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1. B a e n e a a e 

B TeopBB ynaTapHbiX openCTaaneaaA rpyoo (~tax xoMnaxTHbiX, Tax a aexoMoaKTHbiX) 

a OCHO&HOM npHMOKRIOTCR a6cTpaKTHo-ooepaTH&Hble MOTOIIbl. OnuaJto ylKe ua opaMepax 

TpexMepaoA rpyoobl apalUOHHA, rpyoo E&KDB,[Ia, Jlopeaua If nyaa!tape (a R81UHX o603H8'1EI

HBSIX coOT&eTCTaeaao L(3,o}, 'j>('~1 0), t (~11), '?(~11)) Mbl aaaeM, JtaK ooneaao nnsr 4!aaa

qecJtax 11pRDOlK9RBII CTpOBTb Dp911CT8&09RHSI & T9pMBR8X '&onRO&b!X' 4>YHICIIRII, T.e. C06-

CT&9Rifb1X 4!YaKnaA coOTseTCT&YIOIIllfX ooepaTopoa Jlaonaca. B C&II3B c yJCaaaaRoll opo6ne

Moll aac 5yneT aaTepecoaaTb aalKKbiA Knacc rpyoo apameRall L (m111) a naaJKeRall )>(m, n) 

a opocTpa.ucTsax R c MBTPHKOI!: 

I .•• 'foo = 1 1 
OR &lt010'189T B CB6SI DOMHMO &bllll909p9'1HCD9HRbiX KD8CCB'19CKBX DpHM9pO& rpyooy 

&b!p OlKllBHRSI ypoaaell uepeniiTHBBCTCKOro aTOMS sonopona L (~I o) • IIHH8MR'I9CKYIO rpyooy 

onnoMepuoro ocnRnnRTopa J. (2.1 1) , rpyoobi ne-CRTTepa l.. ('1
1
1) R l.. (3,.2). oepaasr aa 

ICOTOpblX H30MOp4!Ra IIRH8MR'I9CKOII rpyooe peniiTRBRCTCKOT"O pOT8TOp8, rpyooy KOH4>opMHbiX 

opeo6pa30B8RRII DpOCTp8HCTB8 MRHKOBCICOT"O 1.. (~ 1 .2_) x). 

B RaCTOSIIUell pa50Te Mbl 6yneM paccMaTpasaTb Knacc yHHTapHbiX uenpHBOIIBMbiX 

ope,[ICT8BD9RRII T"pyoo i..(m1 n) H J{m11'l), 38BHCSIIURX TODbKO OT O,[IHOT"O oap8M9Tpa, T,e. 
xx) 

,[1011 KOTOpblX TODbKO OIIHK ooepaTOp Ka3RMHpa KB paseH TOlK,[I9CTB9HHO HyDIO • 3TOT 

Knacc opencTasnenall nnu h106oll aa paccMaTpnsaeMbiX T"pyoo peanaayeTCII s T"HDb6epTosoM 

opocTpancTse H 4>YHKURA, o6naCTb oopeneneHRII KOTOpbiX R ecTb opocTpaHCTso pan-
/2/ 

T"S I , R 911HHCTB9HHbll! H9HC'I938101URII RHB8pH8HTHblll OnepaTop 6 COBoanaeT DO Teo-

peMe XenT"acoua
131 

c na<jxjlepeHuaanbHbiM ooepaTopoM Jlannaca-BenbTpaMH opocTpancTea R . 

x) L(3 1.2) a L(ll 1 2.~ 11paccMaTpasanacb uenasuo s CBII3H a CHMMeTpHRMH :.neMenTap-
HbiX 'IBCTHII <l>pOHC,[I800M • 

xx) L( L{ng rpyoo m1n) T8KH9 Dp911CT8BD9HHII 5blnH DOCTp09Hbl ,[1011 IIBYX CD911H8DbHbiX 
Bbi6opoe 6aaaca s opocTpaacTse H H cnenosaTenbRO nn11 nsyx coeuaaDbHbiX cacTeM KOOp
nunaT e opocTpancT&e R , conepli<BIURXCII s opennaT"aeMoll Knacca4!aKanaa 19~ 
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Ka1t aaaecTao, Bbi!Sop !Saaaca B npocTpaacTae H onpeAenaeTCSI Bbi!SOpOM CHCT8Mbl 

ltOOpAaHaT B npocTpaacTae R , B KOTOpoll p83Aen!IJOTCB nepeMaHHbl8 B yp8BH9HHB nan-

naca. Mbl 6yAeN paCCM8TpBB8Tb 3Aeclo TOJihKO CHCTeMbl ltOOpABHaT, HN810LUHe SICBblll rpyn

noaoll CMbiCn, T.e. T81tBe, B ltOTOpbiX 6a3BCBb18 ljlyHitilHH !IBJISIIOTCSI Be TOnbltO COOCTB9HRbi

MB ljlyHitilH!IN.II n8Iln8Cli8B80 HO B HHB8pK81lTOB IlOArpynn p8CCM8TpBB88MOJI rpymtbl H OTM8-

'l810TC!I C06CTB8HHbiMB 3H8'l8RHSIN.II 9TIIX IIHB8pB8HTOB/
4

/ • '-!xcno H838BHCHMbiX onepaTOpOB 

nonaoro KOMMYTHPYJOI.Uero 11a6opa AnSI Taltllx npeAcTaaneRIIII, O'leBHAHO, paaso paaMepROCTB 

npOCTp8RCTB8 R. 

BaneaJtBH a CMopoAHRC!tHll anepBbie paccMOTpena CB!I3b MeJKAY cacTeMaMH ltoopAH-

RaT H 683HCOM npeACT8Bn8HHll rpynnbl nopeana l., (~I 1) /5
/ • .lln!l rpynnbi nopeHil8 CB!I3b 

M8lKAY KOOpAHB8TilbiMH CHCT9M8Mll H Kn8CCHijJHK8Il&ell 6a3BC8 !Shlna yCT8HOBnaH8 An!! BCe

/8/ 
B03MOlKHbiX pa36&eH&ll H8 noArpynnbl B • 06paTH8!1 3 8A8'l8 0 nOCTpoeHBB nonHbiX ltOMMY-

/7/ 
peweaa B H Tapy!OLUBX aa6opoa on.fpaTopoa no aaAaHaoll cacTeMe KOOpAHHaT a R 

AOBeAeaa AO KoRna An!! AHHaMH'leCKHX rpynn L (4 10) a L (3 1 1) T8K K8K B 3 TOM cny-

'l88 R3B8CTHbl CHCT8Mbl KOOpAHH8T, B KOTOpblX p83Aen!IIOTCB nepeMeHHble B yp8BH8HHH 

nannac/
81

• 

8 H8CTO!II.Uell pa!SoTe Mbl CljJOpMynapyeM npaBana An!! nOCTpOeH&!I CHCTeMbl KOOpAHH8T 

s R , Tpe6yeMoll An!! Knaccaljlaxanaa !SaaacHbiX ljlyaKnall s H no npOH3BOnbHOll 38A8H-

ROll nenO'lK8 noArpynn, 8 T81tlKe An!! TIOCTpOeHH!I C8MOll CHCTeMbl 6a3BCHbiX ljlyHKUBll B 3TBX 

KOOpAHH8T8X An!! rpynn L(l'tl 1r!) , 'J'(I'ti 1Y\ )~~HeTpHBB8nbHbiM !IBn!leTC!I BOnpoc 0 HOpM&pOBKe 

6a3BC8. npaMeH!I8Mb18 An!! 3TOrO M8TOAbl BHTerpanbHOll reoMeTpHH fenbljlaHAa-fpaesa-

/5/ -
BaneHKHH8-CMOpOAHRC!tOro cljlopMYn&pOB81lbl TOnbKO An!! 'l8CTROro cny'laB n- OJ 1 

/10/ 
npa npOB3BOnbHOM ljJHKCHPOB8RHOM rn . Mbl npaBeAeM 3AeCb JleKOTOpbie coo!SpalKeHB!I 

B nOnb3Y TOrO, 'iTO 9TH M8TOAbl MoryT !SbiTb 6e3 B3M8 H8HH!I nepeHeCeHbl H8 06I.Uall cny-

'lall npOB3BOnbHbiX f'Yl • n . 

