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I.BBE.l!ElillE 

, T. e. rpynnu nepecTaHOBOK n CHl[J!OnoB, H118DT 

BSZl!Oe SHaqeHHe )1nR ID113HKB. Hm6aR rpynna KOH8'll!Oro nopa;zuta n H30110pg)Ha C H8KCTOpoa 

rpynnoa nepeCTaBOBOK n CHJIBOXOB (011., ·HanpH11ep,/I/, CTp. 66). EJiaro;11apR aTouy,pacc110T-

peBHe nD6HX KOBe'll!UX rpynn, Banpa11ep, KPHCTaJIJiorpaIDHqecltl!JC rpynn, CB0)1HTCB B KOB8'll!OH cqeTe 

K paCCIIOTpeHHD CHIOleTpHqecKl!X rpynn. CTaTHCTHKH Eose-Sl!HmteaHa R eep11JI-:zt11PaKa CBBSSl!H C 

nonBOCT»D CHIIU8TPH1DIUIIJII DIDI nonHOCT»D SBTHCHlll,!8TPH'll!UHH npe)1CTSBX8HHRIIB STHX rpynn. C npe11-

CTaBneHHBHH, OTBeqaDII\IIHH cxe11a11 llnra C Be 6onee qex 'ABywl CTpORaMH CBHSaHO onucaHHe IIHOro

aneKTPOHIIUX CHCTell (cx.121, CTPo 369). AHMOrH'll!O cxeuu C Be 6onee qe11 Tpewt CTPOK8.IIB 

OTBeqaDT sapR)10BUII COCTORHHRII HHoronHOHIIUX CHCTe11.l3/Bean12, 41ycuneHHO no11qepKHBM pon 

KOH8'll!UX rpynn @n 'AXH nocrpoeHHR HenpHBO'AffllllX.T8H30pHUX npocTpaBCTB HenpepUBHUX rpynn. 

STOT nyT» noaBOXReT CTPOHT» Banue 'AXR COBpeMeHHOil IDHSHKH BOXHOBUe IDYHKnHH, npeo6pasyDU8CR 

no BenpHB0)1HMUK npe)1CTaBXeHHRM rpynn SU(2), SU(J), SU(6) • 

PaccMaTpHBMOC» HHOro pasnH'llll,IX (XOTR no CBoeuy co11epza.HHD 3KBHBM8HTIIUX) npe11cra:sne-

HHil rpynnu @n : nOJIYHOp11aniHue, opToroHanuue, ecrecTBeHHue npeicraBneHHR/5-?/. Tex ne 

xeuee TPY'AffO HSITH B XHTeyatype RBHHe H Y'A06Hue peMH3SnllH npocTpaHCTB HenpHB011mm:xnpe11cTaB

neHHil. B HaCTORll!eil pa6ote )1Jifl rpynn @J 11 @4 nocTpOeHH B RBHOII Bll/18 npocTpaHCTBa He

npHB0)1HMHX npe)1CTaBn8HH~ H pasnoxeHHR no COOTB8TCTBYJ)ll!HII nonHHII CIICTeua11 6a3HCHHX BeKTOPOB. 

CnepBa 11H OCHOBUBaeMCR Henocpe)1CTB8HHO Ha cxeuax DHra. 011HaKO MR noJIYqeHHH y1106Hoil CHIIMeT

PH'll!OM IDOPW 6asHca npl!X0)1HTCR OTKaSaT»CH OT npHMeHeHHR CTaH11aPTIIUX cxeu llHra. J(a.Jree, c 

nen»ro )106HT»CR CHMJJeTpll'll!Oil aanHCH MR IDOPMYnH pasnoxeHHR no 6a3HCHUII BeRTopau BB0)1HTCR 

HOBUil CHIIM8TpHqHl,lil 6a3Hc, KOTopua, BOo6me roBOPH, He CBR3aH co cxe11a1LH llHra Henocpe11cTB8HHO. 

2.ITPOCTPAHCTBA HEITP0BO,lll'lMblX IlPE.llCTAB.llEH0n C0MMETP01IECKoa rPYITITli @J 

IlycT» 

abo, aob, boa, bao, cab, oba - (I) 

B8KTOPH, HS KOTOpHe KaK onepaTopu 11eilcTBYDT nepeCTSHOBKH II BX n11Beill!He K0116HHanu•, B 'IS.CT• 

uocTH cxew Klllra. Hanpa11ep, nepecTaHOBKa (ab) (w Bceria 6y11eH sanacUBaT» nepecTaHOBICl'I 

B n11MHqecKoM IDOP»e, cu.lI/,cTp. IS) 11eMcTByeT KaK 

(ab) abc bac, (ab) aob = boa, ••• 
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O!CDla oqeBHlHO, ~o Belt'!'OPH (l) o6pasym 6aauc DPOC!paHC!Ba peryJmpaoro DP6'ACTaBJI6HlilH/B/ 

(c~p. 287). CllliCZ CBKBOJIOB a, b Ii! 0 110:ite! 6H!:r. paBlilil'ID!Hll. Tax, OHH IIOryT o6oaaaqan 

TPlil paanHHe npa~eTa C paSJIH'<!Hllllll BB8.lillll!HlllI paCDOJl:OzeHHHIIH (l). Dan llOryT HUeT:r. CllliCJI 

Tpex onepaTopoB, 'A6HCTBYJ)~HX B TOIi UH HHOK npocTpaJtcne, npnqeuNB81t'!'OpH"(l) cyT:r. BC8B03-

1(0ZJiH8 npoHaBe'AeHHH BTHX onepaTopoB •. l!alree, a, b u o uoryT o6osaaqaT:r. Bosuo=e saaqeaun 

T8HBOPHHX
0

HH'A8KCOB, a "Belt'!'OPH" (l) - paBJ!llqme KOUDOHeH!H TeHBOpa TpeT:r.ero paJtra. 

PerylillpHoe Dpe'ACTaBJI8HH8 rpynDH o, pacna'AaeTCH Ha 'ABa H88KBHBaJieHTHUX O'AHOUeplll,IX 

DP8'ACTaBJI8HHH H 'ABa 8KBHBaJ!8HTHHX 'ABYll8PHI.IX 

6 = 12+ 12+ 22 

(cu.19/, CTp. 214). qT06H DOCTPOHTJ, 6asnc B DO'AUPOC!paHCTBe xas.itoro HeDpDO'AHIIOro DP8'ACTaB

JI8HHH, JIYDO DO'AellCTBOBaT:r. Ha BeKTOPH (l) COOTB8TCfiYJ)IIIIUlll cxeualffl llllra. Tor'Aa B81t'!'OPH (l) 

npeBpa~aDTCH B H8KOTOPYJl 6oxee Y3KYD COBOKYUHOCTJ, B8KTOPOB, npeo6pa3YJ)ctHXCH no uenplf.BO'AHM0-

111 DPB'ACTaBJI8HHD. C TO'IKl'I speBllH DO'ACqeTa paauepHOCTH DP8'ACT8JlJIBBHH Y'A06uee Bcero HCDOll:r.80-

BaT:r. CT&H'AaPTHHe CXBIIH llllra (ell. Ta6~ 1-4), 'Al!H KOTOPUX xapaKTepuo C06D'ABHH8 aJ!~aBKTHO

ro nopH~ B CTPORax u CTOJI6~u./5/. 

Ta6x~a 1. CTaH
'AaPTBHe CXBIIH 
Dlra 'Alilt rpynnu @2• 

~ 

~ 
Ta6nu~a 2. CTaH
'AaPTHHe cxew 
Dara 'AJIH rpynnu o3 • 

1:illii] 

~ ~ 

~ 

!a6Dita 3. CTaH'ABPTHHe 
cxew lllira JtllJI rpynDH @ 4 • 

!a!b!c!di 

~-bloj ~bldj ~cjdj 

[ill] [ill] 
G,_li] LE.W 

!l!a6JIHl:la 4. CT8.Jt'AaptHHe 
llllra 'Al!H rPynDH o 5• 

!a!bjcjdjei 

CXellH 

[!tlcjdj wbjcjej ttt'djej (t)°ldlel 

~ ~ ~ ~ ~ 
~~W!J~~ 

~~~ 
~ tiJ tJ rrrrrr 
I 

4 

~~~~~ 
~tiP~tiP~ 

rrrr 
~ 

! 
{ 
l 
I 
I 

I 
I 

Pa'AH ClnllleTplilH B SaDHCH BeRTOpoB, ROTOpaa He o6ecneqna;n:ac:r. 6H npu npu11eHeHHH CTaB

'A8PTHHX cxeu, UH OTRaKellCH OT DOCJI6'AHHX H BH6epa11 cxe111,1 Klllra CJI8'Aj'l)llll!l( 06paso11 • . 
Ta6xuqa 2a. Easuc uenpHBO'AHHHX npe'ACTaBneuun rpymm @

3
, nopo.E,JJaewH cxe11aun llHra 

~ 
{.abc}, 

~ ~ ~ 
a{.bc}-b{;ic} b{.ao}-c{_ab} c{ab}-a{bc} 

{blalc}-(alblc} ~lblc}-{alclb} ~lclb}-{.b\alc} lf) 

{,bc}a-{ao}b {ac}b-{ab}c {ab}c-{bc}a 

~ 
[abc] 

B BHpallteBHHX 'AJIH BeKTopoB ~HrypHHe CK06KH 03HaqamT ClllllleTpHsa~HD no Bceu, CTOHll!llll BHyTPH 

HHX, Cl!IIBOJiall 

{.abc} =abc+acb+bca+bac+cabi;cba . 

