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I • Bse.lleHae 

B p860Te pacCM8TpHB8eTC!I onpeAeneHHe H8'1BnhHoro HMnyn&ca a yrnos Hex3ny'laro-

well '18CTHUbi, ABHJKywellcg B TOpM03Silllell B p8CCeHB810lllell cpe.lle, noMeweHHoli s Heo.ttHo-

pOAHOe M8f'HHTHOQ none, 

TpaeXTOpHSI '18CTHllbl C'IHT89TCB 38A8RHOll CHCTeMoli TO'Iex, KOTOpb!Q npeAnonar810TCSI 

H3MepeHHb!MH HQ38BHCHMO Apyr OT Apy:ra, l1MITYllbC H yrn&I Bbi'IHCnSIIOTCSI H3 YCliOBHSI 06-

p8lll9HHSI B MaKCHMYM !jlyHKnHH np8BAonoAo6aB, 38 H938BHCHMbie CTOX8CTH'IeCKBe nepeMeH

·Rbie npHHHM810TCSI H3MepHTellbHble OIIlH6KH H yrn&I MHOf'OKp8THOrO p8CC9SIRHSI, 

B p860Te noK838HO, 'ITO AeliCTBHTen&uyro Henpep&IBHO p8cCeHB810lllYIO cpeAy MOlKHO 

38MeHHTb CHCT9MOll TOHKHX p8CC9HB810WHX CliOeB0 p8CUOliOlKeHHbiX M9lKJlY H3MepeHHblMH 

TO'IK8MB 0 QCliH 'IHCliO B3MepeHHbiX TO'IBK AOCT8TO'IHO B9liHKO, 

PeweHHe ypaaHeHull ABHlKeHHR 38pSilKeHHoll '18CTH B HeOAHOPOAHOM M8f'HHTHOM none 

C Y'IBTOM HOHB38llBOHHb!X ITOTepb ITOliY'189TCSI nyTeM BHTerpHpOB8HHSI C KpynHb!M lll8f'OM, 

B npaxTH'IeCKH B8lKHbiX cny'la!IX BOAOPOAHol! H nponaHoaol! ny3bipbKOIIbix K8Mep ycno

BHR M8KCHMYM8 !jlyHKllHH np8BAOITOA06HR CBOASITCR K CHCTeMe llHHBHHb!X yp8BH9HHli, All!! 

xoTopol! npeAn8:raeTC!I 8nropHTMH'Iecxoe peweHae, 

npu B3Y'I9HBH C06b!THl! MQTOABKOli ny3b!pbKOBb!X K8Mep Tpe6yeTC!I0 BCXOJlSI H3 H3BeCT

Hb!X KOOPABH8T TO'IQK Tpexa H8 !jlOTorp8!jlH!IX, onpeAeli!ITb HMITynbC B yrn&I '18CTHUbl B H8-

'18llbROl! TO'IKQ ee TpaeXTOpHH (AliR B:p8TKOCTB 9TH KHH9M8TH'IeCKBe B9liH'IHHbl 6yAeM H83bi

BBTb U8p8M9Tp8MH '18CTBUbr), 

CSI B 

Onpe.tteneaue n8p8MeTpoa 'IBCTHnbi HenocpencTBeHHO no npoexnH!IM
1 

xax 9TO nen8eT
/1 B 2/ 

nnB cneaos, HanpasneHHbiX snonh CTepeo6a3bl, Tpe6yeT H8 Bbl'IHCliHTQllb-

Hb!X MBWHH8X 3H8'1HTel!bHb!X 38Tp8T BpeMeHB H3-38 HBIIHHQliHOCTH 38A8'1H, no9TOMY '18CTO 

P9lli810T 38A8'1Y B .ttaa 9T8na. H8 nepaoM 9T8ne s npocTp8HCTBe xaMep&r Bbi'IHCIImoT xoop

AHH8T&I TO'IeB:, nelK81UHX H8 Tpexe. H8 aTopoM 9Tane non6aparoT K 9THM TO'IK8M 8nnpox

CHMBpyrowyro KpHBYIO { 06b!'IHO - BBHTOBYIO liBHHIO) 0 onpeAeliR!I ee IT8p8MeTpbl H3 YCIIOBHSI 

/2-5/ 
MHHH"MyMa CYMMbl KB8Ap8TOB pBCCTO!IHHli M9lKJlY KpHBOli H H3Mep9HHbiMB TO'IK8MH 

3 



B aacTomnell pa6oTe paccMaTpasaeTcSI onpeneneaae napaMeTpos TpeKa no sapaaee 

onpeneneHHbiM npOCTpaHCTSeHHbJM KOOpJlHHaTaM TO'I9K TpeKa, KOTOpble Mbl npennonaraeM 

HSMepe>H!biMH H03aBHCHMO npyr OT Jlpyra, 

Ecna 6hi s KaMepe ae 6hiJIO MHoroKpaTHoro pacceHHBH H aaMepeHHH npoassonnnacb 

6LI 6es owa6oK, TO no H3MepeHRbiM TO'IKaM MOJKRo 6wno 6w OJlR03Ha'IHO onpenennTb napaMeTpbi 

qaCTRllhi, TpaeKTopn!! nps STOM onsosRa'IHO onpenenHeTCH peweHR9M ypasHeHHR JlBHJKOHHH, 

y•H<TbiBaJOIU9I"O HOOJlHOpOJlHOCTb M8I"HHTHOI"O UOJISI H TOpMOJKOHH9 cpeJlbl, 

MHOI"OKpaTHOe pacceSHHe npHBOJlHT It TOMy 0 'ITO TpaeKTOpHll '18CTH1lbl H9 MOJK9T OJlH<>

SHa'lHO orrpeneJISITbCSI ee napaMeTpaMH H ypaBH9HH9M JlBHJKeHHSI, lln>i OJlHHX H T9X JKe 

Ha'lanbHbiX ycnosnll B STOM cnyqae cywecTsyeT 6aCKOiie'IHO 60nbWaSI COBOKynROCTb TpaeitTo

pnl\, l131\,IOpHT8JibHbi8 OWH6KH H9 MOHSIJOT Tp89KTOpHH 0 IiO OHH npHBO)l>IT K TOMYo 'ITO 38)l8'18 

onpeneneHHSI napavreTpOB 'laCTHUhi no HaMepeHHbiM TO'IIt8M ae HM90T TO'IHOro peweHHSI, B 

cnyqae sneKTpoaa, nonpo6aoe onpenenease napaMeTpos ItOToporo 6yneT naao asTopaMH 

OTJlGJihii00 OCTb e!Ue OJlBH CTOXSCTH'IeCitBJI npO!l9CC - B3JIY'I9HH90 ItOTOpbiJI cyweCTBOHHO 

yseJIH'lliB88T HOOJlH03H8'1HOCTb onpeua119HHS napaMeTpOB '18CTHllbl no TO'IKaM ee Tp89KTOpHH, 

riosToMy nng peanhHoro cnyqag B3MepeHHR KoopnaHaT 'IBCTHUbi, usHJKywellcs s pac

cenBaJOmeii cpeue, MOJKeT CT8SHTbCS TOJibKO 38Jl8'18 HaBJiy'lmeJI OUeHKH napaMeTpOB 'ISCTH
/10/ 

Ubi, KOTOpyiO H ll80T MeTOJl M8KCHMYM8 npaBJlOnOJl06HSI , 

OrrpeueneHHe oneHKH napaMeTpos nposssonHTCS s nsa sTana, 

Ha rrepsOM STane onpenenSieM np&6JIHJK9HHbie oneHKH Ha'lanbHhiX napaMeTpos qaCTHUhi 

rrpll' y'leTe TOpMo~<eHnSI B Heounoponaoro MarHBTHOro non>! (eM, rlpHnoJKeHae 6), Ha BTopoM 

sTane Y'IHTbiBaeM S )lOnOJIHOHB9 K SbiW9yK838HHbiM <jlaKTOp8M B MHOI"0Kp8TH09 paeceRHHe, 

8 Ka'laCTse Ha'I8JibHOI"O npn6JIHlKOHHSI )lJISI BTOpOI"O STana HCnOnh3Y9M Oll9HKH 0 nony-

qeHHhie Ha nepaoM aTane. 

