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' REMARKS ‘ON THE OPTICAL MODEL OF A NUCLEUS
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" Some specifications of: the optical model are considered.

§ 1. The problem of particle scattering on a force centre 1s known to reduce to the

solution of Shrbdinger equation.
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In the notations shown in Fig. 1 the solution has the formlll ﬁ
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where’

~“and

- denotes:the-differentiation:over:the external-normal’to the surface element. The sur- .
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V. confined in it may be ohosen arbitrary ... .-

face S and theivolume‘Q e,
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‘. scatterer ...
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At great distances “f “'%/,. Therefore, the integral over the. surfaoe infinitely re-,;

moved from a scatterer 1s tenhing to zero» If.the surfaoe S inoludes the points O and
P and is tending to 1nfinity%“then.thewsolut}on,may«be;writtensae follqwe_'g;%Hoeﬂ_:ﬂ
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By another choice of the surface'(see;gigtg);the;integral over the infinite parts of
the surfaoce 1s tending to zero, the volume integral falls out .and the integral by the plane

X remains. Thus, the same'solution“may be%presentedxin;the‘form i
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The expression (3) is usually used in the Bohr approximation supposing that the inoi-
“ikaz
-]

dent wave.does not distort 1., ! « An analogous approach may be used in other
Y=e

cases if the form of q}inside a scatterer is approximately known.In particular,in the analy-
sis of fast particles interaction with nuclei and nucleons the function'&’ may be substi-
tuted in the approximation of the geometry optios and thus, to obtain the expression for ..

Let us consider such an approach taking as an example a homogeneous disk |Fig.3|:

Fig. 3 .
* "%~ Here- n'‘and 'nb' -are  the unit' veotors in: the direction-of: scattering and* Z-axis res—:f7

pectively. Inside the disk:we have k' = k +! kl (k ‘may be oomplex), fees:~

L(Ko-fki) z
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The guantities . ko,k and t]'= U + iv are oonneoted by a simple relation. Indeed

the equation (1) for our oase has the form
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that after: the: substitution (5)" yields = 'n;;'.oé& Fin sa
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Substituting (5) and (5') into’ (3) we find
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Then
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From here the scattering amplitude
£(9)= - ALE |
: (6)

Having introduced the cylindrical ooordinate system ai‘ter the integration we obtain
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Here Il(k Rsin@" ) is the Bessel fu.notion of the first order. For simpliOity we shall
oonduct further consideration only for two limiting cases.

a.) lkll << k . Then the reflection does not praotioally take place on the boundari—
es of the division, i.e. A f-'i. . :
Moreover,“ [) (Ko K)(Ko‘f‘K)"'—ik- K_i

Therefore,z E Lﬁi o/) le (zaR&h;S) .
snd ®

b) A very great absorption on- the dist thickness. '
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In this case if is possible to negleot the we.ve reflection from the baok we.ll of the
disk while the reflection from the front.one may be essential 11f kZk |« Taking into
ea,ccount the boundary conditions we obta}_in.; ‘A‘i—il-:;,- i.e.'for f(&) formula (8) 1s again
valid. , ; A RORCTN , ,

The obtained result coincides with the expression for the scattering amplitude cal- V
oulated on the basis of the optical model. 'I‘his ooincidence is not accidental sinoe the
optical model ste.rts from the surface integral (4) Which is. equal to an initial ‘volume in-
tegral (3) is instead of ‘F and’ Y their exe.ct values would be substituted. Therefore,
both e.pproaohes are equal. Under those or, other oonditions one is more oonvenient tha.n the
’other from a methodical point oi‘ view. , v, e ;

' §2 Suppose that the scatterer consists of independent elementary oentres presented j

in Fig. 4 as hatched circles. M N P ’




‘Dut to additivity -
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|the funotion% is equal for a.11 the centreel Then from (3) we obtain o
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where

Since / 'Z 7-,/ /;K jak'/ : T ) then
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Here the integration is made over the va.rie.ble veotor fk At sufficiently sme.ll absorp—‘ '
tion in the approxima.tion of a geometry optics in the vicinity of each elementa.ry scatter-

er .one ma.y write |
ucmz') w1 5) it ﬁJ I A
\{(2’) B e : B Y( ) | i.e’.‘
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- lI‘he soattering amplitude EP) of the form o o K,B,Kz | o
S AM=TE: (zwue )
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If |kll De- -(4 1, where De are the dimensione of an elementa.ry center, then
coinoidee pra.otically with the eoattering amplitude #(9) on a free elementary centre. It
18 this ease whioh ococurs in quiok v/ —meson and nucleon interaction with nuolei (lkll ~

r‘1012 -1 and Ae"'lo J‘Jom) to ea.y nothing of- X—qua.nta. e.nd electrone. Therefore, one ma.y

consider that 13(‘” (49‘) . that ylelds. i __(_K ’ 5»
9) _ﬁ(&) 7_ "f (AK) e - (10')