Ananoruqno KBa'Apa?BHe CK06KH DO'ApaayueBaDT aHTHCIDll(8TpHSa~HD (antepaupoBaBHe) 

[abc)=abc-aob+bca-bao+cab-cba. 

BepTHKaJI:r.HHe qepToqKH osuaqaDT, qTo Ha Ba!OIDqeauun llellt,lty Hl!IIH CHIIBOJI onepa~HH CIUIIIBTPHBa~HH 

(HJIH aHTHClllllleTpH38.JUIH) He pacnpOCTpaHHBTCH, uanpoep, 

{b\a\c}=bao+cab • 

no BH'AY B8KTOPOB B KaK'AO~ CTPOKe Ta6JIH~ 2a HCHO, qTO nepecTaBOBKH a, b H c nepe

CT8.BJIHDT 8TH B8KTOpH TOJIJ,KO 'APYr C 'Apyro11. TaKHII 06paa011, ltalE,Il8H CTpoxa 'AaeT 6a8HC B8KOTO-. . 
poro DP8'ACT8BJI8HHH o, • Hcuo, qTo {£.be) K [abc) cyn 6aSHCH B6DPHBO'Al!lllllC O'ABOllep-

HHX npe'ACTaBJI8BHH BTOH rpynna. Onepatopu, 'A6llCTBYDII\H8 Ha 8TH BeKTOpH H np8'ACTaBJIHDIJlll8 Bee 

nepeCTaHOBKH, HlleDT CJie'AYDII\Hll llH)l : 

*>BeKTOPH, CTOHII\H8 B STOH CTpoxe, 11oryT 6HTJ, sanucaHH COOTBeTCTB6HHO RaR 'ABOllBHe ROIIJ!YTa

TOpH E:(ab11, (a[bc]] H [b[ca11' Y'A0Bll6TBOPHDIJlll6 'fOlE,IleCTJSy Hxo6a 

[a[bc)J +[c(ab)J +[b[ca1]= 0 
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l (ab) (be) (ca) (abo) (oba) 

;llllll labc~ l l l l l l 

;llllll [abc) l -1 -1 -1 l I 

(cp./IO/, c,p. IOI). PaCCKO!PIDI :BenopH, oueq&ll11111e cxeKe 

xoc,a coorBetctBeno KaK 

ell el2 elJ 

e2l 8 22 e2J 

e31 e32 e33 

CBoActBa-aneKeHrol! a,on ra6nJIIU,I cne;Q1)I11He. 

I. CyJLlla aneKeHTOl!_JID6on CTPOKH puHa HYJID, r. e. 

e11+e12+e13=0 , 1=1,2,J. 

G=:I, o6oaaaqJlll 1a: Jtl!H apa,-

(2) 

(3) 

2. Cywa anewea,01 JID6oro cron6na a,on ta6n•~ ecr» ayn 

e11+e21+8 J1=0 
1 

1=1,2,J, (4) 

8TH CBOACTB& ll03BOXlllJ! paao6patbCH l! ;ll]lywepma: npe'ACTUneHHRX. Tpa BeKTopa C CJ'lll!OA Hynb 

o6paaymT 6asac aenpHBO'ADoro ABywepsoro rrpe~cTaBneHHH C.llll(etpaqecxon rpynnH @ J (cK./9/, 
c,p. 214). Ecnn paccKotperb nep:ByD C!poey H BH6pat» BeKTopu e11 n e12 aa ocaoBHHe, ,o » a

qecue warpnn, AeACTBYIJlllllX na cron6en [:~fl a npeACtal!nl!llll111X Bee nepec,aao:BKK, 11H nonyuK 

· l (ab) (be) (ca) (abc) (_cba) 

(
l o)(-I 0)(1 l)( 0 -1)(0 1)(--1 -lJ 
o 1 l 1 1 o -1 l-1 o \:-1 -1 l I o 

(cp./II/, crp. 42). Tax KaK Ha OCHOB&HHll (4) Tper»D crpoey KOllHO llCKllDqll'J!b KU nneAHym KOK-

6HHan1m nepBHlC AByx,TO 11H nonyqznu AB& ;lll!YJl6PJil,IX HenpHBOAllllliX npeAC!UneHHH, O'AHaKO OHR 

3KBllBU6H!HH, TaKllll o6pa30K! C yqeTOK ynOKHHYfHX BHl!le O'AHOKep= npeACTUneaan 11H HKeeu l!Ce 

npeACTUneHHH rpynnH @3 • Ilpa yqere o6on 3KBHB&n6HTHHX ABYJl6PHHX npeACT&BneunA Kil nony

qaeK nonuoe paanoxeuue perynapHoro npeACTuneuna aroA rpynnH. BepHeKca K CBOAC!BaK ra6nlllUl 
(2). 

3. CHKKeTpH3aTOPH ~ , li] a I II [i]b I 
AeACTByDT Ha BeKTOPH eij cneAyDill,llll o6pa30K 

~e11=Je11 
' ~ e12=D, ~ e13=-Jen, 

~ 8 11=-Je12• lit' A12=Je12' [tr' e13=D, 

~en=O, ~ e12=-Je1J' 
. ~

8 1J=Je1J. 

(5) 

4. Terrepb nonyqHK paano~eHHe npOl!SBOXb!!Olt nHHeAHOlt KOM6HHana11 BeKTOPOB (I) ITO TaCnaq-

6 

l 
I 

'I 

, llllll KOK6HHanzm1. IlpeAcraiio np01l3l!OllHyD niraeAHyD KOK6HHanl!1) B6K!OPOB(I) B Bl!Jte 

.Labuabc+ .Lacbacb+.( bca bca+.(.bacbac+.C. cabcab+J_,obacba= 

=A{_abc} +Ben+Ce21+De 12+Ee 22+F [a be 1 (6) 

SAee» J.abc' et acb' .. • - npOH3BOJll,HHe qncneHHHe K08(p(pHllH6HTH npH abc, acb, ... ' a 
A, B, ••• - KOS(p(pHllHBHTH, KOTOpHe cneAyeT HaArll. Ha BexropoB eij CDAa BKnDqem ron»KO qefH

pe niraeAHO He3aBHC11111iX. q,o6H nattrll K08(p(pJIIlH6HTH A, B, ••• , Ha o6e qacrH HanHClll!HOro pueHC'l'

Ba llOAeAcrByeK nocneAOBaTeJll>HO Cllll(eTpH3&TOp8.l,lll 

~ 
~ @El 
~ '~, ~ 

IlpH STOK IlOApaayueBaerca, qro OHll HHK&K He ABACTByDT H& K03(p(pHllI6HTH olabo' d.,acb•··· 

• A, B, .... ::Jorn nyreK·KH npia:OAllll K ypuHeHHllll 

JB= J.,(albo1-{.bc} a) 

JC=c!-({.blal c}-{bc}a) 

6A=.,£,{abc} 

JD=JB+ cl(b{§tc1-{_ao3 b) 

JE=JC+c(,({_a\ b\ c3-{_ao} b) 

6F=~abo} 

(7) 

SAeC», uanpm.iep, ¾abc) , cl (a{.bc3•-{bc}a)' • .. 

~neAHH8 KOM611Han•11 K08(p(pllllll6H!OB 
J.. [abo] oOosHaqavT cneAyDD1He 

J, {.abc\" J,abc + .,(acb+c!, boa +c:£,bac+ cLcab+ cloba 

cl(a{bc-:\-{bclarcLabc +~aob-clbca- c:loba 

~abc] =,,(,abc-~aob•c£.bca-cl-bao+clcab-G(_oba 

KaK cneACTBl!e Toro, '!TO ITOAITPOCTpaHCTBO, COOTBeTCTBYRlll!ee a=i t, Henpl!BOAH_Mo, KOScfxpH~eH

TU B, c, D II E MOryT 6HTb BupaxeHu B TBPMl!Hax eij , fuo nerKO CAeRaTb c IlOMOQU,Rl O'IIBBl!AHHX 

TOXA6CTB 

a{b03+b{ao3+c{.ab3 ={_bo)a+{_ac3 b+{.ab)c={b\a\ o}+{a \b \ o)+{_a\ o\ b) 

TorAa MH BnpaBe, HarrpzMep, aaITHcaT» 

a{_bc3-l,bc3a=x(alb0\-{b03a)+y(-b{ao\+{_ac'!,b-clab'~+{_ab\c) 

{bl al o) -{bc!a=x({bla\ c}-{bc)a)+y(-{a\ bl 0}~03b-{.a\ o\ b\+{_ab3 o) 

(8) 

