.. ka+qa- z 

I 

... ~ ...... 

(I) •• 

F ( • • q I) 

'•(•) i ql -10 
q I - 0 

.... Po "• -••tPo 
Y I [ 8 + ( -ll e J ¢> d ( P 10) + 

.......... ••t p -lep ... ... .. ... 
4 y I 1 11 -lolp+IIIPJ (j) 

+Ia
11
--1-fd;d;:• +(-1) e F (;,~) 

1•1 (
2
,.,a 11 (sl--,.----

2 2 ... .. 2 2 
q I + q + q I q - T Z q - q 0 -10 

(46) 

a a . 8 a 
Z • q O - a + 10, -:fa - aaeprHH CBH3H li&IITpoHa, tf> d (p) H BeKTOpbl 

• 
Po H 

onpellenHIOTCH cooTBeTCTBeHHo BhipaJKeHHHMB ( II) H ( 12), a BenH'lHHhl y
1 

H 

onpe11eneHhl cneQyiOmBM o6paaoM: 

( -~~·) ( ! l S • S/2, (y I ) • 0 (.51) -
-4/3 • 

0 

(47) 

V~•l (} s-" . <r.>· I 2/Vs , (81)-

2/S 

-2/3 

··' 

(47
1

) 

3aMeTHM, 'iTO B npABble 'l8CTH yp8BH8HHII (46) <j>yHKUHR 
(I) •• 

F ( s ,q) BXOliHT YMHOJK8HHhiMH 

H8 COOTB8TCTByiOmRe DOT8HUR8nhl f I ( s) , 8TO D03BOmleT llnH K8lKAOI'O DOT8HUHana 11 (s) co . 
BB8CTH CBOIO CBCTeMy OpTOI'OHan&HhiX <j>yHKilHII tf> D (:) , YliOBneTBOpHIOl"HX ycnOBHIO 

(I) ... 
( I , 2), H Dp&liCTaBHTb F ( s, q ) B o15naCTH A8IICTBH!I DOT8HI1Hana B BRA€ pHlla 

(I) .. .. (I) • (I) • 

F (a ,q) • : ¢> n (s)F n (q), (48) 

r11e 
co .. 

F (q) 
D 

(I)* (I) 

fd;l (a)¢> (;)F (:.~). 
I D 
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'I 

I 

nrur <!lyHJ:l!Hli 
F(l) (q) .. R3 (48) R (48) nerKO nony~RTb CRCT&My HRTerpan&H~X ypaBHQHHli1 

KOT0p8K OTnH~88TCR OT ( 15) nHWb H8KOTOpbiMR anreop8H~8CKRMH ycnolKH8RRHMH: 

r.lle 

(I) .. 8 
F,. (q I ) (I) .. ~ 1 (I) .. I 
~,----.s,----1-0 • y• [o,. <Po, z- ql) + (-ll c" (-p,, Z-ql l]<fl d (plo> + 

q 1 - qo -

~ vI .. ~ s .. .. a ~ s -I 
+ ~ l: llt1 -:-:-:a-fdq((q

1
+q + q 1 q -,.-Z)(q -q -IO)f X 

l•lm (21r) • 0 

(I) .. I (I)* .. 1 11 (I) .. ~ (I)* .. (I) .. 
x(oa (p,Z-q

1
)Mm (p 1 )+ (-1) ca (-p,Z-q 1 )Mm (-p

1
)]Fm (q), 

(I) .. (I)* ft: 
M (p) • fd1f 1 (al<fl .. (:)e 

(49) 

(491) 

8 (49) BenR~Hbi (I) ( .. Z) 
c D Pt ynosneTBOpHIDT CHCT9M9 anreop8R~BCKHX n&HeAHhiX ypaB-

RQRRli: 

rne 

(I) (I) .. (I) .. 

l:) 8 DD, - I! Dll ,( z ) l c D ' ( p ,z)- M D (p! ' 
D 

(I) .. (I) * .. 
V Ma(p)Ma' (p) 

_I_ fd .. ---::-----a P ~ 
(2w) p -z 

(I) 

s .... '<z> -

(492) 

1 
8 KOHCT8HTbl a

11 
, f II , y I , 8 I onpenemnoTCH COOTBBTCTB9HHO Bb!p8lK9HHHMH ( 42), ( 42 ) H 

1 (47), (47 ), Tait ItaK npennonaraeTcH, qTo pasnoJKeaae (48) cnpasennaso Ton&Ko B oonac-

TH neliCTBHH OOT9Rl!BSna, TO anH TOrO, qT06bi Bblp83HTb 8MDnHTYilY pacceHHHH qepea 
(I) .. (1) .... 