2. npasana nocTpoeHH!I KOOpAHH8THbiX CHCTeM 

Baa 'lane, cneAya BaKpR
111 1, nepe'lacnaM aenpepbiBHbie noArpynnhl, o6naAa!OLU&e HH-

aapaaHTaMa, An!! mo6oll rpynnhl :f(m 1 11) , £... (,1n). Oaa nony'laJOTC!I s Ka'lecTae coOT-

seTcTsyJOmax CT8IlHOR8pHbiX noArpynn npa nocneAOB8TenbHOM ljl&KC&pOB81lBB npocTp8HCTBeHHo

nOA06HbiX ( f ~ o) , Bp9M9HB-nOA06HbiX (f~>O) B R30TpOnRbiX ( f~ 0) BeKTOpOB f 
l13o6p83HM 9TOT nponecC rpaljla'leCKH H8 npRMepe KOHijJOpMHOll rpynnbl l.. (14

1
.2): ABH

lKeHHIO BBepx no H8KnORHOMY ny'ly H8 A&arpaMMe COOTB9TCTBYIOT ljlaltC8UHH npOCTpaHCTBeHHQo 

nOA06H9rO B9KTOp8 ~ 
aoro j 

• BHH3 - apeMeHH nOA06Horo f a no ropaaoaTana - R30Tpon-

x) /8/ L 
Bee 6a3HCHb19 CRCT9Mbl, nepe'lHCneHHble B Anq rpynnhl nopeana (3.1 ), BXo-

A!IT B p8CCM8TpHB89Mbllf Knacc. 

8 npanolKeHHH nepe'lHCneRbl OXB8TbiB8eMbl9 3TRM MeTOAOM CHCTeMbl KOOpARH8T II Co-

OTBeTCTBYIOWHX 683RCHbiX ljlyRitilRll B 3TH X ltOOpABH8T8X An!! rpynnbl nyaHKape 'J> {3,1). 
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eaenseTCR Bbi60pOM CHCT8Mbl 

!p9M8HHbl8 B ypaBRBHHH nan-

lllHH8T0 HN810IUH8 liCRb!ll rpyn

DOTCR He TOnbKO C06CTB8HRbl-

M8TpHB88MOII rpynnbi H OTMe-

;no He3aBHCHMbiX onepaTopoe 

O'IBBHllRO, p88HO p83M8pHOCTH 

MBlKllY CHCT8MBMH KOOpllH-

.£lng rpynnhi nopeHIIB C8ll3b 

6blna ycTaHoeneua ans ece-

B 0 nOCTpOOHHH nOnHbiX I!:OMMy

/7/ 
!8T B R perneHa e H 

3,1) T8K X8K B 3TOM cny-

1epeMeHHble e ypaeHeHHH 

tCTp09HHSI CHCT9Mbl KOOPllHH8T 

H no nposaeonbHofi aaaau

!Mbl 683HCHbiX rjlyHKIIHII B 3THX 

JBnReTCll BOnpOC 0 HOpMHp08K9 

9TpHH fenbrjlaH!l8-fpaeea

~CTHOI"O cny'l8>1 n ::" 0
1 

1 
3Cb H9KOTOpb18 C006pa>K8HHSI 

1 nepeHeceHbi Ha o6msll cny-

rHhiX CHCTeM 

noarpynnbi, o6naaaJOIUHe HH-

rjlHKCHpOB8HHH npOCTp8HCTB9HHo-

( f ~ 0) eeuopoe f 
opMHOII rpynnbi /., (14

1
.2): JlBH

fiOT rj>HI!:C8IIHH npOCTp8HCT89HHo-

no ropH30HTans - H30Tpon-

pynnhi nopeHna L (3.1 l, exo-

lOM CHCTBMbl KOOp!lHH8T H Co

~pynnbl nyaHKape 'Y (3,1). 
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MeTpa'leCKlUI <j>opMa B .o.exapTOBbiX xoop.o.xaaTax aMeeT Bit.D.: 

( -n-+1)l. ( o)'- ( rn )'- 2 
:C + ··· + :X:. - :X:. - ... - (x.1

) = 1 dAR l..(m,n) (I) 

( 
-n+1 )~ ( o)2. ( ~'~'~}~ ( 1).2 2 '() x + ... + ~ -X - ... - x. ==J Otdl ](m

1
n). (2) 

nycTb 3 a .o.axa ueno'IKa no.o.rpynn, co.o.ep)l{aiUa!l TOllbKO o.o.ay o.o.aonapaMeTpa'lecKyJO 

OO,D.rpynny. 0rb!IU9M 99 88 TBXOI! .D.BarpaMMe, naalKe&ae 00 .D.HarpaMM9 OOHHMBeTCSI K8K 

¢aXCHpoaaHae COOTBeTCTBeHHO •npOCTpa&CTBeHHbiX• a •apeMeHHbiX• a p83HOCTell (ana 

CYMM) BpeMeHHOil H npOCTpaHCTBeHHOI! XOOp.D.aH8T :X: I. , T,e, nocne,D.OBSTellbHOCTb ce

'leHall cooTaeTCTayiOwero Tana ( npa'leM ycnoaaMCR .o.aaraTbCR oT X -n+
1 

K X 
0 

a OT 

X"' x :X: 1 
). YcnoeaMc!l TaKlKe npa nepexo.o.e l.(m,n) -1ttt~-11 n-1) ¢axcapoaaTb pa3HOCTb 

-k ~ • <';) L ~ )(. -x. , a npa nepexoAe J (m1,n1)- (rn.,,n1}- cyMMY x.-1<+ :X:. • Bwt5op ycnoexll 

Ot5b!ICHSieTCSI He06XOAHMOCTbiO ycTaHOBHTb B38HMHO OAH03H8'1HOe COOTBeTCTBHe Me)I{Ay 

x) 
CHCTeMaMB XOOpAaHaT a KIIaCCa¢axauaell 6a3BC8 , 

HOBbie KOOpAHHaTbi BBOASITCSI Tal<, 'ITO nepBaSI ¢HKCHpyeMB!I KOM6aHa.D.HSI A9KapTOBbiX 

KOOpAaHaT 
i. X. 38BHCHT TOIIbKO OT OAHOI! HOBOil K00pAaH8Tbl 0 a KalKAaSI OOCIIeAOBaTellbHO 

¢HKCHpyeMa!l KOM6aHaUHSI 3aBHCHT OT TaKOil HOBOil KOOpAHHaTbl 0 OT KOTOpOI! He 3 88HCeiiH 

npeAhiAYIUHe ¢axcxpoeaHHbl e xoM6aaanaaa. TaKHM ot5pa3oM, Ka lKAOMY nyqy aa ARarpaMMe 

COOTBeTCTBye T O.D.Ha HOBBS! KOOpAHH8T8, 

Ecnx )l{e 3aAaHa neno'lxa noArpynn, coAep)l{aiUaSI ABe anx 6onee OAHonapaMeTpaqecxxe 

IIOArpynnhi 0 TO KS)I{AOMy nepeXOAY THUS 

L ( tn 11 n1) _........ 
L(m,r~)-......... L(m-m

11
n-n1) COOTBe TCTByeT ¢aKCHp088HHe KOM6aH8UHH 

-~· (x~).t+ f. (x')~ . nepeXOAY 
/""" ]1( m 1, n.) 