C ITPOH3BOX»l!ID!I! XI! Y, YAOBneTBOPf!llllJ,IIMII ycnOBl!Rl x+y=I. HerKO coo6pa31!Tb, qTQ MH nonyqe1111H 

paanoxe1111a no Ta6JlllqHID! BeKTopaM cne71YeT BH6paT» x = g' y = I ,fuo AaeT 
3 3 
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JB•.l(SeII+ieI2-½eJI-¼e32)=;.,(,(2eII+eI2-2eJI-eJ2) 

JC=;J.(2e2I+e22-2eJI-eJ2) ; 

JD=;.L ( en+2eI;-e,r-2e JJ) 

JE=lcL(e r+2e2J-eJI-2eJJ) J 2 

(9) 

OTUeTD, qTo Bll'lHClleHHQH uaTp~a KOSq,ij)~lleBTOB DP• e1j BliI'nll,ltHT CR€AYDIIUIM o0pa30M: 

[
B D 0) 
C E 0 
0 0 0 

Ee UOZHO Bll,llOHSMeHHTD 6ecxoneqJrall qHCJIOK cnoco6oB: OAHOBpeueBKO HO Bceu sneuelTl.lf moR 

CTpOKK llllK JIDCSoro CTOn6na STOtt UaTpJlltl,I uono A06UXHTD OABO K TO ze q)IQHO. 0ABaKO, eCJia Be 

nepeXOAHD K HOB!lll 6aSHCHllll BeHTopu, TO TOJU,XO C IlOUOJllI>D8THXOilep~11R He YJ(aeTCH IlOJ!y'IKTD 

~nH e 1jCTOnD ze CIIIID,{eTpHqHyt) sannCD, KaK AnH BeKTOpa tabc! 

<l)~HellT J.{abc) • 

'npn KOTOpOU CTOHT KOS<})-

HonHtt 6aawc • clillllletpmquoe paanozeBne 

IlocTaB111,1 ce6e qenD sueBHTD e
1

J Ba taue Beir.ropH, npn KOTOpHX sanHCD paanozeHBH cTa

HeT CIIIO(eTpHqBott B yKaBaHBOU Blillle CMHCHe. Yr~aeu, qTo B uqecTBe IlOAXOAHlltl!X HOBHX BeKTo

POB UOZHO BH6paTD*) 

eh=[albc)] , eh=[b{.ca\] , 

eb=[a[bo]] , eh=[b[caJ] 

e;t [o{ab\1 , 

eb=(o[ab]] 

lettcTBHTellBO, OHB pacxn~HBaDTCH TOllKO no BeKTOpU eij K Ba06opOT 

[

eh] [ 4 2 2 I] [eIIl [eIIl l I -I I I] [eh] eh =!. -2 2 -I I eI2 ; eI2 =l I 2 -I O eh 

eh J O O O J e2I e2I 2 0 O -2 -2 e21 
eh O O -J -J e22 e22 0 O 2 0 e22 

(IO) 

HCKOUOe ClllOleTpnqBoe pasnozeBHe MOlll!O IlOJ!y'IHTD HS paanozeBKH (6) nyTeU IlOACTUOBKK TyAa eij 

•a (IO), KOS<l)<})J!qKeBTOB A, B, .••· F HS (7) 11 HCilOllSOBUIUl TO:l,llecn 

a\bc'j-{.bo\a-c{_ab:1s+{ab3c=[a{.bo)]-(o{.ab3] , 2{.a I b I c}-b{ac!-{.ao} b= [albc1] -lc[ab]] (II) 

• TOZJteCTB, nonyqaeUHX Ha Bia: nepecTUOBKOR (ab). BtopoR ny!D - IlOACTUOBK& B (6) BNpue

••R (9) a BCilOJU.SOBIJllle o6eJa:·<l)opuyn (IO). B peaynTaTe w nplD:OAD K paanozeHKD 

~)Bu6op B60ABOBBaqeH. Mono y6eABTDCH, qTo Cy!lleCTByeT AByxnapuepnecxoe ceueRCTBO KOK6H

Kaq11R, y;llOUeTBOPHD•IIX nocTuneBBOKY Tpe60BUlllJ. 

8 

o(,c.bcabc+ claobacb+ d..bca boa+clbacbac+ .£cab cab+ oC,cba cbaE 

=¾ d{abc! {ab~¾ cL[a{_bcJl [a{_bc1l +¾J. [b{.ca!) [b{.ca3] +¾ cl [c{abl][ o{_ab1] + 

+¾cL(a[bo]] [a[bc]l +¾<L[b[ca)J [b[caJl +¾cl[c(ab]) [c[ab]] +¾d[abo] [abo) • (I.2) 

BoCDUl npunexaTellBOtt II YA06Boll HBnHeTCH Cl!lllleTpXqHaH <l)opua SToro PISXOE8BBH. IlpneAeK • 

aunvqeue STIIX B~xcneB11tt Ta6nllllY BOBHX 6aBJICIIHX BeKTopoB. 

Ta~nm:qa 26. HoBue 6aa11cme Beir.ropu B npoctpaucue npellCH.BJieBKR o
3 

[a{_bc}] 

[a [be]] 

[DJ 
{abc\ 

BJ 
lb{ca\] 

[b[ca]1 

§ 
[abe] 

[c{.bafl 

[o[ba1] 

Beir.ropH, npeo6pa3yt>l!ll(8CH IlO~AByuepHHU npeACT&BneBxHU, CBHSHBUT TOl:Jl8CTBa 

[a{.bo1]+[b{_ea\] +[c{_ba:\1 =0 , 

[a [be]]+ [b lea]] + [o [ba]] =0 

3.IIPOCTPAHCTBA HEIIPHBO,llID.lillC IIPE,llCTABJIEHitlt CIDWETPl!'lE:CKOkl I'PYIIllh1 @4 

(IJ) 

Baaxc npocTpaBCTBa perynxpuoro npeACTaBneBXH rpynIIH @4 uono sanacaTD B Bll,lle 

abed, abdc, aedb, acbd, adbo, adcb, 
bade, bacd, bdea, bdac, bead, bcda, 
cabd, cadb, obda, cbad, odab, cdba, (I4) 
daob, dabc, dcba, dcab, dbao, dbca. 

PerynHpBoe llP8ACTUX8BKe rpymw: 04 pacnl,Jl18TCH Ba ABa BeSKBD8.JleB;BHX OABOuepBHX npeA-

CTlllX8BKH, ABa 8KBDU8BTIWX AByuepHHX XHa AB8K8BKBllllaJieHTHHe APyr Apyry Tpottxx BKBIIBU6BT

BHX npeACTUXeHxll 

24=I2+I2+22+32+32 

(cu.19/, CTp. 2I5). COOTBeTCTBfD~lll,I o6pasou BH6paBBHe cxew lh!:ra npx AeRCTBHH Ba Beir.ropH 

npocTpaBCTBR (I4) npeBPRlllllllT nx B Be.RTopu, Ilpl!BeAeBBHe B Ta6nnqe 3a. 
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Ta6n:ma 3a. Ea.He uenpno;DHX npe;c'?al!lleHill rpY!lllli O 4 , nopollltaelDII cxeua1111 Dl:rJt 

p ~ 
albodl-blacd3 blacd1-o{.abd1 

!a!b! ojdj 

{..a bod\ 

11t!b! 

{_b\al cd1-{.al bl od} {_a \bl cd\-{_al cl bd1 

{_bolald}-{.aol bl d\ {acl btd\-{.abl cl d3 

c{_abd"\-d{_abc\ 

{_alol bd}-{.a\ di bo} 

{. ab\ cl d\-~b\ d( cl 

{_abd\ o-{_abo1d {,bcd3 a-{_acd} b {acd} b-{aM\ c 

~ ~ 
[ill] 

p 
d{_abc}- a{_bodl 

{a\d\ bc)-{.b\al od} 

{ab\d\ c}-{bcl al d3 

{_abo}d-{_bcd\a 

~ 
{{_ab1 {_od"\3 -{_{_ac}lbd\3 l{_ao} {bd}3-{{ad} {bc1\ {_{_ad\ {bcl1- {{ab\{_cd\\ 

{@d"\-{abod} -- ....... 
{ali'cd"\-{aM.03 ....... ._., l~\-l~l 

l~l-l~l~dtc1 {~1-{~_,d\ t~!-~1 

r -r r r -
' 

a(bcd] + [b(a\ cd1 -b[aod1-[a I bl od1 o [abdJ +[a I cl bdJ -d [abc]-[al d( be J 

-[bl al cdJ-[bcl al d] la\bl cdJ +(ac I b\d) -[a \cl bd1-[ab\ol d] [a\d\ bo]+[ab\ di cl 

[bc\a\d} + [bed] a -[ac \b\d}-[aod]b [ab\ c\d) +(abd]c -[ab\ di o)-(abo] d 

- [bed] a-a [bed] (acd]b+b[acd] - [abd1 c-c [abd] [abc]d+d[abc] 

I 
[abed] 

IlOHCHHM, qTo BHyTpeHHHe WHrypHue CKOOKH 0003HaqaroT CMMMeTpH33IUIID no CBff3UB38MOH nape CllllBO

n:oB 

~d=acbd+bcad, ~=acdb+bcda 

06uu1e BHemHMe CKOOKM 0003HaqaroT CMMMeTpM3a!UIID no B3aMMHOMY pacnon:o~eHHID nap ~--~ {a~,-{_c~1=a~+c~=acbd+~dbc+bcad+bdac+cadb+obda+daob+dbca, 

{~\={~\=~~=acdb+adcb+bcda+bdca+cabd+obad+dabo+dbao 

IO 

\)' 
~ 

r 

·tJ r __ 
} i 
ff: 

'.~ 
,1 
~i 

Ol!eBll,llHO, qTo Kall,ll8H CTp01ta: Ta6n:IID;H 36 o6pasyeT 6a3HC npocTpaHCTBa H81COTOporo npe~-

CTaBXeHIIH rpyrum O 4 , Tait Kalt npe CTaHOBICH 113 0 4 He BliBO;itHT 3Jl8M8l!Tll Ta6n:111~ 1(3 CBOID: 

CTpOIC. 3.neKel!Tll Ta6n:HD;H 36, COOTBeTc;Byillltl!8 c;e11aK a=r=1 · B3 II l+J, ;itn:a 1tpaTKOCTI! 