F .. (q), aeooxonHMo socnon&aosaT&CH ypasaeaHeM (46). BbipaJKaH s (45) F (o,q) c 

noMom&IO ypasaeHRH ( 48), nerKo nonyqHT& nna aMnnRTyn ynpyroro pacceHHHB 

cneny10mee cooTaomeaae: 
(1) .. 

V <fl*(k)M (It) 
A ( IJ) • 1 l: f dk d • 

S 41r ( 217 ) D Jt g + Cl ~ 

(I) .. 

(Fa (q)]q."o (50) 

3, PaCCMOTpRM CTpyKTypy BOnHOBbiX cjlyHKl!Hli CHCT8Mbl aeATpoa-neliTpOH, nnH 9TOrO .. .. 
38M8TRM, 'ITO COr naCHO ( 44) BOnHOBbi8 cjlyHKliHH llf I ( a 1 , q I ) B HMnyn&CHOM npeacTaBne-

HRR HM9IOT BR.ll: 

(I) .... 

.. .. 8 .... F (k 1 ,q 1 ) 

llf I (It 1 'q I) " (21r) <fl d (ki)B(ql-~ J8 u+ • i1 
q 1 - qo - 10 

(51) 

i I " 

·~·) ·-· ... .,~·· .""""' 1e\ .... a .... 
~ .,U 1 (k,q)•(2w) <fld(k)8(q-q 0 lll 11 + 

\ 

..... (l) ..... 
V .. -lko F (a , q ) 

+ 1 '• fdu f 1 (a) li I 
k + q -z q - q0 - 10 

.. .. 
cf>ya~~:naa .,U 1 (k,q), cornacao BhlpaJKeaaHM (39), (40) a (44), oonanaiOT c 

B8MH: 

... ... .. ... 
r/JI(k,q)- "'· (-k,q), 1•1,2; 

... .. _,. .. "'I (It ,q) __ ,1 (-k,q), 1- a,4. 

(I) .. .. 

EcnH onpenenRTb B (51) F (It 1 , q I ) R3 ypaBH8HRH ( 48) R BOCDOnb3< 

HHHMR ( 39), ( 40) R (52), TO MOlKHO nonyq&Tb cnenyiOWHe Bbip8lK8HHK ilnH 

HbiX cjlyHKl!Hli 1/1 1 BXOilHWHX B DOIIHbi9 BOnHOBbiQ cjlyHKliHR (37) H (38): 

.. ... va ... ... ..... 
anH S a3/2: 1/l'(kl,ql)•-2(1/1 1 (k 1 ,q 2 )-1/1 1 (k 8 ,q 8 )]+ 

... ... ... ... .. .. 
+ 1/1 a (It 1 • q 1 l + ~ r/1 8 < k ~ • q s > + ~ 1/1 a (1, a • q a l ; 

1/l"(k1 ,;1 l•-r/11 (k1 ,; 1 l+~.P 1 <k2 ,; 2 l+ ~1/1 1 (k8 ,q 8 ) + 

.;a .. .. .. .. 
+ T[r/1 8 (It 2 ,q 2 1- r/18 (It 8 ,qa 1 l 

ana s • 1/2: 

- . ... ... .. ... .. .. .. .. 
y21/l (k1,ql)" r/JI(kl'ql)+1/ll(k2,h)+r/JI(k8,qa)+ 

il' 

+ "'~ (k .. l ,; I )+1/12 (kl ,;g) + 1/12 (k8 ,q .. a); 

-. .. .. ... .. :. .. ... ... 
y21/l (kl,ql) •.Pa (kl ,qll-1/la(k~,q~ )- .P8<ka,qal+ 

