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1. B a e .tt e a u e 

OTKpblTH8 J:IHCnepCHOHHblX COOTHOW8HHll .ttenaeT B03MOlKHOil 8KCil8pllM8HT81IbHYIO npo

B8pKy OCHOBHblX np11Hlll1IlOB IlOKSilbHOll KBSHTOBOll Teop1111 nom1 11· B nepay10 0'18p8.ttb np1111n11-

na MHKponpll'IIIHHOCTII. TaK KaK aaanHTll'l8CK118 CDOilCTBa aMHilllTYA paccesm1111 llbnllIOTCll, 

H8IlOCp8.ttCTB8HHblMII Cil8.tlCTBllll~II OCHOBHblX IlpllHllllilOB IlOKailbHOil KBaHTOBOJI TE!OJ)IIII Il0illl, 

TO na OCHOB8 3KCil8pllM8HTa1IbHOro ll3Y'l8HHll cne.ttCTBllll aaan11TH'l8CKHX CBOllCTB aMililllTYA 

pacceSWHH MOlKHO cy.ttHTb O npaBH1IbHOCTII 3THX npllHllllHOB. TaK, Hanp11Mep, 113 npHHUHilOB 

IlOKSilbHOil TeOpllll nonst cne.ttyeT, 1 '!TO aMnn11Ty.tlbl paCC8llHllll TT -M830!la Ha HyKnoae llpll 

H8KOTOpblX q>HKC,HpoaaHHblX nepe.tta'laX HMnynbca llBillllOTCll aaanllTll'l8CKIIMII q,yHKllllll-

MIi KOMilil8KCHOll 118p8M8HHOll S (KBa.ttpaT n'onHOll 3Heprmi: B c.n.M.) C .non10caM11 H paa-

/1/ 
pe3aMH Ha D8W8CTB8HHOll OCH , npH'l8M 3TH aMnnHTy.tlbl npu S ➔ oo paCTyT M8Ail8HHee 

/2 3/ 
n10ooll nHHellaoll sKcnoHeHThl ' • Tor.tta, ecn11 .t1Hq>q>epeHnuanbHb1e ce'leHH:11 ynpyroro pac-

cestHHll TT -M830HOB Ha llpOTOHe anepe.tt ox'paHH'l8HbI, a IlOilHb18 C8'18HHll B3aHMO.tt8llCTDHll 

TT -M830H0B C npOTOHOM CTP8MSITCll K IlOCTOllHHblM npe.ttenaM npu S ➔ oo , TO 3TH npe.tte-

Ilbl .ttonlKHhI conna.ttaTb/
4

,
5 1• TaKuM oopa3oM, acne:. J:111(!i<!>epeHn11am,a1,1e ce'!eHHst ynpyroro 

paccestHHst TT -M830Ha Ha ·npOTOH8 anepe.tt orpaHH'l8Hbl, a nonHbl8 C8'18HHll B3aHM0.tl81{-

CTBHll M830HOB C llpOTOHOM CTpeMSITCll K pa3Hb1M npe.ttenaM np11 S ➔ 00 , HanpHMep, TO 

3TO, IlO-DHJ:IHMOMY, yKS3blB88T Ha TO, '!TO B KOMnneKCH0ll IlilOCKOCTH aMnnHTY.tlbl paCC8llHHll 

paCTYT 3KCilOH8HllllallbHO HilH 0bICTP88, H 3TOT pocT SMililHTYA B CDOIO 0'18p8J:lb SIDilll8TCll 

. . ' /1-3 6 11 
yKaaa1111eM Ha cymecTDOBauue cpyHi1aM8HTMbHOl1 AilHHbl - M8pbl H8IlOKailbHOCTH Teopuu ' 

1 
• 

8 HaCTOS!Well paoOTe Mb! paccMOTpHM B03MOlKHOCTb H3Y'18IIHll 3KCilOH8HUHanbHOro 

pocTa aMnnHTYA paccellHHll B KOMnneKCHOI1 nnOCKOCTH na OCIIOBe 3KCil8pHM8HTanbHblX .t1a11-

llhlX no J:IH~lq>ep811UHailbHhlM C8'1811HllM ynpyroro paccerutHll anepe.tt H IlOilHblM C8'1811Hl1Mo 

