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OOnaCTh npKnoxeHHH KBaHT 

uenpepHBHO pacwnpaeTca.Kpoue T 

8KTYBilhHHY CTBil BOllpOC 0 H8XOX 

qecHHX 38Aaq,IT03TOIIy AnH mHpOI< 

HOBHY liOAXOAOY K ~opuynHpOBKe 

HOrO 116TOA8 peweHHH ypaBHeH KR 

Bpeua (1963-1966 rr.) n noua 

an COAep&HTCH B PHAe &ypHallhH 

ypBBH6HH8 H peayn.hTBTOB, IIOily 

UeTOA ~30BHX ~YHKUH8~)(u.~.~ 
HH6 KOTOpOli AOCT8TO'lHO AllH 110 

YAOBneTBOpaeT IIPOCTOMY HellHHe 

ITpeHMYli\6CTB81114 HOBOrO ue• 

I) uarnaAHHll ~nsnq e cuull ' 

C00TB6TCTBYDllle8 'l8CTH IIOTeHUH< 

S~eKT AellCTBHH paannqHHX 001l< 

2) MOHOTOHHHli, a He OCUHl 

p8C'l6TH C CiOnhme ll TQqHOCTb Xl II 

~) TOT ~8KT, 'lTO HCCileAYt 

HOil CTOpOHH yueHhWaeT KQJlHqec~ 

pOHHO-cqeTHHX UBWKHBX, 8 C AP~ 

TeOpHH AH~epeHUHBnhHHX ypBBHE 

4 ) KBK IIOK83HB8eTCH B HBCTO 

TQquorO BH'lHCileHHH p83JlHqHHX n 

AH YCOB H T. A.) H 3HeprH~ CB H38 

Ta; 

5) 11 . ~.~. ll03BOilReT IIPOCT 

CBOilCTB8 8UllllHTYA pacceRHHR, q 

~)9TOT Tepuuu , oTpaxam~ll WYHK 

npeAIIOqTKT61lhHee ynoTpeOilReYOro 

B TO xe BpeMR ClleAYeT OTUeTHT: 

HHil ueTOA llpHUeHReTCH He TOilhKI 

napaueTpoB pacceaHKH , Hanpuuep 

Hll ll . 
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I. BBel!eHHe 

06JI8CTD npHJIOXeHIIfl KBSHTOBO~ MBXSHIIKII K 3848'1811 COBpeYBHHOh WHSIIKII, XIIMIIII II TeXHIIKII 

BenpepbiBHO pSCWIIpfl eTCR.Kpoue TOr01C C037J,8HIIeM 6biCTP07J.B~CTBY~~X aJieKTpOHHO-C'IeTHbiX MBWIIH 

SKTYBJ!DHIDI CTSJ! BOllpOC 0 HSXOElJ,BHIIII HSI!ClOJiee SilJcjJeKTIIBHbiX BJirOpiiTMOB pemeHIIfl KB'SHTOBO-!IeXBHII

qecKI!X aalJ,aq. fi03TOMY ~~~ WllpOKOrO Kpyra ClleUHBJli!CTOB npelJ.CTSBJIReT IIHTepec 03HSKOMIITDCfl C 

BOBhiM l!OlJ,XOlJ,OM K ilJopuyJIHpOBKe II pemeHIID npOClJieM B KBSHTOBOll MeXBHHKe, OTJlii'IHOY OT CTBHlJ,SpT

HOrO MBT07J,8 pemeHIIH ypaBHeHIIH illpeJliiHrepa. OTOT li07J,X07J. IIHTeHCI!BHO paaBIIBaJICfl B l!OCJielJ,Hee 

Bpeuf! (I963-I966 rr.) II l!OKa He Hamel! OTpBXBHIIfl B yqeel!!IIKSX IIJIII IIOI!OrpailJHHX . BeCD IIBTBpii 

SJI C07J,epaHTCfl B pRlJ,e XYPHBJ!DHbiX CTBTell/I-42/. HaCTOfi~Bfl CTBTDfl f!BJifleTCfl 0630p011 OCHOBHbiX 

ypaBHeHIIll II peayll.DTSTOB, l!OJiy'leHHbiX B HOBO II lleTOlJ,e, H83b1B8611011 lleTOlJ,OII cjlaaOBbiX IPYHKI.\Hll. 

MeTOlJ. ilJ830BbiX WYHKQKll*)(u. ilJ .cjl.) OCHOBBH HB BB elJ.eHIIII B TeOpiiD ip830BOH WY HKUHII (ilJ.ilJJ, aHa

Bile KO!Opoll 7J.OCTBTO'IHO lJ.liH nOJIHoro onpelJ,eJieHHR BOJIHOBoll ilJYHKI.\1111 . KaK OKBShiBaeTCH, ilJ .~. 