6y;itell 0603HaqaTb lj 

e 3,I 
II 

e 3,I 
2I 

e 3,I 
3I 

e 3,I 
4I 

' ' 
e 3,I 
I2 

e 3,I 
22 

e 3,I 
32 

, e 3,I 
42 

6 
2,2 

II 

e 3,I 
I3 

, e 3,I 
23 

, e 3,I 
33 

, e 3,I 
43 

e 2,2 
I2 

e 2,2 8 2,2 
2I ' 22 

6 2,2 6 2,2 
3! ' ,32 

e 3,I 
I4 

, e 3,I 
24 

, e 3,I 
34 

, e 3,I 
44 

e 2,2 
I3 

e 2,2 
23 

, e 2,2 
33 

e 2,I,I 
II 

e 2,I,I 
I2 

e 2,I,I 
I3 

e 2,I,I 
I4 

e 2,I,I e 2,I,I e 2,I,I 8 2,I,I 
2I ' 22 ' 23 ' 24 

6 2,I,I e 2,I,I e 2,I,I e 2,I,I 
n ' ~ ' " ' 34 

8 2,I,I e 2,I,I e 2,I,I 8 2,I,I 
4I ' 42 ' 43 ' 44 

CBo«cTBa an:eueHTOB 3TllX Tpex Ta6n:11u cn:e;ityI>ntne. 

I. CyYl(a an:eueHTOB JID6o« CTPOKH paBHa Hymi. 

2. Cyuua an:eueuTOB mi6oro cTon:6ua paBHa HyJlll. 

(IS) 

(I6) 

(I?) 

C IIOMOIItDD 3THX CBOMCTB JI6rKO y6e;itHTbCH B TOM, qTO llll IIPIIIDXII K HenpHBO;itl!l,llill npe;itCTaBJ!8Hlll!Y 

yita3aHHUX Bume pasuepHOCTeM H KPHTHOCTeM. HeTpy;itHO TaKZe,~u6paB Te Mil HH!le BeKTOpll aa 

OCHOBHUe,BOCCTaHOBHT» Bll,ll npe;itCTHBXHDIItHX MHTPM~. BepHeMCa K CBOMCTBaJI Ta6n:wu (IS)-(17). 
3. Clllll,(eTpH3aTopu g:n ' 83 ,z ~ ;itaDT IIPII ;iteMCTBHH Ha qy:He TH6XIID;H,HYll, a 

IIPII ;iteMCTBllll Ha CBOII 

II 



~ J,I l.!J e1I 

fclfil J,I 
~eiI 

~ J,I 
eiI 

(illG J,I W eiI 

r e 2,1,1 
11 

r-- e 2,1,1 
11 

C 

r e 2,1,1 
1I 

= Se J,I 
1I 

~.J,I 
~ 8

12 

=-Be J,I ~ J,I 
12 b?J e12 

= 0 

0 

~ 2 2 
.I:!@ e11' 

~ 2,2 
-~eiI 

~ J,I 
8 12 

~ J,I W e12 

= I2e1i,2 

=-I2e 2,2 
12 

~ 2,2 = O 
~e.11 

r Se 2,1,1 e 2,1,1 
= 11 12 

. 

r-- Se 2,I,I_ 
8 

2,1,1 
- 12 12 

C 

" 0 r e 2,1,1 
12 

0 ~ J,I 
~81.3 

J,I ~ J,I 
= 8e12 b?J 81.3 

= 0 ~J,l 
l.!J 8

14 

• 0 ill!fB J,l 
~ 11

14 

~ ~

a 
J,I J,I ·J,I J,I =-8e13 e13 •8e13 o e14 

0 

~ 2,2 
@E:J912 

~ 2,2 
~ 812, 

~ J,I W e1.3 

= 0 

= I2e 2,2 
12 

[ii]!) 22 22 [ill]e12 • -12e13 

l @Jill J I 
--Se1i' W e14' 

~ 2 2 
@:lije1J 

ram 22 
[TI!je1J 

-12e 2,2 
1I 

= 0 

faTdl 22 22 [Tifil e13 = I2e13 

,-Se J,l 
11 

• 0 

(I8) 

= 0 

= Se J,I 
14 

(I9) 

• 0 r- 2,1,1 • O 
e1.3 

b r- 2,I,I Se 2,1,I 
14 -- 1I 

b 

·-ae 2,1,1 rnd be! 2,1,I o 
• 12 - 1.3 • 

0 . r - e 2,1,1 14 = 0 
C 

(20) r ,-Se ~,1,1 e 2,1,1 
1., 1.3 

d r Se 2,1,1 e 2,1,1 
= 1.3 14 

d 

= 0 

f e 2 ,I,I :H = 0 r - e 2,1,1 
12 = 0 

e 2,1,1 Se 2,1,l b 8 2,I,I ,-ae 2,1,1 r rd 

- 1.3 = 14 - 14 14 
a a a 

4, 06paTllMCH K paanoxeHllRJ npOll3BORI,HOii RllHeiiHOii KOM6llHaQllll.24 BeKTOPOB (I4) no Ta6nHq

HblM KOM6llHaQ!ll!M. Ilpe11cTaB1lM npOll3BORI,HyRJ nMHeiiHyRJ KO!A6llHaQMRJ BeKTOpOB ·B (!4) B Bll)1e ; 

¾bodabcd+J,abdoabdo+cLaodbaodb+c(,aobdaobd+c(,adboadbo+cLadobadob+ 

+.Lbadobadc+c(,baedbacd+.!.bdoabdoa+c(bdaobdao+.£boadboad+c(,bodaboda+ 

+J..eabdoabd+c(eadbeadb+ci. ebdaobda+c( o~d obad+ol edabcdab+cL cdbaodba+ 

+ J,,,daobdacb+ c(dabodabc+oL. dcbadcba+.{. doabdeab+ol dbaodbao+d: dbcadbea = 

12 

= A{abcd3+ 

+Be J,I 
II 

+Ee J,I 
12 

+He J,I 
IJ 

c; J,I 
+ 8 21 

+De J,I 
JI 

+Fe2~'I +Ie2~'l 

+Ge J,I 
.32 

+Je J,I 
JJ 

+Keri'2 +Mel~,2 + 

+Le2i'2 +Ne2~'2 + 

+ 

+ 

+ 

+Oe 2,I,l +Re 2,1,1 +Ue 2,I,I + 
II 12 IJ 

+Pe 2,1,1 +Se 2,1,1 +Ve 2,1,I + 
21 22 2.3 

+Oe 2,I,I +Te 2,1,1 +We 2,I,I + 
JI .32 JJ 

+X[abed] (2!) 

311ecr,. J.., , . , • , - npOll3BOHI,Hble '<llCHeHHble !(03ipljillQHeHTbl np11 a bed , , , • , a A, B, • , , -
abed 

KOsqijlllQHeHTbl, KOTOpb!e cne)1yeT HaiiTll • .lll!H BTOro Ha o6e qaCTll Han11caHHOro paBeHCTBa nocne110Ba-

T8XbHO no~e~CTBY8M Clll0,18TPll3aToprurn 

)albloldl rnojdj mdjaj [;_]ajbj ~ 
[I0 

.0:II 
illII r r r ; 

Ilpll 3TOM no11paay1.1eBaeTCH, '<TO cllMMeTp1rnaTopu HllKaK He 11elicTByRJT 11a KOS,f~Ii1:wieHT11 eta bed, ••• 
ll A, ~ B peaym,TaTe Mhl nonyqaeM ypanHemrn 

24A=J. {abcd3 

SB=,,{_(atbcd)-lbcd3a) 8E=SB+ cl(b{acd)-laod3 b) 

SC=J:.(lblal cd\-lbod!a) 8F=SC+J..({al bl cd\-{.acd\ b) 

SD="-( {bcl al d!-lbodJa) SG=8D+c(.(tac I bl d}-{.aod\b) 

SH=8E+d.(c{.abd!-{abd3 c) 

Sl=8F+c(,({a\olbd1-{.aM~c) (22) 

8J=SG+~(\abtc\d3-tabd3c) 

I2K=cC({{ ab:HcdH,-{a{.cd\b\) 
~ 

I2L=J.. ,..._,, 
({a~\-l~~ 

SO= cL(a(bed] +d (abe]) 

SPa cl(a[bed1-tblal cd)+d tabo]-[a\ di be])" 

• .,(.(Ct ab] [cd]l- ttac1 t bd1] ) 

SO=el(tbed]a+[abc]d) 

I2M=I2K+c(({{.MH bdH, -l~~ 

I2N=I2L+c!..(t~3-{.~\) 

SR=SO-J..(albcd]+b[acdD 

8S=SP-.i_(atbcd] -tbta\ od)+btacdJ-talb\cd] )= 

=8P:cL(u: acn bd)] - t[ad]t bo]1 ) 

ST=SO-d-( [bed] a+[acd] b) 
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8U=8R+c{(b[aod] +o [abd]) 

8V=8S+d.(btacd]-lalblcd]+o[abd]-[aJolbdJ )=. 