Cne.ttyeT OTM8THTb, '!TO ecnH npHHUlm MHKpOHpH'IHHHOCTH 118 BhlUOill!ll8TCll ua MailblX paCCTOll-

HHllX, TO aMililHTY.tlhl P!\CC8SIHHll TT -M830Ha Ha npOTOHe, HanpHMep, MOryT HM8Tb KOMilll8KC-

llb18 OC008HHOCTII, a Ha 08CKOH8'1HOCTH OHR MoryT paCTII 3KCil0ll8HilH81IbHO H1111 0b!CTpee 0 

3.tteCb MLI paCCMOTpHM IIHWb npocTellwull Cl!y'!ai!, KOr.tta KOMilil8KCHhlX OC008HIIOCTei! !IC 

cymeCTDyeT, H aMUilHTy.tlbl paCC8llHHll, l1Bllll10WH8Cll aHanHTH'l8CKHMII q>yHKUllllMH D KOMilll8KC-

Holl nnoCKOCTH s C nomocaMH H pa3pe3aM11 Ha D8W8CTB8HHOl1 OCH' paCTYT 's,Kcn6iiemm-
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am,110 B KOMilll8KCl!Oll IDIOCKOCTH. Mbl IIOKalKeM, '!TO B ST0M cnyqae T0'IHQe onpeAene11ne 

AncpqiepeH1U181II>llbIX Ce'leHnll ynpyroro paccesums nnepeA H Il0JillblX C8'1eHnll, T.e. TO'IH08 

onpeA8Jl811H8 8MillIIITYA pacce!IHHR, 1103B0JIReT onpeA8nllTb HHJKHHll npeAeJI THna pOCTli 

8MIIJIHTYA H TeM C8Mb!M onpeA8lIHTb HHJKHnll npeAen cpyHA8MeHT8JibHOll AnHHbl B KBBHT0B0ll 

Teopnn nom1. 

2. A11annTn'leCKHe CB0HCTB8 aMnlIHTZ!LE,BCCe!IHH!I 

n AHcnepcno1111ble C0OTH0WeHnn n no1tallbHoli Teopnn 

PaccMOTpnM ynpyroe paccesHnn nnepeA "± -M830H8 Ha HyKJI0He. YcpeAll8HHble BM-

+ nlIJITynbl sTnX nponeccon oooaHa'lnM 'lepea T± (cu) • , rne cu - sHeprnn 1T - -M830HOB, 

a nellCTBHTelII>HyIO B MHnMYIO 'IBCTH QMITIIIITYA 'T±(cu) -qepe3 D±(cu} H A±(cu) • fla 

OCHOB!lb!X npn11nunon no1taln.11oli Teopnn nonn cnenyeT, 'ITO T± (cu) !IBJI!IIOTC!I 1tpaeBbIMH 

3H8'1eHH!IMH cpyH!tIXHli T± (z) 

MH B T0'11taX ±610 =±µ /2m 

'aHannTn'leCKHX B KOMnneKCl!Oli nnocK0CTH z c noiIIOCa-

, rne µ H m - MSCCbl " -M830H8 ll npOT0Ha, H C 

paape3aMH BA0Jib nemeCTBeHHOH OCH OT no -µ n OT µ no 

CKH8 cpyH!tnnn ynonneTB0p!IIOT cneAy10meMy ycnonnIO nemecTBeHHOCTll 

T±(z") =[T±(z ) f 

H COOTII0WeHHIO nepe1tpecTHOll CHMMeTpnn 

T+(-z) =-T_(z) 

All!I BC8X K0MID18CHbIX Z H, B 'ISCTIIOCTH, C0OTHOWeHHIO 

T+(-cu )=-[T_(cu}]* 

• 3Tn aHannTH'le-

(1) 

(2) 

(3) 

Bb!Texa10meMY na (2) npn noMomn npenenbH0ro nepexona K nepXHnM 6eperaM paapeaon 

Z ➔ tu+iE T + (-cu)= T +(-cu+ if) • 

.llanee, B cnny JI0KSIII>H0CTH nonell aMnJIHTYnbl 

CTH Menne1111ee moooll nnHellHoll s1tcnoHeHTbl! 

