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'3ome specifications of the optical:model afe considered.· 

§ 1. The problem of particle scattering on a force centre is known to reduce' to the 

solution of shredinger equation: 

(1) 

In the notations shown in Fig. 1 the solution has the forml~l 

'(' C PL = 1 L VCV}:tC?J) ci~'-; J ( 'f' ~ -:L ~ )~' 
V:.~, $~:· (2) 

where 

.. ~. 

\. 
and 

~Yf denotes· the differentiation· over· the externalcnormal: to the surface element. The sur- • 

face S and the volume V:·. confined in i_t~inay ;be ghosen arbitrary; · 

j ' ·~.· ., . .., . 

· Fig. ,1• 

!· 

.~· 
soatterer 

At grea~ distances t{>;',,_ l.i . Therefore, the integral. over the surface infinitely re-~ ... 

moved from a scatterer is ·i'~rid.:f;i ~·.to=ze·~·~~ <r:f' the surface s includes the points 0 and 

P and is tending to infinit~,.then the solution may be,written.as follows 
~--~ ' . ~ .... .:,~ . ..- -~".\ ·" ·:! ~· ~- J, " ' 

·,·'., .. :\, 

(J) 

\ \ 
'"-<·, .. .. ~ \ 
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By another choice of the surface (f!ee,~ig!?) .. t.lJ.e.:_integral over the infinite parts of 

the surf~oe is tending to zero, the volume integral falls out ,and the integral by the plane 

~ remains. Thus, the same· solution may be .presented in•the form 

:;._ 

t1J ( P' = _f(l..[) _oL·,-:-J .£1) rJ. o .' 1 I :J I an · .JJ an lfO .. ' 
2. 

(J 
r---

soatterer I • \/!. 
. / I p ~~ 

ri / ._-- _./- Fig.2 

(4) 

•, ,•' ~ , " ~'~·'-.;: t• ~,, .... _,.·· '.' ·. . -

The expression·: (J) is usually used in the Belir approximation supposing that the inci-

dent wave: does not distort, i.e. 'f::::: e.ikoz~ An ~nalogous approach may be used in other 

oases if the form of 'r' inside a· scatterer is ·approximately known.In particular,in the analy· 

s~s of fast paruciies interaction with nuclei and nucleons the function"'{ may be substi

tuted in the approximati~n of the geome:try. opt~cs and, ·thu~; to obtain .the expression :for 

v 
Let us consider such an approach taking as an 

~~ ~d.~ .. p e :r 
~ 11 r 

0 

example a homogeneous disk IFig.JI: 

Fig.J 

· Her~ n ~and n
0 

pectively. Inside the 

are the;unit'veotors in•the direction of:scattering.and-z-axis.res-. 
disk wehave k ='k0 +:kf(k1tmay be complex), i.e •. 

y = Ae~C~4J+t:.irr,.;: 
(5) 

The quantities. k
0

,k and ~· = U + iV ·are connected by a simple; relation. Indeed 

the equation (1) for our case has the :form 
d 1 ..., ·( 2 . ) . 

that after· the substitution (5) 

ar.€ +, Ko ~ U + t. V "f' :: Q 
yields :- • . , , · J 

" - ' ' ~ . : ' '- '- ; ' ' . . ' ~., 

tJ = ·U +LV=, Ko
2 

.. -:-~2..' 
Substituting 

at great distances 

(5) and c5•) into (J) we fin'd 

'f ( PJ : -. A r~!~K2)j 
y 

1
- _,, ~ .... 
oz.-'l... -~?,-'l'h 

•_,;,··' • •I . (5') 

,. -. ~- ' '- ' .·· ~··-····· ..e, .t.#Co /'l. --z.'/ e i(Ko~~'i)?:'. 
. f?..·.- '!:'/ .· . cf.,7:~ 

. . 

and 
r:l .. i 11 
! 'a. --- 'l. 

,,; 

' : ~' 

i ~ 

I 
I 

l 
j 
l 



I 
t 
I 

l 
! 