Tern, n) ''f(ro-rn.,h-n,) 
He COOTBeTCTByeT 

o(-:1 }=1 

¢HKCHp088HBe 1<8KHX-IIHfiO 1<00pAHB8T, 

i. 
YcnoBHMCSI BhiiiBCb!BaTb Bblpa>KeRHH :X: B HOBhi X KOOPAHHaTax B BRAe Tat5IIHUhi , 

a KOTopoll Xi. nawyTCR OAHO no.o. .o.pyraM a nopSIIlxe ax ¢axcapoeaHRH, TorAa yxa3aHHaR 

npoueeypa IIpHBOAHT K ClleAyJOWRM npaBRIIaM IIOCTpOOHHSI KOOpAHHBTHblX CHCTeM, 

x) 
3Ta OAH03Ha'IBOCTb ace )l{e aapywaeTCH, ecna B nenoqxe coAeplKHTC>I no.o.pSIIl 6onee 

ABYX DOArpyiiii THDa j>(l"\ 11l): OAHOll H TOll lKe CHCT9Me KOOPAHHBT COOTB9TCTByeT TOrAa 

H9CK01lbXO DOIIHbiX Hat5opOB, 

6 

1. KoopAHHaTe :(.Ill , ¢ai<CBJ 

eT MHOlKBTenb ~ G a ewpa>Kea• 

fiOJIOJK8HHblM RH>Ke B Ta6n.ane, COt 

2, nepeXOAY l.,(m,1) -Len 

.D.IISI X" , pacnono)l{eHHhiX Ba lKe, 

3. nepeXOAY L(m,n) -L(n 
. ~10 

.D.IISI X.. L 0 paCUOIIOlK9HHblX HH)I{9 , 

4, nep~XOAY L (mlo)-L(r~~-~ 
.D.IISI BC9X :X:. L 0 Il9lK8IUBX RHlK9, 

5, 0TM9TBM T8KlKe, 'ITO IIy'f 

CTBeHHOil :x:.1 
H ~ c;{ AIISI ape 

6. Ecna npu nepexoAaX 'j>( 
H HM R9 llp9AW9CTBOB81IO 8 U900'1 

TO 8 X8'19CTBe HOBOll KOOpAaH8Tbl 

7a. nepeXOAY L (1111, n)-:n 
-~ -€ 

ARHaTbl K~M6aaauaa X -X. =j, 
ecex X • ana ux KOM6aaaux il, 1 

(ana(X-K)
2

- (x_.f!f>. ¢HKcupyeM 

7 e . rn 1 J V\ 1 • eoot5me roe 

MO)I{eT cneAoeaTb uenoqxa 'j>(m- j 

¢RKCRpyeMOI! npa nepeXOA8X B 3 T 

HOBbie ICOOpnBK8Tbi MHO>KHT91Ib, 

d.. c( 
HaS!, C 0 9CIIH X. - BpeM9RB 

7 c. Hai<oaen, nepexoAy ']>(I 

MROlKHTellb [ 1+ J>~(z€:-r c,: ~ 
o( </.. 

aanaa (.X. -1<. )2.- (X ~):t, ¢axcapye 

paCIIOIIO)I{eRHbiX HB)I{e 8 T86IIHUe. 

7 cl • Ecnn nepexoAy Jt 1'\'l 

TO 9MY COOTB9TCTByeT MliOlKHTero 

8. PacCMOTpHM Tenepb cny• 

60llbW9 '19M OAH8 OAHOnapaMeTpH' 

Lc...,..,,n1) 
L(m,n) C L (m-m,, n-n, 



(I) 

(2) 

JAHY OAHOnapaMeTpH'l9CKYIO 

ABBrpaMMe fiOHHM89TCst KBK 

3HHbiX" H p83HOCTel\ (HnH 

e. nOC1l9AOB8T91lbHOCTb ce

·g OT :X:-n+1 
I< .:;(

0 
H OT 

:rr.-1
1
n-1) <j>HKCHpOB8Tb pa3HOCTb 

'+:X:.~ Bb16op ycnoBHA 

HOe COOTBeTCTBHe MelKAY 

lM8SI KOM6HH81lHst AeKapTOBbiX 

, a xa*.D.BR nocne.a.oaaTenhHO 

Tbl 0 OT KOTOpoll He 38BHCe1lH 

, K8lKAOMY nyqy H8 AHarpaMMe 

D< 5onee oaaonapaMeTpH'IeCKHe 

tp0B8HH9 KOM5HH8URH 

(rt~,, n,) 

l-rn,1n-n1 ) 

He COOTBeTCTBY9T 

pAHH8T8X B BHA9 T861lHUbl 0 

KCspoBaHRst. TorAa yKa3aRHast 

PllHH8THblX CHCTeM. 

'IKe COAeplKHTCst nOApSIA 5onee 

?AHH8T COOTBeTCTByeT TOrAa 

1. KoopAHHaTe 'X. d. , <j>HKCHpyeMoll npH nepexoAe L (m, n) - {..(m1 n-1),cooTBeTCTBy-

cl 1'11'1 • 
eT MHOlKHTellb ~ e B BblpalKeHHH X 'lepe3 HOBbie KOOpAHH8Tbi, BCeM lKe :X:' • pac-

nonolKeHHblM HHlKe B T861lHil9 , COOTBeTCTByeT MHOlKHTe1lb ~I') 9 . 

2 •. I1epexoAy L (m,1) - L(m, o) COOTB eTCTBYeT MHOlKHT91lb ci, a A11R :X: ct • s.i> a
A1lst XC. , pacnonOlK9HHbiX HHlKe, 

3. I1epexoAy L(m,n) -l..(nt-11n) coOTaeTcTByeT MHOlKHTenb ~a 
. ~10 

Anst X..' , pacnonolKeHHbiX RHlKe, 

x.ct . ~a 

4. I1ep~XOAY L(m,o)-L(rt~-1,o)coOTBeTCTByeT MHOlKHTe1lb ~e A1lst xo( • s-in 9 
.a.ns acex .X." • ne)t(amax RHJKe. 

5, 0TMeTHM T8KlKe, 

CTBeHHOJ! :X: i H ~ C{ 

'ITO nyqy 1.. (11 1 )- COOTBeTCTByeT MHOlKHTellb ~ Q A11H npOCTp8H

Anst BpeMeRHOii :X:. O 

6. Ecna npa nepexoAax :PCm, VI) -1'(m1 n-1), 1h..,~)-J'tm-11 1'l)<!>uKcapyeTcR :X: .c. 

H HM ae npeAweCTBOBano B !lenO'<Ke RH OAHoro nepexoAa L (n,., 111 )-Jtm1-11 
r)

1
-1) 

TO B Ka'leCTBe HOBo A KOOpAHHaTbl Bbi6HpaeTCst caMa AeKapToBa KOOPAHHaTa X ol. • 

7a. I1epexoAy L ( Wt 1 1'\)-J>cm-1 1 1'1-~coOTBeTcTByeT Bbi6op B Ka'lecTBe HoBo!! Koop-

_,_ ~ .P 
AHH8Tbl KOM6HH81lHH :X:. -:X:. =j, <j>HKCHpyeMol\ npH :3TOM nepeXOAe. MHOlKHT91lb A1lSI 

BCeX XL K1lH HX KOM6HH81lH H0 1lvlK8mHX HHlK9 B Ta6naue, 38 HCK1lJO'IeHHeM .x-1(+ .X_.e 

(HnH (X.-K )~- (x_.f!f), <!>HKCHpyeMoll npH nepBOM lKe cneAyJOmeM nepexoAe J'(f>l,,l'l,) -l(m1,1'1,)• 

7B, rY\ 1 I ~ 1 , B006me roBOpR, He paBHbl n'\-1 I n -1 , T8K K8K 38 nepeXOAOM 7 8 

MOlKeT C1l9AOB8Tb uenO'IK8 'j>(m-1 11'1-1) -1tm-211'1-1T., :- $>(11!11 n1~ KalKAOll KOOpAHH8Te :to( 
<j>HKCHpyeMOii npH nepeXOA8X B :3TOii ll9110'1Ke, COOTBeTCTByeT B Bblp8lKeHHH ee 'lepe 3 

HOBbie KOOpAHHBTbi MHOlKHTenb, KOTOpbill o6o3Ha'laeM € o( , ecnH X d. npocTpaHCTBeH-

HBR, C d., , eC1lH ::(. o(.- BpeM9HH8st, 

0 n.,~o L 
7c. HaKOHell, nepeXOAY J(m., n1) ---- (m,, n.,) TOrAa COOTBe TCTB)'eT 

t( .z , ~ ')] n.,=o 
MHOlKHTellb [ 1+ .P Z:€ol.- L (a( + 'l.~ B BbipalKeHHH 'lepe3 HOBbie KOOpAHH8Tbi A1lR KOM6H-

a( a( 

aauas (X.-K.)4-(x~):t, <j>aKcapyeMoA npR aToM nepexoAe, a MHolKaTenb ~- AnR :X:' 

pacnonolKeHHbiX HHlKe B Ta6nHue . 