I ,1 • I 
T±(z)j<Ce , lzl ➔ oo 

T±(z) paCTYT B KOMnne1tcnoll IlJI0CKO-

(4) 

rrpn lIIODOM , > 0 
/2 3/ 

(cM. ' ). OTC10na cnenyeT, '!TO a cnny TeopeMbI 4>parMeHa-naHnenecpa 

aM11nnTynbl T ± (z) paCTyT B KOMnneKCHOll nn0CKOCTH z He DbICTpee HeKOToporo nonn110-

Ma, ecnn 0HH pacTyT He DblCTPee HeKOT0poro nonnH0Ma Ha newecTaeHHoll ocn, T.e. ecnn 

:e'leHnH paCTYT He Db!CTpee HeKOT0poro nonHH0Ma OT cu npn 
x) 

tu ➔ 00 • B aTOM cny,:1ae 

x) 
OTMeTnM, 'ITO Il0JIHH0MHSIII>HQ!I orpaHH'l8HHOCTb aMITnnTyn T + ( z) npn cu ➔ 00 HB 

nemecTBeHHoll ocn !IBJI!!eTC!I cneACTBH8M 6onee cnaooro npennonoJKeHnSI. PaccMOT~HM aM

IIIIITynbl pacce!IHH!I Kalt <PYHKIXHH OT S H t ! T(s,t) • MolKHO noKa3aTb(cM/ '>, 'ITO 

}CJIH np11 ana'leHH!IX I , neJKawnx B oonacTn a11annTH'IH0CTH no t ,, cpyHKUH!I T(s,t) pac

reT c pocTOM s Menne1111ee s1tcno11e11Tbl OT nonn110Ma OT s 
n 

IT(s,t)l<Cea• a>O, S➔ +oo. n ➔ o. 

ro B cnny 811aJIHTH'IHOCTH no 

>Ha paCTeT Mennennee 11ex0Toporo 

:Tu nnonb nemecTBeHH0ll ocn. 

H yCJI0BH!I YIIHTBpHOCTH, B cpn3H'l8CKOll oonacTn (t',..0) 
nonHII0M8 OT s • Karna s CTp8MHTC!I K oeCKOHe'IHO-

4 

,MO)KJIQ 11anncaTb nn!I_ T ± ( Z) nncnepcH0HHI,18 C00TII0W8HHH, C KOl!e'IHbIM 'IHCJI0M Bbl'IHTBl!Hll. 

,Um1 np0CTOTbl Mb! paCCMOTPHM cny'lall, Karna T ±(cu) paCTYT ne DbICTpee cu1 _, = (z I 1 _, , 

f > 0 • npn Z ➔ oo BA0Jlb nonoJKnTelII>H0ll BeilleCTBeHH0ll ocn, T.e. AR<p<pepeimnallbHble 
2 ( 1-f) 

ceqenns ynpyroro pacceSHH!I paCTYT He DbICTPee CU ,. a IT0JIHbie Ce'leHH!I - He 

0blCTpee CU l -f • B ST0M cnyqae M0lKH0 HanncaTb nncnepcnoHl!bie C0OTHoweHnR C onHnM 
"1a1 

Bbl'IHT8IIH8M 

rne 

a±(cu)-

T (z)=-2
1 (1+2-)T+(µ)+.J..(1-..!..)T (µ)+ + µ . ~ µ -

z2 -µ2 oo ~ 
+---[ ,2 2 

4"
2 

o ycu · -µ 
[ U+(cu') ,a_(cu') ] 2f2 z 2 -µ 2 
-.--+-,-- +--, 
cu-z cu+z f2 z-µ2/2m 

(5) 

1 z 1 z 
T_(z) =y(1+µtT_(µ)+ 2 (1-µ)T+(µ) + 

_{6) 