II • CxeMa npnMeHeHHR MaTona MaKCBMYMH npasu_?nouo6~~ 

onpeueneHBSI napaMe!pos 'laCTBnhi, JlBHJKywellcs s TOpMoaSIWei! pacceasarowell 

Cpene, nOM9W9HHOJI B H90)lH0pOJlHOO M8I"HHTHOe none 

PaccMoTpHM cxeMy npnMeHeHHS MeTana MaKCBMyMa npasnonono6aH K SToll sana'le, 

KaJKuaH nsMepeHHa>! KOopnnHaTa 
x) 

cTanneHa a BHJl.e 

Ra cneue y1 ( i - 0,1, .... , N) MOJKeT 6biTb npeu-

x) 
EyAer.r ilJISI npoCTOTbi accneAosaTb npaKTH'!eCKB aaJKHbill cnyqai! npoeKunn cne)la 

fill IIROCKOCTb XOY t C'IHT8H M8rHHTH09 none Haiip8BR9HHhlM B OCHOBHOM IIO OCH OZ t H 

cncTeMy KoopAnHaT, Bbr6paaayro TaK, 'ITO y nsMepeHHhiX To'leK x0 ~ Y0 = YN -o (eM, pnc, 1 ), 
flpa 3TOM rAO>Kso cqnTaTb aa scei! TpaeKTopHH 1 {31 << 1 (c"· 'npano>Keaae 1 ), 

4 

/' 

Yt -r, <Po ,f3o ,To ·•t .a, .... ,a. •'1/t .... ,.,, •"t , ..... , ). 
(l) 

3necb 

P0 - HMnyru,c 'laCTI!llbi B H8'18nhHOJI (synesoll) TO'IIt9 Tp89KTOpBB; 

{3 O - yron MeJK)ly OCbiO OX 
H np09ltUH9JI BMny1lbCa '18CTH1lbl S Ha'lanbHOl\ TO'IKe 

Ita nnoCKOCTb XOY 

To HCTIIHHOe 3Ha'I9HB9 Y -oil KoopnHHaTbi s Ha'lanbHo·1 ·ro'!KB; 

H3MepHTG.llbli8'·l OWB6Ka B KOOpllBHaTI3 y
1 

., 
a. Hp09K!lBH Ha DnOCKOCTb 

M9lKilY TO'IItaMH 1- 1 B 
XOY yrna MHOI"OKpaTHOI"O pacceHHHH Ita BHTepsane 

( 1-TWJI HHTepsan); 

'1/ I - npOBhiilleHBO CMOWeHHH B MHOI"OKpaTHOM paCCOliHHH Ha 

CpeJlHBM npB 38JlaHHOM a
1 

; 
-TOM BHTepaane Han 

• 1 - TeKywui! napaMeTp (nnasa nyra npoeKnHH TpaeKTOpHH sa nnocKOCTb XOY ). 

KoopnaaaTa 
l{e paCCMaTpHBaeTCH0 TaK KaK npH ycnosBH 

(no nOpliJlKy sena'IHHb!) JlHCnejJCHJI H3MepHTOnbHblX OIIIB60K ~ 
lf31 « 1 

H (1\y) !I 

H paseHCTSe 

OlliH6KH B 
KOOpJlHHaTe 

KoopnHHaTa 
nO'ITH He CKa3biBaiOTCH Ha TO'IHOCTB onpeneneHBSI napaMOTpOS Cnena, 

Morna 6b!Tb Y'ITOHa aaanOI"H'IHO (1), HO OTHOCHTe1lbHO cna6aH KOppensrnBg 

oneaolt ( Po • co sao ) H yrna {3
0 

c OlleHKOJI yrna a
0 x) noaeonseT paccMaTpHBaTb 9TH 

sana'IH nopoaHb , B HallleM cny'lae oneHKa a
0 

ItH cnena, 
nonyqaeTcSI npa annpoKCHMauaa paasepT-

{=0,1, ... ,"' 
3Ha'I9HHn B9nB'IHHbl y

1 
(SN+4) napaM9Tpos (Po • f3o • To. •o ...... N • a, .... aN 
Bepo!iTHOCTb BCTpeTHTb Kaitoe-na6o aaaqeaae eenB'IHHbi • a 

113 ( 1) cnenyeT , 'ITO Mbl BMeeM ( N + 1) 
0 3aBBCSIWBX OT 

). '1/1 ' • • • ' '1/N ., 3a)la9TCSI 3aitOHOM 
HOpMaJibaoro pacnpeneneaas, Torna KaK nng senB'IHH P

0
, {3

0 
, T

0 

pa6oTe C'IHTaeM anpaops passoaeposTHh!MH JII06bie 3Ra'leH&H, riosToMy <I>YRitllHR npasnonono-

Mbl B HaCTOSIWei! 

6HSI 3aHBilleTCH B BHJl9 

~ 
N f 

L • const•expl-\i(I~ 
l•O lt 

3necb npaHSITbi cnenyiOIIIHe o6oaaa'leHHSI! 

o,, 
oa, 

JlBcnepcaR •t 

JlHCnepCBll a1 

D 711 - nncnepcaH .,, 

~ 

N a, 
+I,_, na

1 

N 2 

+ I.~ II 
l•tD

711 

x) naaaoe YTBep>:<nenae cnpaeennaso nocTonbKY, nocKonbKy 
Hx H 

Ia- I « 1 B 1-y I « 1 . 
• H • 
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DpocToil asn ~yHEllHH npaanonono6HB nonyqea 3a cqeT Toro1 'ITO B EaqecTae cToxaCTB'Ie

cKHX nepeMeBBblX Bbl6p8Hbl B38KMHO H938BHCHMbl9 aenB'IBHblo 

Ha3oBeM aaa6onee npaanonono6aoi! TpaeETopaeA TaEyiD1 nns EOTOpoA L 
x) 

o6pamaeTCB 

B M8ltCBMYM npB co6niDA9HBB N + I yp8BB911BB CBB3B ( 1) • 

TaitBM o6pa30M1 3anaqa OTblCK&BBB aaa6onee npaanonono6aoA TpaeitTopaa1 a cnenoaa

TenhH01 a aaany'IWBX oneaoK ( P~ 1 {3~ 1 T~ 1 t' 1 71' 1 8' ) napaMeTpOB ( P0 1 fJ0 

T0 1 • 1 '1 
8 ) Tp89ETOpBB CBOABTCB E 38A8'19 B8 ycnOBBblA !'lltCTp9M)'M ~yllltllBB 

L C ycnOBHSIMH CBB3B ( 1) XX) • 
npaanonono6BB 

Y'lHThlBBH
1 

'ITO ypaaaeaaa ( 1) nerKo pa3pewaiDTCB OTHOCaTenhHO T0 1 t 1 1 ••• 1 f N 1 

Mbl BM9CTO ( 1) nony'l89M CHCTeMy (3) 

T 0 • T 0 ( Y I ' Y 0 'l 0 ' p o '{3 0 '8 I ' '" '8 I ' 'I I ' "' ' '11 ,''a I ' "'' 
0

1 ) • y 0 -f 0 I 

t,·•,<r, •Yo·'o•Po ,f3o• 8t•"·• 8 , •'lt•'"'"'' 8 t'"''"l 1 ' 

I • 1,2, ... , N • 

DonCT8BnHSI (3)· B (2) 1 CBOnBM 38n8'ly TIOBC!t8 ycnoBHOrO !'lltCTpeMyMa ~yHKllBB L 

KY 6e3ycnoaHoro aK.cTpeM)'M& ~yHKllBH L 1 1 rna 

L 1 • L (Po ,f3o •'o•81'""8N •'It •"·•'IN) • 
Yo , .•• ,yN' 8 1'"""' 8 N 

(3) 

K noac-

(4) 

CscTeMa ypaaHeHBil 1 COOTBeTCTayromag ycnoaaSIM aKCTpeMyMa, &MeeT cnenyromai! aan: 

aLl 
- 0 

aPo 

aL 1 = O 

af3o 

aLl = 0 
1 a. o 

~- 0' a8, 

aL1 • 
0 a,, 

(5) 

(6) 

(7) 

l - 1 I ••• , N , (8) 

I • I , ... , N • (9) 

x) . 
To'lHee roaopR1 Mbl onpenenseM He CaMY TpaeKTOpBID1 a TOnhKO N + I TO'IKY 

H8 Hei!1 onH8KO Mbl MOlKeM BBeCTB MeJKny B3Mep9HHblMB TO'IK8MB eme CKOnh yronHO MHOrO 
TO'leK1 a KoTopbiX Mbi 6yneM npennonaraTb MaoroKpaTHOe pacceSIHae. TaKaB nponenypa 
TI03BOnReT nony'lBTb KOopnBH8Tbl H8H6onee npaanonono6HOi! TpaeETOpHB B mo6oi! TO'IKe. 

xx) B nanbH9i!III9M1 B T9X cnyqagX1 Korns 3TO He MOR<9T Bb!3B8Tb 38TpynBeHHll 

B 'IOHHM8HHH ¢opMyn1 IIITpBX ( ' ) 6yneT OnyCK8TbCSI. 
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B nocTaTO'IHO o6msx npennonoJKeHHSIX (eM. DpanolKeHHe 2) ypaeaeHBH (71819) OE83biB8IDT-

CH 
• 8blp8lK8B BMUynbC 'I Po '<epe3 KpBBH3Hy 

•o 

nHH9AHblMB OTIIOCBT9nhHO l O 1 8 

B BBOAB npa6nalKeBBble 3H8'19HBB •• a fJo• B BCKOMble M8nbl9 UOUp8BltB A B b 

Po•Po<•o>• 

•o••*+A, IAI«•o· 

fJo'" fJ~ + b • lb I « I , 

nony'<BM BM9CTO (5-9) CBCTeMy n&aeABb!X yp8BB9HBA (13-16): 

aL, 

a A - 0 ' 

~ =0 
ab 

~=0' 
a.o 

aL1 

a8, - 0 ' I • I, ... , N • 

( 10) 

(11) 

{12) 

( 13) 

(14) 

(15) 

(16) 

YpaBHeBBSI (9) OT6pOW9Hb11 T8K E8K BX Y'I9T npH N » I O'leab cna6o ll0Bb1W89T 

TO'IBOCTb p9W9HBH CI!CT9Mbl (5-9) TIO Cp8BB9HBID C {13-16) (CM,(37-41)). Don L
1 

nonpa-

3YM9B89TCB (4) c Y'<9TOM (10-12). 

