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nycTb IIM99TCSI IIY'IOK H9CT&t5Jin&llb1X 'l&CTHil A . 3HepreTH'I9CB:He B yrnosble pac-

npeJleneHaa 'IBCTHil, BOOIIBUIOIIlBX npa pacn&Jle 'I&CTBil A , onpe~:tenmoTca allepreTH'Iec

cKBM cneB:TpOM 'l&CTBil A . nony'IBIOTCSI BHTerpam.Hble YPBBIIQHHSI, 113 B:OTOpblX MOlKIIO 

onpeJlenBTb 911epreTB'IQCKHII CRQB:Tp RY'flt&, 0B:&3biB&eTCa, BM9CTO 06bi'IHbiX 911epreTH'Ie

CKHX nepeM9HIIblX MOlKHO Jln51 STOll llenH BOCROnb30B4TbCll: T&B: ll83biB89MOA 6biCTpOTOII 

H npOJlOnbiiOil 6biCTpOTOII - apryMQIIT8MH r&nept5onB'I9CB:HX !WHB:Illlil, CBll:3biB89MbiX C Sllep

r&ei! 11 npoJlOnbllbiM HMnyn&COM 'IBCTHilbi, TorJl& BIITerpan&H&Ie ypaaaea&a npBo6peT&IOT 

OC060 npocToA BI!Jl, BbiBOJlY ROJl06llbiX yp&BIIQIIJIII II nOCBSIIIl9118 B OCIIOBIIOM 9T8 CT8TbSI, 

0TMeTHM, 'ITO cneB:Tp 6biCTpOT (alleprHA) BOCCT8li&BnHB8eTCSI H TOrJla, KOrJla llanpasne-

/1/ IIHll: 1111 nepBH'lllbiX, 1111 BTOpH'IIIbiX '18CTBil He B3B9CTIIbi 

§ 1. BBelleiiBe Yll06HbiX nepeMeHHbiX 

EcnH orpaHH'lHTbCSI npeot5paaosaHHSIMB JlopeH!la Qna CHCTeM, JlBHlKYIIlHXCll: B OllHOM 

11 TOM JKe HanpaaneHBH, To nonepe'IHble KoMnoHeHT&I BMnym.cos 6YilYT coxpaiiHTbCll:, a 

BMQCTO 06bi'IIIbiX 4-BHB8p11811TOB MOlKIIO BBeCTB 2-BIIBBpB&IITbl 

~ ~ = E1EZ- ni n2 = Const., 
rile n npOilOn&Haa B:OMnoaeHTa BMnym.ca, E - aaeprllll:, 

PaccMOTpBM, nom.ayac& 2-aasapaaHTBMB, pacniiJI 'IBCTRilbi 

c HMnyn&caMa P , P1 , Pa , aaepraaMH E , E1 
A 
E.z 

H8 'I&CTHilbi 

II M8CC8Mil 

(1) 

1 II 2 

M. 
rn i. , m 2 o npHpaBHll:eM 2-HHB8pii8HT p pi, B na6opaTopaoll CHCTeMe ero aaa'leHHJO a 

a CHCTeMe noB:oa 'IBCTBilbi A 

(rD.e 

E E1- n nt = E E 1 - n n1 == M E 1 , 
2 a. 2. ) 

E = M +m-e -m.a. 
" 2M · 

(2) 

3 



TaJt JKe rrOCTYIIIIM c 2-BBBapBallTOM 
p; 

e~- n! = 
-2. -2.1. a) 
Ei- n. ~ m" II 

B C 2-BBB8pB8llTOM p1 p2. 

BMecTO asepr•• 

TOA \A, 

E-t E1.- n1 n2. = E1 E2.- ii1 n a 

B BMDYnbC8 oyAeM xapaltTapB30B8Tb ABBlK&BBe 

E-=- M ch u P:: M &h u , 

U= 
tn- E + p 

M 
-.i. 
- 2. 

ln. E+P 
E-P 

(3) 

(4) 

'IACTBilbi A ee ohiCTpo-

(5) 

(6) 

BM9CTO aseprBB • rrpOAOnbBOrO BMDYnbCS oyAeM xapaJtTepB30B8Tb ABBlK9BHe '18CTBilbl 

1 (anu 2) ee rrpOAOnbHOA Ob!CTPOTOA v" ( v3.) . 

E1 = mi. eJ, vi. 

v, - i. tn. 
- 2. 

n1 = m f II sh v. I 

E1 + n1 
E1 -n1. 

(7) 

(8) 

TorAa sa (2) • (4) cneAYeT, 'ITO rrpB rrpeo6paaosaBBHX flopeHila BAOnb HarrpaaneHHH 

'ISCTBilbl A OCTSIOTCB HeB3MeHHbiMB pa3HOCTH v,- u • v1-v2 0 B 'ISCTHOCTB, corro

CTasneBBe na6opaTopHoA c&cTeMbl OTC'I&Ta c cacTeMOA noKOH 'IBCTBUbi A (rAe U.: 0 ) 
DpBBOABT K 

v.- u. = v, (ll) 

rAe 

E1 + n .. 
- ~ II - "i t.r\. 

(10) v, 
E1- n" 

nycTb HS Onb!T9 B3MepH9TCH B KSlKAOM pSCDSAe TOnbKO BeKTOp BMDyn&Ca 'IACTBilbl 1 

H HarrpaiJneHBe 'IACTBilbl A . IlycTb, KpoMe 3Toro, B3B9CTBbl MaCChi 'IBCTBil M . m t 
m2 • TorAa ~OlKHO no (8) Bbi'IHCHBTb rrpOAOHbHYIO ObiCTpOTy vi 'ISCTBilbl 1, a B3 (3) 

OIIp9A9HBTb n f. C TO'IHOCTbiO AO 3H8K8, 3HS'IHT, B3 ( 10) C TO'IHOCTbiO AO 3H8K8 Onpe-

AeHB'I'CH - A . TorAa rrpoAollbHaSI obiCTpOTa V1 qacTBUbl 1 a cHcTeMe rroitoH 'ISCTHllbl 

6biCTPOT8 U 'ISCTBilbl A , orrpeAenHeMaH (eM, (ll)) ljlopMynol! 