2 200 
( ') a ( ') 2f 2 2 2 

+~[[~+~ ]--- z -µ 
4172 µ cu'-z cu'+z µ2 z+µ2/2m 

- nepeH0pMnpOBSHHS!I K0HCTQHTQ B38HMonellcTBH!I 1T -M830Ha C HyKJI0H0M, 8 

noJIHbie Ce'leHH!I B3QHMoneilCTBH!I M830H0B ·C npoT0H0M 

a+ (cu)= _ 4_" __ A+ (cu) 
- ycu2 -µ2 -

3 • .UncnepCHOHHbie C0OTH0W8HH!I npn HSJIH'IHH SKCil0HeHnnaJibHoro pocTa 

PaCCMOTpeHHble 8H8nHTH'leCKH8 CBOHCTBa 8MilJIHTyn pacce!IHH!I !IBJl!IIOTC!I cneACTBHeM 

0CH0BHblX npHHUHil0B JI0KallbH0il Te0pHH IT0Jl!I H B nepny10 oqepem, npHHnnna'MnKponpn'IHHHO

CTH. Ecnn JKe npnHnnn MHKponpH'IHHH0CTH He Bb!Il0JIH!l8TC!I Ha MaJiblX paCCT0!IHH!IX, TO, 

nooowe roaop!!, aMITJIHTYAbl pacce!IHH!I T± (z) MoryT HMeTb K0MITJieKCHbl8 ocooeHHOCTH, 

H HS 6ec,<OH8'1HOCTH 0HH MoryT pacTn SKCIT0HeHnHallbH0 HJIH 0bICTpee. Mb! paCCM0TpHM 

np0CTe>iwHll Cny'lall, K0rlla K0MITJleKCHbIX OCO0eHHOCTell He CYlll9CTByeT, a Ha 08CK~He'IHOCTH 
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T ± ( S) P4CTTS' 8ltCIIOll8.IIIUiru1bllO. BMee JtOlDl:peTIIO, lip8AIIOlfO:IC;!IM, 'ITO: 1) T ± ( lV) a!lA'11l• 

Tll'IllhI B JtOUIIJl&JtCllOI! IIIIOC1tOCTII· 

BAOllb B81lt8CTB8JlllOff OCR OT -

lV C IIOIIDCAMII B TO'IIUlX s - ±µ 2 / 2 m 

AO -µ , ROT I' AO 00 2) 

pD:l'l' )'CIIOB.IDO B81ltecTB8JlllOC'l'K (}) 

T±(z") =[ T±(z)]* 

D COOTllomellRIDd uepe1tpecT11oa C.KMM8Tpllll (2) • ( 3) 

T+(s)=-T_(z) 

T + (-ca)=-[ T _ (c.,) ]* 

ll c paape31Ull1 

T±(s) YAOWieT'Bo-

3) T± (c.,) paCT)'T IlpB «>-++ 00 (B cp.B3H'18CJtOII oonaCTB~ lie ohic-rpee c., 1-• •• > 0 ; 

4). T±(z) paCTy-T Ilpll Z-+ 00 B ROMIIll81tCHOII IlllOCltOCTB lie Ol,ICTp88 ll8ltOTOpOII Illll18ll-

11oll SltCllO1l8BTH 

IT±(z)I <cealzl , a>O, lzl -+00, 
(7) 

MhI DOlta:>KeM, 'ITO B A&llllOM cny'lae, 3118B 3118'1811BSI -T±(c.,) ·na semeCTBOllllOll oca, MhI 

MO:>K8M Ollp8J:l81lBTb llR:>KllBII Ilp8A81l ltOJICTBBThI a B COOTllomellBB (7)' ltOTOpaa MOlKeT 

OHTL paccMOTpella Jtalt Mapa 11eno1taltbllOCTB B TeopBB DOil.ii - cjlyB:AaM8lITan&llaB AIIJIHa. 

CornacHo ycnona10 nemecTBeaaocTa, paaaocTB 3Ha'lenali cj,ymi:IUIA ,T ± (z) na sepxneM 

ll llB:>KII8M oeperax pa3p83OB nponopnnonam.llhI 3HB'l8HB.IIM MHBMhIX 'laCTel! 