Peweaae CIICT9Mbi (13-16) a cany ee nsaei!HOCTB MOlKeT 6b1Tb 

( CM. DpsnolKeaae 5): nsaei!Hb!X ~YHKllKA OT y 

N 
A' • A" + I A1 r, 

I •0 

N 
b'- b" + I bl y I 

I •0 

N 

(~ - , " + I • 1 r1 
I • 0 

N 
15' 

I 
15" • I + I 

1•1 
flu Y 1 

rne A"' , h " , 
1 8 ;' - KOHCTBHThl. 
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(17) 

(18) 

(19) 

(20) 



H3 (17) B (1 8) nonyqaeM: 

a N ay N I ay a 
(~a~) • o,I. (A 1-;;-..!.-la+ I. (I, A 1 ~) 08 1 

1•0 17fl 1•11•1 170J 

(21) 

---a N ay a N I ·a.., a 
(~fj~l. o •• I (b 1 • ..:!l.J +I. <I. b1trl o 8 , 

1•0 at, I• I 1•1 '"'1 I 
(22) 

N aaNI a 1 a 
I. A 

1 
b

1 
(.:!J.) + I. [(I. b1 ..2:!. )(I. A1 .:.!L l]Ds ,.o a,, ,_, 1•1 as1 1•1 as 1 

(23) 
!'.fj 0 !'.a~ • D f 

rne •o a*+ A', fj ~ • IJ*o + b ' • 

arl ar I 
B aenR'lRBbl A1 B b1 Bbl'lRCn!leM B3 ( 1 ) BnB R3 M8TpR!lbl 

npoH3BOJlHbl9 a , -a~ 
, f I "I 

R (eM. npano>Kenae 5), nonaraH 17 s 0 R 38M9HHH OCT8JlbHble B9nR'lHHbl H8 Bbl'lHCneH-

Hl1le no ,PopMynaM (17-20). TaK KaK B nacnepcaro 
BXOJlBT 'nH'lH8H JlHCnepCHH ' na6o

paHTa-R3MepaTenH, TO uenecoo6pa3HO nnH Ka>Knoro TpeKa Bbi'lKCnHTb oueHKY 

'IHHY D' 
f 

x). 

D' • • 
N 

N="2 I (t;la 
I •O 

D f -sena-

(24) 

flerKO BHJl9Tb 1 'ITO npRM9HH9Mb!l! B 
/2-5/ 

pa6oTax MeTOJl onpeneneHHH HMnym,ca no ycno-

Bli!O MRHiiMyMB cyMMbl KBBJlpBTOB paCCTOHH!il! OT H3MepeHHblX TO'l9K JlO annpOKCHMHpyiOIIlel! 

KpRBOii COOTB9TCTByeT nonylll9Hlil0 '7 "'S "'0 1 KOTOpOO R3 CRCTeMbl (5-9) o(:raanHeT 

/6/ 17 I 
TonbKO TpH ypaaHeHHH (5-7). Pa6oTbi H no CMbtcny cosnanaroT c naauol! pa6oToii 

B TOH 'IBCTR, B KOTOpOl! paCCMBTpRBBeTCH 9<jHpeKT KynOHOBCKOrO pacceHHHH, 0JlH8KO 

/6/ 17 I B H OCTaeTCH OTKpbiTbiM BOllpOC 06 OJlHOBpeMeHHOM yqeTe KBK s.P,PeKTB KynoHOB-

CKOrO pacCellHHH
1 

TBK H ypaaHeHHii JlBH>KeHHSI 38pHX<eHHOfl 'IBCTH!lbl B TOpM03Hlllel! cpene 

H H90JlHOp01liiOM MBrHRTIIOM none, 

III • HBHblll BHJl 8BH9HHit CBSI3h 1 H8Kn8llblB89MbiX 

npaanonono6HH 

HaiineM cooTHowenae Me>KilY xopnoii !'.f 1 
H sneMeHTOM nyra ~ • 1 , Y'<HTbiBOH, 

'ITO H3 sneMeHTOB t\a1 COCTBBneH napaMeTp "I B ( 1) 
x) Ecna oKa>KeTcH, 'ITO n; 3HB'lHTenbHO npeBbiiilaeT D, , TO aTo 6yneT caaneTenb-

cTnoaaTb na6o o HeKa'leCTaeHHOM H3MepeHHH, na6o o HanH'<HH anepHoro pacceSIHHSI liB cnene. 

8 

I a 
~ f I • V (X I - XI-I) a + ( Y I - Y1 -I ) 

0603H8'18H cpeJlHHii PBJlHyC KpHBH3Hbl Up09KUHH Ha I -TOM HHTepsane qepea 

MO>K9M 38ll.BC8Tb: 

~.1 - ~fl 

"I- I. ~ •• 1•1 

a a (~fl) (/l£, ~ 1 (Sf I ) l + _!.._ , ~ ] • 
[I-~-~ 24 (RI-1 (', fl 2 ( Ll 1 

I • I 

• I. .H1 -(sf)" + I.I(M
1

) • 
J •l 0.1 J -· 2 

.[I , <~;l_ lBf,lL Jl 
2T R 2(M J3 

l-1 I 

(25) 

Rl • Mbl 

(26) 

(27) 

3necb (Sf 1 l II - OlllH6Ka a H3MepeHHH M, snonb HanpasneHJIH xopJlbi M 1 [(8f1JJJ"'$.J 

no Hanpasneuaro, nepneHJlHKyn~~pao~y xopne (8f 1 JJJ - OlllH6Ka B H3MepeHHH ~f 1 
[< s e, > .1. .. vO. J; 

(Sf 1 )bl,l - pa3HOCTb B3MepBTenbHbiX OWH60!C1 B3!1Tb!X BJlOnb TpeKa B TO'IKBX 0 

[lBf,>o.•• y'~]. 
H I 

!13 (26) H (27) cnenyeT, 'ITO JlnH 6onbWBHCTB8 Tp9KOB C BblCOKOi! TO'IHOCTbiO MO>KHO nono
;:CHTh: 

~ •• -~e. 

.ileliCTBHTenbHO, JlnH (Sf 1 lll•(8f 1) i"' 0,005 CM, 

I 
., -I. ~e, 

l•l 

M, - 1 CM, R 1 = 100 CM B 

BTopaH ljlopMyna (28) cnpaaennaaa c TO'<HOCTbro no COTbiX nonei! nponeHTa, 

(28) 

N & 10 

npoHHTerpHpOBBB ypaBH9HHe JlBH>K9HHH OT ( 1- 1 ) -oll JlO I -Toft TO'IKH ( CM, npanOlKe-

HHe 2) B npennono>KeHHH OTCyTCTBHH HB 9TOM HHTepaane MHOrOKpBTHOro pacCeHHHH
1 

nony

'<HM c yqeTOM (II- 12) 

1-1 
r, •yl-1 +~,M, +Ac, •. Miocoa!Ji-t +bllf I •coa!Jt_,+(MI)(eos!Jt-I>I. s, 

l•l 

3necb. aaeneHhi cnenyromue o603Ha'leHHH: 

a a 
a* II 1 a 3 

~~ •h -~(~f1 ) [I +T G1_ 1!'.f1 
3 a a 

+ 20 c,_, <M I) lloin{j~-1 + 

a • Il-l 1 • 
+ -2-- (I+ T GI-l Ml )coafjl-1' ~fl 

1-1 II I 1 
C1 • I. [q1 _ 1 1 1 _ 1 M1 (1+l{G1_ 1 ~f 1 )]+ q1_ 1---j-lM1)(l+TG1_ 1Afl) • 

l•l 

9 

(29) 

(30) 

(31) 

, 



~-·-
P6"• co•* H• ~----.1!.0 __ ·< ·-· 
P1~ 1 • oo•t-t ~ 

1-1 1-1 
Hy • ioln(,B* +liB1 )+ll, •coe(fJ* +IB1) 

1-1 1-1 1•1 ·-· •-•l•l •\gil* ).(32) 
H ~~ 

•o 

H•o 
• • 300 • P* , coall~ a 0 

(33) 

1-1 

fj;_l·fJ~ +a*·~-~ [ll-l(l+%GI-I~fl )~fl ]; 
(34) 

ql-1 
onpeAenseTCH ~opMynoli (83), 

{3*, _ yron s -oll TO'IIte, cornaCHO BHTerpany OT ypaBH9HBH nopeHUB, C HS'IBnbHblM· 

3Haq:eHH9M {3~ 

P* 
0 

I-I 

j:llll 

Ya-1 

(I - 1 ) -oll TO'IKBX COOTB9TCTB9HHO; H P* - OU8HKH HMnynhCS B H8'18nbHOll B 
!-I 

- yron MHOrOKpSTHOrO pacCeHHBH, H8KOnneHHblll npH IIBBlK9HBB OT HS'!SnbHOll 

110 ( 1-1) -oll TO'IXB; 

1-1 
B li lJI 

1•1 

OTpSlKBIDT BnBHBHe MBOrOKp8TBOrO p8CC8HHBH HS BHTepsane OT HS-

'ISnbBOll 110 ( 1-1) -oll TO'IKB; 

d
2

fJ d -1 c, -(-2)(~) 
de do -· PI •COIIGI 

~ 
dS 

(35)x) 

\Hx\•\lly\« \ll.•ctgll[, 

(36) 
dH X dH 
\~l« \He •Ctgll\ , 1?1 «\B. •Cigll\ 

Hx • Hy I u. - KOMnOH9HTbl MarHBTHOrO nons, 

II - yron KSCSTenbHOll K TpaeKTOpHB B I -TOA TO'!Ke C nnOCKOCTbiD XOY 

Ycnosaa (35) a (36) coOTBeTCTByiDT cny~ro cna6o HeOIIBOPOIIHOro nons. 