I 

- 5 

Then 

From here 

(6) 

Having introduced the cylindrical coordinate system after the integration we obtain 

( tiof == (1.- e-i.<,d) · A(~<! -K-2) . .t<-11 (~Rj."f1 8) 

~ ~ i-KJ. Ko b41 !fo 
(7) 

Here ~l (k
0 

Rain 8>. ) is the Bessel funot'ion of the first order • .For simplicity we shall 

conduct further consideration _only for two limiting cases • 
. \ 

a) lk
1

1 << .k
0

• Then the. reflection does not practically take place on the boundari-

es of the division, i.e. At;: 1. 

Moreover, 

Therefore, 

V::: (l~~i<)(~+K)~ -'~K0 1C.i 

({ ':/1. ( 1:0 R J1 h ~) . 

~s 

b) A very great absorption on the dist thickness. 

(8) 

In this case it is possible to neglect the wave reflection from the baok wall of the 

disk wbtle the reflection from the front. one may be ess~ntial I if k~k I· Taking into 

account the boundary conditions we 'obta~n: A ~ i.e. for JJ((}j form:la (8) is ·again 
. . . ~' . f 
valid. 

The obtained result coincides with the expression for the scattering amplitude cal

culated onthil basis of the optical model. This coincidence is not accidental since the 

optical model start's from the surface integral (4) which is equal to an initial volume in-

tegral (J) is insteid of 'f andY' th~ir ~xact values would be substituted •. Therefore, 

both approaches are equal. Under those or. other conditions one is more convenient than th~ 

other from a methodical point of view. 

§2. Suppose that the scatterer consists of independent element.ary centres presented 
. 

in Fig. 4 as. hatched circles. 

Fig. 4 
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,.,.. ::-Dut to additivity ....,. ) _ -:;- ·rr ( 7..') 
V("Z.' - ~ v~ ' where 

1{ (7.')·;; ll;, Cfd 

I the funotion'\:lo is equal for all the. oentresl. Then from· (J) we obtain 

'f ( P) = ~ ) LV,.. "f. Ei,t' :: L. <f~:.. 

Since 

_,. _,. 
/ ~.:.."i-'/= / lK ~fk/ , then 

~ ._ "' j L, ( j; ,j,) v;; (j;:) t rf._ ) ctZ: 
-·· . .. . _,. . 

Here .the integration ·is made over the variable vector fk. At sufficiently. small abdorp- · 

tion in the approximation of a_ geometry optics in· the vicin:l.ty of each elementary_ ,scatter-

er one may write : ... ~., 
'{ ( 

-,) _ B·e i,l(, C n() ?.
1; _ a iKCk'o ~) t.'K(~ti, ~) ..., C:~(l'""~) . 

1 - ' - ve e . . ::: "f ( Ll~ ).e.· hof~:. 

t K c .e)= "fCtl<) . jL/~;, fiJ v;r~J e i~ r no l;J ra- · 
'- "" : : 

Further ...,. ...,. i.... e i..K.o'l.. ~i~0 (HA..,.,::+nfr) 
L {} ~ ' fk.) = -L c~, ?.) = -:- ·. e. 

Then . - Jc ~~ .... i-JCo "L ( .. ; (l,) e ~. '~" ri'~) f ~ .- t . . . l. "f. . ... . .. .. ) .· 

rr ~)=: ~ f:n J e l( KiT.f: -1:'. h/c \r. Cp~) tL 't where 

The 
•oattoririg •••H;•; ~): Ji~~{ ·~ yCl~) R--t~J: A._) 

i.e. 