T±("')=T±(«>+ic) 

A±(«>)= T± (c.,+ iO)-T± («>-iO) = 21 Im T± («>) 
(8) 

H3 COOTllomellBll nepe1tpecT11oa CBMM8TPBB cneeyeT, 'ITO 

h+C-«>)=h_(ru) • 
(!l) 

BneAeM Tenep& q,yHltllBB F± (z) 0 .IIWI.IIIOIIUl8CB cyMMaM11 IIOllIOCHhIX 'lll8HOB B AHCIIepcaon-

llhIX BHTerpanoB co cnexTpaltbHhIMB q,yllltIUISIMB A±(«>) 

F + (z) = _z2 -112 - do,' o+ («>J + a- C«>'} l+ f [ 
4,r2 I' ..;..,,,2 -p.2 Ct>'-z , 

"'+z 
{10) 

2£2 2 2 
+-- z --e 

2 z-p. 2 /2m p. 

F_ (z) z2 -:-u 2 f dc.,' [ u..(c.,') + u+(«>') 2£2 2 2 
1-- z -µ 

4 2 ---- , , 
z+ p. 2/2m p,t P. yc.,'2-p.2 _ "'-z c.,+z 2 

" 
(11) 

6 

,-' 
I 
! 

;aJ) 
I ,,. 
l 

l 

}. 

, PaccMOTpllM pa31lOCTll ., 

¢+<•>-T+Cz)-F+Cz) - - - .. 

nom.ayllCb cpopMy~~ (8) - (11), llM'p)'AllO I!Olt838'1'L1 'ITO cpyllltIUlH 

. (12) 

tp±( Z )BJIBIIJITll'lllhI BO 

»cea IIIIOCltOCTll z ' T.e. smn.llJJTCB It8m.lMB cpylDl:IUIBMH. Tait ltBlt F ± (z) paCTyT 

IIMllllOMJlaltbllO I!pll Z ➔ 00 B JtOMil118JtCJIOff IInOCltOCTH, TO' pocT aMnIIHTyA T ± (z) IIOllJIO-

CTblO OIIP8A811B8TC.II pocTOM nonhIX cpyllltlt.lll! ¢ ± ( Z) , ecna T ± ( Z) pacTy-T SltCIIOll8HlUlam.-

11O. 

TaltllM o5pa3oM, aMIInBTyAhI T±(z) 

npeACTaBBMhI B BBAe: 

, oonai.aromae yxa3aB:llhIMB cnoi!CTnaMa 1) - 4), 

T+(z)=¢+(z)+...2.C.. z2_,,2 
2 2 + 

I' z-µ /2m 

z~2 
4,r 2 

j d..,,' [ o+ («>') o_ (ru ') 
--- , +---" v"' ,2 _ "2 "' - z "', + z 

2 2 2£2 z -µ + 
T_(z)=¢_(z)-7 z+µ2/2m 

2 2 oo d , ( ') ( ') z~ f __ "' __ [~+ ~ 
41r2 I' yc.,'2-1'2 c.,'-z ru'+z 

rne ¢±(z)- nellhle cj,yaKIUili SKCDOlleHIUlallbHOro pocTa, YAOM8TBOp.llIOillB8 ycnonnnM 

¢±(z") =[¢±(z)]* • 

¢ (-z) =-¢ (z) 
+ -

(13) 

(14) 

(15) 

(16) 

MhI npelllIOllOlKBllll, 'ITO T ± (z) paCTy-T s1tcno11ennaam.no B KOMIDI8KCHoll IIllOCKOCTll Z 

Tax lta.K F± {z) paCTy-T DOllllHOMllalibJIO, TO B3)"18l!Be pocTa aMnnBTYA T.± (z) CBOAHTC.11 

K 11a)"leH1110 pocTa nellhlx cj,ynimui! ¢ ± ( z) • 
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Ilony'leHHhl9 Bb1W9 nucnepCHOHHble COOTHOWeHHB (13), (14) npu aanH'IHH SKCnoaemm

allI>ROro pocTa aMnnHTYllhl B KOMnnexcaoli nnoCKOCTH OTllH'lalOTCB OT Q0bl'IHblX 1lHCnepcuoa

m,1x COOTHOWeRilli (5), (6) TeM, '!TO BM9CTO nonuaoMOB nepaoli CTeneHH no z B IIHX co-

11eplKaTCB Il9KOT0pbl9 Il9nhle q,ymauiu 'P± (z) • Ilpoaepxa /lHCnepcHOHHbIX COOTIIOWeliuli no 

cymeCTBY oaaa'!aeT onpeneneaue STHX q,yaxnuli aa aemeCTaeHHOJi ocu. 