Y'ITeM MHoroKpaTBOe pacceaHBe Ha I -TOM BBTepsane. 

PacnpeAeneaae ~epMB 181 11na qacTsuw, npowe11weli B pacceasaroweli cpe11e paccToH-

HBe X t HMeeT BHJl: 

x) 
Tionaoe Bblp8lK8HBe )lnH G npBB9119HO B npanOlK9HHH 2, 

10 

"''"'••OJIU~~_.!....!...,.,L •. - ..... --_ . .........__,~.~ ... L.-........ 

2y3 1 • lJ 2 3y8 3 y 2 
W(y, B,x) •-- • -;:-r exp[--

0 
(- --,- + -a)] 

'II Dx x x x (37} 

(npe/lnonaraeTCH, 'ITO B HS'IBnbHOll TO'IIte 'IBCTBUB IIBBlK9TCH BIIOnb OCH Ox 

y nepneBIIBKynspso Ox ) .• 
B CMemeHae 

C11enas saMeHY y • fJ + U f, B 

(37) cne11yrowee BbipaJKeaae: 

• ][- l 
, nony'IBM llnH nOK838Tena 3KCnOH9HTb! B 

2 
B 

-%(Dr+ 

T 

,2 
"""i5l"' ) 
24 

(38) 

B3 KOTOporo BHIIH00 'ITO , B B 
HBnSIIDTCH B938BBCBMbiMH CTOX8CTH'I9CKHMB nepeMeHHblMH, 

PaccMoTpBM cpe/IBeKBallpaTB'IBoe CMemeHBe yy2 

poM asMepeHa (N+l}- TO'IKa, nonyqaeMoe npa y'IeTe 

<v;r>ll,, 
in-t1

/
2 

76 

<v?'> vo ·L'/
2 

, ---= N •y2i 

ConocTasnaa (39) a (40), nony'IHM 

<v;t>, 
<vYT>a., 

1 
TN « 1 

Ha cne11e llnHHoA L 
t H8 KOTQ-

B H , B TOnbKO fJ : 

(39} 

(40} 

(41) 

Ana N » I 
noaTOMy npa nOCTpOOBHH ~YHKUHH npBB/IOnOII06HH H peKyppeHTHbiX <jlop-

Myn nepexo11a OT y
1 

K Y
1
+

1 MOlKHO OrpaHH'IHTbCH TOnbKO Y'I8TOM qneHOB C lJ H 

HCKniD'IHTb 'lneHul C fJ , nonOlKHB fJ I a~ il 0 • J1cKniD'IeHHe 1J 
COOTBOTCTByeT TOMy, 

'ITO peanbHyro OIIHOpOIIHYID pacceasarowyro cpe11y MbT saMeHaeM aepacceHBammell cpeAoi! 

C TOHKHMH pacce&BBIDIUHMH CnOHMH, pacnonOlK9HHWMB B cepe/IHHBX HHTepsanOBo 

BKniD'IHB HB I -TOM HHTepsane MHOrOKpBTHOe paCCeHHHe B OWH6KH H3MepeHHH, Mbl 

nony'IHM as (29) cne11yromyro peKyppeHTHyro ljlopMyny: 

1-1 
Y1 ~r1_ 1 +<%11 M 1 +A·C1 .~£ 1 •coaf3t_ +b~£ 1 •cosf3t_ 1 +(I ll 1 +%ll 1 l·M 1 ·cosf3~_ 1 +< 1 -t 1_ 1 • 

I 1•1 (42) 

II 



8hip8>K9HH9 f I C y'ISTOM (42) 3aDRW9TCSI 8 IIBHOM BR.ll9 C119.llYIOlllHM 06p830M! 

r'll9 X I 

I I 

f 
1 

• y 1 - ( y 0 - f 0 ) - l: .:\ f 1 (II - A l: C I (z I - z1 1)- bx 1 + 
f -· J•l -

I ( .:\f m) • coa/J:,_ 1 • 
m•l 

I 
+ % l: a I ( zl-1 + z I - b I ) • 

1•1 

(43) 

CneAyeT OTM9THTb
1 

'ITO Bb1p8lK9HB9 (42) nony'leBO B3 (29) C BCnonb3088HB9M paenpeAene

<!>epMH, KOTOpOe cnpaB91l1IHBO A1IH paeeMaTpBB89MOr'O cny'ISH KpBB01IBH9iiHOr'O ABBlKQHB!I 
JIB !I 

1IHUlb nOCT01IbKY I noCKOnbKY 

6 
M, )I« 1 

( --
R,_I 

(44) 

'ITO COBn81l89T nO nopRilKY 

ripuno>KeHHe 3), 

B91IH'IHHbl C ycnOBB9M cnpaB9A1IBBOC'rB Bblp8lK9HB!I (99) (eM, 

IV , BBHbtll BHA ycnoaHll MSKCBMyMa cjlyHKUBB npaBAOnoAo6uH 

Y'IHTbiBBII ( 43), MO>KHO nony'IIITb SIBHbll aH.a L I R3 ,PopMymo~ 

2 2 
N fl N a1 

L 1 • canst • up 1- I> [ I - + I -- ll , (45) 
1-o n, r-1 na 1 

npH 8TOM Mhl HCn01!b30B81IH ( 41) H nonOli\H1IB Df I • D f 
, BbtpalKeHHII (13-16) 3anuwyTc!l 

B BHll9 

N I 

:t '·· :t cl (xi- zl-1 ll-o 
1•1 j•l 

N 

I lt 1 (x 1 -x 0 ll• 0 
,_ 1 

N 

1< 0 + l: • 1 I • 0 
1•1 

12 

aL1 
(aA 

8L1 
(~ 
8b 

0) • 

0 ) • 

8L 1 
(~- 0). 

(46) 

(47) 

(48) 

---

1 N 

-·l: 'J (zl-1 + z, n, 1-1 

28, 
-h1 l+---o 

nsl 
(I• 1, ... ,N). 

( 8L 1 w-o> 
I 

(49): 

flpR BbiBOAe ypaBHQHB!l (46) Mbl onyCTH/IJI '1119H C 
ana 
8A , 'ITO COOTBeTCTByeT npeHe6pe-

lKQHBIO BHcpOpM8UBell 06 A ( T,e, 06 BMny11bee '18CTHllbi), ll8B89MOJI MHOI'OKp8THbiM pac-

C9>1HB9M0 no Cp8BHeHBIO e BHcpOpM8liHell, A8B8eMoil B3y'leHBeM BCKpBB1IeHB!I TpaeKTOpBB 

B MAI'HBTHOM none (eM, llpB1IOlKeHBe 4). 

BbtpalKeHBH ( 46-49) HB1IHIOTCII nHBeliHbiMR cjlyHKURSIMH OTHOCHTenbHO HeH3BeCTHhtX 

A b , 'o . a, ... ' BN B SKenepBM9HT81IbHhiX Be1IB'IHH Yo • "' • YN • 

B ripanolKeHHB 5 H3naraeTC!l cnenaa1lbHbill anropRTM A1I!l peweHHSI cucTeMbi (46-49). 

OnpeAeneHHe BCXOilHbiX oneaoK a* , /Jri H Cl~ R31IOlKeHO B llpH110lK9HHH 6, 

OnpeAenHB ace aenH'IHHhi f I H 81 2 
, Mbl MOlKQM Bbi'IHC1IHTb ll1I!l cneaa )(min (45) 

2 ~ 2 
N f N o

1 2 
• I - 1

- + I -
)(min 1-o D, 1•1 Da 

I 

flpH 9TOM MOlKHO npOBQCTH 8H81IH3 BK1181l0B B )(:In 

a• 
I 

B91IH'IHH --

Dal 

Ecna KaKoll-nH6o H3 aKnaaoa oKal!teTCII O'!eHb 6onbWHM, To <>To 6yueT yKa3biB8Tb aa 

TO, 'ITO '18CTBU8 HMena Ha CBOeM nyTH SlllepHOQ paCCeltHRe, B 9TOM cny'!aO MOlKHO IIOBTD-

PHTb Bhi'IHCneHH!l ( 46-49). 3H8'1HT91IbHO yaenH'!HB JlHCnepCHIO n 81 

Tepaane. 

riP11nO)KEH11E I 

Ha yKa3aHHOM HH-

Yron noBOpOT8 TpeKa '18CTHUh1 0 OCTBHBB1IHB810U19HCII B K8Mepe 

0603H8'19HH!l! 