4 

r: 

f, 

'f I 

C
t .. 

/~ 

u.= V1- v. (11) 

6yAeT HS C8MI)M Aene onpeAeHSITbCll ABY3H8'1HO: TS!t Jt81t 3H8Jt V Be H3B9CT9H x), TO He 

HCHO, p8BH8 nB Ob!CTPOTS v-I vI BnB V+l vi 0AH8 B3 3TRX lj!OpMYn ABeT RCTBH

HOe a&a'leBBe obiCTPOThl \l.
1
Apyrall - nolKHoe u! , HO ItaJtall BMe&Ho - HeBaaeCTHO, 0Aaa

xo Mbl BRAHM, 'ITO M9lKAY RCTBHHOA B IIOlKHOA Ob!CTpOTOA CyllleCTByeT IIpOCT8Sl CBH3b 

u + u.' = G v. (12) 

fi1 
' 

npelKA9 '19M rrepeXOABTb It BbiBOAY ypaBH9HRII,OTM9TBM eme OARH ljlaitT: XOTII B KSlK-

AOM p8CII8AQ B3B9CTHO C TO'IHOCTbiO AO 3H8Jt8, 9TO He M9W89T OIIp9A911HTb B Jt8li<AOM COobi

TBB MOAYn& xocaayca yrna BbineTa 'IBCTBilbl 1 a CHCTeMe nGJtOII A 

v E ~ - ( E!-n~Y 
IY?I= (IS) 

{E
----. -a 2. 

E1-m1 
TO eCTb, He yMall OAH03HS'IHO rrepexoMTb a CHCTeMY noxo11 A , Mbl ace lKe a COCTOII-

HBB DOI!y'IHTb yrnOBOe pacrrpeA9H9HB9 B 3TOA CRCTeMe, ecnB B3B9CTH00 'ITO ORO CBMMe'l' 

pB'IBO OTHOCBTen&Ho r}: 0 , Bee aTo 6eaOTHOCBTellbHO K aHepreTB'IeCKOMY pacrrpeAene

HBJO '18CTBil A • 

§ 2, ~OH09HepreTB'IeCKBA ny'IOK 

nycTb BMeeTCII MOH03HepreTB'I9CKHA ny"'OK 'ISCTBil A . nycTb yrnoaoe pacnp&Ae-

119BB9 '!aCTBil 1 a cscTeMe rroxo11 A BMeeT BRA ~ = f( ~) , rAe li - JtOCBHyc 

yrna BbmeTa qaCTHilbl 1 OTHOCBT&n&'IO sanpaane&Bll 'lc;!'C~Bilbl A . 4>yHI:IIJill :f{~} MOlKeT 

ObiTb B3BeCTH8 TeopeTB'IeCJtB, BO ecnB OH8 He B3B9CTH8, TO ljlopMyna (13) D03BOHBT yCTSHo

BBTb BRA i (?) B 9KCD9pBM9RT8nbRO, ASJKe ecnB CIIeltTP U. B He B3B9CT9H, 

P acrrpeAene&Be J ( 'ij) nerJto nepec'!BTSTb aa pacnpeAene&Be '!aCTBil 1 no rrpoAOnb-

RbiM ohiCTPOTaM._nnll aToro crrepaa B3 (10) Bb!p83BM ~ qepea V 
D = ~1 th V = c.th W th V , ( c p1 14) 

rAe W 9TO npeAen&Boe 3H8'1e&Be V 

= .!. tn. ~ + ~1 
2 ~ -P1 

(15) w 

-, 
X Ha'IBH8ll C STOrO MeCT8, Mbl He oyAeM IIBC8Tb V1, V4 CO 3118'1lt0M 1, 

5 
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Tenep& nnoTHOCTh pacnpeAeneHBs no 

K (v): cln, - cLn- d.- v 
dv - ~ ~v = i(n)c:.thW....!_ _ ' ~ (. c.h1 v -

= 1 (c.thWt~ v) 2.c:thW , (-w~v~w) 

HanpRMep, npR RaOTponaa ( f = "/2) 
sa pac, 1. 

pacnp8A8118HB8 RM88T BRA, noKaaaHHhlll 

PacnpeAeneBHe no \1 npH IIOCTOSIHHOM U. TOlK8 BM88T TaKOil lKe BRA, HO 

CABHHyTO ( CM, ( 9) ) B CTOPOHY, K TO'IK8 U. ( pHC, 2 ): 

K(v-u.) (u.-W-'V~~+W). d.,n, ---
d.,v 

(16) 

(17) 

Haxosen, pacnpeAeneBHe IIOlKHh!X asa'leHBll 6biCTpOTbi 'laCTHIIhl A B MOHOSIIepreTH'IE!-

CKOM ny'IK8 TaKHX 'laCTRII TOlK8 HM88T TaKOil lK8 BRA, HO paCT!IIIyTO BAB08 (pac, 3), 

d,n, 

cLu.' 
=-}K(~' u) = .i K ( u.'- u. ) . 

2. 2... J (18) 

( u - a. w ~ u.' "' u. + 2. w ) 
§ 3. HeMOII09118preTH'I9CKRll ny'IOK, 11HTerpan&Hbl8 ypaBH8HHSI AilS! N( u). 

nycTh Teneph nnOTHOCTh ( pacnpeA8118HH8)6hiCTpOT u, B IIy'IKe ecTh N ( U.). B 

H CTpOHM cneKTp ~ ( V) . Mhl R3MepSieM npOAOnhHYIO 6biCTpoTy V xalKAOM pacnaAe 

CeSilKeM ~ ( V) c N ( u,), Hcso, 'ITO cyMMBpHbill cneKTp 6biCTpOT V nony'IHTC!I KaK 

CyMMB cneKTpOB V A liS! KBlKAOll OTA8n&HOll 6biCTp0Thl U. , B3SlTblX C B8COM, nponop-

I{BOHBn&HbiM B8p0!1THOCTH 9TOI'O 3H8'18HHSI U. 