B cny'lae noitanbHOJi Teopuu q>YHKI!HH ¢±_(z) BblpOlK)la!OTCB B nonuHOMbl, EcnH lK9 

npH npoaepxe llHCnepCHOHHblX COOTHOWeHHi! Bb1BCHB9TCB, '!TO q>yHKI!HH ¢± (z) He SIBBSDOTCB 

nonHHOMllMll, TO STO oyneT CBH)leTenbCTBOBBTb O aanH'IHH q>yHllllMeHTllllbHOi! llBUHbI. HalKe 1 

B § 4 , Mbi' npuaeneM HeKOTOpb!i! MaT9M8TH'leCKHli annapaT, KOTOpb19 n03BOnBeT no nony-

'19HHOil umj,opManuu OTHOCHTellbHO q,yHKUHJi ¢± (z) )laTb oueHKY q>yHnaM9HTBnbHOJi /lllHHbl. 

4. HeKOTOpbie TeopeMbl_ H3 Teopuu U9llb!X q,yHKUUll 

UenaB q,yHKnHR ¢ (z) Ha3blB89TCR uenoi! <j,yHKUHeil 8KCnOH9HUHanbHOro Tuna a • 

ecnu 

(a-<)r (a+<)r 
e <maxl¢(z)l<e 

I• I=, (17) 

npu f ➔ .. H npu HIO0OM nonOlKHT9BbHOM f • ,OooaHa'IUM 'lepea B a Knacc uenbIX q>yHK-

uali ¢(z) 8KCnOH9HilHanbHOro Tuna a I orpaHU'l9HHblX Ha BemecTB9HHOi! OCH, a qepea 

w: - Knacc uenhIX q>yHKUUli ¢(z) 8KCnOH9HilUaBbHOro Tana a /lBSJ KOTOpbIX 

CTeneHb 1¢(z)IP HHTerpupyeMa Ha aewecTaeauoli ocu, u nonolKHM 

11 ¢ I Ip = [ ii ¢(z)( dzl
1
/p 

-oo • (18) 

Torna HMelOT MeCTo cne11y10m11e TeopeMbI. 

TeopeMa 1, Ecnu uena>1 cpyaKUH>I ¢(z) npaaa.une)KHT Knaccy Ba , TO M0)KJ:ly aHa'!eHH>I 

MH STOii ,PyHKUHH H ee npoH3B0J:lHblX ¢(n)(z) HM99T M9CT0 HepaBeHCTBO 

(n) n 

max I¢ (x) I ~ a max I¢ ( x) I 
-c,o < :z: < 00 -00 < X < 00 \19) 

/9/ 
cha TeopeMa 0bma noKaaaHa BepawTei!HoM • PeaynbTaTbI BepawTeliHa obmu ot5o5meHbI 

/10 11/ 
B plIL(e paoOT. IlpuaeneM H9JtoTOpb19 Te_opeMbl • /lOKaaaHHble 116paruMOBbIM • • 

'I'eope~rn 2 1 IlyCTb uenau q,yHKnHR 

Ila llBH nroooro p, 2 p 

¢(z) npuHannelKHT Knaccy WP 
a' 

Mb! HMeeM HepaBeHCTBO 

..L - ..L 
I I n+---

II ¢(n)II ,<[11(np+ l)]p' P a 
p p 

11¢11 
p p 

8 

l '.S_p $_2 • Tor-

\20) 

PaCCMOTpHM II9KOT0pb19 'IaCTHbl9 cny'laB STOJI TeOpeMhlo Ecmr nono:»caTb _ p'=p 

TO Mbl HM89M 

II ¢ln)II ,:: an II ¢11 
p p 

B HepaaeHCTBe (20} 1 :::; p S. 2 • Onnaxo cnpaaennHBO oonee ot5wee yTaeplK/leHHe: 

(21) 

TeopeMa 3. HepaBeHCTBO (21) .1n.1eeT M9CTO nnu BCeX nenbIX q>yHKI!HJi 1tnacca WP 
a 

, p.? 1 
'I 

EcnH B HepaB91ICTB9 (20) nonolKHTb p' =.. . TO B CHny 
/12/ 

COOTHOW91IHB 

Jim II inlll ,= max I if,(n) (x) I 
p ➔ oo p -oa<z<oo 

Mhl IIM98M 

_!_ n +.L 
max 1¢(n)(x)l~[,r(n~+l)]Pa P 11¢11 

-oo<:z<oo I P 

a nnu Cny'lasr n = 0 

..!.. 
max I ¢(x)I ::,(.1.)P II ¢11 , 

-oo< 2:<00 1T p 
l~p:::,2. 