0 - ~ron ( B P81lH8H8X) M9lKJlY llpOeKUHIIMH Ha 111IOCKOCTb XOY 

Tp89KTOpHH B H8'181IbHOil TO'!Ke B KOH9'1HOll TO'IKQ (TO'!Ke OCT8HOBKH); 

K8C8T91IbHhiX K 

H •Ha - M8r'HHTHOe nc,ne (rc), npeJll101181"'89TC!l OJlHOpOJlHbiM H H8l1p8B119HHhiM 'TO OCR Z 

S - llpOCTp8HCTB9HH811 Jlyra C119Jl8 (CM,) 1 OTC'IHTbiB89M811 OT H8'!811bHOli TO'I!SH JlO 

TOtfKH OCTBHOBKB; 

P(S) - HMIIYI!bC ( Mu) 
c '18CTHllbl1 COOTBeTCTBYIOillRll 11po6ery S 

Eo 

d 

Mace a II OK Oil '18CTBllbl ( M9B) ; 

111IOTHOCTb TOpM03SIIllell Cp9Jlhl (~ ) , 

13 



O<leBH/lH0
1 

'ITO .lliiSl Tp8eKTOp1111 1 ne>K8Ulel B IIIIOCitOCTK 

_
1 

8 dS 

0 • 300 R • 10 f p(S) 
0 

XOY, 

/9/ 
113 pa6oTbi AIISI npo6era s BMeeM ljK>pM)'IIY 

~ 43 E 0 '1/P + E0 -Eo 1,11 
s--r·IOO< > Eo 

crrpaae/liiHBY!O llllll cpellbl CO cpellHHM 8TOMHbiM HOM9pOM 7 175 JipB ycnoaBsct: 

p ~ ...;a E0 
s !;. 0,43 Eo 

d - k 

(a cnyqae paaeHCTBA TO'<IHOCTb ljK>pMynbi (51) nopSIIlltA 15%). 

J13 (50) H (51) HMeeM 

rAe 

a 
P- Eov<t>"' + 2<t>~ 

0-

8 
k dy 

k I l -=;==:::=:;:= 
yyf + 2yt 

... 
k • 300R • 10 •0,48 
I---. (a pa.naaaax) 1 

nponaH 

npoTOII' K -Me30H 

k(cM} 943 497 

It 1 (pallH- 5,41 5,41 
8Hb!) 

0,43 •Eo 
--d-~ 

(a CM ) , It -

Ta6nana 

rr -Me3oH 

140,5 

5,41 

Bo.nopo.n 

npoTOH K -Me30H 

6900 3630 

39,7 39,7 

(50) 

(51) 

(52) 

(53) 

(54) 

(55) 

ff -Me30H 

1026 

39,7 

B Ta6naue 1 npHBeAeHbi Koa<!J<PHnHeHTbl It H It I llllll p83Hb1X '<18CTHil B 11p0118HOBOII 

14 

IIY3blpbK03011 KOMepe ( d ~ 0,427 _r_ ) H BO/lOpO/lHOli rry3blpbKOBOH KaMepe 
3 

CM 
d -

~ 0 0585 _r_ 
• 3 

CM 
) .!IIIII M8rHHTHOrO IIOIISI R • 18 xrc. Ha pac. 2 npeACTaaneaa 38BH-

CBMOCTb 0 OT S .!IIIII p83Hb!X '<18CTHU H K8Mep, 

!Ia pac. 3 :.! BBilH01 'ITO .!IIISI llpoii8HOBOII KaMepbl p83MepOM 200 X 60 X 40 CM H BO.!lOpo.n-

1003X35x30cM3 yron IIOBOpOTa 60IIbWHHCTBa TpeKOB MO)K9T C'IHT8TbCII soli pa3MepoM 

ManbrM. 

nPHJIO)I(EHHE 2 

B bl a o.n YP8BH9HHil CBll3H 

BbiBO.!l ypaaHeHall CBSI3H Ha'!HeM c HHTerpapoaaHHII ypaaHeHHII llBHMeHHH a oKpeCTHo

CTH ( 1-1) -011 TO'<IKH, 

YpaaHeHHS! JlopeHua B TOpM03snuell cpelle MO~<HO 3anacaTb cneayiOWHM o6pa3oM: 

.. 
dP 
dt 

. [.. .. .. c v , H ] + _!: dP 
p dl; (56) 

.. 
rae P - HMDyllbC '<18CTHilbl 0 

t - CKOpOCTb 1 

e - 3apSIIl, 

C - CKOpOCTb CB9T8, 

BeKTOpHoe ypaaHeHHe (56) MOMeT 6biTb aanacaHo a aa.ne 

~.. .. 
d R • ~ [..!!!_ 

dST Pc dS 
;]. 

(57) 

eCJ!H nepeiiTH K .!lH~~<J>epeHilHPOB8HHIO 110 npOCTp811CTBeHHOII /lyre S 
.. 
R -paaayc - aeK-

TOp Tp8eKTOpHH), 

BBOJUI o6o3Ha'<leHHII 

.. .. 
P • P (I • coo a .. .. } • coo fJ + j coo a • oln f3 + It • oln a ) , 

(58) a • a (S), 

f3- /3(5) ' 

BbipBMeHHe (57) MOMeM 3811HC8Tb B BH.Qe 

15 



d~ (cosa •cos{3) • .;c (cosa •sinf3•H 8 -sinti •Hy), 

d e dS(slna) • 'PC (coaf3• H
7 

-cosa•sln{3• H x) , 

d e 
- (coo a • oln {3) • - (sin a • B x -coo a • co a {3 • 8 • ) • 
dS Pc 

0TKYAB 

da e dS= p;;(cosf3•By -oln{3•Hz), 

* = -f,;-£-B. + tga (Bxcos{3 + B 7 •oln,8)]. 

na~~epeHAHpyH (60) R (61) no S 
dB dB 

H HM9H B BRAy, 'ITO dS • h C"osa , 

nony'IHM 

rAe 

d
8
a e dP 

-;;;TdS • - ,-- (--)( coa,B • B - sln{3 • B ) + 
p c dS y X 

e dB dBx dQ 
+ -Ieos a (-d 7 cos{3 - -- • cos ,Bl- ~(B • aln{3+ B x • cos ,Bl I , 

Pc s da d S Y 

2 

d ,8 e dP 
---,.- •- :T"'" • -[ lga(H

7 
•sln,B + Hx •Cos{3)- H 1 + 

dS P c dS 
8 

e dH dBx da d{3 
+ l'C (~ •slna ·•ln,8 +~ •slna•costJ) +dS•dS olga+ 

e dH• da 1 
+ pe 1- """"ij;-' Cos a + -d •--.,- [B •sintJ +Bx •Cos ,811 

dBx 
ds 

II COB Q Y 

iiHx iiB iiHx 
a;: cos tJ + a:-· oln,B + -az- • lga 

dB y i1H
11 

iiHy iiB7 
-- • ~ •CostJ + -·- ·•intJ+--•Iga 
da ilx il y il z 

dH
8 

ds 

il H
0 

iiH 0 iiHa 
-- • cosfJ + -- •sln{3 +--olga 
i1 x ily ilz 

16 

(59) 

(60) 

(61) 

(62) 

(63) 

(64) 

(65) 

(66) 

nepeAAeM OT AR~p8HARpOB8HRH no npOCTp8HCTB8HBOA Ayre 5 
K AR~~epeanaposaaaro 

no ee npoexnaa • aa nnocxocT& XOY 

da 1 da 
h=c;;;·dS (67) 

!.P. 
ds 

=_I_'!!_ 
cosa dS (68) 

d 
2 

a 1 l a da 2 
-d 2 =~[-:;;;-J +(-) •tga] 

s cos a dS dS (69) 

fl 
do 2 

2 
1 [ d p da ...!{! 

cooga dST+F• dB •taal. (70) 

BbmaweM 
2 . 

G • (;{)(~)-,'I' 
de de 

2 2 
H -H 

X y 
1 1 dP e Hx•Hr•Cos2,9---

2
- •sin2,8 c----·-·-+ . + 

coaa P dS pc • cos8a [-H 8 +1ga(H
7

•sln,8 + Hx•cos,8)] 

+ 
dB dB X dB 

tsa [~ • aintJ + ~ cos,81- do" 

+ ~ • ~(R •cos{3 -H • sln,B]. pc coacz Y x (71) [-8 0 +lsa(B 7 •aintJ+ Rx •costJ)] 

Mbi C'IRT88M 1 '1'1'0 TO'IKR Ba TpaeJCTOPHB H3MepeBbl CTOnh '18CT0
1 

'ITO B cany ManoCTH 

~8 I • a1 - s1_ 1 MOlKHO OrpaHB'IRTbCH B 01Cp9CTBOCTR (I - 1 ) -oil TO'IKH naaei!HbiM R KBBA-
paTR'IHbiM 'lneaaMa B paano>Keaaa P<•> no CTeneaaM ( s- s

1
_

1 
) 

dfJI-1 I 
{3(s) • fJI-1 + ~ (s- 8 1-1 )[1 + ji GI-l (s- 8 1-1 )], (72) 

rAe f31_ 1 -yron fJ B TO'IKe (l-1). 