YlJ.OBJieTBOpHeT npocTowy HeJIIIHellHowy Jlllcjl~PepeHUHBJIDHOMY ypaBHBHIID nepBoro nopHAKa. 

fipe1111y~eCTBSIIH HOBOrO lleTOlJ.B HBJIHDTCR: 

I) HBrJI!IlJ,Hblll ilJIISII'I eCKIIll CllbiCJI ilJ . ilJ. , RBJ!HD~ellCH B KBX7J,Oll TO'!Ke W830ll pacCeRHHR HS 

COOTBeTCTBYD~ell 'laCTII l!OT BHUH BJIS, 'ITO li03BOJIHeT B npoue cce pemeHIIR HenocpelJ.CTBeHHO BIIAeTD 

a~PWeKT 7J,ellCTBIIH paaJlllqHbiX OelJISCTell l!OT e!!UHSJia; 

2) IIOHOTOHHblll, a He OCUH.IIJlllpyD~ll xapa KTep tjl . ilJ ., 'ITO li03BOJIHeT npOBOJlii TD 'IIICJieHHble 

paC'IeTbl C ClOJIDWell TO'IHOCTDD II OelJierqaeT OUeHKy norpeWHOCTII pacqeTa; 

3) TOT WBKT, 'ITO HCClle7J.YeYOe ypaBHB HI! e nepBoro liOPHlJ.KB, XO TH II HeJIIIHe~HOe. oTO C OA

HOll CTOpOHbl yueH:&maeT KOJlll'leCTBO onepaUHll (a, CJ!BlJ,OBST ell:&HO , II Bpell!!) npll pac qeTSX HB 3JieK1'

pOHHO-cqeTHbiX llaWIIHSX, a C 7J,pyroll-7J,aeT B03110XBOCTD IICl!OJI:&30BaT:& pHlJ. IISBeCTHbiX peayJI:&TS!OB 

TeOpBII 7J.HiPWe peHI.\HSll:&HbiX ypaBBeHHll; 

4) KaK l!OK83biBSeTCHB HBCTOH~BII 0630pe, ll. ilJ . ilJ . npHBOJliiT K l!OCTpOe HIID HOBbiX BJirOpiiTIIOB 

TOqHoro Bbi'IIICJIBHIIH paaJIII'IHbiX napaNeTpOB pacc e RHI!fl (!lJaSbl, lJ,Jli!Hbl puCCBf!HIIfl, 3~0KTIIBHbiX pa

Jlii YCOB II T.7J..) II 3Heprll~ CBA38HHbiX COCTORHIIll, a TBKEe K HOBblll llpllelJ!IIEeHHbiM Ne TOlJ,SII pacqe-

Ta; 

5) ll.ilJ. ilJ . li03BOJIHeT npOCTblll OelpaaOM l!OJIY'IB T:& 113BeCTHble Oel~e TeopeMbl: SHSJ!IITII'I eCKI!e 

CBOl\C.TBS Slll!J!IITYlJ. paCCBRHIIfl, 'IIICJ!S CBR38HHbiX COCTOHHIIil B 387J,BHHOM l!OTeHUIIBJie II AP• 

*)3TOT TepMIIH, OTpaxaD~ll cjlyHKI.\IIO HSJl:&Hbl ll xapaKTep IICKOMOll Bel!II'II!Hbl, npeAC TSBJ! HBTCH HSM 

npelJ,l!O'ITI!TeJI:&Hee Jl!OTpeelJIHeiiOrO IIHOrlJ,a BblpSliBHIIH 11 ilJBSOBblll MeTOll.' ( phase method ) • 

B TO ae BpeMH CllelJ.YeT OTMeTIITD, 'ITO TepMIIH M. \tJ . ,~ . HBJ!HeTCH BeC:&IIB orpSHII'I eH HbiM, 1160 lJ,BH

Hblll lleTOlJ. llpi!YeHHBTCH He TOJI:&KO lJ,J!H Bbi'I II CJ!B HIIH ClJ,BIIrOB cjJa a, HO II ~~~ Bbi'IIICJieHIIH lJ.pyrHX 

napalleTpOB paCCBHHIIH , HBllpi!Mep, ~I!Hbl pacceHHIIH II T.ll . , 8 TaKXB 3Heprllll CB A38HHbiX COCTOA

HHil . 
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113JJaraellhll! 118TepllaJJ p8CIT8.l\8eTcR Ha HeCKOJJI>Ko pa3,Z\eJJo:e. B p83.l\eJJe 2 npnO,J;IITCa yp8:eHe

HIIR .l\JIR ~830BhiX OYHKUIIl!, OTBeqa~~e HepeliRTIIBHCTCKOIIJ II peJJRTIIBHCTCKOIIy ITOTeHUH8Jil>HOIIY pacce

RHII~i OITIIC8H HOBhll! MeTO.l\ BhlqllcJJeHIIR SHeprlll! CBRS8HHhiX COCTORHIIl!, Ba~Hhll! CJJyqal! HII 3K03Hepre

TI!qec KOrO p8CCeRHIIH II BhlqiiCJJeHIIH T8KIIX napaMeTpOB , K8K .l\JJIIH8 p8CCeHHIIH, S~WeKTIIBHhll! p8.!\IIYC ~ 

.l\p . p8CCM8TpiiB8eTCR B p83,Z\eJJe 3 . Paa,Z\eJJ 4 CO.Z\epEMT 113JJOXeHIIe np1!6JJHZeHHhiX MeTO.l\OB peweHHR 

YP8BHeHHl! .Z\JI R ~ · W • B paa,Z\eJJe 5 B p8MK8X II•W•W • 8H8JIH311pyiDTCR HeKOTOphle o6mne BOITpOChl TeOpllll 

noTeHUHBJJI>Horo pacceHHIIR. B aaKJJKl'li!TeJJI>HOM pas,Z\ene KpaTKO o6c yx,Z\8 mca B03110li[HOCTII .l\8JJI>H el!mer o 

p83BIITIIR II npiiMeHeHIIR MeTO.l\8 •P830BhiX tjlj'HKUIIil , 

H11xe mllpOKO l!cnoJJI>3Y~TCH cne,l\yD~e odo3H8qeHHH*).l\liR WYHKUHll P11KK8TH-EecceJJH ,Z\el!cTBII