(22) 

(23) 

TeopeMa 4, IlyCTb nenau q>yHKI!HR ¢(x) npHHannelKHT xnaccy w: , p.? 1 • Torna 11nR 

BC8X P '>> p 

II¢ II , ~ 
p 

Mbl HM89M 

I I 

(..1:..)-;--? 11¢11 
11 • ·P 

I I 

( ¥ ,7 -P' 
114> II p 

1 ~p;S 2 , 

(24} 

p>2 

0TM8THM, '!TO nepaoe H3 HepaBeHCTB (24) SlBHSJ9TCSJ '!aCTHblM cny'!aeM ,TeopeMbl 2 

(nocTaTO'IIIO non0lKHTb n = 0 ) • B cnyqae, Korna p' = .. I BM9CTO BTOporo HepaBeHCTBa 

H3 (24) HM98T M9CTO oonee TO'IHOe aepaaeHCTBO 

..!.. 
max I ef>(x)I :S (..ll.lL. )P 114> II 

-oo<:z:<oo 2u P 
p > 2 • 

(25) 
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/13/ 
HepaBeHCTBa (24) RBnllroTCll o6o6meHH8M HepaBeHCTBa HRKOIIbCKoro 

_J_ - .L 
114>11 ,<2ap p'll¢11 

p - p (26) 

.Unll R3Y'l8HHll pocTa uenblX q>yHKUmi '7'± (z) MOlKHO npRM8HRTb TSK>Ke cneAyromyro 
/14/ 

TeopeMY TTnaHwepem1 R TToliH • 

TeopeMa 5, Ecna .uenaH q>yHKUHH ¢ ( z) npRHaAne>KHT Knaccy WP 
a , TO AnH nro6oil 

B03paCTaromeil nocneAOB8T81IbHOCTR TO'l8K An Ha B8Ill8CTB8HHOil OCR, AnH KOTopoil 

An+l-,\n_? 8 > 0, RMeeT M8CTO nepaBeHCTBO 

.cl_ 
= p _A_ 2 

n ;_J f(,\n ) I < -;,s- e' 
= p 

_!'f(x)I dx 

5. MeTOAhI aKcnepRMeHTanbHoro onpeAeneHHll .HH>KRero npeAena 

9KCUOH8HUR81IbHOro poc:Ta 8MllnHTYA paccellHHll 

(27) 

KaK 6brno UOK838HO, ecnR T ± ( z) 9KCllOH8HURSnbHO paCTYT B. KOMnneKCHOl! nnOCKOCTH 

Z , TO R3Y'l8HRe pocTa T±(z)CBO/:IHTCll K H3y'leHHID pocTa ·uenblX _q>yHKURil ,f,±(z) B COOT

HOW8HHHX (13) H ( 14). 3Ha'leHHll 9THX cj>yHKUHil H HX npOH3BOAHbIX Ha B8Ill8CTB8HHOil OCR 

MOlKHO onpeuenHTb Ha OCHOBe 9KCnepHM8HT81IbHblX USIIHblX uo llOIIIlbIM C8'18IIH!lM II UHq>cj>epeH

llRlllib HblM Ce'leHllllM ynpyroro paccel!HRll BU~peu npH llOMOillR COOTHOWeHHil (13) n (14). 