11a awpa>Keaaa, (72) nonyqaeM c yqeTOM noaopOTa Tpeita aa yron 8
1 

aa BHTepaane 

~•1 aa-aa MHOroxpaTaoro pacceaaaa: 

fJ1 •.81-1 +•o 1 t-l'~"t O+liGI-1 ~·~ 1+81 (73) 

rAe 

e B •o . ---. 
o c p

0 
•co~~e~ 0 

(74) 

17 



Po 

'•- p;-
coaa

0 
H • Hy1 • ab.fJ 1 + 1fx •coefJ1 

--(--1- I coea
1 

Ha H •IIIGt) , 
o •o 

(75) 

a
0 

- yron Me~ny K8C8TenbBOH K TpaeKTOpHR B H8~8nbBOH TO~Ke H nnoCKOCTb~ XOY 

06ht~HO s ny3btpbKOBbtX KaMepax Bhmonali~TCll cneny~wue ycnosaa: 

\a 0 • 11_ 1 A• 1 (1 + "C 1_ 1 As 1 >\'<< 1 

\CI-1 "'·· I « 1. 
I • 1, ... , N . (76) 

He38BHCHMbte sen&~HBbl a. B STRX ycnOBRliX MOI"Y T C~BT8TbCll pacnpeneneHHbiMH 
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0TCIO.[l8 Tp88KTOpHH0 K8CaTenbH811 K OCR OX I H npOXO.!lHili811 'lepe3 TO'IKY (0,0) 0 MO>KeT 

6LITb 38nHC8H8 K8K 

Y 1 ( •) • f oin ,9 do , 
0 

0 

x 1 (o) • f coo ,9 do • 
0 

(136) 

llepeil.[leM B CHCTeMy KOOp.!lHHBT TpeKa, B KOTOpOll OCb OX npOXO.!lHT qepe3 nepsyiO H no-

cneaHIOIO TO'IKH TpeKa, llepeXO.!l OT CHCT8Mbl KOOp.!lHHBT X I OY I K CHCTeMe KOOp.!lHHaT 

XOY 

rae 

x) 

COCTOHT npOCTO B nOBOpOTe Ha yron <{> , KBK ITOK838HO aanee: 

X • X I COS<{> + y I sin<{> , 

y • - x I oin <{> + y I coo <{> 

-I 
cos </> - X I ( 0 k ) • L 

-I 
sin<{> • y 1 ( o k) • L 

~ 2 li 
L -[x 1(ok)+yl(okll 

llpOH3BO.!lHbie OT ,9 IIO S 38BIICHT OT HMnynhC80 senH'IHHbl H H80.[lH0pO.!lHOCTH 
'.1arHHTliOro nang H HOHH3aUHOHHbiX ITOT9pb t{BCTHUbi. 
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• .. ·~:.~~-..:::.:-,., .......... ~., 

AnnpOKCBMHpyeM nonyqeaayiO TpaeKTOpBIO napa6onoll BRAS 

a 
y = a(x- ~) + c , 

nOTpe60B8B o6pameBBB B MBHHMYM (jlyBKUBOHana Q ~ 

~ 
Q 

0
k L ~ 2 

f [ Y - • (X( •> - .,.... ) - c ] ds 
0 (o) • 

CnenosaTenbao, AnB onpeAeneaBs napaMeTpos a a c BMeeM CBCTeMY 

ao~ 

-r. 
ao• 
-rc 

0,1 
= 0. 

PewaSI CBCT&My (139), nony'IBM 

"k L ~ •k "k L I 

.k ·fr<•>(x<•>- y-l do- fr<•> do[<•<•>- r> do 

*t L 4 11 t 2 § 

ok f(:•<•>- ,--> do- [ f (X( a)- }l do] 
0 0 

. -

(137) 

(138) 

(139) 

(140) 

llpOB8.!l8M annpOKCBM81lBIO M8TO.!l0M Ha.HM8HblliBX KB8.!lp8TOB 9KCnepHM8HTanbHO H3MepeHHbiX 

TO'IeK ( x 1 , y 1 ) I • 0 , ... , N napa6onoll BB.!la (137). 

B peaynhTaTe annpoKCBMauaB nony'IBM: 

• 9 

c9 • 

N L 1 ~ 
(N+lli y

1
(x - -l -I y1 I <• 1 - }> 

1.0 I 2 1•0 1.0 

( N + 1) ! (X I - L ) • - [ f (X I - L )'"I-.-
1•0 T ~ooo T 

N L4N LIN L~ 
I y 1 I ( x 1 - ...-) - I (x 1 - -

2 
l I Y 1 ( • 1- -2 ) 

1•0 1.0 • 1.0 1.0 
N L4 N L~ I 

(N+l\:C,<• 1 - Tl -£
1
!,<•1 - 2 > l 

( 141) 

(3H8'1KOM •a• OTMe~eso 3Haqeaae a 0 nonyqaeMOe 9KCnepBMeHT8nbHO npH annpOKCHMH · 

UBH H3MepeHHblX TO'IeK), 

Ecn11 H3MepeHRbie TO'IKB pacnonaraiOTCH .!lOCTaTO'IRO pasHoMepao (s cpeaaeM) aa Tpe· 

Ke, a OTROCHT€nhH811 H80.!lROpO.!lHOCTb MarHRTHOrO nons B OTHOCBT8nbHbl8 IIOTepH BMnynhC8 

Ha BOHH38nBIO M8llbl0 TO 6e3 6onblliOll OlliB6KB MOlKHO nonOlKHTb 

a 9 • a • (142) 

Y'IHTbiBaB, 'ITO npasas qacTb ( 142) eCTb <I>YHKilBB oT BMnynbca, MarHHTHoro non >I a noTepb 

Ra HORH38UBI00 nony'IHM, o603R8'1811 

d H 8 • F ( P , Hx , H y , a; • 

~ 

d d .dP d P 
d;" H X ' d. By' ••• ' Ts 'dSZ" ' s k ) • 
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HClJBHO 38/lBHHYIO cPYHKUHIO OT P B BB/le 

2 
dP d P 

83 = F (P ,H 0 ,Hx,H.r , ... , dS • dST • 0 k) • 
(144) 

1"/lC MBI"HBTHOe none B ero npOB3BO/lHhie 6epyTCSJ B nepsoil To•nte TpB&KTOpHB, B npOB3BO/lHbl9 
dP d~ 

dS B dS7' - npB HB'IBllbHOM BMnyllbCe, 

PaapeWBlJ BblpalKeHBe (144) OTHOCHTellbHO p 
,_ nony'IHM nocne HecnolKHhiX, HO sec&-

MB I"P0"03AKHX BhiKnB!lOK 

0,15 . 
P • P + 1-,---(H'R 

3 cos a cos a 
BD • 1 dP 

• -·+ 2B·olna)- --·<-llsk+ 
H 2 coaa dS 

+ 

• 
0,8 2 BD' BH' , 1 B 'D 5 dP H' 

+ ::--r-1--r ·-- +Stga •- +Stga•B +-,.-·----(d5)1r + 
7 cos a coo a H H coo a H 6 

25 coo a d p 2 1 10 d
2 

p 7 1 BDH' R 3 + 9 • -R-(Ts""l lr- T • -:-::-r-- T · -r- · --+-- · H" + 
a dS cos a H 2 cos a 

1 2 B 
2 

7 +--(--+coo a)-- --
R cos a H 4 

3 

D2 2 2 2 
1 ,B D _--.!J!!.._,~ ___ 1_, ___ (145) 

R 3 •coo
1
a "'""jjT"" R •coea H R 

3 
•coo a H 

2 sin a 3 coo a 5 dP BD 2 
--- • D + S • --,r- • H + • (-) -;;r !ok 

R 3 3 8 R 
3 

• coo a dS H 

rAe 

0,3 R 3 
P

3
• ~[Bx•coofj +B,.·oin{j)tga-H

8
), 

R • --a 2 a 
3 

B = H Y • cos {3 - H x • sin {3 

B' dH,. dHx 
~ ~ • cosfj - dS • oin{j , 

30 

D • H x • coo f3 + H Y • a in f3 , 

D' • 
d a,. d By 
- • cos{3 + -- • oin{j, 
dS dS 

H • ( H x coo f3 + H y • sin f3) tg a - H 8 , 

dB dB dB • 
u·- ( _x, coe{3 + __ v_ •oin{j)tga- --

dS dS dS 

2 2 2 

H, • 
d Bx d H y d H8 (d$T coo{J + ~ • sin{J)tga-~ 

[H) • KI"C 

npeae6peraH MBnbiMB 'ln&HBMH B (145), nonyqaeM! 

p- p +[~(H'R + 
cos 2 a a cos a 

~ + 2B•oinal--1-(~))sk + 
· H 2 coo a dS 3 

0,3 R 3 10 d
2

P 2oina BH' 
+ ::---T"" [--- H" - T • --:=v- + 3tga • B '- --- • D + S tga -- + 

7 cos a coo a dS R 3 H 

1 
+-,-

COli a 

B'D 

H 

2 
+ ----r

coa a 

BD' 

H 
+~ ~.u]o: 