"(v): ~ K (v- u.) N (u.) clu . 
npeAenhl aAeC& eme noAnelKBT onpeAeneHHro, EcnH cneKTP \.A. npOCTHpBeTCSI OT - 00 llO 

+ 00 , TO C pOCTOM U. JlaiiHOe 3H8'18HH8 \1 BnepBble IIOSIBHTCSI B CII8KTpe, KOI'IlB 

npaBbill KOHen cneKTpa K { V- U..) nocTaraeT TO'IKH v , T.e. IIpH 

nocnensall paa 

c v , T.e. npH 

v nO!IBHTCSI TOI'IlB, KOI'IlB II8Bhlll KOH811 cneKTpa 

U.=V+W. TaKHM o6paaoM, 

v+W 

v(v) = ~ K(v-u.)N(u.)clu. 
v-W 

6 

U.=V-W, a B 

V nopaBHSI8TCSI 

(19) 

EcnR lKe cneKTP '-" aa1Ull0'18H B npenenax ( G( 1 Jt} , To HRlKHRM npenenoM HHTerpana 6yneT 

6om.wee H3 'IRCen ct. H v-w . a BepXHRM - MeHhwee R3 'IJIC811 p R V+W. 3To 

BHllHO R3 pac. 4, I'll8 OTM8'(8Ha 3aBHCHMOCTh v M«IC R V ltli" OT \..\,. , 

B paiSOTe
121 

npennaraeTc!l llpyroll nyTb onpelleneHRSI N ( U.}: e xalKJlOM coiSbiTHH, 

nocne TOI'O KaK Ballll&HO V , Bhl'(RCIISIJOTC!I o6a 3Jia'leHRSI 15h!CTP0Tbl0 HCTRIIHoe (;( II IIOlK-

1 I 
1109 \A,; , OTI5paCh!B810t!CH Te U, , KOTOphle BbiXOJl!IT 38 llOIIYCTHMbill HHTepean 3HB'I8HIIll 

\.L II CTPOB TCII CyMMApHoe pacnpell811811118 '\) ( u..) no OCTaBWHMCH 3Ha'I8HBHM l.(, R U,.
1

, 

8hiB81l8M BHTerparu.aoe ypaBH8HB8 llllll TAKOI'O cneKTpa, · nn11 KBlKilOI'O (.(. CII8KTP IIOlK-

IIhlX asa'leBHlt llAeTCII «Pop..ynoll ( 18). CneKTP nolKIIhlX alla'leHRll, npoasTerpapoBall&hlll 

no BC8M U. , npaMeT Bllll 

~ = C .!. K ( u,'- u.) N(u.) clu. 
olu.l J ~ a (20) 

I 
Ecna C'IRTBeTCSI, 'ITO y \A. 1 \..l, nonycTRMbi TOn&KO asa'leHHH sa HHTepeana ( ol > ') , 
TO (eM. pac. 5) HBlKRd npeAeii 3Jl8Ch rn"lC(ol,U.1-2.W) BepXHBll min(,,u.1+2W). 
3xcnepRM811Tan&HO 38MepeHHbill cneKTp i>(u.) nony'IIITCSI HBIIOlK8HII8M HB CIIeKTp IIOlKIIhlX 

3H8'18BBll \.L HCTBIIHOI'O cneKTpa, T,e, HHT8I'p81Ihll08 ypBBH8HH8 BM88T BHJl 

N(u.) + t ~ K ( u.~ l") N(') <L} = -v(u). (21) 

Paco::MOTpBM AIIR npaMepa eme onsy MbiCIIRMYIO nponenypy nocTpoesaR cneKTpa: , 
onp8A81IBB B KAlKJlOM C06b!TBH U B U, t CTpOHTh pacnpeneneHH8 no ISom.WeMy H3 HRX, 

Torna nnR KAlKJlOI'O HCTRBHoro U. nolKIIhlil cnexTp Tex U,
1 

, II:OTopbie ISollhwe U,.. , sop

MHpoBBHHhlil 11a 1, aM;eT BHJl K ( u.'; U) B npenenax U. ., U.1 ~ U + 2.W, a cneKTP 

IIOlK!IhlX 3Ha'I8HHil U.: 0 npOHHT8I'pHpOBallllbiil no «. 0 6yneT 

U,l I 

~ K ( u.~u)N(u.) clLL. 
YM.X('4-'- 2w, o) 

(22) 

I 
nng KalKJlOI'O HCTHHIIOI'O u. nOIIOBHIIB u.. 6yneT M8HbW8 (..(. H He BOliJl8T B cneKTp 

v[m~x ( u,1 > u)]. BM8CTO HHX eollneT 'llleH ~ N( lL) . a IIOIIOBHHB u..' 6yneT oom.-
we U, , naB B cneKTpe BKnan (22), xyna HannelKHT BB8CTH BMeCTO N ( LL) 'IRCno * N{c.V, 
B &Tore nony'IHTCR HOBOe ypaBHeHae 

~ N(u.) + ~ ~"' K ( ";I) N(~)cL% c v ( ""'" ( u', u)). 
M"X('-4-2.W}O) 

Bo ecex aTax ypaeseHHRX MOlKHO nepeliTH oT 6biCTpOT lL , V " o6hi'IHbiM aueprHRM, 

(23) 

HO npR 9TOM BC e YCIIOli<Hi!TCr!, 

i 



§ 4. OCSo!Smeaae aa MHoro'laCTH'l.llble pacnaAbi 

TaJ[oe o!SoCSmE!ue B o!SmeM-TO Q'leBallBo • .flnpo i( , KaK a npe>Kne, 6yneT naBaTb 

cneKTP V B CHCT&Me nOKOH '18CTHilbl A , ycno>KHHTCB TonhKO ero Ban; a nepexon 

B na6opaTopByiO CBCT9MY OTC'IeTB c5yneT B TepMHBBX 6biCTpOT no-npe>KH9MY npOCT, 8 npo

CTelllllHX cny'la51X HllPO K M02KeT 6b1Tb pacC'IHTaao aaanaTa'leCKH; B npaanane aaanHTH

'IeCXHll pac.eT B03MO>Kea npB nroCSoM Bane MaTpH'IHOro aneMeHTa pacnana; onaaxo B cno>K

BbiX CJiy"1851X ITy'lllle npa!SerHYTh K MeTOilY MoHTe-Kapno. 