... ... .. .. ... ... 
+1/1 4 (k I ,ql)- 1/14 (k I ,q ~ )- 1/14 (kl 'q8) I 

- .. ... ...;3 ... ... ... ... Y! .... 
y21/l'(k

1
,q

1
l•-

2
[1/1

1
(k

1
,q 2 l-1/1 1 (k 8 ,q 8 ll+ 2 [1/1 2 (k~,q2 l-~ 

.. .. 1 .. .. ... 
-r/18(kl,ql)- -;.Pa<k2,ql >- ~.Pa (ka ,qa )+ 

17 

I' l • ..-
1' II " 1 

1-\ 



(q) aa (46) H (48) nerKO nonyqxTh CHCTeMy BKTerpanhHhlX yp8BH8HHl!0 

OT ( 15) nHWh H9KOTOpbiMH anre6p8H'I8CitBMB ycnolKH8HBIIMB: 

(I) -+ 2 81 (I) -+ I 
[en <Po • Z- ql l + (-1) 0 n (-p,. • Z-q, >1~ d (p,ol + 

3 . -1 
--Z)(q

2 
-q

2
-IO)f X 

4 0 

(49) 

2 w• .. • 
z- q 1 ) M m ( p 1 ) + (-I ) II 

(I) -+ 2 (I)* -+ (I) -+ 
c n (-p,Z- q l )M m (-p 1 )] F m (q) • (491) 

(I) .. (I). 1-:t 
M (pl•fd1f 1 (s)~n (:)e 

c(~ (p,Z) yuoan&TBOpii~T CHCT8M8 anre6p8H'18CKBX nHH9AHbiX ypaB-

(I) (I) -+ (I) -+ 
I[8 , - B ,( Zl]c ,(p,Z)•M (pl. 

, DD DD D D 
D 

(492) 

(I) 

Bun'( Z) • 

(I) (I)* 

v MD(p)M '(p) 
__ I- fdp n 

(2")8 PI -z 

. •u . >'I • 81 onpeuenii~TCII COOTB9TCTB8HHO Bb1p8lK8HHIIMH ( 42), ( 42 1) H 

KaK npeunonaraeTca, 'ITO paanoJKeaae (48) cnpaaeunaao Ton&KO B o6nac

TO una Toro, 'IT06bl BblpaaaT& aMnnaTyuy pacceaaaa qepe3 
(1) .... 

Bocnonh30B8Tbca ypaaaeaHeM ( 46). BwpaJKaa a ( 45) F ( •, q) c 

nerKo nony'IHTb una aMnnaTyu ynpyroro pacceaaaa 

(I) .. 

V 1 .. ~~(k)Mn(k) 
-----.--- If dk -~---=-
4"(2") n k 2 +a 2 

(1) .. 

[Fn (q)]q•"o (50) 

CTpyKTypy BOnHOBbiX iflyHKUHA CHCT8Mbl H9ATpoa-uel!TpOH. nna 9TOro .. .. 
( 44) BOnHOBbl9 iflyHKUHH 'If I ( s 1 , q l ) B HMnynhCHOM 11p8UCT8ane-

(I) .... 

-+.. a .. .. F (k 1 ,q 1 ) 
'l'l(k,,qtl•(hl ~d(kl)8(qt-'lo>8u+ • I 

q 1 - qo - 10 
(51) 

16 

• 

BaeneM nanee cneny~mae ,PyHXIIHH: 

~... a .... 
1/1, (k,q). (2") ~d (k)8(q-q 0 )8 11 + 

(52) 

-i:-: FCil (;, q ) 
+ VI fd:e 11 (sl--.---..---

2 • 2 I 10 k + q -z q - qo -

.. .. 
<l>yHXIIHH 1/11 ( k, q) , cornacao Bb1p8lK8HHIIM ( 39) 0 ( 40) H ( 44), o6naQB~T cn&lly~IUHMH CBOACT-

B8MH: 

... .. ... ... 
o/J 1(k,q) • 1/1 1 (-k,q), 1•1.21 

... ... ... ... 
1/1

1 
(k,q) •-1/1 1 (-k,q), I• 3,4. (53) 

(I) .. .. 
EcnH onpenen&Tb B (51) F (k 1 ,q I) H3 yp8BH8HHH (46) H aocnon&30B8TbCh COOTHOW8-

HHaMH (39), (40) H (52) 0 TO MOlKHO nony'IHTb Cn8llY~IUH8 Bblp8lK8HHII 11na llpOCTp8HCTB8H

HbiX iflyHKUHA o/J 1 BXOQaiUHX B 110/!Hbl& aonHOBbl8 iflyHKIIHH ( 37) H ( 38): 

nna s E 3/2: 
, ... .. va ... ... ...... 