8 R
3 • 

(145) 

npa Bbi'IBCneHHH HMnyllbCB P 
dP d

2
P 

no cjlopMynaM (145) ana (145 •) cneAy.eT HMeTb 

B Ba.lly, 'ITO aena'IHHhi ~ H "'dS7"aomKHbi Oh!Tb B3>1Tbi npa aeHaaecTHOM aaqanbHOM aaaqeHHH 

HMnynbca P 0 • Ho a aaweM pacnopstlKeHaB eCTb TOllbKO BenB'IHHB P , noaTOMY 
8 

MOlKHO nOCTpOBTb HTepaUBOHHbiH npouecc: 

dP d 
2

P 
I. Bhi'IHCnHTb -- a --;-;;v- npu aaa'leHHB HMnynbca 

2 d s d s 
dP d P • CO 

dS'" a ---r no </JopMyne (145) BnB (145 ) Bbi'IHCnaTb P • 
dS 2 

p H AnH 3THX 3HB'ICHHH 
8 

dP d p (I) 
2, Bhi'IHCnHTb ""d'S B ds"' npu 3HB'IeHHH HMnynhCB P H .llnst aTHX 

d2 p 
li d'ST 

3Ha'leHHti 

dP 

d'S 

Bhi'IBCJIHTb no </JOpMyne (145) ana (145 •) 3HO'ICHHC pc•> a T.Jl •• noxa He 6y!leT 

I>htnonHeno aepaaeHCTno: 
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I p (I) - p (I+ I) I < t 

l'Jl9 t - HeKoTopoe Manoe qaeno, 

DpaKTHqeeKH )lOeTaTOqHO Jl911BTb TOTibKO OJlHy HTepSOHID H TO TOnbKO JlTIH M9Jli19HHbiX 

qaeTHO, 
~ 

d p dP 
EenH ~<e 11pOH3BOIIHbie Ts H~ pa3110>KHTb B TOqKe P = p 

3 
e YJlep>KSHH·eM 

TOTibKO TIHHeiiHbiX qneHOB, 3ST9M pelliHTb 110nyqeHHOe 11HH9HH09 ypaBH9HHe OTHOeHT911bHO P 

H 11peHeOpeqb MBTibiMH qTieHSMH, TO ( 145 * ) 11pHM9T BHII: 

I 0,15 (H'R +--P=P3+(~ 3 cosa 
8D L ] 0,3 R 3 , 
-- + 28 • sinal---- ok+-:---r-(--H + 

H 2 cos a 7 co a a cos a 

rne 

8H' 1 8'D 
+ lltga -- + ---y- --

H coo a H 

2 oln a 2 BD' 8 cos a 
+ 3tga • 8'----·D +__,.-• -- + T-R-11 + 

II coo a H 
3 ·3 

s•• 7 Rs • ~ 
+yLll +4;;;-a\I'Mlok 

L = ~I -- p
3 

81 
dS p - p - TPII--r ( 8 ~ 

~3 E 3 ~ 
+2ln-M- -v

3
ll 

9 9 ., 3 

iP 
d'S'" lp =P 

3 

dP 
dS" lp.p 3 

a a ~ 
28 1 1v

3
M - E

3
) 

E I • • 
3 3 

3M
3 

- -;--E" L 
3 3 

. 
M ~ 

p3 

" -E; 

2 ~ 
E

3
•y'P

3
+M 

M - Maeea 110KOH qaeTHOLI a Maa/e
2

, 

(14tJ) 

/9/ 
8 I H B2 - KOHeTaHTbl B H3BeeTHOll cpOpMyne HORR3SOHOHHbiX 110Tepb ( ep,, HB11pHMep, e ) , 

8 1 > 0 

Bbtpa>KeHHH JlTill yrnoa a H fj , aenonbayeMbiX B (145-146), MoryT ObiTb 11onyqeHbi 

110 <jlopMynaM: 

N N N 

Iz 1 I 191-(N+l)I z 1 19 1 
1•0 laO 1..0 

tg a .. 
N 2 ~ 2 

R3 [<I 191 ) -(N+0It9
1

] 
IIIII() l•O 

(147) 
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fj 

rne 

L 
lg fj - - ---- • 

2(. +c) 
9 

6epeTCR B CBCTeMe KOOpllBHST TpeKa (pae, 1), 

R • -- • a 2a 

X L 
(9 1 • arc sin ..:...:L 

R3 

(148) 

3a aaqanb&bte napaMeTpbi ( OTMeqeaHbie B cpopMy nax (IJ ) , ( 12) B ( 32)) npBBBMSeM: 

I) 11Mnyl1bc P: • P - no cpopM)'ne (145 * ) (ecna Hy>Kao, TO 11oene o,qaoll BTepa

OBB, KBK YK83SHO Bblllle) 

rne 

2) Kp&BH3HY • * - 110 cpopuyne 

a* • p-1 

H onpeneneao B (145), 

-I 
0,8 • H • coo a 

3) Yron fj ~ • fj - no cpopMyne (148), 

4) Yron a~ •a -no cpopMyne (147), 

3aMeqaaue: LlanbHelllllee yTOqHeHue HaqanbHOil 009HKB BMnynbea B HaqanbHOll 

009HKB yrna {j MOlKHO nonyqBTb, pew a a eaeTeMy ypaBH9HHll ( 121) t 

(123) H (124), noTIOlKBB Bee 81 • 0 , qTO paBHOCHTibHO pewenaro ypaB-

H9HHII llBH>K9HHll 093 yqeTa MBOI'OKpaTHOro KynOHOBeKOI'O paeeel!HHll, 

YToqHeHHe HaqanbHoll ooeHKB yrna a MOlKHo npoaeeTH no aHanoraq

Holl exeMe, 

DPI1nQ)KEHI1E 7 

'laeneHHSll OOeHKa llHenepeHll KpHBH3Hbl H yrna 

Llnll onpeneneHBR ooeHOK paeeMOTpHM enenyrowyro MO/lenh: 

I. HaMepeHHbie TO,KH paenonolKeHbi Ha TpeKe, Ha paeeTol!HHH npyr oT npyra, 

2. B OTeyTeTaue MHOroKpaTHoro paeeeHHHll TpaeKTOpHll onaebtaaeTeH ypaaHeHHeM 

y - xfj 0 + ll ax a 

Yo • T 0 + t 0 • o • 

x) 
HanOMHHSeM, qTo B BbiOpaHHOll eaeTeMe KOOpAHIMT (eM, eaoeKy Ha eTp, 4 

(149)x) 

3KenepHM9HTBI1bHOe 3HaqeHH9 KOOpAHHSTbl Yo • 0 , 

33 



3) BenH'IHHY ( {3 0 + ax) C'IHTaeM aacTOilbKO ManoA AilH paccMaTpasaeMbiX X , 'ITO 

MO>K9M IIOHO}KHTh 

coo({3 0 +n)., 1 , 

sin ( {3 0 + ax ) ., {3 0 + ax 

Ha Bbipa>KeHRSI {149) c y'leToM {150) cneAyeT, 'ITO 

1 
Ro • 8 

MO)I{HO ilOilO)I{DTb 

rAe R 0 - paAHYC KpHBH3Hbi TpaeRTOpDR (B H8'18ilbHOA TO'!Ke), 

{150) 

B CAenaHHbiX npeAnono)l{eHDSIX Bbipa)l{eHRH llnSI ycnoBsA CBSI3R {cpaBHR c {43)) 6yAyT 

'o -- To , 

e a. 
,, .. y 1 +t 0 -l{3 0 ---r-%l8 1 

a 3 
t 2 • Ya + t 0 - 2f{3 0 -21' o - 2 1'8 1 - %l8 2 

a 5 3 
'a= y8 + t 0 -sf{3 0 -4,sf •-Tf8 1 ~2 ea1 ,%t88 • 

f'L\8 81 - yron MHOf'OKp8THOf'O pacCeSIHRSI Ha HHTepBane M9)1{AY TO'IK8MR ( i- 1 , I) , 

~yHKQHSI npaBAOilOAOORH L, RMeeT BRA {45) 

N f: 
L 1 !" coast • exp I - % [ I -

1-o n, 

f'Lie ROLl f I ilOHDM88TCl'l (151), 

a 

+ i ~ ll 
1 .. 1 na 

YcnoBHSI 9KCTP9MYM8 L I HMSIOT B!fA (46-49) 

aL, 
= 0 • 

a,~ 

~ = 0. a{3 

~- 0' a. 

aL, 
i· • 1, ••• , N • -=0 aa 1 
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{151) 

( 152) 

{)153) 

(154) 

(155) 

BblnonBaB yxasaHHble .ttaojlcjJepeauapoBaHBH a paspewHB (155) OTHOCBTeilbHO 

Be A eM CHCT9MY (152 - 155) K BRAY 

rAe 

N 

I 1 1 • o , 
1•0 

N 

I "I- 0 
1•1 

N 
I 

I%111 •0 
I• I 

' 1 • 8 (18 1 - a8 a + 48 1 -48 4 +4 81 - ... ) • 

fa • 8 (0 + 1·81 -88 8 +48 4 -48 1 + ... ) 

' 1 • s < o + o + 18 1 - a8 4 + 4 8 1 - ... > • 

' 4 • g < o + o + o + 18 4 - a 8 1 + .... > , 

•••••••• 0 0 0 0 0 •••••••••••••• 0 •••• 0 

g -

2 n, 

t DB 

12 a f 
na-<p-.> 'X; 

[P •1-= MsB/c 

Y - CKOpOCTb '18CTRilbl B 9AHHRil8X <>- 0 

X 0 - p8AH8IlHOHH8SI AilRH8 (AilS! )I{RAKOT'O nponaHa "'105 CM), 

noACT8BilHSI B ( 156) Bbip8)1{9HHSI (157} R B (157) Bblp8)1{8HRSI (151), nony'IRM 

CHCTeMy 

o • 81 +8 2 + 8 1 + 84 

0 • 8 1 - Ba + 8 8 - B 4 

o • 8 1 -iB a + 2 B 1 - 2 B 4 • 

a l 
Y1 • -t 0 + l{3 0 + %1' • + <r + 8>8 1 - a 8B2 + 4sB1 -4sB 4 • 
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r11e 

2 8 t 
y 2 - -to+ 2lf30 + 2t a+~ tli 1 + <r + glli2 -3glia+4gli 4 

2 5 s t 
Ya- -•o + alf3o + 4,5l a+ Tills +Tfli2 + (T +gllia- 3gli. 