=8S-d..( [[ab] [cd]1 + [[ae][bd]] ) 

8W=8T+J:.( taod] b+ [abd] o) 

24X= J,[abed] 

(24) 

BcJieACTBlle HenpllBOAIIIIOCTll COOTBeTCTByD!llllX npocTpa.HCTB KOS\lig/l!Ul!eHTH B, C, ••• w uory-T 

6HTh Blipa.JCeHU qepes Ta6JillqHue BeKTopu. 9'ro Jierxo CAeJiaTh c IlOMOIJll,D TOJK,lleCTB 

a{bed}+b{.acd\+e{.abdJ.+d{.aboJ.={.blal od3+{al bl cd.l,+{alol bd!+{.aldl bo1= (25) 

s{.bolald3+{.acl bld}+{._abl cld}+{abldl 03'= lbedia+{.acd.l, b+{abd\c+{abc}d 

_t{.ab}l.cd\\ + {,lae3{.bd\.\. + {.{.adU be!!={~\+{.~'!,+£~'\= {a~3+(~1+(~\,.{abod) (26) 

a lbed]-tb la\ cdJ +[be I at d]-lbcd]a=-b[acd] +[al bl cdl-[ac I bl d] +[acd] b= 

=C[abd)-[a\e I bd]+[abl cl d]-[abd]o"'-d[abo] +[aldl bc]-[abl di o] +[abc] d 

Tax, aanplll,!ep, !.Ill uoxeM san11cath 

a{_bcd3-{.bod\a=x(a{.bcd\-{bcd\a)+y(-b{_acd3+lacd\b-c{.abd3+{abd}c -d{_abc\+{abo\d) 

(27) 

albcd3-{bod\ a+blacd}-taed\ b=z(a{.bcd}-lbcd\a+b{.acd\-{acd\ b)+u(-o{.abd\+{abd\ o-d{.abc"\ +{llbo\d) 

a{bed}-lbcd\a+ bl,acd3-{.aed3 b+c{.abd\-{abd3 o=-x(dlabo\-{.abo} d)+y(a{.bcd\-{bcd\ a+ 

+b{.acd\-{acd\ b+c{abd\-{_abd\ o) 

l(ab\tcd)!-l~\=v(•H.ab\lcd',.\-\_~lc,d\~l)+w(-H_ao·1{bd\\-{{.ad\\l)c'\.\+{~\+{;~~lg.l.) 

{.aobd3-{.alod} b\=v(-\_licbd\-\_a{.cd\ b\)+w(-{.abod3-{_abc!c'\, +{.albd\ c\+<a{bc\ di) 
-v-- ----..---- - ~ 'v-' - ~ l: ~ 

atbod]+d [abc] =x(atbcd} +d[abc] )+y([b !al cd}-[bo\al dl +tbed] a+[al di bc1-[ab\ d I c1 +[abc]d) 

atbcd]-[blal cd] +d[abc]-[al di be] =z(atbcd}-[blal cdl +dlabc]-[a \di be])+ 

+u(-[bcl al d] +[bcdla-[ab\ di c] +[abc] d) 

[bcd]a+[abcl d=x([bcd} a+[abo]d)+y(a[bcd]-[b\a\ od]+[bo la\ dl +dlabc]-[al di be] +tab\ di c]). 

B 3Tl!X (jlOpMJJiaX 'lllCJia x,y ••• YAOBJieTBOpllDT COOTHomeHllllM x + y= z + U= v + w = I , 

a B oc:raJihHOM npOll3BOihHH. Jl;ill :roro, q:roOu nonyq11:rh pa3JIOX8Hlle no :raOJillqHHM KOM011HaUl!HM, 

HYXHO BuOpa:rh X = 2, 7 = !, z = u = !, V =~, w = ! . TorAa noJiyqaeu 
4 4 2 J J 

14 

J2B=cC(Jer:i;+2e12+e1rJe,1-2e42-e4J) 

J2Ccol(Je21+2e22+e23-Je41-2e4z-e43) 

J2D=cL(JeJI+2e32+e3J~Je41-2•42-e4J) 

I6E•ol(eII+2eI2+eIJ-e41-2e4z-e43) 

J6F=d.(e21+2e22+e23-e41-2e42-e43) 

I6G=c{(eJI+2eJ2+e33-e41-2e42-e43) 

- J2H=J:.(eII+2eI2+JeIJ-e4I-2e42-Je4J) 

J2I=cl(e21+2e22+Je23-e41-2e42-Je4J) 

J2J="(eJI+2e32+Je3j-e41-2e42-Je4J) 

J6K=.,((ZeII+e12-2eJI-eJ2) 

J6L=J-. ( 2ezr+e 22-2eJI-e J2) 

J20ccl(JeII+2e2I+e31-JeI4-2e24-e34) 

I6P=c(,(eII+2e2I+eJI-eI4-2e2f-eJ4) 

J2Q=d..(e11+2e2I+JeJI-eI4-2e24-Je34) 

J6Mcc!.(eII+2eI2-e;i-2eJ2) 

J61i":c£ (e21+2e22-eJI-2e32) 

J2R=.l(JeI2+2e22+e32-JeI4-2e24-834) 

I6S=<k(e12+2e22+e32-e14-2e24-eJ4) 

J2T=cl.(e12+2e22+Je32-e14-2e24-Je34) 

J_2U=<k.(JeIJ+2e23+e33-Je14-2e24-eJ4) 

(28) 

(29) 

I6V=c:l( ) (30) 
eIJ+282J+8 JJ-8 I4-2e24-eJ4 

J2W=c£.( ) eIJ+2e23+JeJJ-eI4-2e24-JeJ4 

3~8Ch B nepBHX 6 c:rpoKaX y BeKIOpOB e ij IlOApasyMeBaeTCll MHAeKC ~ J,I I B CH8AYD~MX ~BYX 

CTPOKe.X - llHAeKc 2,2 ll B IlOCJie.IU!l!X 6 CTpOKaX - l!HA8KC 2,1,1 • Buq11cJieHHHe K031jxjll!UlleHTH 

npll BeK:ropax :raOJIIIUH 3a MOXHO 

[

BEHO] C F I 0 
D G J 0 
0 0 0 0 

pacnonoliCl!Th B ua:rpmu,i 

~
KM OJ 
L N 0 

0 0 0 [

ORUO] PS V 0 
Q T W 0 
0 0 0 0 

K JIDOon c:rpoKe, Ke.K ll K JIDOouy CTOJIOey JIDOon 113 3Tl!X Ma.TPllU MOXHO AOdaBJil!Th O.lUIO ll TO xe 

qJICHO. 0AHaKO Ha 3TOM ny:r11 He YM8TCll noJiyq11:rh CTOJlh xe Cl!M11e:rp11qeyv 3aill!Ch, KaKYD YAaJIOCh 

Han:r11 BHme AJill nepec:raHOBOK :rpex Clll,!BOJIOB. 
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HOl!Hll da3HC H Cl!Ml(eTUll'lHOe pasno~e.!L~ 

IlOCTaBllll cede nenb 3aM6HHTb 81~,I, e1~• 2 H e1~,I,I Ha TaKHe 1!8KTOpH, KOTOpHe oOec

neqaT Cl!I.DleTpHqHyD ~opuy pasnoxeHHH, MOXHO yra;iaTb H npoaepUTb 3TO c llOMO!llbD ~opizym (21), 
q?o OT BeKTOpOB e1~,I MOJmO nepellTH K BeKTOpaM 

I J,I = [{.abH_cdJ] e• J,I =[{ac}{_bd}J e• J,I = [{ad!{bo11 eII I2 n 

e~/•I =[~d) e• J,I. =[ab'od] e• J,I =(~] '-v-' 22 ..... 2) 

e3/•I =[~] e3/•I =[~~] e3/•I =[~d] 

OT BeKTOpOB e 2•2 
. 1;1 - K BeKTOpaM 

ef~• 2 ={{abl{cd}i..!{abcd\ 
J 

er/• 2 ={{ac!{bd!,!,..!{_abcdl 
J 

e1/• 2 ={{.adH_bc}!,..!{abcd1 . 
J 

eh 2•2={[ab][cdH ..![abed] . J e~/• 2 ={[ao)[dbJ\..![abcdJ 
J 

u, HaKOHen, OT BeKTOpOB e1~,I,I - K BeKTOpaM 

eb 2; 2 ={tad][bc1\2[abcd] 
J 

eh2,I,I =[[ab](cd11 e12
2•I,I =I[ac][bd]] ef/'I,I =l[ad]tbc]} 

e~I2,I,I =[~] 

ejl2,I,I =[~[0~]9] 

e¼/'I,I = [~] . 
e~2

2
•

1
•
1 =[a[bd]o] 

e~
3
2,r,r •l~] 

e~3
2•I,I =[a[bcld] 