1/1 (k' ,q,) • -T[o/1 ,<ka ,q• l- 1/1, (1.-.a ,qa l] + 

una 

.. ... ... ... .. ... 
+1/la (kl,qll +~.Pa<k.,q2 l+ ~1/la (ka,q8 l I 

o/l"(k .. ,,qll•-1/ll(kl,qll+~.PI<t •• ;j.>+ ~o/ll(k8,qa l + 

' 
va .. ... ... ... 

+ 2[1/1 8 (It 2 ,q 2 l- 1/18 (It 8 ,q8 l l 

s - 1/2: 

- . ... ... ... ... ... ... ... .. 
y2o/J (k 1 ,q 1 l • ,P1(k 1 ,q 1 l + 1/1 1 (k 2 ,q 2 l + 1/11 0: 8 ,qa)+ , 

+ 1/12 (k-+1 ,; I )+1/12 (kl ,;2) + 1/12 (;8 ,q~) I 

-a ... ... .. ... -+ .. -+ -+ 
y2o/J (k 1 ,q 1 ) •1/la (k 1 ,q 1 l-o/la(k 2 ,q 2 )- o/1 8 (k 8 ,qal+ 

.. ... ... .. ... ... 
+1/1' (It 1 ,ql l- 1/1' (It l'q ~~ l- 1/1' (Ita • qa l 

(54) 

(55) 

_ , .. ... va ... ... ... ... v3 ... .. ... ... 
Y2 o/J (It 1 'q I ) • - 2 [ o/J l (It !I 'q I ) - o/J l ( k 8 'q a ) ) + 2 [o/J !I (k2 'q2 ) - 1/1!1 (k a ,q a ))-

.. ... 1 ... ... ... .. 
-.Pa!k ,.q, l- 21/la (k2,q2 l- ~1/la (k8 ,qa l+ 
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II, 

i I 
llL 

~ ... .. .. .. ... 
+ 1/14 (k ,.q, l + ~1/14 (k2,qa l+~l/14 (ka ,qa l; 

- .. .. ... .. ... ... ... .. 
y21/J"(k 1 ,q 1 )· -1/11 (k

1
,q

1 
l+~l/11 (k 2 ,q 1.l+"'I/J 1 (k•,q 8 l+ 

+ 1/1
1 
<;,,;, l - ~1/12 (k2. ,;2 l- ~.Pa<ka ,;a l-

(56) 

.,; a "... ... ... ... .,;3 ... .. .. .. 
- -2- [1/J a (ka, q7 l -1/1 a< k a' qa l] + -2- [1/J 4 (k2 'q 2 l -1/14 (k a ,qa l 1 • 

rne HMnyl!hCbi k 1 ,q 1 
onpenenAIOTCH COOTB9TCTB9HHO Bb!palK9HHliMH ( 2) H ( 3), nerKO 

yoenHT&cH, qTo rp' H 1/J", onpenenli9Mbl9 Bb!palK9HHliMH (54) H (56), npH nepeCTaHOB-

Kax KoopnHaaT npeo6paayiOTCll npyr qepea npyra cornacRP npencTaaneHHIO (4). CooTBeTcT

CTBeHHO H3 (55) cnenyeT, qTO 1/J 8 
nonHOCTbiO CHMM9TpHqaa, a 1/J a nonHOCTbiO aHTHCHM• 

M9TpHqHa, 

B Bb!palKeHHe (52) nnH ljlyHKUHl! 1/11 
nyqHM: 

MOlKHO noncTaBHTb paanolKeHHe ( 48). Torna no-

.. .. . a .. ... 
.p 1 (k,q l• (2rr) cpd(k)a (q -q

0
la

11 
+ 

! + D 

(0 *-> (I) .. 
M (k)F (q) 