TeJJI> HOro II IIHIIIIOro apryMeHT8 II WYH KUHl! PIIKK8TH-raaKeJJH: 

JerxJi!!!!f¥~+Ji(xJ , 121rxJ==fi!#e+~rxJ ., 
t .135 7T .tft;, (1} . 

i {x)== w l (x) = (-l) +j (ix)., I<( (X)= vf! Kt.,"2(X)!:: ~ t "t (•X)' 
! - ..e . t+'/z t 

ro (L) axttrz; . . /) 
~(tJ{X)'!! (¥ J?+~(x)= ~(x) r lnt(x}, A1 rxJ=r:J!f1t+t/x)-fx)-t1cX · (I.I) 

3TH tjlyHKUIIII npocThlll o6pa30II Dhlpaxa~TCH qepe3 TpH r OHOMeTpllqecKHe 11 CTeneHHhle ~yHKUHH, 

H8np11 11ep: n
0 

(X}= - C<>1 x , • • I 
.f,(X} = ?-ih. X \.. 1 

) 
I , 

n
1 

(x = - x Co-Jx - -ft..;L x • j (X} = ..f. ~X - ~X J 
f X 

(I.2) 

nna 3H8qeuHl! e > f WYHKUHII ~ (x) 11 nt{xJ IIOryT 6h1Tl> ITOJiyqe Hhl 113 (I,2) C ITOIIO~D pe-

Kyppe HTHhiX COOTHOWeHIIl! 

Zt (x) = .2! z1 (x) - Zt f (x) 
f f X - J 

f =I,2,3 ... 

0TI.IeTIIM T8Klite ITOBE,lleHIIe j (x) , Jzt (X} 
f 

npll 60l!l>WIIX II 118JihiX 3H8qeHHHX 8pryMeHT8 

(I.3) 

;; (x} --7 W: (x- :; ) llt{x)~- Co-5(x-!£J, x~ oo_, (I. 4 ) 

xl+t 
~{x)- {.if+ f)!/ 

(2.!- f)/! 
h. {x)~ - --;r- ., t X 

x~o. 

(I.5) 

2. YpaBHe HHH AJJH @83 0Bhlx WYHKQMl! 

B .li8 HHOII paa,Z\ene npiiD e ,lleHhl TOqHhle yp8BHeHHH .llliR ~a30BhiX QYH KUII II , oqe u:D Y.li06Hhle D 

npaKTIIqeCKIIX q11cn eH HhiX pacqeT8X. P8CCIIOTpeHhl H8H60llee Jl8li[Hhle CJiyq81! QOTeHUII8ll l>HOrO paCCeR

Hl!R, 

lE)lJ8CTO CIIIIBOJI8MII jf (X) , llt(x) 0603H<J.qa~T c!jlepHqeCI'IIe <!>YHK UIIII Ee CC Cl!H, OTJIIIqa~~eCR OT 
onpc,Z\eJJeHl!l! (I.I) UHOJUITe llell x-l , nna yn pO IJleHIIH Bll.l\8 (jlO pMyll Mbl peWll llll 31\eC:D 1136eD8Tl> 

6onee Cl!OlitHhiX 0603HGqeHII~ . 
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2.~. UeHTDaJJI>Hhll! noTeHgHaJJ. 

PacciiOTpllll cnyq8l! ynpyror 

G6~l! cnyq8l! ynpyroro pacceRH2 

'!8pU1!8lll>HhiX BOJIH C pa3JIII'!Hblllll 

·ror.l\8 yp8BHeiii!e !llpeMHrepa .IIJ!f 

II 

Lit 0 

nByMR l!IIHel!HO-He38BHCIIIIhll 

WYHKUIIH it ( KT') II nt {Kr) • 

B:ee,Z\ell .!\Be HOBble WYHKUHH 

U/r) = At(r) 

BHpall[eHIIe (2.2) e~e He npaBOlll 

H8KO, 'IT06bl D 06l!8CTII r > /( 
np11HIIII8llll ITOCTORHHhle 3HaqeHHH 

HI!" II HOpllllpOBQqHol! KOHCT8HTO! 

113BO.l\HOl! BOl!HOBOl! WYHKUKH a8nJ 

I 
Ut(r) =At(. 

3TO 3KDIIB8ll6HTHO ,Z\OnOJIHHTeJJ:DHI 

A/ [ U>J~~- Jin~nt_ 
H3 yp8BHeHI!l! (2.I), (2.2 

yp8BHeHIIHII nepBoro nopH.l\K8. n· 

{rr; =- f Vrr; 
KaK y~e oTueq8JIOCI> Bhlwe H Hen 

IPYHKUKl! Jt (r) ll l!DClOI! TQq 

Ke noTeHullane V(r)f}{l<.-r). 

~)3.!\eCb II BCD.l\Y Hl!Xe, eCJJl! 3T 

,lie 03H8q8eT .l\l!<i>WepeHUIIPOB8HIIe 



B paa,ZI;elle 2 npno,~;uc11 ypaBHe

~BMCTCKowy llOTeH~BJlbHOYY pacce

H~. Baza~~ cnyqa~ HMaKoaaepre

pacceHHHH, a({lweKTHBH~~ pa,ZI;HyC Y. 

npM6JIHEeHH~X UeTO,ZI;OB peweHHH 

HeKOTOp~e 00mHe BOnpoc~ TeOpMH 

yz,Z~;a~Tca BoauoEaocTM ,ZI;BJIT>Heawer o 

·aK~Il PMKKBTM-EecceJIH ,ZI;eacTBH-

lCKHe M CTeneHH~e WYHK~H, 

- _f_ Co1x - -s-Vt x . 
X (1.2) 

JJiy'leH~ M3 (1.2) C llOUOmbm pe-

t =1, 2 ,3 •• • (1.3) 

•(x-!f"J 1 x~oo~(I. 4 ) 

f)/! 
x~o . 