7.1 • Ecnn nepexoAy 1-{rn,n)-L(m,r"l)ae npeAwecTBOBana L(111 11n1 )-'J{m,-?,'l;l}, 
TO aMy COOTBeTCTByeT MHOlKHTenb j> A1lst BCeX J( ~ H3 (2). 

8. PacCMOTpHM Tenepb cnyqal\, KorAa B pe3ynbTaTe BeTB1leHHH u e no'IKH HMeeTcst 

6o1lbwe '!eM OAHa OAHOnapaMeTpH'leCKBR noArpynna. TorAll nepexoay 
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COOTBeTCTByeT MHOlKBTellh C()l! 9 nnst BC9X :X:' a3 I<OM6aa8IUIH 

<i>BKCapyeMoil npa aTOM ll't'pexone, a MBOlKBTem. ~ e nnst X~ 

m.,. "1 
-L_ (:x: .. f +L (x,t" 
a{-:1 ft"'-1 m 01. 2 
B3 I<OM6aH8Uaa - h rrt.C:x: ) 

+ /:n.(XJI>)~ 
9. Tlpa nepexone JKe LCm, n) < l. (m.,, n) 

L (rn·VIl., o) 
n 1:0 

!<00pi1BH8T8M :X:' a3 3TaX I<OM6BH8Ual! B Bblp8lK9HBB ax ~epe3 HOBble KOOpnBH8Tbl npa-

nBCbiBAIOTC>t MHOlKBTenB ~a. B ~({ COOTB9TCTB9HHO, 

0 
10. ny>£Y Pcm,n) C ~ (m.,,n.,) lie COOTB9TCTBYIOT HOBbie I<OOpnaR8Thl , 

j (1'1"HI'\ 11 1'\-n1) 

B Ka"! eC"!'Be annJOCTpaua• BbmaweM, nom.aystch c.popMYnHpoBaHHhi MR npaBanaMa, CIICTeMY 

J<OopnaHaT nnst uenO"ll<H 

L(3,'4 ~ -1'(2
1
3)- LCl,3)-L(2,2)- 'Pc1,1)- 'Pro,1)-. 

MeTpa"leCKast .popMa B neJ<apTOBhiX KoopnaaaTax aMeeT Ban: 

(X -3).2+ ( X.-2)2 +( x_-1)-' +(X o):2. _ (1. 3 y' _ (X.2) :2. _ (:X1) '== 1. 

x.-3-x.3=Y . 

(:x:-3)'t. -( x3t= 1-..P2'l'. 
X-3

:::: ~[y +f(1-'l. 2
)] 

x3::: "1 [ .:t. -.P(1+1.2)] 
:x. -l. = .9 1- C4'$ e -2 J> 

-t , . X. ::: J '1. CO'S G 
.x -1x -= J't. ~ e .Po -x. -1-= .P't w,a (.1+.?. (1+€-'l-e-)1 

:x. =- .P 'L s-t.n e Po-e. ~ .?o o ~ 
X 0 = J> 1. ~e Jo c . x :t = j)1. ~na[;o· -Yo(1-g\c2

)] 

(:x.-1)2.-(x')2=j>aiz.'5i.n~e[1+Jo\8~c')] . X,= .P1.'X.nS .Po € 
.Xo::- .?1.. h.v!GJo C. 

Ta6nana 1. 

B Ta61Uiue cnpaaa Mhi nepewllH OT KOM6HHAIUi ll X.~ K c a MHM XL. 

3, flpaBHnA nOC!pOOHBst CHCT9M 6a3HCHhiX <jlYHKUHll 

8 Bht6pAHHOil CHCT9M9 KOOpnaHAT HeTpynao Bhi'IHCnHTb MeTpH"l9 CKail TeH30p l/d..ft 
H onepaTOp nannaca 6_ B COOTB9TCTBHa C !IJOpMYnBMH: 

d. - ~ X. <1 ~ :X. € 
ITd.f. - <}Cl-t ~U.d. )Ll~ 

r n a ~a.€- MeTpaqecKall Teaaop B neKapTOBhtX Koopn aHaTax X' , 

llBB8Thi. 

8 

{3) 

L(. o( - HOBble KOOp-

6· 

rne 

3anaweM ypaBHe!lae nnH 

nnst aenpaBonaMoro npencTaBn• 

cTpoeaaol! no npaBanaM n. 2, 

CTaHThl paaneneaast CBst38Hhi c 

Roil ueno"lJ<e, 3Ta cneKTphi a M 

nnH L{m,n) 
M=/0 I"''FO 

{ Um,o> nnst 

L(01 rn) 

nnH '.Pcm, n) 
n/0 

nnH :P(m,o) 

TlpencTaaneHR>I yHH'1'APHhi, ecn 

P e weaue nony"laeMh!X yp 

uull. TaK KaK n106ol! ueno'lt 

nol\ H3 KOOpnHH8T B OTnenbH~ 

MHO}f{HTen.b, 38BHCm.IlHA OT O.O.f 

T8KHX COMHOlKaTene l! no npoa. 

Ta6nauy, a KOTopo l! cneaa eTc 

neKC npu CHMaonax L H J 
naMa (5)- {9). TlapaMeTp £ 

£= 

HanoMHHM, liTO K= 



:H811BH 

111 x~ 

n~o 
I O) 
'Iepe3 HOBble KOOpUHHBTbl npa-

9TCTBYJOT HOBbie KOOpUHHHTbl. 

apOB8HHbiMB npBBHnBMH, CUCTeMy 

:; +f(1-·t=2
)] 

:; -.P (1+1'l)] 

~G 

~e [:k+Yo(1+€~-e)j 
S.:ne[ .1. -Yo(1-~\c')l 
.<. Jo· 'J 
z.~e .Po~ 

th.n9j>0 C. 

CHMHM XL. 

IX ~YHKUHH 

HTb MeTpH'IeCKHH TBH30p 'J!/.jJ 

{3) 

ITHX XL • 1.(. o( - HOBble KOOp-

~ = ..1.. .L a. ri.J-yg, ..L lt ~urJ. ~ 3' ~u., (4) 

rue 

~ = det~d..JL 
3allHWeM ypaBHeHae nnH co6cTBeHHbiX ~YHKUHH nannacaaHa ~ , 06pa3yJOlllHX 6a3HC 

UnH HenpHBOUHMOro npeUCTHBneHHH COOTBeTCTBYJOWeH rpynnbl. 8 CHCTeMe KOOpUHH8T, no

CTpOeHHOH no npaBanaM n. 2, 3TO ecTb ypaeaeaae c paanenliJOWHNHCll nepeMeHHbiMH a J<oa-

CT&HTbl paaneneaall CBli3HHbi co cne!<Tpalllll HHeapaaaTOB nonrpynn, conep>Kamaxcg a aanaa

aoi! ueno'IJ<e. 3Ta cneKTpbi aMeJOT san: 

nnll L(rn,n) -b(6+K-2.) rJe K = Yn+ I"). (5) 

m:~o "*O 

nnll { Urn,o) :±: -e ( .{+l'r)-~) 
L ( 01 m) 

{6) 

nnll 'Pcrn, n) -p:t. 
nto 

{7) 

nnll J>cm,o) p2 . {8) 

npeUCTHBJieHHll yHHT8PHbl 0 eCnH -6(2,-tl(-.z_) ::-(~2..)~ p:t.. p BC!OUY BeiUeCTBeHHO. 