~The. physical. meaning of (10) and (10') consiets in the interference of secondary scat-

- tered waves from elemlntary goatterers. When deriving (10) it was supposed that inside



each elementary centre the wave does not change /e ikz?

both outside and inside the
emitter/, .e. for each emitter the Bohr approximation is used. It 1s clear from the phy> k
sical meaning of (lO) that it is not: obligatory and that the same result will also hold .
for strong distortion of the field inside elementary scatterers.‘
o 6 =A@
“As 1s known the differential cross section for elastic scattering -

Since the elementary centres are mo-
———

ving we have for exp‘erimentally measured 6_eacl) (_1 __(9‘) |A(‘9.)‘2:
—..lg(a)' ,S_Y(A)e‘(—toﬂbn{z LA,

As a result of averaging the term dependent only upon the mean number of elementary cent-

res in different parts of the scatterer and the term dependent upon the fluctuation in the
number of centres are obtained. Further we shall consider only the first term. Therefore,

from the very beginning one may average A( 9‘), then calculate |.A.|2 . Let us introduoe the
mean density of elementary scatterers f('b) **, then instead of (lO') we obtain. S

LA ,Ma) F(5),

. o F(,a) j P(A )«,J(A ) % .‘ou,c.
| L - (1)
‘has the meaning of a genéralized’form—factork., If 'fmpjékono, then the generalized form- :
factor passes into.a usual one, used in Bohr a‘.ppro:vcimation|2 31,
o From (ll) and (ll ) follows that = l
| | 6(8)= H? '5‘)11 FO .
11

8 3. By a usual consideration in the optical model it is supposed that the approxima-
tion of geometry optics is valid: inside a scatterer. Then in view of (3) and (4) being
. equal to each other ore’ may write -

Aos(ﬁ /e s UWWA) aT

_ Further one may believe that’

* The investigation of the: seoond term makes it possible to come to the problem about
the oharacter of intranuclear fluctuations. .

oo P(A is the mean number of elementary scatterers the centres of which are situa-
‘ted in the” volume under oonsideration. Further by ?(A we shall understand the density
of nucleon number. - . o ' : ]
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On the other hand we have from (11) A{ (}) 78(8-) ]e /O(A)'\’u(A)QLC

Comparing Aos ( 17) A (39') o we ootain. oo
A(W ‘%—; ( Do

It is seen from (13) tha.t A( a‘) by 19";-‘0 “1s different frcm‘Ao((a)sinoe“ the .usua.l" opti~-
. oal consideration does not take into account secondary waves radiated (emitted) by elemen—
ta.ry scatterers a.t the angles 19';50 In forward scattering from (13) we’ have

('0) = /104- ) T that s olear from the
physical point of. view, since ‘the introduotion of Kl just takes into account the superpo-
sition of all secondary waves radiated- forwa.rd The difference between A( ﬂ’) and Aw(a)
* vanishes 1f the scattering on an elementary centre is isotropie, but may be essential if

' there is an anisotropy.

From (13) T | -
) 9
6@ 6“’)“5@ BRI
Here B : ?L ‘ 4 ‘ . :
g, (¥ =l¥ &)l s s ~6“w(«>5>=lAas.("‘)ll

As usual E—£—7 44. oy lees 6.(‘}’)4603( ) and the total elastio. cross seation

GeL will be less than an analogous usual one 6& 04)" It follows from A(O) = A .5 (0) and
from the well—known optical theorem 6' = 1{7-;\— EI"M A(O) _that the total cross secti-
ons 6 are. identioal. From here the total inela.stic cross section 6 5 5'%

is greater than an analogous usual one th 05‘

t)
6.,=Bc-Gg= § 6w(o»)un+6 o8 3:&))5?1%3919_‘
‘1.e'., z o‘m_ 5;, ,g+f50;(t7’)fd-5°(d)]dﬂ . |

The previous oonsideration was conducted in the nonrela.tivistic oa.se. From the stand-—

point of ph.ysical meaning a11 what has been said but a ooncrete form of an integral deter-
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mining _ﬁ[g}) and _g_ ( 0} is referred also to a relatlvistic ocase.
Formula (14) is referred to the scattering on heavy elementary centres, l.e, 1s cor-
rect in the lab.system. It can be easily seen that in case of small scattering angles 1t-

has the same form in any coordinate system. Indeed it is known that the quantity :

G(D)dﬂ 1s' an invariant* : T 3
. " dJL 6,10 (0 5 (5
'I‘hen ’ 6((3‘) 6 ('7‘) 6'*(0) 0,5( ) d.ﬂ.