(1.5) 

~X QYHK~H , O'leHb y,ZI;OOH~e B 

~e cny'laH noTeHuHallT>Horo paccea-

.HH Eeccun!l, OTJI.I'I'lB~mHeCH OT 
opuyn u~ pew~nM a ,Z~;ecb M30eDaTb 

2.~. UeHTDallbH~~ noTeagxall. 

PaCCMOTpHY CJ!y'lall ynpyroro pacceHHHH HB UeHTpallbHOU llOTeHU?.BJIO ~JIB HeCKOXbKO Ou~~~ 

JO~~ clly'lall ynpyroro pacceRHHH HB npoHaBoJ~Laou noTea~alle, He np"BO~R~ex K cue~»aamm 

'lap~aJibHblX BOJIH C pa3Jl.l'l'lH~YH op0HTHJ!bH~ MOMeHTa!ll! e , TO eCTb O,lU!OKHHHJibBY~ peHKUHri. 

'ror,ZI;a ypaBH6HHe illpe,ZI;HHrepa JIJI!l pa]I)IHJ!l>HOll BOJIHOBOII ({lyHK~ll Ut(r) HlleeT Bi!Jf:) 

(2.1) 

)!ByMH JlllHe~ao-HeaaBHCIIu~ pemeHIIHKH cBOOO,ZI;Horo ( V,!!;o} ypaBHeHl!H (2.1) HBJ!RklTCH 

ifJYHKUHII )f {Kr) II nt (kr) • 

BBeAell ,ZI;Be HOB~e ifJYHKU?.H ~ (r) 11 At (r) , nol!Olli!B 

U/r) = At(r) { Cl>Ji(rJ)/kr}- ~cj(r)llt(krJ_} 
(2.2) 

B~paEeHHe (2.2) eme ae npaBOJIReT onpe,ZI;enl!Tb O,lU!OaHaqHo oOe aos~e ifJYHKUHH. no1pe6yeu, OA

aaKo, '!ToO~ B oOJ!acTH r >I< , r,Z~;e /( -pa,Z~;Hyc AeacTBIIR noTeHD,IIaJta, il>YHKUI!Il ~(r} 11 A1(r) 

llpHHIIM8JIH llOCTORHH~e 3HH'l6HliR, HBJ!Rm~6CH, KHK nerKO BH,ZI;6Tb, COO!BeTCTB6HHO wasol paCC6M

HIIH H HOpMHpODOqHO~ KOHCT8BTOI BOJ!HOBO~ ifJYHKl(llH • TOrAH YCJIOHHe aenpep~BHOCTH BCm~ npo

H3BOAHO~ l!Ol!HOBOH WYHKUHB a~nHmeTCR B BKAe: 

I ~- / / ,J7 Ut(r) = At"(r) U>:s~(rJJ;(Kr)- .Ji-ncf(r)l21 (krJ_; (2.3) 

3To 3KBHBa.ileHTHO ,ZI;OITOJIHHTeJibHOKY ycnoBHm AliR At(r), {. (r) 

(2.4) 

Ha ypaBHeHH~ (2.1), (2.2) II (2 .4) CJle,llyeT, qro ifJYHK~l! ~(r) H 1(r}y,ZI;OBJleTB0pRIOT 

ypaBHeHHRII nepBoro nopR,ZI;Ka. ilpll aTOM ypal!HeHIIe JVIR ~(r) OKaaJ>BaeTCH aeaaBllCHIII,HII OT At{r) 

I ' .i • 
J.
1 

(r) = - f Vr;_r){ U>1~{r~(Kr)- #ntf(r)ht{J(r!J ~ J;(o)== 0 . 
c; (2.5) 

KaK yse OTIIeqaJIOCD B~me H BenodpeACTlleHHO CJie,llyeT 113 ypaBHeHK~ (2.2) H (2.5), 3H846HIIe 

ll>YHKUHH ae {r) B !!mOo~ TO 'IKe r= R Hl!JIR€TCR qJaao~ pace , HHI!R Ha oOpeaaHHOII B JTOil TO 'I

Ke llOTeHUl18lle V(r) fJ(I?.-r). noaTOIIY HH48llbHOe yCJIOBIIe ~ (o)= 0 OTBeqaeT ijlaKTH'leCKOMY 

lE)3AeCD H BCJOAY HHlle, eCJIH 3TO He oroBopeHO OC000, llOJlaraeTCH h = .1.Jn = f . WTpHX Bea

,!(e 03HB'l8eT ,!l;ll!WJepeH~iJOBHHHe ITO r 

5 



oTcyrcTBHil noTeHUHana, ecJIH It= o . <llyHKJ.UIH tfrr) HaabiBaeTcR ~PaaoBoll IPYH KUH ell11 )(!P.qi. ). 