B 3THX BUpaxeHHHX BHyTpeHHHe CKOdKH r--, 03HaqaDT aHTHCHMMeTpH3anHD no CBH3HBaeuon nape 

HH,!J;eKCOB: aobd=acbd-bcad BHemHHe KBaApaTHHe CKOdKH 03HaqaDT aHTHC1!1!1,!e?pH3aUHD 

no asanMHouy pacnonoxeHHD nap Apyr oxnocnxemno APYra, nanpnuep, 

[~d]=,ic:bd-~b 'v-' ......, .__,.., 

[~]=-[oa~]=~-~-acbd-adbc-bcad+bdac-oadb+obda+d.aob-dbca 

HOBHe BeKxopu CBH3aHH C nepBoHaqanbHHMH cneAYDIIUlM odpasou: B6KTOPH e1~,I H e1jJ,I 

memrnMH 
eh I 2 I I 2 I O O 0 ell ell 0 I I O I I O I I eh 

.,eh I O I I O I O O 0 el2 eI2 I-IO I-IO I-I 0 eh 
eb I 0-I I 0-I O O 0 en en 0 I-IO I-IO I-I eb 
eh I 2 I O O O I 2 I 8 21 e2I 0 I I 0-I-I 0-I-I eh 
eh = .! I o·r O O O IO I 8 22 8 22 = .! I-I 0-I I 0-I I 0 8hl 2 2 
eb I 0-I O O O I 0-I e2J e2J 0 I-I 0-I I 0-I I eb 
ejl 0 0 O-I-2-I-I-2-I eJI en 0-I-I O I I 0-I-I ejl 
ej2 0 0 0-I 0-I-I 0-I e:32 e:32 -I IO I-I 0-I I 0 ej2 
ej 0 0 0-I O I-I O I . e:3:3 eJJ 0-I IO I-I 0-I I ejJ, 

16 

COOTHO-

(JI) 

BeKTOpH e 2,2 1j H e;_/• 2 Cl!ll3al!H COOTHOmeHHHMH 

[

eh] [ 2 I O OJ [eII] ef2 =: -I I O O . e12 
eh 3 O I O 2 e2I 
eh I I 2 2 e22 

[

ell~ ~ 2-2 O Ol [eh] eI2 _I 2 4 0 0 ef2 
e2I_ 2 -I I-J J eh 
e22 -I-2 Jo e¼2 

(32) 

u, HaKonen, BeKTOpH e 2,I,I 
ij H 81 2,I,I 

1j BupaxaDTCH Apyr qepes Apyra cornacno 

eh I I O 2 2 0 I I 0 en en 0 0 0-I I-I I-I I eh 
ef2 -I O-I-2 0-2-I 0-I 8 I2 8 I2 0 0 0-I-I I I I-I efa 
eb 0-I-I 0-2-2 0-I-I eIJ en 0 0 0 I I I-I-I-I eb 
eh -I-IO O O 0-I-I 0 82! 82I I-I I I-I IO O 0 eh 
eh = .! I O I O O O I O I 822 e22 :I I I-I I I-IO O 0 ehl (JJ) 
eb 

2 0 I I O O O O I I 82:3 e2J 2 -I-I-I-I-I-IO O 0 eb 
ejI I IO O O 0-I-I 0 eJI eJI 0 0 0-I I-I-I I-I ejI 
ej2 -I 0-I O O O IO I e:32 8:32 0 0 0-I-I I-I-I I e_h 
ejJ 0-I-I O O O O I I 8:33 eJJ 0 0 0 I I I I I I ej:3 

HCKOMOe Cl!Ml.!eTpHqnoe pa3noxenHe MOXHO nonyqHTb ABYMH nyTHMH, IlepBull nyTb - llOACTaHOBKa B 

paanozeHHe (21) eij H3 (JI) - (JJ), K03~HnHeHTOB HA, B, ••• H3 (22) - (24) H HCllOHb-

30BaHHe TOXAeCTB 

a{_bcd}-lbod}a+b{.acd,-{.acd3 b+{.blal cd}-{_bolald.3+{al bl cdl -{acl bld1=2[{.ab1{cd!) 

a{_bcd}-{.bcd,\ a+b{_aod)-{.acd} b-{blal cd}+{bct al d}-{.a I bl cd! +{.aol bl d}=2 [@d] ....,_, 

albcdJ+lbcdla+b{.acdH{aod', b-{blal od!-{.bclald',-lal bl cdl-{.ao\ bl d}=2[~{.c~1 

l~!+l~J=H_ao){_bd}j +{.\_adH_bo}l,. f ~!-{~l={[ac] [bd]}+~[adl[bc]\ 

-{.a[bod]} +{.b[acdl', +{o(abd]1-{d[abo]) =2(~]-2[[ab][ cd1] 

[atbcd]] -[blacd]J -[o[abd]] +[d[abo1] =2[a[cdJb] 

(J4) 

(J5) 

(J6) 

a xaxze TOXAecxa, nonyqaeuux H3 (34) nepecxanoBKaMH (ad) n (bd), H3 (35) nepecranoBK!WK 

(bd)H(bc)K H3(36)nepecxaHOBltaMH (be) H(ac). Bxopoll nyrb COCIOHT B nOACiaHOBKe B pasnoxenHe 

(21) BHpaxem1ll (28)-(30) If HClJOHb30BaHHH npHMUX H odpatHUX ~ilp1zyn (JI) -(JJ), IICKOMOe pas-

rrozeHHe nueeI BHA 
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!: o(,abcdabed 
110 BCeJI 

11epeCTaHOBMII 
abed 

= ..JJ, 24 {.abed} {.abed}+ 

+ !d...(-1..ab},{_ed\l [{_ab\{_cd\] + !d. (-\.ao\\_bd\] [lac",{.bd\l + !cL l{adH_bc\] [{.adHbcl]+ 

+ !.,J., ,...0.,.. s ta¢illa~l 
I' .-,..., 

+ a""t~l ta~l + !~~)[~1 + 

+ !.cL[a{,cd\b][~] + ld.[albd\e] l~] + .!cL[al.be\dl(~e!dl + 
8 ~ 8 --=-v- 8 ----- .,-.., 

.~c,(,({labl~d\\..!{abcd3)(l{.ab}{9dl\ ;{abed\ )+;,l(-U.ac}tbd\\ ..l(abcdl)(!{aellbd\l ~labcd\ )+ 
J I J I 

~d,({l.ad\tbel\ ..ltabed3 )(l{ad\'-be\\ 3 labod\ )+ 

+,!.:l.({[abl[edl\ ..J [abed] )Q(abl[ed1\ ..l[abcd1 )+ld.QtS:cl[db]l i [abed] i{faeltdbll ..J [abed])+ 
8 J J 8 J J 

~cL(UadltbeU ..J[abcd] )(Ua.dJ[bcl\ ;[abed])+ 
J 

+ !cL([abl[edll [[ab][cd]l + ;c!.[[ae)[bd]l [[ae][bd]]+ ;cLt[ad][bo]][[ad][bc]]+ 

+ !.cL ,-., ~ 
8 [a@][a~] 

+ !.d. 8 [a[edlb}[~edl't,>] 

I' ~ + -a..[allcd] [a~] 
8 '---' 

+ !.cL 8 [ittbdl ql[~[bd!.rl 

+ ..lc(.[abcd][abed] 
24 

I' ~ 
+ -o..taiilie1ta~] 

8 ....... 

+ !.d,. 8 [albeld] [~] 

Ilpll'.Be,lteM ,ltlIH c11pa.BOK HOByD IIOJIHyD CHCTe11y 6aa11cmi:x: BeKTOPOB. 

+ 

+ 

(J7) 

~a6nmta 36. HOBHe 6a8HCHl,le BeKTOpH B 11pocTpaHCTB8 npeACTaBlI8HHa rpyllllli @4 

rr:rn 
{abed\ 

[Fl 
[labl {odl] [{ao}{.bd}] [{.adHbcU 

[~] [abOd] t~l ......, -[a led\ b] [l!;{_bd\_9] t~l ........_,_., 
EB 

Uab\ \_Cd}\- !.{_abed\ t{ae} tbd\\-l{_abed\ l{ad\lbcU-l{.abed! 