(9) 

(10) 
·If lkil f>e ~<.· 1, where De -~r~ .the dim~nsions of an elementary center, then 

coincides practically wi'!;h the ~oattering amplitude .f,( ff}on a free ele~e~t~r~ centre. It 

is this o~se which ooc~s in quick 1i -meson and nucleon interaction with nuclei (lkll,.., 

r'l.012cm-l and {ll, ,....lif>-lJom) to say nothing of r -quanta and e'lectron~ •. Therefore, one may 

consider that J(~) ~ /{8") · that yields ... · · , 
"t T · · · ~~ 

A ( S.) = tC~)·4"fll'K)e -"K:h ~t:. 
(10') 

The physical meaning of (10) and (10') consists in~the interference of secondary scat-
' 

tered waves from elem•ntary soatterers. When deriving (10) it was supposed that inside 

l 

I 
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each elementary centre the wave does not chan'ge ;eikz' both outside and inside the 

emitter/, i.e. for each emitter the Bohr approximation is us.ed. It is clear from the phy:.. 

sical meaning of (10) that it .is not obligatory and that the same result will also hold 

for strong distortion of the field inside elementary scatterers. 2. 
As is known the differential c:r;oss section for elastic scattering 6 (e-) =\A (8-) I . 

Since the elementary centres are mo

ving we have for experimentally measured 0 exp ( 6\):;- 6 { 9-) .:::.\A {B-) J2. .= 

= /~(~)1~· I~ 'f'(E,Je-~~,Rl?~l'2. . ·. 
As a result of averaging the term dependent only upon'the mean number of elementary cent

res in different parts of the scatterer and the termdependent upon the fluctuation in the 

number of centres are obtained• Further we\shall consider only the first term. Therefore, 

from the very beginning one may average A( ~), .then calculate IAI 2*. Let us introduce the 

mean density of elementary scatterers fCC) .*'\·, then· in~tead of (10') we obtain: 

AJt\); I ( ~)~ F{~)) 
(ll) 

where 

. .., ....... . 

F ( ~):::: J f (Z)-r ( 3) ec.K,n tl. cCl:. 

'C 
(ll') 

has the meaning of. a generalized form-factor •. If f {O)~k..ono, then the generalized form

factor passes into.a usual one; used in Bohr approximation1 2 ,JI. 
Fr~m (ll) and (ll') follows that · · 

1
. 

. . .·· ... . .6" (8) :: II { ~) J 
1 ·l F( S) I. 

(11 1 1 ) 

§ J. By a usual consideration in .the optical model it is supposed that the approxima

tion of geometry optics is valid inside a sca.tterer. Then in view of (J) and (4) being 

equal t'o each other one' may write . rr'":'? 
. Ao~ { ,J.) = - fv· f e -t.K, l1. V(Z) ~(A) d-t" 

Further one may believe th~t· .v 

* Th~ invest.igation of the second term makes 
the character of intranuclear fluctuations. 

it possible to come to the problem about 

** f_(A}ia the ~ean number of elementary 
ted in the volume under consideration. Further 
of nucleon number.· : · · · 

scatterers the centres Of which are situa
by fCE) we shall understand the density 
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V (l) ;= - 4rr .f. (O)f(l) 
(12) 

i.e. A .;o ( ~) =-I (o)-j e- Li<,filf(il) r (Z) ax. 
if . . ,-;:-;,"' .\ J -c.Ko, ~-> 

On the other hand we have from (ll) A ( cJ.) :::./ ( tl; . e f (E) "f (A) tf){.:c; 
.. : v 

Comparing AQSf~) · and . A r ~ ·· . , we obtain: 

(1J) 
. · .. A(17') "' ~A .... r11;l . . . 

It is. seen from (lJ) that A(~) by ~ ;£ 0 is diffe.rent from Aof(:J)sinoe the usual opt1-

oal.consideration does. not take into account seco~dary waves radiated (emitted) by elemen

tary. scatterers at the ~~gles 8'-f 0. In fo;oward scattering from (lJ) we ~ve: 
A { 0) i:: Ao-4'. (0) that is clear from the 

physical point of.view, since the introduction of K1 just takes into account the superpo

sition of' all secondary waves radiated forward. The dffference:·between A(~) and A~({}!) 
vanishes if the scattering on an.elementary centre is isotropic, ~ut may be essential if 

there is an anisotropy. 