YpaBH8HH8 (2.5) 6b1JIO nonyqeHO B HeaaB~CIIKbiX pa6orax npyKapeBa/2/, EepruaHa/3/, OJI~c o
Ha/4/, Cnpaxa/ 5/, KanoAXepo/8/ H AeBII 11 KeJIJiepa/111. Oco6eHHO npocroll Bll~ ypaBHeHIIe JIJIR 

¢i•W• np11HIIN88T npH t"' 0 : 

tf /(r) = - j_ V{r) ~ .t[kr +.:C (rJ7 
0 K ~ I 

{fo)= o . (2.6) 

YpaBHeHIIe JIJIR IPYHKlUIII ~(r}, KOTopyll ecTeCTBeHHO HaabiBBT~ aunJIIITY~Holl _ qiyHKlUiell, OKa

abiBaeTCH JIIIH 81l HbiU 

A/=- t1 V ( C4>1~k -~Ut'i11t}/lilafJ! f t:e>sJ;~t~J (2.7) 

II npll 113B8CTHOU pemeHIIII ypaBH8HHR (2.5) UOZ8T 6b1Tb npOHHTerpHpOB8HO B RBHOU BH~e: 

r 

1(r).:: ext{ fjd/JI{r')(CH~{r~(krJ -ifflj(rj~{Kr?J(~i«{fr?J/KrJ f ~(r')lttfKr&. (
2

•
8

) 

3Aecb npe~nona.raeTCR ~ Jie~yllll(aR HopuHpOBKa aunJIHTY~Ho~ ljJyHKlUIH At (r;,)= /, r~e t;- npo11a-

BOJibH8H DORa TOqKa. 

B npaKTI!qecKHx pacqeTax HB-38 CHHrynRpHoro noBe~eHHR IPYHK~Hil llt{Krj npH !> 0 

ypaBH 8HH8 (2 . 5) CJie.nyeT HHTerpllpOB8Tb OT TOqKH r= £ >0 • HaqaJibHOe YCJIOBHe JIJill W•W• npH 

aTOM onpe~enaeTCR noB eAeHI!eu noTeHQKana Ha uanhlx paccToRHII RX H uozeT 6b1Tb nonyqeao aenoc

peACTBeHHo 113 ypBBH8HHH (2 • 5), 38nHC8HHOrO B HHTerpallbHOU Bll~e: 

r 1 

{ (r) =- -j- j Vrr~ { ~tJ(r~;;(la'}- ~cftrJn/(Kr?}dr' 
0 

(2 .9) 

B03UOZHbl Tpll cnyqaa. ilepBbiU - ll0T8HUH8JI He CHHrynapeH HJIH CJ!a60 CHHryJIHpeH, TO eCTb 

r.t V(r) .- 0 
-' r-o 

(2.10) 
TorAa HeTPYAHO y68AI!TbCH, IICDOJib3YH (1.5), qTo 

It'/.. t-~.1.,. e L? J. { f'\ (' ~ct.l! 
'f (£) ~ - k[(£!+1)/!jL ! V(r)r dr ) 

l:~ 0 . (2.II) 

Hanp11uep , rrpH 

V(r)- ~ r" [ f + O(r 5Jj _, ~ > -_e I S>O (2.12) 

KYeeu 
V:' .tf+t .t+ 

J.(e)==- 0 {Ke) r /> 
e {.tl+3oJ!f.t.t .. tJI/l.L (I+ {}(c"'Jj 

' 
"'= htiJt. (.s~ .t, .t+j>} ' (2.13) 

!!) ::JTOT TepUHH 6biJI BBM8H B pa60Te l~opaa H AMlllcaf1/, KOTOpble , ll0-Bl1 AIIUOUy, BnepBble IICITOJ!b-

30B8JIII ypaBH8HHe JIJIR ljJaaOBOil qiyHKlUIH ( 2 . 5) B qacTHOU CJ!yqae t = 0 
J 

6 

ITonpaBoqHble qneHbl B03HHK8~T,co 

qiyHK~IIH h (kr) {ln=..i) II 

qiyHKUHII B CJ!yqae H8CIIHryJIRpHOr 

B qac THO CTII7 uozHo nonoXHT~ B 

BTopoll B03UOZHblll cnyqall -

r· 

HeTPYAHO y6eAI!T~CR, qTO TOr~a 

i (e):: 
f 

ilepBblll qJieH Bblp8Z8HHR (2.15) > 
e (let (( {) • 3TO C00TB8TCTE 

6apbep CTBHOBHTCR oqeab 60BbWII 

H8 8AI!HH~Y TOJibKO npH KOHeqHOU 

uanoll 

At(r) ~ e; 

~aCTH~ CJ!yqaeu CIIJibHO CIIHryJifl 

H8 KOHeqHOrO paA~~yca ~ ; 

v 
Haqauaoe ycJIOBHe npH r= r. 

AunJIHTY~HaH qiyHKUHH rrpH 3TOU 

TpeTHil cnyqall - npouezyTc 

r.t V {r)-

OrpaallqeHIIe H8 B8JIII1111HY ~ BO < 

rHB81lli(8U ITOT8HlUI8JI6 ( r ( 0) • 

J(rJ-- ~t ( t 



I waaOBOR WYHKUHC~~l(w.w.). 
~peBa/2/, EeprwaHa/3/, On»co

npocToR BH~ ypaBHeHHe ~~~ 

d (o)= o . 
D (2.6) 

.TL BMUiiHTY~HOR , pyHKUHeR, OK8-

(2. 7) 

p0B8HO B HBHOM BHAe: 

~,.j f ~(r!J1(.t-r!jj ?I . (2.8) 

At [r;)= I, rAe t;- npoua-

KUIIR !ZtfKr) npB I> 0 

'18iiLHOe YCiiOBI!e Anfi W•W• UpH 

H uozeT 6~TD nony'leHo nenoc

e : 

(2.9) 

60 CIIHryiiHpeH, TO eCTD 

(2 .10) 

'r 
) c:""*o . (2.II) 

-..e S>O (2.!2) 

nO-BIIAIIUOMy, B nepB~e IICUOiiD-

e:O 

IlonpaBO'IH~e 'llleHbl B03 HHK810T,COOTB8TCT.II8BBO, OT nonpaBOK K flOTeHUH 1iiY (m=s), OT p83JIOIIteHIIH 

i!>YHKUIIH h {kl") (m=.i.) II OT yqeTa 'llleHa 'f~tt {ln~.t.;./') • HOpMH pOBK8 8Ull.JIIITYAHOR 

i!>YHKUHH B Clly'lae HeCHHrynHpHOro llilil Cll860 CIIHrynRpHoro UOTeHUH8nR COBepWeHHO npOH3B0iiDH8. 