D D 

qll --·qa- 10 
0 

YqHTbiBaH, qTo a (57) H (49) axoaliT OIIHHaKOBbie cyMMbi npoHaaeueaHl! M 

(57) 

H F 
D 

MOlKHO nonyqHTb llnll 1/J I CHCTeMy HHTerpanbHb!X ypaBH9HHl!, KOTOpall liBnlleTCll OOOOIUe-

HH9M ypaBH9HHll ( 20) Ha cnyqal! peanbHb!X HyKnOHOB: 

.. -+ a ... ... .p
1

(k,q) • (2rr) cpd(kla(q -q 0 )a 11 + 

.. , (1) .. 1 ... 2 .. , 2 

2 -2 ! a
11 

f d q [I ( k , -= q + r.- q , Z - q ) + 
k 2 + q -z Brr J•t · .,;a v a 

(58) + 

al (I) -> 1 -> 2 -> 2 2 .. 1 -> -+ 
+(-1) I (k, --=-.q-~q' Z-q )]1/1

1
(-=q + 7-q',q'), 

ya .,;a .,;a v a 
npHqeM npH Bbll30ile aToro ypaaueHHll ObinO Hcnon&aoaauo caol!cTBO (53) ¢YHKUHA 1/1 1 • B 

(I) ...... 
(58) I (k ,p,Z) npeUCTBBnliiOT COOOl! napHbie I -MaTpHUbl Unll COOTB9TCTBYIOIIIHX 

18 

• 
' 

COCTOliHHl! IIBYX HyKnOHOB1 a KOHCTaHTbl "II H a1 onpeuenRIOTCll co< 

I I 
pa>K9HHRMH (42), (42 ) H (47), (47 ). 

4. EcnH a paanolKeHHH ( 48) oaaHCHbJe ljlyHKUHH 

(I) -+ 
cp D ( 8 ) BblOpaHbl 

KaK H B cnyqae oeccnHHOBblX qaCTHU 1 B (49) MOlKHO OTU9nHTb yrnOBbi9 ne 

qHTb CHCT9My OllHOMepHblX ypaBH9HHl! Unll napUHanbHbiX KOMrrOH9HT BOnHOBI 

aeTcTBYIODlHX onpeneneHHOMY aHaqeHHIO nonHoro opoHTan&aoro M<IMeaTa L 
co ..... 

F ( s,q) B ( 44) oynyT HM9Tb M9CTO pa3nO>K911Hll ( 21) H ( 22) 1 a ,PyHKUHH 

nacHO ( 24) 1 6y llYT HM9Tb CnWIYIODlHll BHil: 

(I) 4 " .. (I) ~-> 
F D ("q)- -- Yf'.. (i.) !(2L + 1)F (q)P (~) • 

2 f + 1 q L L,fA L qqO 

rne 
Cll .. a r en Cll 

FL,fA(q)•/s dsl
1
(s)s LfA(e)Fd(s,q). 

J13 ( 49) H (59) nerKO nonyqHTb 1 HCITOnb3Yll ( 25) H ( 26)·, ypaBH9HHll ana 

noHeHT F L,f>. (q): 

(I) 

FL,fA (q 1 ) 

a 2 
q t - qo -10 

e a. +f <•> 
- y I (2f + 1 )I [ 1 + ( -1) 1 <II L A ( q 1 • q 0 ) + 

f-f' '•J +f+f' 
+! a

11
(2f+1)1 [1+(-ll ]x 

Jf'A.' 

w 
2VJ .. 

2 
(IJ) FL,f).'(q) 

X-,- f q dqKL,f>.,f).1q I ,q) 2 a 
o q - q

0 
-10 

rne .If 

... .. 
(I) I (I) 2 Poqt 

<II • (q~ ,qo l • T fdO._ cfA <Po ,z -q, l.Pd (p,olPe (-lP 
L,LA 7r v poql 

(II) (I) (J) 
K ( 1 c 0 (p,Z-q

2
)M ( ) 

L,fA.,f'A.' ql,q)·...-fdO-> LA I f).' P, 
, q 2 2 .. ... 3 

q I + q. + q lq - T z 
X 

.... .. .. .. .. 
pql plq qlq 

X P f (--)Pf' (--) P (-). 
pq I pI q L ql q 
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.. .. .. ~ .. ~ 