Habl [cdl\-i [abed] 
J 

{[adl [ bcH-i [abed] Uao 1 Cd b]\- l [a bed] 
J 

EfJ 
J 

[[ab1[cd1l ([ae][bd)] [[adHbc]] 

[~] [~] [~] 

[a[cd] b] [a[bd] e] [a[bc]d] 

~ 
[abed] 

I8 

I 
.j 

, OTlleTllll, qTO BeKTOpH, OTBeqaDDU!e H3· CBHB~ TOllt,ll8CTBaJIH, 

H.ab\{ed.\\ - 1£.abed'l.+ l{.ae,\{_bd.\\- !.{_abcd!+{{.adl{ belt - l{abcdl = 0 
J J • J 

Uab][cd]\- l(abedl;+-Uae][db]!- l[abcd]+{[adlCbeU- ltabcd] = 0 • (38) 
J . J J 

IlplllleHHH neP.ecTaH~BKH K 6aaHCHhlll Benopau, nerKO 11onyq11TD npe,ltCTa.BlillJlllU!e ·uaTpHi.i,1 ,ltlIH Bcex 

11pe,ltCT8.BliiiH1Ilt rpynm @ 
4 

,ltnJI {abed! 

[

e' ·J,~ 1I . 
;!!lIJI e' J,I 
· 12 e' J,I . 

1J 

,ltlIJI [e1/•=1 e12 2,~ 

;!!lIJI e;:2,I,I 
[

e• 2,I,~ 

e, 2,I,I 
1J 

,ltlIJI [abed) 

I 

I 

[
IO OJ 
0 I 0 

0 0 I 

[~ ~1 

[
I O OJ o I o 
0 O I 

I 

(ab) 

I 

[

IO OJ 
O 0-I 
0-I O · 

~~-~) 

rI O OJ 
0 0-I 
0-I 0 

-I 

(be) 

·1 

~
O I OJ 
I O O 

0 0 I 

[~ ~] 

[
O I OJ 
I O 0 
0 0-I 

-I 

(ca) 

I 

~
O 0-IJ 
0 I 0 

I O 0 

f~-~J 

[
O 0-IJ 
0-I 0 

I O o 

-I 

(ad) 

I 

tO I OJ 
-IO 0 

0 0 I 

(~ ~] 

t 
0-I OJ 

-IO 0 

o 0-I 
-I 

(bd) 

I 

[
O O Ii 
0 I 0 

I O 0 

f~-~J 
[ 
0 0-IJ 0-I 0 

-IO 0 
-I 

(od) 

I 

[

IO_~ 0 0 I 

0 I o 

~~-rj 

lI O OJ 
0 0 I 

0 I 0 

-I 

IE) 

TaK KaK nDdaa nepecTMOBKa MOXeT 6HTL pa3nozeaa Ha Tpacll03HIUIH, TO MaTpHqu, OIBeqaD~He oc

TaRLHllM nepeciaHOBKaM,MOltHO llOJIYqllIL ay:reM nepeMHOZeHHll yze BHillICaHHllX. 

0:rMeTIIM, qio BH6op 6a3HCa, KaK II B CJlj'qae nepeCI8.!!0BOK Tpex CIIMBOlIOB, HeO,lU!03HaqeH. 
TaK, Hanp11Mep, BMeCIO BeKTOpOB•et~• 2uollllo 6Hno BlldpaIL BeKTOPH 

efi 2•2
={lab:',tod33-{{.ac\lbd\\ eu 2

'
2

={lae}{.bd\\-U.ad\\_be\\ eH 2 , 2={.{.adl-\_bo}.\--H.ab}l_cd\\ 

eH 2,2={.~l-{~\ eH 2,2={.~3-{.a~! e~~ 2,2={~\-l~! (J9) 

llpl!'!eM 

e'' 2,2 + e•t 2,2 + e'3' 2,2 = 0 
11 12 1 

q = I, 2) (J9') 

BKllaA HX B pa3noxeHHe (37) 3an11canca 6u Ta.KHM odpasou: 

+ ..le£ _8 ,.2,2 + ..Jc1., .8 , 1 2,2 + 
24 8

,,2,2 II 24 8
,,2,2 I2 

II I2 . 

..J f • ,.2 2 
24°"

8
,,2,28 IJ' + 
IJ 

+ _J r _8 ,.2,2 + ..lcf.. _8 ,.2,2 + ..Jci. 811 2,2 ) 
24 ~eH2,2 2I . 24 eH2,2 22 24 eH2,:t 2J (40 

*)ToqHee roBopa, no rrpeA°CTaBnl!Dllllle Maipm:u,1 B npoc:rpaHcTBe c:rpoK11 e!J 2• 2• J(na • e~j 2 ,"2 Bee 

8TH :ua:rpHI!ll, KpOMe e,lll!HHqHon, YMJ!OXelll,l Ha -I, I.e. o:rnHqaDTCll npeodpa3oBaHHeM ll0,lt06Hll. 
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HllTepeCHO no,11,iepxeyu, '!TO HapJl,lly C o<lU'IHUU TOllr,lleCTBOI.I .ff1to611 (IJ) .Il}IJI .lUlOllHUx KOl!lly

Ta:ropoB MU nOJIY'IIIJIII MHoro ,11pyrnx aHaJiorH'IHUX TOllr,lleC:rB, 3To paBHUe HYmi CY!.il.lU 3JieMeHTOB 

CTpox H CTOJI61lOB Ta6Jinn 2a H 3a, nepBoe 113 TO:l[,ltec:rB (13), TOllr,lleC;Ba (38), (391) 11 HeKOTopue 

,11pyr11e.:rollr,lleCTBa, KOTOpue B03Hl!KJIH B nponecce BU'll!CJieHHl!, 0TM8Tl!M Taxxe 8Il!e 0,JIHO 06061IleH11e 
TOX,lleCTBa .ffxo611- 'leTBepuoe TOJl'.,lleCTBO .Il}IJI TpOllHUX KO:MllyTaTopoB 

[a[b[cd]]] +[c[d(ab]]] +[b[afdolll +(d[c[ba1l] = 0 , 
(41) 

BMecTe c Tel.I Tpol!Hue KOMMyTaTopu He npeo6pasynTCJI no O.llHOMY Henp11Bo.l!MMoizy npe,11cxanJieH11n, 

[a[b[cd]]]= I ( e• J,I +e' J,I +2e' J,I -2e• J;I +2e' 2,1,1 +e'22,1,1 -er'J2,1,1) (42) 4 - 12 IJ 22 2J II I 

4, CB.ff3I, C iCBA.lU'ATlft!HUMI! <liOPMA!.111 

HenpepUBHUe rpynnu 06U'IHO CBJ13UBaDTCJI ·c HHBap11aHTHOCT1D HeKoTopux KBa,llpaTII'IHUX qJOpM, 
RoHe'IHUe rpynm,1 TaKl[e MOl[!{O CBJl3aT1 C KBa,llpaTII'IHblM.II cpop1Jam1, xi + ., , + x! IIJ!II 

XrYr+ ••• +xnyn, KOTOpue HHBap11aHTHU OTHOCIIT8Jl1HO nepec:raHOBOK xi l!Jll! xi 0,llHOBpeMeHHO c.yi. 

~puy uouo npeo6pa30BaT1 Taxmi o6pasoM, '!TO OHa pacna,11exca Ha CYMMJ cpopM MeH1mnx pas-

MepnocTeli, HenplIBOMMUX 0THOCIITeJI1HO YKa3aHHUX onepan11li,. ECJIII HaM YMJIOC1 npe,llCTaBl!T1 KBa,11-

paT11t1nyro qJOpMy B TaKoM BII,lle, TO MU MOXeM cpasy l[e 3an1Icax1 pa3JI01teH1Ie no nepectaHOBKaM TII

na (37) IIJII! ( 43). I! Hao6opox, nOJIY'll!B pa3JioxeHna Tl!na (37) IIJIII ( 43), Jierxo nepenucaTl> 11x . 

Ha Jl3UKe KBa,11paTnt1HUX cjlopM, Tax, Hanpmiep, B CJIY'lae rpynnu @
2
' pasJioxeH11e no 6as11cHUM 

BeKTopaM, o:rnet1aDII!l!M cxeMaM Ta6JI11nu I, 

d,abab +d,ba ba = ~oL{_ab}~-ab} + ~ d_f;i.b} [ab], (43) 

HaXOMTCJI BO B3al!MOO,JIH03Ha'IHOM COOTBeTCTBl!I! (06Hapylil!BaDII!8MCJI, eCJII! 0603Ha'IUTI, x
1 

= o(_ab' 

X2 = c:Lba , Yr = ab , Y2 = ba ) C COOTHOmen11eM 
. I I 

X1Yr+x2y2 = - Cxr+xz)Cy1+Y2> + - Cxr-x2)Cyr-Y2> 
2 2 (44) 

.JIJIJI KBa,11paT11t111ol! cpopMU B .llBYMepH011 npocTpaHcTBe, <liopMyJia (44) 03Hat1aeT, 

CTBO pa361!BaeTCJI Ila )IBa lll!Bap11aH:rnux OTHOCl!TeJl1l!O nepecTa!lOBOK XrC X2 I! 0,llHOBpeMeHHO Yr C 

y2 o.11H0Mep11ux nompocxpaHCTBa, AllaJiornt1no MOl[!{O nepen11caxr, q,opizyJiu (37) 11(43) (o6o3Hat1aS1 

xr =clabc'"'x6 =olcba' Yr=abc, .. ,y6=cba H xr=clabcd•·.,x24=cldcba' Yr =abed, ... Y24 =dcba) 
Kalt KBa,llpaTl!'IHUe q,opMU_ B 6-MepHOM II B 24 -MepHOM npocxpaHCTBax, ~Tl! q>Op!zyJI!I - 06061Ilel!HSI xo
pomo 31!aKOMOli II TPl!BllaJ11HOll q>OpMj'JIU ( 44), 