PemeHae nonyqaeMbiX ypaBHeaall npaeonaT K npaeanaM nocTpoeHBll 6a3HCHbiX ~YHK-

uall. TaK KaK n106oi! UeUO'IK9 COOTBeTCTByeT npOH3B9UeHH9 ~YHKUHH, 38BHClllllHX OT Ka>K-

UOH H3 KOOpUHHBT B OTUeJlhHOCTH, TO KH>KUOMY nyqy B uenO'IKe MO>KHO COnOCTBBHTb 

MHO>KHTeJlh, aaeHClllllali oT onaoa nepeMeHHoi!, a npaeana ~pMynapy!t>TCH nnH OTbiCJ<&HBll 

TaJ<ax coMHO>KHTenell no npoa3B011bHbiM aanaHHbiM ny'IaM, nonyqeaable npaeana ceeneM B 

Ta6nauy, B KOTOpoli Cneea CTOHT ny'IH, a cnpaea - COOTBSTCTBy!OWHB HM ~YHKUBB . 11H

UBKC npH CHMBonax L H r CBli38H co cneKTPBMH COOTBeTCTBY!OlllHX BHBapaaHTOB ~opuy
naMB {5)- {9). napaMeTp :f. CBli38H C uenO'IHCnBHHbiMH HHUeKCOM -e COOTHOWeHBeM: 

HanoMHHM, 'ITO 

£ = m-z + o 7 ""\... 
K=t'l1+11 K.,=m.,+l"'.,, 

9 

m >1 (10) 



Lp(m, n) -~(tr1,n-1) 
_1_ P- ,,.. 

n*1· , .. a 
SU,I!ltoD~ -i+'-P c~e) . 

Lp(rn,1)- L-< (rn,o) 1 Ri:'P c ~a.) sfl "}:Jet 

L..( (o,n)- L-t.(o, n-1) 
1 ~l(· 

W~~e -j+r, (Co~e) 
.. n>2. 

L.,Co,2)- e'"'Y 

Lp Cn,,,)- L1 c.,-1,,.,> _j_ P-i} 
nto "'1 1 

ci,T"1t i•'P (~ ~-.) 

L,C1,n) -L..((o,n) _j_ p_~Lp ( i sf. a.) 
h'>1 "' "i" a. 

Lrc1,1)- e'Pa. I 

L-f (m,O) -L.R (rn-1,0) 
1 & 

~ Rtz 
s«J ¥e -f·~, (~e) 

• 
~ (rn,n)- ~(l'll-1,n) eiltt·-r .. €"' 

~ (rt~,n)- 'P~ (rn,n-1) 
dp•-•t c" e 

n11 

Tr (m,1)- ?,.,(m,o) ei.1p• .. ,.z c• 

Ta6nana 3 

x) B coOTseTCTBHR co cKaaaaablu sblme, ecna s neno'IKe no n)"'a J>(m,,~)-J}Irl 1J \ 
7> ol. .c. o( 2, ~' 

He scTpe'laeTC II ny'l L(m,n)-J (m-11n-t}• TO auecTo ( 1 C namew :X: . 

10 

I 

J 

~(tn,n)'~" L,_(m,n) 

')'lP (m,o) -L-< (m,o) 
-

L't(,.,,n)- )'p(rn-1
1
n-1) 

nj1 

L (111,1)- 'Prcrn-1, v) 

"' 1--

* L _...,... L,_(rn,,n,) ' -' (rn,n) '-...... 
co p L s (m-nt,,~-n,) 

rn*"'• n:tn1 m,to n,-to 

L,._c,.,,,n) .1 
Lp(m,n) < L-t (rn-m,,o) c.i m1 l=o 

L ( )--L-c..(o,n) _j 
P m,n ""- ( ~ ~ L-t m,o 

..,....... L-t ( o, n1) 1 
LpCm,n) ............ Ls (m, n-n,) C( 

111 "*0 

_,. Le (o, n,) 
C( L-t (c,n)~ L~' (0 n-n,) 

l I -
_.-- ~(11111 n1 ) 

'Ji,Cm,n) ........._ 'Ps (m-~~~,,n-,,) 

x} Ecna HMeeTC!I 6onee 

u aeTBRTCII. HalKe <jlopMynap) 



I 

·e) 

~~) 

~~) 

) 

- ~ 

c• 

~ (tn,n)n-to L,. (m, n) ~ li,.(P't) 

'Pe (m,o) -L-< (m,o) '1. ~ Zt (p'l) 

L,c"',n)- Tp(tn-111-1) 
1 

z~~ r-;) nf1 1 J!Mf-• 

L., (m,1)- T,.cm-11 o) J~ z,,(¥) 
... 
L 0 )_........L,.<m,,.,,) ~ 6;--e!li-r..r~ol+(s F{ tt-l(e+t+-s) 'l:!'i(p-1 ... ~> .. -'t!~ P m,n .......___ 

~·P•Ij!e 2 , ~ 111-~s, L s (m-~>~,1 11-ll,) 
m*"'' n'F111 "' tQ n 'foO 

L ( )....- L..,cm,,n) ~tr'?t u~F[1+i(e~'f)+1. I 1+i.(eJ>+ll,1+~i t8~ p m,n ....._ L 
t c.t (m-m,,o) rn, o 

Lp(m,n)' L-t. (o,n) 

L-l (fl'l,O) 
1. ti,~ F[1+ip+~.+'l.. 1Hp-X +lt. 1 t tj,l] 
c£~[+~ ct 2_ I ~ 

0 
I + i ct 

L c l.,.......... L-t ( o, n1) 1 4-~ . [ . p I'll,!') ........... "" .. "-.a. e :l hs F H'(P!S)+'t 1+i.(ets)-£ 1+is·-~ 
m L s ( 1111 n-n1) (;()5e T .2. 1 :t I I *O 

L-t(o,n)< Lt, (oln,) 
L-€t (0/1-n,) 

C<13'\'tj~·F(1+£,+:r.,-x. 1-'!l,+ll,-'1- 1 ... '11. . -tte) 
Z, I 2.. 1 z' 

<J. --- ~<rn,,n1 ) 
p(W~,n) '-.... 'Ps (wt-~t~,,n-~,) 1 

T a f5 n R 11 a 8 {upoAonlKe!Uie) 

x) Ecna HMeeTCSI f5onee OllBOil OllBOII~paNeTpB'l9CJ<OI! DOArpynllbl B 119110'11<9 TO neno'f
&a BeTBHTCSI. HHJKe ~OPMYnRpyeN npaBana AnSI ny'lel! B TO'II<ax BeTBneaaH. 
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YxaJKeM ellle npe~em" H3MeaeBBH Bb16paaablx nepeMeeablx: 

0 ~ j ( lfC I 0$"9 <;]l 1 0 < a.,J, ~< 00 -eo< :X: i ~i. cC:<oo 
I J 

"" Pv (X.) 03Ba'laeT pewea•e ypaaaeBBB ~nB np•coeueeHHbiX «jlyaxuall flell<aa~pa ,i!11(xJ- pe-

weaae ypaaaeaas Eeccens, F(«,6,c;:x)- peweaae ranepreoMeTpB'lecxoro ypaaaeaas faycca, 

npB'lQM OCT89TCll 911l9 npOB3BOn B Bblriope ltOMriiiHBUIIB IIBH9liHo-He38BBCIIMbiX peweHBli 

9TIIX ypaBHQHI!ll, 

B Ka'leCTBe annJOcTpaual! BhmaweM, nOnh3YBCb Ta6nauel! 3, caCTeMY 6a3BCHbiX 

«jlyHKUBl!, COOTBQTCTBYJOIIlYJO U91IO'IKQ 

L'Y O,Y) - Tp (Z,3)- L-x. (~,3)- L;. (~,2.) -Tv (1,1)- 'P,..... (0
1
1)-

T,e, B CHCTeMe KOOp~BBBT, Onpe~eneHBOl! B Ta6naue 2. 