B '18CTHOCTH, MOIItHO UOJIOXHTL B (2.8) r. = 0 • T8K 'ITO 4(0):: I . 
BTopoa B03MOZHbla cnyqaR - Clll!LBO CHHryl!HpHbl~ OTT8iiKKB8TeliLHbl~ noTeHUH8ll 

r~o (2.!4) 

HeTpyAHO y6eAUTLCR, qTO TOrAH 

( .t t ·H)/I ( .t t-1) II 
(2 .IS) 

TiepBbla UeH BblpallteHHll (2.!5) paBeH ~30BOMy CJUlllry npH pacceRHHH ·Ha TBep.ztoa cwepe paMyCa 

e ( kf. « I) . 3To cooTBeTCTByeT Touy, 'ITO Ha cawblx uan~x paccTORHIIl!X noTeHUHHnDHhla 

6apLep cTaHOBHTCR oqenL 6onLmHu. AwnMTy.ztHaR WYHKQHR B a Tou cnyqae uozeT 6b1TL HOpKHpoBaHa 

98 eAUBBI:\Y TOiiLKO npH KOHe'IHOM ro • Tipu r~ 0 WY HKUIIR Ae(r) CT8HOBIITCH 3KCUOHeHUH8iiLHO 

uanoa 

r~o 
) 

(2 .!6) 
9aCTBbiM cnyqaeM CHiiLHO CHHryiiHpHoro UOT8HUH8il8 l!BiiReTCll TBepA8ll OTT8iiKIIB8TeiiLH8H Cep.ztUeBII-

98 KOHe qooro paAUyca r;, : 

V (r) = + = 
Ha'laliDHOe ycnoBHe npH r=r. ~~~ ~aoBoa WYH KI:\HH onpe.nenReTcH TOrAa cooTaoweHHeu 

~ (r) = M<.fg 4 (Kr) ' 
0 IZt {Kr) 

AunnBTYABHll WYHKI.IIIR npu aTOM paapbiBHa 

A! {r) = 0 

Ae (r.) = f 

(2 .!7) 

(2. !8) 

(2.!9) 

(2.20) 

0rpaHH'I8HHe H8 Beilii'IHBY ~ B03HIIK88T B3 YCiiOBBll, 'IT06bl Be 6bliiO IT8A8HHR H8 UeHTp UpH npHTR

rHB8DI!IeK UOTeHU118il6 ( f( 0) • KaK UOK83biB8eT 8H8iiH3, TOrAH npH r~ 0 

) 
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3~ecn ~cnonnayeTcR oooaH3qe,~e 

~~ = I + etN).t .i -
'I' 

.l t 

{.Lfo~ l) It~ ~L 
..2f (.t!n) 

) -1<9t< l . 
(2.< 2) 

HecMOTPR HG To, qro aw nnHTY~HaR ¢YHKUHR At(r) B cnyqae npHTRrHBa~~ero nor eHUHana CHHr y 

nRpHa, orpaHMqcHHe .f )' -(b '4-}.t odecneqM BaeT 11HTerpllpyewocn KBa~para BOJIHOBOil tjlyHKUHII 

(2 . 2). 

TaKHM Odpa30II 13H8HHe cjla30BOI1 cpyHKI.Il111 nOJIHOCTDIO onpe.~<ei!JWT BOi!HOBy~ QYHKUHIO (2.2). 

8TOT peayJibT8T HBi!ReTCR OTpaxeHHell TOro XOpOWO M3BBCTHOrO B M8TeM8THKe cjl8KT3, qro i!~He~

HOe O.llHOPOI\HOe M\P<PepeHI.Ii!3i!bHOe ypaBHeHHe BTOporo nopR~Ka, K8~11 RBJIReTCR ypaBHeH>le lilpe 

.lll1Hrepa (2.1), MOZeT dbiTD CBCMHO K HeJHIHellHOIIY ypaBHeHl!IO nepBoro nOpR.llK3 - YP 'lBHeHl!IO PIIK

KBTH. 3a.llaqa onpe~eJieHHR cjlaahl pacceRHHR Ha noTeHI.IHaJie V(r) CBOMTCR K HHTerp~poBaHH~ 
ypaBHeHHR (2 • 5) 11 H8XOllt~eHl!~ 3Cl!llnTOTl!qecKOrO 3HaqeHHR cjl.cjl. ~ (00) • 

Bo BBe~eHHII yze ~Jill OTUe qeHbl OCHOBHble npeHuy~eCTBa TBKOrO nOAXO~a . AodaBHII 3~eCn 

TOi!bKO, 4T0 1oTnpaBJIRRCn OT ypaBHeHIIR (2.5)lMOY.HO nonyqHTn T3K*e HOBble ypaBHeHHR ~R T8Kl!X, 

HanpHMep, BeJIII'IIIH, K3K l{JyHKI.IIIR TBHreHC8 cjl83bl t
1 

(r) =' tj ~{r) 