OCSpaTHMCB cnepBa x pacnanaM aa Tpa 'laCTBrrbi, B KOTOpbiX H3BeCTBa Macca Bcex 

'laCTBil B peracTpBpy~CH HanpaBneHHe nepBB'IBOA 'laCTBilbl B BeKTOpbl BMnynhCOB llBYX 
0 +. - • 

BTopB'l.llbiX 'ISCTBU 1 B 2 {npaMep: I( -!Jt !Jt!Jt). 8hl'IBCITBM B Ka>KAOM co6biTBBB cyMMap-

HbiA JIMnynDC P~ a cyMMapayro aaeprBIO EJ. ABYX BBilBMblX 'laCTBrr, a 3aTeM ax 

aljupeKTBBHYIO Macey M1 . Teneph y>Ke MO>KHO roBopaTb o pacnane 'laCTBUbl A aa ABe, 

npa'leM Macca M J. nepBoA B3 HHX nepeMeaaa, 

TiyCTh BCe nepBB'IHble '18CTBUbi A aMena 6bi onay B Ty >Ke 6biCTPOTY U.. , a B3 

BC9X CO!SblTBll pacna.a.a Mbl !Sbi OT06panB TOnbKO Te, y KOTOpbiX aljlljleKTBBHBB MaCCa napbl 

OKB3anach 6bl B y3KOM ~TepBane 3Ha'leaall 6na3 'IHCna ~J• Torna pacrrpeneneaae no 

npoAOnhHOll 6hlCTpOTe V aToll napbl C ljJBKCBpOBaHHOll Maccoll ll8B8IT0Ch 6bi ljlopMYnOll 

{ 16) , rne aanexc 1 OTIIOCBTCH K nape 'ISCTBrr. Bena'IHHbi E 1 , ~ V 3aBHCBT 

Teneph OT Macchi M J. naphl no B3BeCTHbiM ljlopMYnaM 

M~ Mz. 2 + 1-m~ 

E1 = 2M 
- .1-z. a P1 = v E1 -Mj , 

E1+P11? 
ii =t ln. E,-P, 9 . <"I 

TIOCMOTpHM 0 

Macca Mi 
xax 3aBacaT wapaaa 2 W pacnpeneneaaa K(v) OT Macchi M 1.. Korna 

H8HM9Hhlll8H, M1 = rr11+mz ,To pa3M8X KpHBOll, TO eCTh BeiTH'IHHB 2. w . 
aaaCSonDwall. C yBena'leHBeM Mi pacnpeneneaBe cyJKBeTCB. Mo>KHo nonc'IHTaTh, npa Ka-

xoM· Mi aexOTopoe V oxa>KeTCB aa xparo pacrrpeneneaaa B npa nanbneAweM yBe-

M'IeHHB M f. ae CMO>KeT c5b1Tb aa!Smo.ttaeMo. 3To 6yneT npa 
- 2 a 2 
E1 M + M1 - m3 h-
-. = c v 
MJ. 2MM 1 

T.e. IlPB 

M
1 
(v)= M ch v- ~ M2.sh

2 v +m~' {25) 

Haxoaeu, npB M I:. M- m 3 cneKTP BbipO>Kil89TCB B OllHY nHBBJO v = 0 . 

Teneph npeACTaBBM, 'ITO Mbl cyMMBpyeM pacrrpe.tteneHBe no 

Ecna MJ. pacnpe.tteneabl no 3axoay !-" ( 1'41), To cnexTp V 
V nna pa3BbiX .M 1 , 

{ O!S03H8'1BM ero OnBTh 

K(v)> 

K (v) 

CTaBeT T8KBM" 

M, (v) · 
= ~ 1 (ethWthii) 2ethW (26) 

w- (M .. ) eLM 1 . 

m1 .. m11 

OcTa&TCB TOnbKO aaliTB ~ ( 1\1 1). 3nech-TO B Ba>KeH MaTpB'IHbill aneMeBT pacna.tta. Jlo

nycTHM nnB npOCTOTblo 'ITO OH paBeH KOBCTaHTe ( T8K Ba3biBaeMaB rarrOT~38 ljla30BOrO ofY&e-

Ma). Tor.tta, rronh3y51Ch peKyppeaTaoll ljlopMynoll .ttnB ljla30Boro o6'beMa n. 'laCTBil npa 

M-m .. 