d L
but 6" (a*) —6 (0’) 6'*(0) 3(0)(¢9*>0,

- dsuy
o (,}f) o) ()
Thlef‘eforé,~« 6(@3_,‘“{2 oald). (

0

If the angles ‘axe small, then o

C where‘ « is equal to-1/2 if the mass of the scattered particles is equal . to a mass - of ele=

ot_.m'

mentary scatterers and 04(<1 in 1light pa.rticle soattering on heavy ones.
'I‘hus, finally we again obtain the.form of (14) « ‘
§ 4. The experiments on quick electron: scattering on : nucleil‘” have :been performed.
'The analysis-of. experimental data was made .by “formula '(11). by 'substituting the. ;
Coulomb scattering amplitude on a: point charge : for%(q’-) 'I‘hus, the obtained function
? (A) 18~ characteristic for the oharge density distribution. in a- nucleus. '
’ More direct and suitable: cha.racteristic valid for- comparison with the results of,

other experiments is the nucleon ‘density in'a nucleus.f I S T T e R ol
Then by formula (11") we have '

6-0‘2 6¢"_P Q RS cendennlanTart ; T ,(16)."

3

£
where 6 ‘is the- experimental cross section:for. electron -scattering. on a.nucleus 6
exp’ yoTeRp

is the experiméntal cross” section for:electron’ soattering on a. proton Srpe oo oer i

gocK)s\'ca) e‘“"”‘ o

' ~‘and ?H (A) 1s the nucleon density in a nuoleus. On the other- hs.nd . the authors of the

Vf*."l‘h'e‘- asterisk denotes the quantities referring to:the moving coordinate system. . .
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i 63;:13‘ o “',°T', 9.“‘!?- ¥ 4"(16') i oo
where 6 mo t ‘48 the cross section for- electron scattering by a’ point charge ("Mott ecat-
tering") and E ﬂ i the form~factor obtained from (16') Making the right—hand sides of(l6)

and (16') equal we obtain

1If the magnet 10 scattering is absent then i‘ff‘ = fip;& F 3’;Whéfe,Fp‘ is the form=

F: - Fg. hef.. . BT, ‘r,
‘ e st lE: vo navel4] Fug @".(——%
For small angles in the Bchr approximation we have j?-j_— s a transferred mo-

mentum (l q,f—- K d) and r2 1s. the r.m.s

factcr of a proton. Finally one gets

‘radius.;Expanding all the form—factcrs in a

series we get from (17)

S Al a9
- The difference in the root-mean-square radii” L2 oot and T

LR

18 5.5% for carbon, . oo o Ui w il Gl m s ndenn quegh

Analogous oonsiderations ought tO'be'taken into: account also-in- the analysis of1‘ -
meson‘and”nuclecnl5 Bl scattering. It s necessary to start from the density: distribution
in a nucleus and to take into: ‘aocount ‘the .cross : 'section 6‘(&)of elementary interaotion -
‘treating~the‘experimental data in accordance with (11")for (14) and -not. simply by :a usual
optical mcdel. In: this connecticn the paperlji should be mentioned :in which there : As’an
conclusion about 'a pcssible ‘differenoe between the-quantities: ZL in scattering of - electrmh

- and Jf -mesons on nuclei. The existence.of thejabcve—mentionedveffect%gives”risextowsqme

dcubts from an experimental point of view. =
At any rate when disoussing this effect it 1s necessary to take into account the con=
siderations stated above. Unfortunately, this was not done by the authors in an explicit
form. ‘ C ‘ g
To introduce the’ correotion ‘it is: necessary to expand ‘the: generalized form-factor
{11') in a series by qz. “In-the limiting case of small absorptions the ‘expansion has.:the:
T e , ,
form " - fl—' qxé o ; |
in the opposite, limiting case of very strong absorption (over-the. whole nuoleus) there

1?2 (k.u.nﬂ)
6(0) =2 66s.(0) e

o
<

practically oocurs-a“ diffraction ‘on-a’ black sphere and -
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Then the expansion~for small angles 1s of the Vform i - ?Zfi Thus, in the general
case the coefficient at qulz is likely to confine between 1/6 and '1/8.
To obtain the corrections it is also necessary to expand the elementary cross secti-
ons ]"..P and p-p interactions in a series by qa. o
These expansions are as follows : o ) 13
san= 60 (L- PR) et mg, = ({z3)Bevan REAE I
’When meking the planned calculations for carbon nuclei the correctiou in r of about 6. 5%

s obtained. ‘ o

The authors are grateful to S.M. Bilenky, G Ve Efimov, V I. Ogievetsky and R.MRyn—.
din who took part in the discussions. ‘
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