Here 

From (lJ) 

6 (JI):: 0
o (~) 

60.CO) 

co ( V»):: /f r ~)I ,__ 

6~(~ 
(14) 

. . 1. 
E>o£(J>)= I Ao:g_(())J · 

and 

6 (~) . . :'1 
As usual . 

6
: (OJ -' ~ · , i.e. 6 [ J,) 4 6 cW ( ~~ and the total elastic. cross serotion 

Oet, will be less than an analogous usual one Oee_,o.C. It follows. from A(O) =Au. (0) and 

from the weli-kno~n optical theorem 6t. = /.{Tt 7r ;Jw. A(O) that the total cross secti

ons ot are. identical:. From here t'he total inelastic cross section s. iM =.Ot- 6et. 
is greater than an analogous usual one 6' i-11. o$. . . 

· 6 · -= 6t- 6' nl :::: ( 6-co (~\.cUl + 6· . ,~~ (~a)So&t-") iSL 
. l..'t\ ' ~ J . IW . ) . IM. • JG,\0) (15) 

J ( .4.1r"-fi(~)]· . . .. · . 
i.e., • f!irM= oc.;., . .o.+· 5oe. v:;t..1. ·-iror dJl.. . . •. 

The previous oons.ideration was conducted in the nonrelativistic case. From the ·stand-

point of physical meaning all what has b~en said but a concrete form ·of an integral deter-

I 
~ 

\ 

l 
f 
f 
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mining :f. ( t3') and :{ ( lJJ. is refe'rred also to a relativistic case. 

Formula (14) is referred to the scattering on heavy elementary centre.s, i.e. is cor~ 

rect in the. lab.system. It can be easily seen that in case of small scattering angles it 

has .the same form in any coordinate system. Indeed, it is known that the quantity 

*' 'jt 6 (I>Jd!l. is an invariant* 

·~(V'") dn.: o:cc)) 6* (lJoi() cl.n."' 
Then .6 (~): 6 · J aJl. o;(O) .. D.$' .. ·• dJL 

d"" . ·.. ' d.S2.) 
but o;(I!'J ili =. 0..-f"') ~~(0)= ~(OJ{<(. Sl.' 0 

and 6~iE(,.') = 60 (0,) (~},. 
Therefore, . 6(6)= Got~) 6'o$.(~) (dSI.+) f!fl.·)· :· 

· 6 0 (O) d .n.) 0/ (-f.-
If the angles ·are small, then ( riJJ:\ ··. /d fJ.fo ). .. ':::: i _ :;~"' 

.... . lDt12. Jol(~ ~ J 

'where' o(. is~ equal to 1/2 if the mass of .the scattered particles is equal to a mass .of ele-

mentary scatterers and c:l-<< 1in light particle scattering on heavy ones. 

Thus, finally we again obtain the form of (14). · 

§ ·4~· The experiments on quick electron scattering on nuclei14 1 have' been performed. 

The analysis of.· experimental data was made. by formula (11) by substituting. the 

· · Coulomb scattering amplitude on· a. point charge for l ( .)) • Thus, the .obtained function 

?e·(l) is characteristic for the charge density distribution in·a _nucleus. .· . . 

:More direct and·suitable.characteristic valid.for comparison with.1;he results of, 

other'experiment~ i& the nucleon density ina nucleus. 
Then by formula (1~") we have 

-~ .. I?. Dt 
,;:;-, . ~. O"e,co. ·. r fl .• v e..c.e .. ~. ;n (16)' 

,Sl ' £ 
where : 6u . .L' is the experimental cross section for electron scattering on a nucleus, 61JCf 

is the experimental cross section for electron scattering on a proton 

· FS\-:: ~-~CA)"\'C~)e·L~o~~cM; . 

and rH CI) is the nucleon density in a nucleus. on_the other.·hand, the authors of the 