M 
l s ( M" A) p-" M l'l-1 cL M 11-l 

., J!:l 11-'- - ... 
~m· 
t " B ljJOpMYnOll .ttnB ljla30BOrO 06'beMa llBYX 'laCTBU0 nony'IBM 

n..=3 :t.1t 
S"{M") = 

2.Jt Jt {('A~ ( )a.' J AA2 ( --)~ w-(M1)=- M M£.P-aa.M! , ... ,,- m1+m:z. , ... ,,- m,.-m:z. ,<21 > 

rne 

P
3 

= ~ M1
- ( M ,+m3Y·' f Mz.- (M,-m,Y-' /2M 

B qaCTHOCTH, npa B30TpOITHOM pacrrpeneneHHH napbl B CHCTeMe UOKOH A 
M1(v) 
( 3t~ 

l MM, 
1 

K(v)= 1 .. ch2v 
M1rM~-m: 

2.M 
[M~-( m,tm1 )j[ M;-( m,-m~IL~M1 

rY'I,+Ma (28) 

nocne HOpMHpOBKH K Ha i {ee nyqwe rrpoBeCTH 'IHCIT9HHO, TaK KBK ljlopMyna nna ljla30Bo

ro o6'beMa Tpex 'ISCTBU o'leHh rpoM03AKa) aToll ljlyallrrllell K MO>KHO nonh30BBThCB B Ka

'I~CTBe unpa BHTerpanhHblX ypaBB9HBit § 3. Ha pile. 6 nOil838H BHil B.ttpa K AITB pacrrana 

K -f" '3J(' , pacc'laTaHHoro no {28) 

K(v) = :xa { ! ~M1-4m11 (2M1+M~4m~) MJ.-
~M2.f.f .HL2v\ 1 

- 2m'1.Ma ln.. M,+ ~M:-4m1' J 
am ' (29) 

rAe M,= M, {Y). 



3):1eCb CTOBT OTM6TR'I'b cneAYJOIII66 o!ScTOSl'I'911JoCTI!IO. HApO K { v) Mbl nony'IBnJI pac

qeTOM. Ho aenB'lHBY · IV I MOJKHO, no-npeJKHeMY, onpeAenBTb B JtaJKilOM co6b1TBR. 3aa'IBT1 

8 
pacnpeAeneBBe K ( I VI) MOJKBO nony'IB'I'b B3 onbiTa. EcnB MO)I{HO OJKBAa'l'b, 'ITO pac

npeAeneaae K { V) CBMMeTpB'IHO OTHOCBTenbHO V • 0 (a sTo aeCbM& ecTeCTB&HBoe 

Aonymeaae), TOTeM caMbiM aa onbiTa onpeAenBeTCSI • K (v) x). TaKBM o6paaoM, sa 

oABOi! a Toi! JKe cepsa safinroAessi! onpeAensTclil cnepsa K (v) , a aaTeM - pewesaeM 

ypasseHRJ! (19), • (21) - cneltTP N{u). TaJtalil JKe npoueAypa B03MO)I{Ha a npa pacnane 

aa 4 qacTBUbl, ecna peracTpBpyDTClil TPB B3 HBX. 

2) CneltTP 6b1CTPOT 'IBCTRilbl A onpeAensM B Torna, Jtorna B Jta)l{)lOM pacnane 

onpeAenlii&TCSI B9ltTOp BMnynbCB TOnbltO OAHOJ! B3 H9CitDnbltBX (sanpsMep, Tpex) BTOpR'lHbiX 

'laCTHil (qacTBilbl N9 1) a aanpasneHBe nepBB'lHOi!. He axonlil B nonpo6HOCTB, npBBeneM 

OltOH'l8T9nbHbli! BBA liiAPB BBT&rpanbHOro ypaBH9HRlil (19) 1 B3 KOTOporo B STOM cnyqae 

MOJKHO onpeAenBTb N( u) . Ecna H3B9CTHblll TeopeTB'l9CKB cneltTP MaCC ocTanbHblX 

o6paayeMbiX s pacnaAe 'laCTBil eCTb W (Mal), To 

M:n (v) 
K ( v) = ~ 1 ( cth W th v) 

rn1+m3 

rAe 

2c.th w ~(Mu)clM23 
1+th2v 

Ma
3 
(v) = V M2

+ m~- 2M m, ch~. 

(30) 

(31) 

W = .i.tn- Ei + P. 
2.. 

E= 
1 

2. 2 M2 M +m1- ~3 

2M 

I 

- -2 2 ~= V E1- m1, (32) 

E1- PJ. 

a aas6onbwee V nonyqaeTCSI B3 ~opMYnbl AnSI \XI nps M~~ = ma..+ m3 

OnHTb a 'laCTHOM cny'lae paaHoMepsoA aacenesaocTB ~srypbl .Uanaua BbiXOABT 

x) EcnB JK9 9TO He TBK, TO BM6CTO ypaBH9HBil (19), (21) HaAO COCTaBBTb HOBbl9, 

KYUa 6yAeT BXOABTb TOnbltO I( (I vi) • nps 9TOM B (19) HBlKHBil npenen CT8H9T V1 , a B 

(2TJ- m-.x. ( o( J u.') . Tenepb BAPB ypasueasll uenBJtOM 6ynyT onpenenBTbCH sJtcnepsMeH

TanbHO. 
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M23 (v) 
M1. a. Ma ,.-----K(-)- -1 ( £.. +m1- u .fM2.-( )a.'l,.-2.---i! 

" - A+ch2v l MM 2M V' ~ m2.+ma vMa-(m:cm-' d.M23 ., 2.~ ~ (33) 

m.a.+m3 

HanpsMep, AnSI K + - 'Jt+ ::Jto :Jto 

I< (V)= 1+~9-ii :~. u M., J M~-4m•' (2.M~+lt m•- M:3 )-

Ml~+~M:;-~ma' 
2-m ]. 2 M 1 M1 tn, 

rAe Ma~= M13 (v) (puc. 7). 

Ho a OTnB'lB& OT cny'lalil, JtOrAa Macca BeperscTPBPY&MbiX 'laCTBil C'IBTanacb saseCT

aoA, Tenepb yJKe BeT B03MOJKHOCTR B KalKAOM aa6nronaeMOM C06biTBB onpeuenSl'l'b HH V 
xOTSI 6hl c TO'IBOCTbiO AO aaaJta, HB LL XOTH 6hl ABY3HB'IHO. YpasaeHBe (19) - eABH

cTseauoe, sa KOToporo N( U.) MOlKHO nony'lHTb. 

§ 5. Huoll THO ypasueasi! 