cP, = j_ 2:. (P) .::L -::z. . ( 1 pi" ) (~P~A\/Jl) _pf "'J.- .J 'tl L~x p1)~9 -~+i.X. (~9 
(II) 

. ;0 :li.A ( ~0 ) e i-1~~- .. (1. e e LJ4.C 

4. 06cyJK~eHae pe3ynbTBTOB a 3aMe'laRHll o uopMupoaKe 6a3uca 

J.13 BH~8 IIOI!y'l9HHbiX Bb1p8lK8HHli ~nll OT~enbHbiX COMHOlKBTeneli B CRCT9M8X 6a3BCHbiX 

«jlyHKUBll (eM. Ta6nauy 3) H9TPY~HO 38KnJO'lRTb, 'ITO ORR pa36RB8JOTCll H8 5 6onbWHX Knac-

COB B 38BHCHMOC TB OT TOrO, COOTB9TCTBYJOT nH OHH ny1:1aM 

LCm1V1) -L(vn,,n,) J>cm,n) 
I 

'Y( 1-\'\,, n,) 
1 

L (,.,,, 1- J>rrn-11'Pr1) 
J 

'Pc vn, n) - L ( m, n) LtAU. L( ) .--L(m,,l'l,) 
m,n ....._ 

l..(m-m,, l\-n1) 

TipB STOM pa3nR'lHH BHyTpH KnBCCOB CBH38Hbl TOnbKO C H860nbWBMR OTnH'lBHMB O~HOTBII

HhiX CRCTQM KOOp~HH8T (pa3nB'lHH B apryMBHT8X O~HOTHIIHbiX cpyHKUHl!) B pa3nH'lHHMB B 

CII9KTp8X COOTBBTCTBYJOWHX BHB8pH8HTOB (OTnH'lHll B HH~9KC8X STHX cpyHKUHll), IIOHBnRJO

WHMHCH B T9X Cny'laliX, KOr~a H8 O~HOM H3 KOHUOB COOTB9TCTByJODlBrO l!y'l8 y J>(I'1)
1
Y)) 

llnB L (m,r~)o~HH B3 Bll!l9 KCOB m unu n paeen HynJO. 

YlKe ~nH r'\: 1 MOlKBO y6e~BTbCll, 'ITO ecnH Bbi6p8Tb T8KH8 CHCT8Mbl KOOp~BH8T 

~nH paCCM8TpBB88MOJ! rpynll h 10 'ITO He BM88T M8CT8 yK838HHbiJ! CIIBUBBnbHhill cnyqall 

(T.e. B uenO'lKB He BCTp8'l88TCH J>cm,n) una L(~,l'l)c tn unH n paBHblMB uynJO), 

To BH~ 6 a 3HCHhiX cpyHKUHil IIOll'lHHHBTCll o6mell 38KOHOMepnocTa, cnpaee~nueoll a ~nSI VI> 1. 

TIOSTOMY T8K KBK npH HOpMHpOBKB 683HC8 no fenbcpaH~y-fpaeey-BeneHKBHy-CMOpo

~HHCKOMy HOpMHpOB8HHbi8 CHCT8Mbl «jlyHKUHJ! 1Ip8llCT8BnliJOTCSI B BB~e HHTerpanOB C onpe-

12 

~eneeeoro ae~a anpaMH, 

~n" n= 1 B ~nB n ':>' 

38BBC9Tb TOnhltO OT K 

B TaxoM cny'lae HI 

nepeHOCHTCB aa o6wa l! c 

aaTerpanhHhlll onepaTop x : 

KaJK~OMY &3 rryqell 

__.-- L(r 
ana L(l"ff,n) '-... L (rr 

onep8 TOpOB C OMH OlKHTenb 

H 

(-1)'il j"ao r( 
2~Wt)"'-1 

d'-i.oo 

( -1) y S'+ ....... 

2~ (~iL)"-1 s o-i.oo 

ro, 
rc 

3~ecb K -::rn+l'), a r 
IIp H IIOCTp09HHH CH CTB~ 

~nll nep eMeHHhiX U. 1 ' 

e :f(m,n)-1\m,,r~ 

1 
(2TC.) 'f . 

llnH STRX npeo6pa3c 

HOpM HpOB K 9 683B C8 B np l 

HOpMBpOB8HH OK C HCT 9M8 

LC4,2.) - LC3,.z) 
6+ 

t (x.)- _1_ s 
- .zl. C2i1)s- a-i. 

. ~ ftT s d3r(,) n{ 
r~ 

· 2.. Y-e .-vl ( e~, "J z. 
...e,m 

x) Pacxo~>nnaecH li 

ROrO ITyTeM 8 H8nH THq eCKC 

HMelOlllH 9 C SI T 8M} • 



oyaKuaA nelKaHApa ,r11 (x)- pe

~Tpaqecxoro ypaaaeaast faycca, 

Ho-He3aBaCRMbiX peweaaJ! 

e A 3, CH CTeMY 6aaaCBbiX 

-Tv (1,1)- T ..... ro,1)-

( 11) 

gopMapoaxe 6aa aca 

KHTenel! B CHCTeMa X f5a3aCHbiX 

iHB8IOTC SI H8 5 f50Jib WHX Knac -

_ L(l1'l,,n,) 

........_ L(m-m,, 11-,.,1 ) 

:blliH M B OTnB'qBSIM H OJlHOTHn-

<jlyHKURJ!) a paa na'laSIMH B 

X 3TaX <jlyHKUa ll ), UOS!BnSIIO

r ayiOlllOrO nyqa y :Pc ~I Y)) 

T8K H e CH CT 9Mbl KOOpJlBH8T 

.I ll cneuaanbHb! l! cny qal! 

m a na n paBHbiMa Hy n iO), 

a, cn p aae.nnaeoll a nnst VI> 1. 

-fpae ay-Bane axaay-CMopo-

B BHAe aaTer pan oe c onpe-

AeneB&OrO BH.118 sutpaMH, a COOTBOTCTBYIOWH9 COMBOlKHT en B B 3THX CHCT9M8X a.lleHTH'IHbl 

.nnst n= 1 H AnSI . n "> 1 npa <jlaKCHpOB8HHOM K = m~ n • TO BH.II 3THX sutep ,IIOJi lK9H 

38BHC9Tb TOnbKO OT K • HO He OT 3H8'10 HRSI n (11 >a). 

B T81COM cnyqae a aTerp anbBb19 MOTO.IIbl UOCTpOOBHSI BOpMHpOBaHHbiX CHCTOM <jlyHKUHJ! 

nepeHOCaTC.SI Ba of5maJ! cnyq aJ! UpOa3BOnb.tiOrO n 
x) 

aaTerpanb&hiA onepaTop • 

a Ka lK.IIOMY nyqy MOlKHO CODOCTaBHTb 

Ka JK.noMy aa nyqeA Lc m ,n) - LC m.,,l'!.,) , 1,(VI'l ., n )- Trm-1 , n-1) 

ana COOTB9TCTBY9T B np OH3 BO.IIOHaa HHTer panbHbiX 

onepaTopoa COMHOlKHTenb 

'-? J.:: ao t!2_ r(l, ~ l(- .(.) s1.., I K-~ (U. l)-l-K-t.< 
)

o<-1 ( ~"'"' "l' ect,Lt #<. 'l.€:THO 2 i. (.m I-i..oo r ?.) r l 
(12) 

H 

He'l.iUHO 
(1 3 ) 

3 .necb K -= YYl+ n . a r - c e qeaa e , COOTB9TCTBYI0lll99 .IIBHHOMY nyqy, KOTOpoe HM90TCS! 

npa UOCTpOe HRH CHCT9 Mbl KOOp.IIHHaT MOTOAOM, OUHCBI!HblM BbiWO (c aCT9 MB KOOpAHH8 T 