~
1

(r) =- ~ V(r) ~~ (Kr} ~ (r}llt(Ja·;j .t J ~ (o) = 0 , (2.23) 

HJIII ~i!R cjlyHKUHII napl.ll13i!bHOI1 311nJIIITY.llhl paCCBRHHR ./ iJ.{r)J . r 
T! (r): e e 7U1 ~(r} 

j
1
(r)=- j V{rJ{/fKr) + ;.11 (r)~{I?Kr)l..t /, (0}= 0 

1t k t !t ' '} J t J (2.24) 

11i!l1 ~R ljJyHKI.IHH SJieMeHT8 5- MaTpHI.Ibl S
1 

:= e .t i 4 ::= f + _.ti It 

I l I/ II {.t) I(') ' 7 .t 
St (r) = - .lJc v(r) It( {Kr) + ~ {r) ht {Kr)j J S (o)= I· (2.25) t 

YpaBHeHHe (2 .23 ) B OTJI~4He OT (2 . 5) MOll[eT 11CnOi!b30B3TbC R npll 4H CJIBHHbiX pacqeT8X TOJibKO np11 

JCJIOBHII ~ (r} < ~ BO BCell IIHTepBaJie HHTerpllpOB8H~R. i::CJIII np~ pacceRill111 H8 K3KOM-JIHdO 

113 nOCi!e)iOB8TeJibHOCTI1 Odpe38HHbiX noTeH!(H8JIOB v (r) f} ( /( -r) B03110ll[eH pe30H3HC , TO ec TD 

eCJII1 J;r~J = ~ , I.;Ql'!HO B 06JI3CTH r,_J! nepellTII K 3H3JI Or HqHOMy (2.23) ypaBH eHHIO )li!R 

odpaTHOii Beili1 411HIJ, a 11MeHH0 1 AJJH ljlyHKI.IliH cfi- Jt (r) • il padorax .jlpaH4eTTll/ 6 /, KaJIOI\lle

po/81 , naweHa/I
5

/ ~ •\3JIO)Illepo II PaBeHXOI\Jiaf1S/ CO~ep¥BTCR T3Klle )lpyrll€ Bapli8HTbl 0CH0BHOrO 

ypaBHeHIIR (2.5). 

no cwx rrop ueRBHO npe.nnonaraJIOcn, 4TO noreHUHaJI V(r) cna.naer np~ r-.""' dbiCTpee, 

YeM 0 [r-') ·. 0.llH3 KO yp3BIIeHHe ( 2 .5) MOllteT dbiTD JierKO pacnpOCTpaHeHO !!3 Cityqali npl!CJTCT._ 

BUH !(JJIOHO!; C~OrO B38•1MOI\etlCTBI1H : v (r) + .ikz/r . :\aK Cib!JIO I!OK33flHO Oi!bCOHOM/4 / , Ki!H-

b 

qeu/5/, Ba6HKOBbiii/I?/,KaJio.nllte 

BCeX BhlpalleHHRX, H34HH8R C (2 

~YHK!(Hl! 

/ {Kr) -
! 

Tor.na ypaBHeHHe 1\JIR cp .cp. npliM 

if'; f)=- -j Jl{r)(c. 
33MBT~M, YTO 3CI111nTOTHK3 BOi!H· 

ue ~ -n... 

r.ne 6t ~a'ljf'(to~/1-ti;)- c.nB: 

B KaqecTBe liJIJIJOCTpanuH n• 

KPHBhiX, RBI\RD~XCH peweHHRIIII , 

11 pa.n11yca I<= l npH nRTI1 3Ha4eHI 

BeCbM3 peaKO MeHHBT CBOe 3H84o 

1111 ITOTeHll,l18JibHOll Rllbl, llpll KOT< 

rHell CBR3H. ~3 (2.6) HBTPYI\HO 

113 KOTOPOII npOliCXO)IMT yBeJIHqeJ 

1:$ npe.nennHOII cJiyqae k = o 
CR cryneHeo6paaHo~ ( AI - q11cnc 

~( 
COOTHomeHIIe (2.30) RBJIReTCR XC 

2.2. TeHaopHblll noreHijHan. MHoro! 

M.~.~ . uoze! db!!b pacnpoc 

11 MHoroKauaJibHOro Heynpyroro 1 

pyroe pacceHHHe ~pyr Ha .npyre 

np11 yqe Te TeHaOpHoro Baa~uo.ne~ 

BOll COCTORHHll napl(H8JinHb16 BOJIF. 

Hbllol op6HTaJinHblll uolleHTaM L =-: 
cjlyHKUH~ U;J (r) , W.7 (r) OKS 

u '' 
3 

w" .7 



rHBaD~ero noTeauaana caary

~a~paTa BOnHOBO~ WYHK UHB 

BonaoByD WYHK UHD (2.2). 

iTeMSTH Ke W8 KT8, qTQ H~He~

~M HBnlle TCH ypaBH8Hile lilpe

)rO rropai!Ka - yp·JBH8HIID PIIK

)AifTCH K IIHTerpl!pOB8 HH D 

'(oo) • 

) ITOAXO~a. ~06aBI!U 3~eC~ 

HOB~e ypaBH8HIIff ~na T8KIIX, 

rr) 

1.t 
J ~ (o)= 0 , (2 . 23) 

i~{r) .f . r 
7'U1 ~(r} 

(2. 24) 

7.t 
~ {o)= f. (2.2S) 