+ "'• (It t'qt l + ~.P. (k2,q2 l+~.P. (Ita ,qa l I 

.. .. .. ... ... ~ .. 
t/J"(k•,q•l• -t/11 (kl,ql l+~t/J.<ka,qal+~.P.<ka,qal+ 

+ tP 2 (kl,;l l - ~t/12 (k2. ,;2 l- ~t/12 (ka ,;a)-

(56) 

3 , .. .. ... .. va """' .. ... .. 
2
- [t/J a (k2,q2 1 -t/1 a<ka,qa ll + -2-[t/J • (Ita ,q2 l -t/1 4 (ka,qa l 1 • 

1t 1 ,q1 
orrpeaenslloTCSI COOTBeTCTBeHHO Bblp8lk9HRSIMH (2) H (3). nerKO 

t/J' H t/J " 1 onpeaenReMbi9 BblpSlkeHHSIMH (54) H (56), rrpH nepeCTSHOB

oeo6paayiDTCSI apyr qepea apyra cornacao rrpeacTasneHHID (4). CooTBeT~

cneayeT, qTO t/J 0 
IIOnHOCTbiD CHMMeTpHqHa, 8 t/Ja IIOnHOCTbiD SHTHCHM• 

(52) anSI ¢yHKUHA t/11 MOli<HO rroacTaBHTb paanolkeHRe ( 48). Tor a a no-

... .. . 8 ... .. 
.p 1 (k ,q l• (2rr) ¢d (k)8 (q -q

0 
18

11 
+ 

v 
+ I I 

Jt2+q2-z. 

(I) •.. (I) .. 
M (k)F (q) 

D D 

q2 - q 2 - 10 
0 

(57) H ( 49) BXoaHT OaHHaKOBbie CYMMbi ItpOH3BeaeHHA 

(57) 

MD H F ·• 
anH t/J I CHCTeMy HHTerpanbHbiX ypaBHeHHA, KOTOpaH HBn!leTCH 06o6me-

(20) HB cnyqaA peanbHbiX HyKnOHOB: 

.. ... 8 ... ... 

1 (k,q) • (217) ¢d(k)8(q-q
0

Jil
11 

+ 

.. CO .. I .. 2 .. 2 
a 11 f dq'[t (It, -=q + --q',z -q l + 

. y3 ..;3 (58) 

U> ... 1-+ 2 .. 2 2-+ 1 ...... 
I (k,--=-.q-~q' Z-q )]1/J(-=q+--'-q',q'), 

ya y3 I y3 VS 
aToro ypasnei!RH 6btno Hcrronbaosaao csoAcTBO (53) <jlyHKUHA t/1

1 
o B 

npeacTaBnHIDT co6oA rrapHble I -MBTpHUhl anH COOTBeTCTBYIDIIIHX 

18 .. 

COCTOSIHRA aByX ayxnOBOB0 a KOBCTSHTbl rz 11 

p8lk9HRHMR (42), (42
1

) R (47), (47
1
), 

a 81 OIIpeaenHIDTCH COOTB9TCTB9HHO Bbl-

(I) .. 
4. EcnR B paanolkeHHH ( 48) 6aaHCHbie ¢yHKIIHH ¢ n c • > Bb!6pSHbl B BRae ( 23), TO 

KaK H B cnyqae 69CCIIRHOBb!X qaCTRI1 0 B ( 49) MOli<HO OTaenHTb yrnOBbl9 It9p9M9HHbl9 H rrony -

qRTb CRCT9My OaHOM9pHbiX ypaBH9HHA anH rrapiiHanbHbiX KOMIIOH9HT BOnHOBbiX ¢yHKUHA, COOT

BeTCTByiDmHX orrpeaeneBHOMY 3HaqeHRID IIOnHoro op6RTSnbHOrO MCIM9HTa L o nnR ¢yHKIIHA 
(I) .... (I) .. 

F ( o,q) B ( 44) 6yayT RM9Tb M9CTO pa3nOlk911HH ( 21) H ( 22), a ¢yHKIIHR F n ( q ) COr-

naCHO ( 24), 6yayT HM9Tb cneayiDmHA BHJl: 

(I) -+ (I) .... 
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