.nnst nepe MeHHbi X u. I ' • TaKHM o 5pa30M, <jli!KCHpOB8Ha). n yqaM J>cm, n) - L (~I n) 
a f( m ,n) -T( m,

1
11 1 ) cooT aeTCTayeT o6paweaHoe npeo6paaosaHHe Panoaa: 

00 

_j_'i s c{X ( ctf € i.X(~.tt) 
(27l) -00 ) 

(14) 

llm< 3THX npeo6paaoaa HIU1 cnpaaennHBbi o6hi 'IHbiO <jlop Myn hi o6paweaa R, H aonpoc o 

HOpMapoaxe 6aa aca B npHHilHne p ewea. B Ka'!eCTBe anm ocTpaua a np11aene M paano)l(eaae HO 

HOpMa pOBa HHOl! CHCT9M9 ljlyHKUII ii nnst KOH<jJOp MHOii r p y nllbl : 

x) 
P acxoJlHUIH e C H HHTe r panbl HIDKe not-ur MalOT C H a C M blCn e 3Ha t.Je HH st ,~.. feryn RpH3oaaH-

R Oro nyTeM 8H8nHTHq e CK OrO ITpOll,Onm: eHH H ITO IT OK838TenJO CTeneH H ( CM . / O H CCblHK H 1 

H Me10WH9C H T8 M} . 
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BRA ce'leRHH fi. B, cneAoBaTero.ao, CHCT&Ma JtOOPAHRaT 11n11 nepeMeHahlx X 
1 
t ( i) 

ycTaH8BnHB8QTCH B COOTBQTCTBHH C fi, 2: 

x4= ~g 
x_,= ~€ ~~ 
Xo= ci-1€ ~~~Q. 
:x:.!o = &,g ~~ ~c:u:O\e 
x.~ = &\ £ ~o( ~ e1. 'i-\.ne~ 'f 
X 

1 = ~ e ~d.. ~0. c;.Q,G ~~ 

S' -1 

\ (1) :::'.:!: (, . 

'? 0 - ve-,Cl 
\ (1) - 1 

t~> :::- ~a 1~e, 
l<~> = ~a., ')·i.rlf~ 1 ~\f., 
)' 

1 = ~a:., c;tn e, ~'S'1 \(1) 

<I>OpMYna o6pameHB!I RMeeT BH A: 

l.f to>= j: 1 
~-1 
l(D) ::: ~d..o 

1;0) = ~o( .. ~ct .. 
lc:) = ~ rl..o ~a. ~e .. 
,{;) = ~ Jo ~ct. ~e., eors~ .. 
~c:> = ~o(o ~(l .. ~e .. ~'1 .. 

~(:) = :!: 1. 

,;2)= ~9-t 
"?Z . 
\uJ = )1.n9,~~~ 

't 1 . e . 
\ ( 2) = ').i.n .t '>t.Y\ -g 2 

ct..etn (J>,'L, 'b)= J~Jl~(a.) 'j;l'\'lce~,~2) s~.n.,(1) (l(2) l1))J. 
. s dJl~(O) n(1) 1co))'t ) JSlx Oco)x)~ f(:x). 

(16) 

14 

3AeCb ciJt.l (i.)' o(Jl. .:t, - HB 

CRCT&M& lltOOpABH8T, 

B 3AJ<1IJO'IQHI9 8BTOP B> 

38 npeAno~aRHyD Tewy a n~ 

Hhle ol5cy>K.ti&HBII. 

KnaccB$&Jtanaa 15a3BCHb 

3A&Cb Mh! nepe'IBCnBM I 

6a3acah!x ~yaxnaa 11n11 npe11c 

xnacc, HexOTopbiM cacTewaw 

B8Tb aecxoro.xo pa3nB'IHhiX n 

a&tx ~yaxnaa (eM. 3aMe'laHBE 

1 

2. 

:X:.o: X.o 

X.~='ted56 
:c.2= t ~e~q 
:x:., = 'l ~e ~'1 

X.o=X.o 

X.l=x.3 

x.2. = 'l. ~" 
x_1:1~'! 

l'i 
~ 

c) 'YpC 

e"~ 



1n11 nepeMeHRhiX X , t ( i) 

.. ce,C(. 0 

0 ~a.. CA\90 

•o ~a.. ~a. ~~o 
0 Jtcto ~eo ~ '1o 

l{~) T(1))J. 

,~ f(:x:). 

(!B) 

3ll&Ch d.Jt l (~) o otn .:t. - HRB8pH8RTRbl9 aneMeHTbl oO'beM8 0 Bbip8lK&HHble B 38ll8HHOll 

CHCT8We Jt00pllHH8T. 

B 3aJtmo"'eHJle asTop BblpaJKaeT rny!SoxyiO npHaHaTem.aocT& .H.A. CMopOllHRCKOMY 

38 npellllOlKeHHyiO T&MY H UOCTOBHHO& BHHN8Hll6 X pa!SOTe H n. BHHTepHHTUY 38 none3-

Hble o!ScylK.[leHHSI. 

nP11JIO)I(EH11E 

KnaccacjlJixallH!I !Sa3HCHbiX BOllHOBbiX I!Jynnall peanaayx>max npellCTaBJieHH!I rpynnbl 

nyaHJtape llllll !SeCCUHHOBbiX "18CTHU 

3ll&Ch Mbl nepe"'HCllBM KOOPllBH8THble CHCTeWbl B COOTBQTCTBYIOmHe HN CHCT&Nbl 

6a3HCHbiX fj>yHJtUHA llllll npe.[lCT&BneHJlll rpynnbl nyaaxape, BXO.[lllliUIX B paCCM8TpHB89Mbll! 

Jtnacc. HeXOTOpbiM CHCT&N8M KOOpllHH8T (B TOM "'HCllQ H ll&K8pTOBOll) !SyAyT COOTB&TCTBQ

B8Th HeCKOJihKO pa3nH"'HbiX IlftJIO'l&X UO.[lrpyJIJI H, CllftllOB8TelihH00 H&CKOJihKO CHCTeM 6a3HC

Hb!X fj>yHJtD:Hll (eM. 38M9"18HHe Ha CTP• 6). 

1 

2. 

:X:.o:: Xo 

X..~::'tedJ9 

x.2=t~e~~ 
:x:1:: 't ~e ~If 

.:X:.o::;(.o 

:{~ = x.3 

X. 2. = 'l. co\ " 
X 1 

: t S(.t) '! 

15 



cJ) 

e) 

f) 

'I> rp ) _..1x (~1 0) -f.. m (.2,0)-
JP (3,1)- 'tC~d ........._ 'P.)-4. (0,

1
) _ -CJ-~:: -.Jt.~+x~ 

ei.1~a-p~x3 ei..)txo 2m ('X-'l.) e'-Wl'9 

P.p(3J1) _....,...,. '?,_(1,1)- 'P.A(0,1)-· 'rp Jx.(2,0)- ~m(~,o)-

€~ Vftl-t.t.x::te.:..Kx.o 2.., (X'l.) e'-m'.l' 

• J>P (3, 1) C:: Y.,(1, 1)- PJ4. c 1, o)

Px (2,o) -L,.., (2,o)-

- P:l=-t'~+x:t 

- p:t= -~<+x.t 

e i. fft.t.+.)(~X..o e i.,;u:ll Zrn (X'l) e'm'f 

8. JleK8pTOBa CHCTQM8, 

Xo=X..o 

X.~: ::(.j 

.X.~=;(.~ 

;:c1 = x1 

a.) :P,. (3,1) -Jf(3,0)- 'fx(2,0)-J>A (1,0)-

e ""'if"'+t.t .x.o e'- ii~toi ~3 e i. fiii.-~ .x.t ei.}t.x..' 