'ITO 3To npocxpa11-

r,11e 

AHaJior qiop11yJiu (44) B c;zyt1ae xpeXMepHoro npocTpa11cxBa ecr1 

xrYr + x2Y2 + x3Y3 = f Cxy +!,ti,+ f.._'t<t.+h'l~) 
x = Xr+Xz+X3 , 

~, =. Xz-X3 1 

h= xrxr , 

h= xrx2 ' 

Y = Y1+Yz+Y3 , 

'l, = Y2-Y3 , 

tt .. = YrYr 

111 = Yr-Y2 , 

20 

(45) 

(46) 

np11t1eM 
!1+~2.+~z.=O 1 tz.1+t{cz.+l1.?.=0 • 

KoM61!Haill!ll X II y l!HBapl!aHTHll OTHOCl!:lleJI1HO nepecTaHOBOK xt. . H Yt , a t;_ 
ce6J1 xax 

Cxrxz) 

Cxzx3) 

(x3x1) 

h--:-t!,, 1,1. --{'l. 
11.- -{1 h.--~~, 
h--h, \'l--;:i.. 

I! tz.;,_ Be,llyT 

TaKl!M o6pasoM, :rpeXMepHoe npoc:rpaHCTBO pa3611naeTCJ1 Ha HenpnBOAJ!MOe OA!!OMepHoe 11 ,11nyuepHoe 
0 

no,llllpOCTpaHCTBa, Ha 3TOM npoCTOM npHMepe llLI y6el[,ltaeMCH, '!TO .Il}ISI Cl!Ml.leTp.1111 no nce11 Xi. . . . 

w BUHYllr.lleHhl B .llBYJ.lepHoM npocTpaHc:rne nomsonanc11 :rpe11S1 xo11c!11Ha1U1m.m \ 1 , ~ 1 11 b. 
C CYMJ.IOil HYJl1 ( H aHaJiorl!'IHO ,JIJISI Yi ), '!TO He Cyll!ec:rnye:r TOJI1KO .llBYX KOMc!11Han11l!, Ko:ropue 

nepexo,lll!JIH.c!H np11 nepecTaHOBMX x~ ,11pyr B ,11pyra, HO He B Jll!Hel!Hue KOMc!11Haill!11 odenx, 

ThleHHO C Taxon Cl!TYaill!eil 1.11,1 CTOJIKHYJil!C1 lllillle B n, 2 11 3 np11 nocxpoeHl!l!l c!a31!COB ,llByYepHUX 

np e,llCTaBJieHl!ll. 

EcJI11:npoc:rpa!!CTBO qe:rupeXMepHoe, TO pe,llyKill!JI KBa,11paTl!'IHOll qiopMU OCYII!eCTBJIIleTCJI CJie,llyD-

llll!M oc!paso1.1 : 

r,11e 

x1Yr+x2Yz+x3Y3+X!fY4= I/4 (xy+ l1'1.1+1i'l.'1.'l.+h'1.?.) , 

X = X1+X2+X3+X4, 

i1 =-Xr+X2+X_rX4 , 

~!. = X1-X,z+X_rX4, 

y = Yr+Yz+Y3+Y4' 

'l1=-Y1+Y2+X_rY4, 

tt'I.= YrY2+Y_rY4 7 

h= x1+JC:1-x_rx4, ri.~ = Y1+YrYrY4 . 

(47) 

(48) 

KoMc!llHaill!II t, 11 'l;. oc!JiaMJJ:r saMet1a:reJ11Hol! Cl!Ml.letp11el! o:r11oc11:reJI1HO nepecTaHonox 

11 Yt 
Cxrx2) t 1....,. l'l 1 Cx3x4) ,1 - -1!. 

Cxzx3>. i1 ..... h , Cxrx4) h . .,... - 'b , 
Cx3x1) 'h ..... 71, (x-zx4) \'!>--11 

X.;_ 

Kalt Bl!AIIM, qe:rupeXMepHoe npoc:rpaHCIBO pa3c!l!BaeTCSI Ha HenpllBO)OlMUe O,llHOMep11oe II Tpex

MepHoe nompocTpaHcTBa, B o:rJ111t1ne o:r ,11ny1.1epHux npe,11cTaBJie1111n .IVIH :rpeXMepHux JIHmHHe 1toM

·noHe11:ru He eyXHu, XoTH nepnoHat1aJ11Ho B ~- 3 MU BBeJIH ,JIJIII xpeXMep11oro npoc:rpaHcTBa c!as11c 

ll3 qe:rupex nexTopoB c cyMMoli eym (cM, :rac!JI11ny 3 a), HO sa:reM c!e3 noxep11 c11MMeTp1111 MU 

npeo6pa30BaJI11 era B TpeXMepHHl! da311c, EcJI11 11Mee:rcS1 c!a31IC ns t1eTupex nexTopon c CyuMOil 

·eyJI&, TO Taxoe cae,11e1111e MOXHO c,11eJia:r&, 11cnomsyJ1 ,PopizyJIU (48), 

2I 

. I 

\~ 



Ellie o,ll;llo 3aMeqan11e, ne HMeDmee npm1oro 0Tnomen11ll K o6cylt,l\aewM BonpocaM, ~opyYJW 

(48) ·yA06Ho IICil0Xb30BaTb np11 paCCMOTpeHIIII ~yxqacT11qirax peaKn11l!, IlyCTb P1,P2,P3II P4 -

4-HMHYXbCII naqamirax II xoneqn11x qacT11n: 

P1+P2+P3+P4 = 0 , 
) 

P = -P1+P2+P3-P4 

p"= Pr-P2+P,P4 

p"'= P1+P2-P3-P4 

IlnoCEall BOXHa OilllCIIBaDmall qeT11pe -qacTIIHU B 3TIIX nepeMeHHIIX 3an11c11BaeTCll TaK: 
l. ( I II IU <; ) - p h +p {,_ +P u, , 
4 C e 

(49) 

IlpoCT!le CBOllC:rBa B·enopoB p 1 
, p11 II p"' np11 nepecTaHOBEaX qacTl!n YA06Hll np11 yqeTe 

Kpocc11Hr-c11WeTp1111, RBa~aTII 3TIIX HMeyfilCOB p1 2 ' r_f'2 II p'"2 g/8.KTll'leCKII cyn 
*) MaHA6XbCTaMOBCKlle nepeMennue, ~OPMYJW (45) II (46) MOl[!IO ananor11qno IICil0Xb30BaTb np11 pac-

CMOTp6HIIII Bepm11Hll{12/ 

B 3aKnDqe1111e cepAeqno 6naro~pD E,H. BanyeBa, _ ll,r, 3acTaBenKo II B,II, O:r11eBenKoro 

3a 06cyxlen11ll II nennue coBeT11, 

ll11Tepaupa: 

I, O,Il. lllMIIAT, McTpaKTHall TeOpllll rpynnj rTTlI, MoCKBa-llen11nrpal, !933, 

2, H, Weyl ,'The theory of groups and quantum mechanics, Dover Publication, lnc,,-l9Jl, 

3, A, Pais, Ann, of Phys, 2_, 548; .!Q., 454, 1960, 

4, r. Bellnb, Rnacc11qecK11e rpynn11,.lill, MocKBa, 1947, : 

.5, D,E, Rutherfcrd,Substitutional Analisis, Edinburgh University Press, 1948, 

6, T. Yamanouchi, Proo. Math, Phys. Soc. Japan,~, 62J 1 l9J6; ,!2, 4J6, l9J7, 

7, H. Jahn, H. van Wieringen, Proo, Roy. Soc, g£2, 502, 1951, 

8, B,II. CMl!pHoB, Rypc BIICmel!_MaT6MaTIIKII; TOM, rn, qacTb 1, rllTTll, 1956, 

9, E,ll, Ban-Aep-BapAen, CoBpeMennall anre6pa, %en rr, rllTTll, 1947; 

IO, E, B11rnep, Teop11ll rpynn II ee np11noxen11ll K KBanToB0Mexan11qecxol! Teop1111 aToMHux cnex

TpoB, ·lill, 1961, 

II, E,ll,Ban-Aep-BapAeH, MeTOA Teop1111 rpynn B KBaHTOBOll Mexanl!Ke, OHTlI )UlTBY, 1938, 

I2, r ,B,· :EliJID!OB, Nuovo Cimento E, 1046, 1964, 

*';llJif! HIIX 'faK :se p' 2+p" 2+p"'2 = 4(Pi+P~+P~+p~). Ecn11 OTKaSa:U.Cll OT l!BHOl! Cl!lDleTpHH, TO. c no

UOIIII>D saxona coxpaneHHH 4-m,nyJU,ca nerxo CBeCTH S'fK nepeueuHUe K nepeuen111,111.Ma&AeJU,CTaMa, 

Pyxon11cb nocTyn11na B H3laTemcx11n 
OTAen 5 aBrycTa 1966 r. 
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