·----------------· 
* The asterisk denotes the quantities referring to the moving coordinate system •.. 
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6. 
~ _- 6 < pl 

etf- M.OT. ,SL kqf. , .. ; (16 1 ) < 

where 0 ~ot is .the cross section for electron scat'tering by a point charge ("'Mott scat7 

te~ing") and ~.J;j. the form-factor obtained from (16 1 ), Maki'ng the right-hand sides'of(l6_Y. 

and (16 1 ) equal we obtain . : . , 
1 

• ··. · , • 

2; . 6' ,...~ 

F . = • . M oT.•. rkc{ .R. 
·.s:t e 
. _()tX£. 1 '·, 

' . '' . ;, ' 

If the magnetic flcattering ifi absent then 
.. P - .. F2 
6eX£-::. {)M·df f. J Where Fp· is the form-; 

factor of a proton. Finally one gets 

F F.~t. ~· . . . ... .. • "k .... 
Sl :: ·F ·· . ' . : ·.: ' 2:t~ -.~ . 

For small angles in the ~hr app;o~ima ti;:O: ~e have 14 1 f =:1.- ¥,-}s. a transferred mo-

me,ntum (I cyl= l<oCl) and r2 is:the.k:m.'s.:radius.- Expandin~_ail the form-factors in.a· 

series we get from (17) 

-;;"t, - ~ - ;;;: 
.., ,SI - . • ~ • ko.t· . "-_p 

· The difference in the root-mean-square radii {-::rJ.; 
is 5.5% for carbon.· 

(18) 

and f-;g: ~ • 
-"·. -t· 

, .. 

A~alogous considerations ought to be taken into ·account also in the_ analysis of·1i 

meson and nucleon15...:Bl scattering. It is necessary to.start from the density distribution 

in a nucleus and to' take into' account the .cross :section c;. c£}:of' elementary interaction< . 

tr'eating'the experimental data in accorda~ce.with (11") ·or (14) and not simply by a usual 

optical model. In· this o onnect1on the .paper 151 . should be mentioned ·.in which there :is 'a __.. - . 7 

con~lusion about 'a possible difference between\the quantities:·'l.Lin scattering of .. ,cleotro'n, 

and 1/ -mesons on nuclei. The existence .of the above-mentioned effect gives rise to some 
• • ~ ' • ' • 0 ' ·- • • -.. .-. • • ·,.~ ::' 

doubts from an experimental point of· view.· ,, 

At any rate when discussing this effect it _is necessary to take into account the con

siderations stated above. Unfortunately, this was not done by the' authors .in an explicit 

form. 

·: -To introduce the· correction it· is necessary•to expandcthe• generalized form~:;"actor 

(11 1 ) in a series by q2 • In·the limiting case of small'absorptions,.the.expansion has.•the 
. 1:1.· . •.' . 

form 1 _ ~ 'L · •, 

G .. ·/ 
,,i.: 

in the opposite, limiting case of very strong absorption (over the .whole nucleus). there .. 

practically oocurs;a dif~racti~n on·a black sphere and· .. ._.· 't:' (O) -:!f(~le ~h~)_ 
0(~)-;: ~ ~~. . - .. a ... _ .. ,z. 

f • 

\ 
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Then the expansion-for small angles is of the form 
ai"""i 

A .;... ~,__]:__ Thus, in the general 

case the coefficient at 
:J,. 6 ' 

is likely to confine between 1/6 and 1/B. 

To obtain the corrections it is also necessary to expand the elementary cross seoti-
,' 

ons 11-p and p-p interactions in a series 'by q2 • 

These expansions are as follows 

O""o(") ~.5o( O)( i.- q,~) ) 
When making the planned calculations for 

is obtained. 

-.!3 
at E7i 

0
:::: (1+-~)Bevand R-::::1.,2 ·1.0 om. .,.. ...... 

carbon nuclei the correctiou in r 2 of about 6.5% 

The author's are grateful to S.M. Bilenky, ,G.V. Efimov, v.r. Ogievetsky and R.M.Ryn-_ 

din who took part in the discussions •. 
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