B) Pp0,1) -1,_(2,1) -'Yx.(2,D)- J>.J4(1,0)

ei.iii'~-P~x~ ei. ~xo ei.l'J<1-il.x~eiJ<x1 

c) :Pro,1)-J>,.,c2,1)- 1x.(1,1)-YJt(1,o)

e;.~.x~ e'-fi:l_~.x~ei.@;jii.xo ei.;u' 

d) 1'p(3,1)- ~(2,1)- ~ (1,1)-:e. (0,1)-

e.:. ¥P~ ~3 e'- 'l"'i9.xa €i.V.){·-~~.x..1 ei.ftJC.o 

16 

4. 

e) Pp 0,1) 

e~i 

t) 'fp(3,1) 

e' 
~) Pp (3,1) 

h) 1p0,1; 

Xo= 'l~a. 

x.l='l.~Q~S 

x.' ='1. ~a. ~e~~ 
x 1 -=1. ~Q. ~e ~· 

s: 1 
Xo==f1[y +J(' 

X
3 ::f1[y -J(' 

::C
2

::: 't J1.o~i 
):.1:::: 'L ,P'to ~'j 



·L m (2. 10)-

- '1-z. = -fi.z+ x~ 

)-
J)- -p2.= -'1-<+-x-t 

~1,1)-YJt(1,o)

:x:z.e"~.xo eC:.;o:1 

4. 

e) ~ ( 3 1) -1: (3 O) /}>X (2, 0) - 'f.J-((1,0)-
p I 'J' J ........_ '"h (1,0)- t2= X2.+A< 

e~ 1p2+CJ'"X.o ei-Ax.~ ei. V~~-x'l.x_< eC:.}(.x.1 

f) fp(311)- 'Pcy(z,1)_..-'Px(2,0) -'?~(110)-
-.........~(011)- -cv'=-.A2.+x2. 

ei ~.X3 ei.ftxo e.:_ 'VAz.-x< .x4 2C:A:x: 1 

h) 1p011) C :P«y(1,1)- 'P.x (1,o)-

'Y~ (~,o) -]i {1,0)- - p<= -cy'l. +-it-t 

X.o= 't~a. 

X.~-= 'L ~Q co'W 

:x:.' ='l ~a ~9~'9 
:x:.1-='L ~ct ~e ~'1 

ei Vctz.+Jta. xo e i..;o:.3 e i- Y~-xz. ~z. e l.,b:, 

'P r P11) - Ltt0,1)- L-t ( 3,0) -t..,.,(21oJ-

s: 
xo=f~[y +.P(1+rz.o~)] 

X~== f1[y -J(1-~:J] 
::C 

2
:::: '"{. J 1o ~ i 

:X:
1 = 'L Y'Lo ~~ 

17 



6. ?,.<~,1)-L,_(3,1)-'Px(z,O) -'&(1,0)-

71-. 

8. 

X0= ~ 1[] t-J(1+6~~+81.?.)] 
x.l= 11[~ -J(1-8:-~:)] 

x.2.= 't J €2. i. 2i,cr.(f>'Z) .Lz .. ( ix..) ed.x;-:ta€-l e i.)f. €1 
x.. 1 = t.P B1 't ,. .P CJ- y 

X.~='t~ct 
l:0 -= "C. c.Q,a dJe 
x2 = t c..e,a ~0~'1 
x1= 't~a. ~e W1' 

'.Pp(3,1) -LtC3, 1)-L x. Cz, 1) -L....,cz,o)

rt li.'f.,Cpt)~!: P-":1-i.o.(i~a) P-::t.~(~e). 
"'FFt'(, ~ r 2. 

. e'-mi 

x_3: 't ~Cl 
TP l3,1) -L,_.o,1) -Lx (zl 1)- 'P~ (1~o>-

:Lo= 1 'l~C([J +]J(1+€~) J 
:X.~=f't~ct[} -,P(1-€;z)] 

1 _7 ( 1 h i,x. . - 0 ) 
't z:. i.t P't) ~1q r-t+i.~ ( t ')f) a. · 

• ..1_ --:z . ( ~ft) ec:..x e 

9. 

:x:\~ 'l ~a. J 8 

x~=t~a 
x2 -='t~a.~e 
x..o = 1. ~£t ~e &t \f 
:x:1 = 'l. ~a. ~e ~'j 

o.l. Z:t.x. -
..I~ y 

Tp(3,1) -Ltc-~,1)- L:x. (2,1)-L,.. (1, 1)-

i :::1 ( ) 1 ni-:x. c· .o ){!'-.!'- .. a ·' ~,d 1. qq, pt ..o.t r-:~. .. i.ll. L}fla. .1. • C<->t~e1 e 
r '-t'l a. .2.. ,. -~+LX: 

10. ~ (3,1)- 'P~ (2,1) -L ](.(2,1)- LM (2,0)-
x?.=x! 
X

0 = 't~a. 
r.' = 't cJ,a. cdj 1 
:c.1 = 't~ ~'! 

,a--::-; rn _0 ) irn~ e ~,..,-r2 X
1 

~ li.](.(~'l.) p_:l+~("f'tll e 
'l.~ ~ 
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11. ( 

l:s=X3 

X.o= f 1. [j + J>( 1+~2) J 
X2=f1.(y -J(1-€:zJ] 

X.1='lJ€. 

12. 'P, 
X\:: x.l F 

x2=t~lt e' 
X.o='t~a~'J 
X1='t&!a.~~ 

13. ~) 
X~= JC~ 

x..2.-= x.2.. e" 
x" =1.~'9 
x1= 't~'f €) , 

el 

1'i. P. ( 
X0=J~a P 
:X:?.=J>~a. 
x.2=1.~'9 z 
x1-='-M~ I 

1S: .o _o 
X 0 :::.l..l..flCl(;¥19 

x.3 ='U~ct~e 
X 2 = 1-~Gt ~'j 
X. 1 = '1. ~a. S.U,'f 

~ z~'Jicp~)d~1 u"'a. I 



. 'Px (z,O) - 7?tt (1,0) -

L x. Cz1 1)-L.,.., ( z, o)-

~CJ- ( i~a) P-~t.~(~e). 
·e'-rni 

(2,1 )- L,.. (1,1)-

11. 'Pp(3,1)- 'P~(211) -LX (2,1) - 'P~ (1,0)-

:ts=X3 i.:'J~a.-pa.x3 .1_ 2· (a.'l.) j_ r · (~) ei.J4.C X-0 =f1.[j+J(1+~2)] e 1.1- ""'- r y.t ~-~ .P 

x:z.=f't[y -J(1-€2J] 

X.1='1.J€. 

12. 
X~: x_3 

X2 ='l.~lt 
X.o='t.~a.~'J 
X.1='"L~<t~~ 

13. 

1Y. 

;x:l: JC~ 

x.<: x.2. 
xo = 'l.c£'9 

:x:1= 'l~'j 

X0=j>~a 
:(l-=J~o.. 
:x:2='t~'f 

X.
1 ='"t.Mi 

:Pp(3,1) -P'Jic2,1) - L:x.Cz,1) -L.)o<(1,1)-

edtt2._ra.x.) -\. ~i.x.(<Jt'l.) P-t-x (i<},a.) ei.j{~ 
"(.a. -' \. 

a) 'Pr (3,1)- 'P't (2,1)- 'Px (1,1) -Ljt (1, 1)

ei.lta.-pa.x.s ei.lxz.-IJ'a.:e· rij'- (;cl) ei.}'.~ 

€) 'PpC3,1);::- !~( 1,1) -L~ (1,1)-
..... ·~ -P:z.= -~2+X2 

1 X. (<,0)- ~ (1,0)-

ec:. -vxa.-x..z.x.l ec:."x.z. Z i..y. c cy~) e.:.fi'l 

fi) ("' 1) _.. 'P...(1,1)-..L ... (1,1) -'r .), -'D~ .,- -p2=_'Jt2+x:~ 
lx(2,o) - LmC<,o)-

Zt..Jt (cy_p) e'-~cx. t'I'Yl (t-1-) eLmi 

'P (3 1)- L l3,1) 'LxC1'1)-
p I 'l' L WI (2,0)-
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