PaCCMOTpBM Tenepb eme OABH TBU ypaBHeBBi!, KOTOpbli! BHOrAB AOUYCKaeT B aaanHTB
/1/ 

'16Cit09 peweHBe. 0H 6nB30lt K ypaBH9HBSIM, HCCJl9AOB8HBblM HBMB paaee , HO B OTJlH'IBe 

OT HHX BCUOnb3yeT HH~OpMailBIO 0 H8Up8Bn9HBB nepBH'IHOil 'lBCTBilhl. 

nycTb, KBK B nJlelK):Ie, aa6niOA8SI OAHY B3 ABYX BTOPB'IHblX 'IBCTBU, B3M9pliiDT ee 

aeKTOP BMnynbca, ao Tenepb cTpoliiT pacnpeAeneaae no cyMMe saeprHB B npononbaoro BM-

nynbca 'lBCTBllbl 

s = Ei. + P~? · 
Ecna o603HS'lBTb cXOABYto senH'lBHY B CBCTeMe noKO'il 'IBCTBilbi A 'lepea 

B eCnH BB9CTB 

TO MelKAY s B s 

s = E1 +P.. fl 
t5 = E+P 

M 
6yA9T npocTa>l CBSI3b 

s-e-i, 

11 

(34) 

(35) 

(36) 



a pacnpe~enes•• no S 
n-o!Spa3Bb1N : 

1 
::. z. p1 ~ 

d.~ -
el~ 

DpB cj)ncBpOBAKBOM E • llpB B30TJIODBB pacna~a (yy~eor 

B npe~enax oor 6"(E.cP•)~o C5'( E 1 + P1). 

Pacnpe~enesse no S , ~~:or~a aenK'UIRbl 6 npocorBpaiO'I'CII oor 1 ~o sexooroporo 

H8KISOllbW9rO f- , HM99T BH~ 

( N{6) d.~ 
J ~5 P1 

v ( s) = (37) 

- - -.£. 
r~e HBlKHHli npe~en - soro 60llbwee B3 'lHCen 1 B S ( E1+ P,.) , a sepXHBII - Mem.wee 

H3 'IHCen s ( E1-l'4 ri H JH. (pBC. 8). Ecna f-' ~·~l . TO 3H8'l9HHe S= e.~~ 
6y~eT UOKpblTO BC9MB n -o!Sp83Hb1MB CneltTp8MBi 3H8'lBT 0 B1 STOll TO'IKe ISy~eT UHX (BnB 

nnaTo). no nonoJKeHHIO llHK8 MOlKHO HaliTH Macey qaCTHilbl A -caoliCTBO, ~8BHO H3B9l;T

noe anR snepreTs'leCKHX cnexTpoa, CneKTP E1tP17 aaeT ne3aBBCHMoe onpeaenen•e 

M8CChi. 

N( ) e, + P.. 
BoccTanoBHM cnexTp (! • Ecnu S < _ -

E -P 
cneayeT 1 1 

s(e,-P,r' 
r wc~)d.~ 

, TO H3 ~(s): J 2. \1 p 
~ 1 

N( t:J) : 2.P1 ( e1-P-c) e' )>I ( o' ( e1- P..))' 
rae WTpHX 03Ha'I89T llHcj)cjJepeHllHpOB8HBe no apryMeHTY V • 
Ecns S> E, +P, , To k 1YJ 

- - k 11... + l) E -P oo +n~. --, , - - e P 
E P. 1- 1 

- ,- 1 , t5m 
IV("') =5·2P,m,L ( E.+PJ Y ~ 1 

( E,+PJ , (aal 

k=1 
rae CyMMHpOB8HH9 npOHCXO~HT ~0 T9X nop, HOK8 He KOH'IBTCB CneKTp Y ( s) , 

3Ty ljlopMyny yao6ao BbiBO~HTb o6xo~Hb!M nyTeM, Haao npoaeCTB B (37) aaMeHy 

es':.eu, s=m,e.V. T.e. u.=t~EM+P. v•tt"\.E,+P•"Z R o603H8'1HTb"(m,4"')= 
'\ -1. } tn~ ..i...... v+W =~(u),N(e.v,=N\.v_.Tor:_aa ypaBHeHHe npeapaTHTCSI B v(v)= 21': s N(~.e.)d.u.) 

IJ E. +P -( ~ 1~ ,\ ,\ 
2 

'v-W • 
rae w = ~l'\. I 1 • OTKyaa N u)=L ~ l.l-(.:lk+t/W) • Tenepb BAllO aepHYTbCR 

m, ~1 
K npelKHHM nepeMeHHblM H nony'lHTb (38), 

Ecna m:l.. .. 0, TO ljlopMYnbl HeMHoro BHilOH3MeHRIOTCSI, 

Ypaaaenae 

12 

oo N(<1) 
v(s)= ~ 2 o-t': 

1'1'\All(i, s{2.P1) 

d.,t!J 

aMeeT pewenae npu S > 2 P1 

N(t!1) =- ( 2.'P1 )
2 

d v' ( a.P1 0"), 

a npa s < 2. p1 v( s )= C.o nst. 

(39) 

(40) 

3nasr N ( <5') , nerKo nony'lHTb cneKTp Y ( Sa.)-pacnpeAeneoe no Sa.= Ea + P.a. ~ Allll 

llpyroll, H9BHilBMOil, 'laCTHilbl 4L ~ - - k+ 1{ ~~ 
oo { ( - - )k+ t:r. ) ( E1- P., ) ( S ~ ) E,-P1 Sa . - ·mtA.x 4 - · 

v (sa.)= I, ~ "'" (.E1+P1 e,.- P.t - ~ m1 E./P., > E"a.+P& 4 ' , 
k .. ~ ( ) . m,::l: o} m~=#=-o 

vc~~) ~)) ( mu:(i, E~P)2P,)- y U.~~ s.) i (rn,~o,m.,#o) 
00 - - k+1i ) 

y ( sL) = ,L ,{n1 ( ~1:~~) · ..-: ( i, ~p..) ; (m,+o, m.=o). 
k:-t 

B nepeMeHHblX S, fit nerKo cocTaBHTb ypaanense H llllB pacnB.IlOB aa TpB 'laC'I'IInw. 