EcnH ¢± (z) orpaHH'leHbl Ha B8IlleCTB8HHOil OCH, TO Ami onpeAeneHHll HHJ!<Hero npeAena no-

CTOllHHOJ! a MOlKHO npHMellllTb COOTIIOW811He· (19). EcnH ¢± (z) pacTyT nHHell110 11a Beme-

CTB811HOll OCH, HanpHMep, TO BM8CTO 'Pt (z) paCCMOTpHM HOBhle uenhre q>yHKUHH 

¢c;>(z) = ¢± (z) -,f, ± (0) 
z (28) 

orpaHR'l8HHhle Ha B8Ill8CTB8HHOil OCH ll HM8IDillll8 TSKOll lKe pocT Ha KOMnneKCHOll nnOCKOCTII, 

'ITO ll CaMH <p±(z) • IlpHM8H811H8 K 9THM q>yHKUHllM 'P(r(z) H8p8B8HCTB8 (19) ll03BOnSieT 

onpeAenHTb HlllKHHil npeAen llOCTOllHHOil 

paCCMOTpHM 

a • Ecnn xce ,f,±(z) pacTyT KaK 

.,_Ill)( ¢ ► (z) -¢, + (0)- z,f,' (0) 
~+ z)=-'=--~ ± 

- z2 

2-< 
Z , TO 

(29) 

H npHMeHHM K STHM qiyHKUHllM HepaBeHCTBO (19). AHanorH'IHo, ecna CTenenb 1¢±.(x)IP HHTe

rp11pyer.m, TOI UpllM8H!Ill K q>yHKUHllM cf:,± (z) 11epaB8IICTBll (20)- (27}, Mb[ MOXCeM TaKJ!{8 
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onpeAemITb ,HH>KRHil npeAen nocTo,rnaol! a • EcnH ,Ke 1¢,±(x)IP aeHHTerpHpyeMa, To 

BMeCTO q>yHKIUili 'i'>t(z) AOCTaTO'IH0 paCCMOTpeTb C0OTB8TCTBYIDillll8 uenbl8 q>yHK~IIII Bll/:18 

(28) II (29), p -aH CT8ll8Hb KOTOpbIX IIHTerpnpyeMa 1 11 npllM8HIITb K 9TIIM HOBblM q>yHK

IUIHM aepaaeHCTBa (19) 11 (27). 

TaKIIM o6paaoM, ecnn aMnnnTYUhl paccesmnH anepeA T± (z)_ srBnHIDTCH aHan11Tu'leCKH-

MIi epyHKIUIRMII B nnOCKOCTII z C nonroCSMII II paape38MII H_a B8Ill8CTB8HHOll 0CII II ecnn 

OllH paCTyT 3KCUOH81!IlH81IbH0 B KOMUneKCHOil un0CKOCTII, TO Ha OCHOBe 9KCnepUM8HTanbHblX 

ASHHhlX MOlKHO onpeL1en11Tb npn UOMOillll COOTHOill8HIHI (13), (14) 11 HepaBeHCTB (19)-(27) 

llll>KRllil npeAen UOCTOSUIHOli a B coOTaoweH1111 (17), xapaKTepnayromelt pocT aMnnnTyA 

ll CBH3aHHOA C q>yHA8M8HT81IbHOil AnllHOli. 

nony'leHHble peaynbTSTbl llOK83hIB8IDT, 'ITO Hanll'IHe 9KCUOH8HUll8nbHOro pocTa 8Mnn11-

TYALI pacceSUIIIH B KOMUll8KCHOli nnocKOCTII nposmnHeTCH B xapaKTep~ IIX UOB8A8HHH Ha ae

Ill8CTB8HHOil oca. O6HapylKeHne STHX caolicTB aecbMa L1en111taTHaH aemb, Tpe6yroman' 3Ha

HHH U0B8A811HH q>yHKIUiil H B PRU8 cny'laeB IIX np0H3BOllllblX Ha BCeil B8Ill8CTBeHHOll OCH. 

3qiepeKT!IBHOCTb paCCM8Tpl1B88MbIX B paoOTe MeT0J:10B AnH 9KCnepHM8HT81IbHOro ooHapy>KeH!ISI 

'PYHA8M81IT81IbHOil AnHHbI B cymeCTB8HHOli CTeneHII 38BHC!IT OT xapaKTepa 8CHMUTOTll'l8CKOro 

llOB8/:18HHH !11 KOH8'1H01 TpeoyeT oOIIbWOro Oo'b8Ma 3KCnepllM8HT81IbH0il HH<pOpMSIUill. 
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