2 7 5 s t 
y

4 
a-t

0
+4lf3

0 
+at a +Tfli 1 + Ttli 2 +rflia+ (T + glli 4 

PerneHHe CHCTeMJ>l ( 158 ) npeACTaBnlleTCll B BHIIe 

N 

a • I AI • Yt 
1•1 

N 

.Bo·IB,·Ys 
I• I 

D 
ct ,a> 

At • 
Dot 

(1,2) 
D a, • 
Del 

Del - onpeAenHT91lb CHCT9Mbl (158), 
(1,2 > u ,a> 

D • - D - BllbiOHitTblo nony'leHHble H3 (158), 

Y'IHTbiBall, 'ITO H3MepeHHbie senH'IHHbl ( y 1 ) Bbipa)!{aJOTCll B BHIIe 

l!2a 
y I • f I - f 0 + f ,8 0 + --2- + ~ flJ I • 

2 a 
Y2 • t

2 
-• 0 + 21!,8 0 + 2l a + 2 tli1 + ~fli 2 

2 5 3 
y
8 

• t
8 

-t0 +8l,8
0

+.1i,5f a+ rf81 +Tfli 2+"lli8 

2 7 5 8 
r

4
- '• -t 0 + 4lf30 + at a + 2 tli 1 +Tfli2+Tf88 + "t84 

nony'IHM 111ill llKCnepCHH D
8 

- (~a ) 2 
cneAyJOmee Bbipa)!{eHHe: 

N 2 N 2 N- I N 2 {1- J) -1 2 2 
D

8 
• [(I A 1 ) +I A 1] D 

1 
+ [ I (I A 1 9 ) ] <l D lJ) , 

1•1 1•1 1•0 t-1+1 

JlHcnepCHl! (t!J.,8) 2 
MO)!{eT fibiTb HBlllleHa aHanorH'IHO, 

X) 113 ( 158) cpaay BHIIH01 'ITO lJ 1 • 0 • 
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(159) 

"' 
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"' 
~ 

1-

0 

"" 

"' H 

co 

~ 

N 

H 

~11 
~~I 

0~ 0~ H OjO H HjO 
OOHCO 0\HO\ HHH HHH 

bbb bbb bbb bbb 
HHH HHH HHH HHH 

,.;ruru .r.ooo.- mN..O ,.;.;...;.. 
1<\1:'-~ ~1<\CO 1<\HO O-aO 
C\ICOC\J H.:t"H 0\C\Jfot'\ HO\H 

CoO Ood' CoO OoO 

COO\CO 0\0\0\ HHH HHH 
0 0~0 H 0~0 '':)b~6 66~6 666 666 HHH HHH HHH HHH 

..;oo<:O .;..N;.. 6.;...;.. .;..6.;.. 1<\ ~ -a ~ 1:'- H N 0 .N 1<\ -a CO 
C\J"""N HHN"\ HCOO\ C\Jf'('\trt'\ 

coo coo 000 000 

~ ~ 0 j H j 0\0\0\ H0\0\ H0\0\ cpocpo6 6b6 bbb 6bb 
HHH HHH HHH HHH 

~.:,.J,. roc-:~ m~~ N~~ 1<\NLt\ Lt\CO~ N-aco NNN 
NHH'\ HU'\C"- NC\JN Ll'\HH 

CoO OoO OoO OoO 

cpo 
00

6~ 6 0\6 6~ 6 HHH HHH 

00~00 ~a-,.; 
~ -d" !;::! N ~ ~ 
0 0 0 0 0 0 

0 

H6 
H 

0'\ CO H 0\ 0\ 

6 6 b 6 b 
H H H H H ~ 0 ~ ~~i ~~.;.. Lt\0\H H~'j 

o o o o a a 

6 ~0~1:'-6 6 6~6 ~0 6~6 ~b 't~'t HHH HHH HHH HHH 

.d-N~ ...:.~N ONJ.. ~tAcO 
0\00H \CH['o.. N"'\CDO\ HOOCO 
C\JHC\1 Ll'\0000 Hf'(\trt'\ tr\HH 

CoO OoO CoO OoO 

co 1:'-jl:'-6 b 6 H H H 
~ .d- ~ co 1:'- "" 
"' -a 1:'-
0 0 0 

"' N 

cp 1:'- 1:'-
0 6 6 
~ a; ~ 
1<\ H .:t 1<\ H N 
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0 

"' 
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,UnS! epaBH9HHSI e 
2 

(~a) KPHBH3Ha a MOJKeT 6biTb onpeneneaa no ljlopMyne 

• 
-3 

300H , 10 

p 
-1) [a J • (eM. 

rne eMnynbe P Bblp8lK89TeSI 'I~ Pv no _ljlopMyne 

rne 

P=(Pv)•y 

r-------p,f" 
+ y I + 4 ('Pv""P" 

2 

M - Maeea 'laeTHllbl B (MSB) 
e 

[H] • (Krc) 

' [P] • 

-2 B Tu6nnue 2 .uaaa 3BBIICIIMOCTb nnenepe1111 KpHBH3Hbl D a (eM, ) OT senH'IHHbl 

Pv ('!2~) H liJ!HHbl TpeKa S (eM), 
e 

OpHseneHHhre 3Ha'leHHSI Bbl'IHeneHbl nnSI nponaaa (pannaunoaaaSI nnaaa X0 = 105 eM), 

-5 2 !lllenepeHSI H3M9p11T9nbHblX Ollii!60K B npoeTpaHeTB9 K8M9pbl npHHSITa paBHOJl 2,5 •}Q eM , 

na enene 1!3Mepeaa 21 pasaoMepao paenonoJKeaHBSI TO'IKa, 

.Umr KaJ:<noro 3H8'19HHSI PV 11 S npnsonSITeSI TPH senH'IHHbr (s nopS!liKe enenosa-

HHll enepxy BHH3), 

(() 8 
D a + D a (eM. 159), rae n •• 

(f) 

o. - nepsr,rJl 'lnea a <jlopMyne (159), 

(8) 

D a - BTopoJl 'lnea B ljlopMyne ( 159), 

ABTOphl llpH3HllT9J!bHbl A.<ll. nyK'blUIUesy, C.H. CoKOJ!OBy, r.H. TeHTIOKOBOJl 38 none3-

Hlol9 o6ey;:<neHI!H, a TaK~<e B,H, HHKI!THHOii 38 noMOllib B nposeneann 'IHeneHHblX pae'leToB, 

n H T e p a T y p 8 

1. H.H. roaopya, II.B. nonosa, n.A. CMHpHOBa, T.B. Pbrnbuesa, B.A. HHKHTHH, 
A.A. Ho:.ro<Imnoa, B.A. Csnpnnos, n.A. Cneneu, 11,/1·\, CHTHHK, n.H. CTpyHOB, MeTO!IHKa 
oRna6oTKH enenos 'IBeTI!ll Manon saeprnn, nony'laeMhrX B KBMape Bnnbeoaa. OpenpHHT 
0 . fill, <!036, ,Uy6aa ,1965, 
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Puc. 2. CooTHOIIIOHHe npo6er ( s -eM) - yron nosopoTa (. n -pSIIHSHbl) llfi51 pa3HbiX 

'ISCTHIX B nponaHOBOI! ( d = 0,427 r/cM
3

) ny3bipbKOBOI! KSMepe B BOIIOPOIIHOH 
3 

( d· = 0,0585 r/cM ) ny3bipbKOBOil KaMepe npu H = 18 Krc. 

40 

y 

0 I ' .. ......----- • ' ,..J" X 

......... / - J-

Puc. 3 • .UsaJKeHHe HeTopM035!IllellcH qacTHIXbi B OIIHOPOIIHOM MarHHTHOM none, 
HanpasneHHOM no ocu Z • Ha'lanhHaH TpaeKTopasr - oKpylKHOCTb 2 
C UOHTpOM C~ , nocno paCCOSIHHSI B TO'IKO ()" HS yron 1/J qac-

THUS IIBHlKOTCSI no OKpylKHOCTH 1 C UOHTpOM C 1 , 
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