Ero ~po yJKe He 5yAeT n -o6pa3HblM. Ecnu o603H8'UITb ero l((cs')s). TO ypaaneoe 

6ylleT T8KHM - - )-1 
s(e1-P-c 

v(s)= ~· K(~,s)N(es-)d.~, (42) 

- - 1 rn~x( !, s(E,+P-tY ) , 

rAe Tenepb e<\ - MSKCHManbHO B03MOlKHaR B pacnalle HA TpB 'l8CTBUbl sHeprllllo 

HAPO K(d, s) paBHO _i_ ~ IAJ-{Mz.a)c:lMa.'3, rile BHTerpall ISepeTCII B DpEi~enax, 
2e' 151 

3&BHCIIWBX OT S . Ecna perucTpBpyeTCR napa q:acTHll 2 ll 3, TO 11pe~enbl Sy~yT OT nt~,+mJ Vl ~ , ~0 {M- ~~'let)~ ; ecnB TOllbKO OllHA ()llg 1), TO npe~enbl mz.+M3 ll 
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V( M- ~~) {M- ~) 
1 

• Bepsr W'{ Ma,a)a3 JIP8IU>IJO'lll8ro uaparpaojla, DOif1>-

'laaM AnSI pacua.na • K _.. 3 Jt 

K ( 5', s) = ~ ~ (!) .5 ~ K ( ~)' rAe 

K ( 5) = ;~ ( fV?i ( M-;;&) Js(M- -£T )-4 .. ~·-
V s(M- m

2

) +~s(M-~ )-4m2
' ) _ 2, m

1 
tn- ___ M_-s _____ M_-_s __ _ 

2. m (48) 

(naPa) 

H TaxaSI JKa t!JopMYna AnSI 'IACTHDbi-OAHHO'IXB, c aaMeaoll apryMeBTa S u M- S , SIJlpa 

8TH H306paJK9Hbi BA pBC, 9, 

DOA'I9pKB9M, 'ITO BbiB9A9HBbl9 3A8Cb ypaBB&IIJISI B ypaBH9HBSI IIp&AbiJO'lllBX uaparp ... 

tPOB He CBOAHMbi Apyr It Apyry H MOryT UpHMeBSITbCSI lUISI onpeA&n&HBSI CU&ltTpA uepaB"'

HbiX 'laCTHU H&3aBHCHMO, Cx6AHbl9 ypaBH&HHSI MO~<HO HAUBCATb H AnSI CU&ItTpA pA3BOCT91 

E 1- P1 ? . Hx pawaue AACT ylKe He cneKTp C5' , HO cn&KTP -f/t!!, 

§ 6, PeweHBe ypaBH&HHll 

Ec/IH Be C'IHTATb nocneAHero naparpat!Ja, peweuaM BbiB&A&HHbiX ypasaeull Mbl ae 

aaHHManac&, Mo~mo 6hmo 6bi B B Aan&HellweM o6oi!Tuc& 6ea aHanHTH'I&CKHX MeTOAOa 

pemeHBSI, TaK KAK CYlll&CTBYIOT CT8HA8pTHbl9 Dpii9Mbl 'IHCneHHOI'O p&W&BBSI nBB&IHbiX BBTe

rpan&HbiX ypaBH9HHII HA 8BM, y'IBTbiB810lllH9 )[ TOMY lKe B pa36poc 31tCU&pBM9BT8nbH0 

Ha6nroAaeMoll rHCTorpaMMbi y ( V) . HaMeTBM see JKa nyT& aBAIIHTH'Iecxoro peweBBII. 

HaM scTpeTHnuc& ABa Tana ypaBH&HBil 

v+W 
'\> (v) = ~ K (v -u) N(u)olu 

v-W 
v+2W 

N {u) - v (u)- ~ ~ K ( ~) rv(~) ci~ 
v-2.W 

14 

YpABH9BB9 {42) MOlKHO CB&CTH It ttepBOMY TBny, CA&naB 38M&Hbl 0 OUBCAHHbi& nocne 

BbiBOAa t!JopMYUbi {38). Bo scex cny'laSIX IIAPO K (:X.) CHMM&Tpii'IHO OTHOCBTen&ao QC.~~: 0 
B OTUB'IHO OT Hynsr B o6naCTB - W ~ 'aC.' W. Ecna onpeAenHTb tPYHKUHIO L ( ':)(.) 
Tax 

L (x.) = 

TO nepBoe ypaBH9HH9 

v(v) = 

{ K ( -x.) 

0 
"P"' 
"P"' 

npHM9T BRA 

~ 

~ L (v- u) N(u.) cLu. 
.-oo 

Ecna onpeAenuTb cjlyun11ro L ( 'JC.) Tax 

{-!K(i) "P"' 
L (~): npH 

l~l $-W, 

(';)C.f > w I 

I cx.f .s- w 
) 

foci ~w) 

TO BTOpoe yp8BH9HB9 IIpHM&T BIIA (11:) 

N ( v..) = v (\A.) + ~ L ( u - ~ ) N( ~) d.~ . 
-oo 

{44) 

{45) 

YpasHeHHSI TaKoro THna pewaroTCSI c noMom&ro npeo6paaosaHIIH nannaca. Ecnu o6oaHa-

'IHTb '1epe3 ~ (p )) '6'L(p )}~(p)npeo6p830BBHHSI nannaca COOTB9TCTB9HHO <jlyHKilHli 

L(-x..) ,N(x..)u 'I>(X-)1 TO ecT&, HanpHMep, tN 

cC(p) = ~ L (-.c.) e.- P~ d.x, 
-oo 

TO peweHHe ypaBH&HBSI ( 44) Bblp83HTCSI HHTerpanOM MennBHB 

5+tco 
( ~(p) 
) J::: (p) 

~ 
N ( u.)= 2:~t~ . 

6"-1.00 

e. pu d.p ) 

a peweHHe ( 45) - HHTerpanoM (5-+ ~00 

u = j_ { !F'(p) 
N( ) 2xl. ) i -ct(p) 

G'-~00 

pu ci e. p. 

(46) 

(47) 

Bonpoc o6 acjlt!JeKTBBHOCTB Tex ana HHbiX M&TOAOB peweHBH HHTerpanbHhiX ypasaea11l! 

AUH 9Hep!'HB MOlKeT SIBHTbCSI npeAM9TOM OTAeUbHO!'O HCCnaAOBBHHSI, 
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3 a K n ro ~ e a a e 

C<jlopMynupyeM BKpaTne BbtSOAhl eTaT~oB. 

1 ) Koraa B paenaaax perBeTpupyeTes aanpasneaue nepsu~aol! ~aeTBD:bt B seKTOpbt 

BMnyn~oeos XOTB !Sbl ~aeTB npOAYKTOB paenaaa, TO ( npB yenOSBH1 'ITO npBpOAa yeKDn~o3alO

max OT aa6nroaeHBB qaeTBD: uaseCTHa B uaseeTeH MaTpuqahlll aneMeHT paenaaa) sceraa 

eeTio S03MOlKHOeTb BOCeTaHOBHTio aaepreTB'I&eKBII eneKTp nepSB'IHblX ~aeTBD: • .nns STOro 

yao6HO non~oaosaTioeB npOAOnloHOII !ShiCTpOTOII 'laeTBD: (<jlopMYnbl (6), (8) ) nu6o eyMMOI! 

(paaHOCTJioJO) saeprau a npoAon~oaoro aMnyn~oea qaeTan (<jlopMYna (34) ). YpasaeHBll, 

KOTOpbtM yaosneTBopseT enaKTp !SbteTpOT, sTo na6o (19), na6o (23), nu!So (21), rAe 

liAPO npa ABYX~aeTB'IHOM paCnBAe aaeTCB <jJOpMYnOII (16), npB paenaAe Ha TpB 'laeTBD:hl 

(26) npa ABYX SHAHMblX qaeTBD:&X B (30) - npB OAHOII SBABMOII. YpaBH9RBB (9) B (21) 

H93asaeBMhl B MOryT npBM&HBTbCSI COBM&CTRO. Pem&RBt\ BX MOlKHO npOB3SOABTio na6o 

qaeneaao, nu6o no <jlopMYnaM (45), (47). MoJKeT !ShiTb soeeTaaosnea a ene~tTp BTopoll 

paenaAHOII 'laeTBD:bl ( <jlopMyna ( 41)) • 

B aeKOTOpbtX e~aax, a BMeaao, KOrAa perBeTpapyiDTes see qaeTHD:hl KpoMe oaaoll, 

l!ApO BHTerpanloHOrO yp&SH9HHB MOlK9T !Sh!Tb nony'leHO a~tenepBM9HTanloHO. npa STOM epaay 

nonyqaeTel! yrnosoe paenpeaeneHBe B euCTeMe nOKOB nepBB'IROII qaeTBD:bt. 

n • T e p a T y p a 

1. f;H. Konhlnos. :>K3T<I>, 33, 430 (1957). 

2. r. TaxTaMhiW&II. npenpaHT 011SII1 2543, .ny!Saa 1966. 

PyKOilBCio llOCTYfiBnA s B3AaTenloeKBII OTAen 
20 BIDHH 1966 r. 
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K(v) 

-w 0 v w 
Pae. 1. CneKTP npoACn~oBhiX !ShleTpOT 
OASOII H3 BTOpB'IHhiX qaeTBn B eaeTe

M9 llOKOB nepBH'IHOII. 

d.n. 
(LV 

u.-w u U+W V 

Pae. 2. CneKTP npoaonloHhiX !ShteTpOT oaaol! 
H3 STOpB'IHhlX 'laeTHD: S na6opaTOpBOII eae
T9M91 eena Bee nepSB'IHbl9 HM&IDT OAHy B 

d,n, 
d,u' 

. 0 
U-GW 

Ty JKe aaepra10. 

u U+2.W 
u..' 

Pae. 3. CneKTP noJKHhiX aaa'leaai! 6hleTpOTbl nepsB'IHOil qaeTBD:bt 
S na6opaTOpHOil eueTeMe1 eenB see nepBH'IHbl9 qaeTHilhl BM9IDT 

OAHY a TY JKe 6hteTpOTy. 
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u. 

Rl / I r 2<<<<<<v 

~ 1 ,ds>""'""""Yf 

v 

P11c, 4, 06naCT& IIBTerpapoBilllllll 11 38A8RBII 

apryMeHTOB B yp8BII8111111 (19), 

d. p 

Pac, 5, 06naCTh IIHTerpapOB811Hsl H 38A8HIIll 

apryM&HTOB B yp&BH9HHH (21), 

18 

K(lvl) 

' 
~ 

~ 

1\ I 
\ 

t 1\ 

\ 
' " v 
0 0.3 oA 0.4 0.2 

P11c. 6, CuexTp npoAom.Hblx 6biCTpOT nap 

BIIAIIMbiX BTOpii'IHbiX '18CTHD: B CHCTeMe 

JIOB:Oll nepBH'!Jn>ll (paCJI8A I(._Jt ... JtJt0 
), 

K(lvl) 

0 
~--~--~--L-------L---~~~v 

o.4 O.G 0.8 0.2 

Pac. 7, CneKTP npoAom.aMX 6blcTpOT OAHOII H3 BHAHMbiX 

BTOpll'lllbiX '18CTHU B CHCTeMe JIOKOll nepBH'IHOII (paCJISA 

K -t..., 3t-t Jt• 3to ), 

19 
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