ICJI8HHbiX pacqeTaX TOJI:&KO np11 

npll pacceaal!l! Ha K3KOM-JIH6o 

E03MOK8H pe30HaHC , TO 8CT~ 

IHOMJ (2.23) ypaBH6HIIIO ~Jlff 

rax ~paaq e TTI!/6/, Kano~Ke-
) ~pyrH £ Bap118HTbl OCHOBHO rO 

m.na eT rrp11 r-. aa 6biCTpee , 

~paHeHO !!8 cnyqali npl!CJTCT'

!O K8 38HO OJI:&COl!OM/4/ . Kill!-

qeu/5/, Ea6H KOBbiY/I7/,Kano~xepo H PaBeaxonnow/18/11 Ti!T~eu/33/ , ~na aToro aeo6xo~uo BO 

BC8X BblpaEeHIIHX, H8qlfH8H C (2,2), npOII3B8CTH 38YeHy WYHKUH~ P11KK8TM - EecceBH .H8 KynOHOBC KMe 

!jlyH KUHII 

(2 .26) 

Tor~a ypaBHeHHe ~na !jl.!jl. np11u eT BM~: 

t{fr;tJ =- -j Jl{rJ(CHtj{r;f)/j{~';f) -f -k~t~(~f)~{~r;ti.t-' f(o,!)=O. (2.27) 

3aMeTIIM, qTO 3CIIMITTOTII K8 BOn HOBO I\ \jl_y HKUHM Tenepl> p8BHB 

(2.28) 

r .ne 6! "'a.'IJ r(t-fl-~-tlz}- C~BIIr !jl83bl np11 ql'ICTO KynOHOBCKOM pacceaHIIM, 

B KaqeCTB8 l!nnJOCTp8l\llll ITOBe~eHIIH ¢ •W• H8 pile . I , J33H TOM 113 pa60Tbi/B/, ITOK83BHbl ITHTI> 

Kpi!BbiX, HBnHD~XCff pellieHII HYII ypaBH8HIIH (2,6) ~nH npHMOyrOni>HO~ HMH rny611HOil ~ = 9 

ll pa~11yca f<=fl npll ITHTM 3Haq eHIIHX k , KaK BII~HO I!~ pi1CYHKa, np11 ~OCT8TOqHQ M8HbiX I< 0,;(,_;-\:) 

B8Cl>M8 pe3KO M8HH8 T CBOe 3HaqeHII8 OROJIO TOqeK r.=ZI ( 6 , HBJIHIO~XCH pa~l!yca-

Mil ITOTeHl\1!8Jll>HOil Hllbl, npM KOTOpbiX B03MO~HO ll0HBJI8HIIe CBH38HHOrO COCTOHH~ H C HyReBO~ 3Hep

rlle" CBH311. 11 3 (2,6) HeTpy~HO nonyqi!Tl> CJI8!1Yil!IIYD OU8HKY IIIHTepB8R8 4') OKORO TOqKII r.· _, 
Ha KOTOpOY npOIICXO~T JB8RII4eHIIe .!jla3bl H8 J.r rrp~ Y8Rb1X Ac 

K7r 

v ( r,:) (2.29) 

b rrpe~enl>HOM CJiyqae /( = 0 , llpl! JII060Y t II llpll npOII3BOJil>HOM ITOT8HU118He ljJ ,Iji. CT8HOBIIT-

CH CTyrreaeo6pa3HOil ( Af- q~CJIO CBH33HHbiX COCTORHII!Il C MOMBHT OM t') 
;V 

~ { t; o) = .71 ~ fl (r-r,) 
t=l (2.30) 

COO THOm eH!/1 8 (2.30) RBJIH8TCR xopomo 113B8CTHO~ TeOpeYOil ]eBIIHCOH8 . 

2.2. TeaaopHbl~ rroTeHgHaJI. MHoroKaHSJII>HOe pacceaHHe. • 

M.~.~. uozeT 6b1TD pacrrpocTpaHeH Ha cnyqa~ HeUeHTpaJII>Horo TeHaopaoro BaaHuo~elloTB~R 

II MHOrOK31!8RDHOrO Heyrrpyroro pacceHHI!H, BaEHbiM CJ!yqaeu ~BYXK8H8Jil>HO~ peaKUIIII HBJIR8TCH yrr

pyroe paCC8HHII8 ~pyr H3 ~pyre ~BYX qacTHU, 06J18~3il~X CITIIHOY l/2 (HanpHYep, HYKJIOHOB), 

rrpll yqeTe T8H30pHOrO B38l1MO.l\8HCTBIIH. TeHaOpHb18 Cllnbl 0,{r) CM8lliiiB310T B Tpl!llJIBTHOM Clli!HO

BOY COCTORHIIII ll8pUH3Jil>Hble BOJ!Hbl, OTBeqaD~e np11 .l\8HHOM ITOn HOY MOY8HT8 CI!CT8MU ~ paaJIMq

HbiM op6~TaJI~HIDI uoueHTHM L =- 'J + 1 • YpaBHeHIIH .liJIH caOTBBTCTBYD~X pa~aJII>HbiX BOJIHOBbiX 

ljiyHKl\11~ u;J {r) • WJ (r) OK8.3biBHDTCH CBR38HHbiMII 

U '' + { kL- :7{:7-(}r-~ - V:, :J-11 UJ - 0 WJ = 0 -' 
:J I (2,31) 

~~~ + [ kf.- {.7-f.I.){:JN)r-.L- ~7~t}~ - J;u7 = 0 
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CBH3n ypaBHeHHH (2.31) CHRnHO ycno~HHeT B~qMCReHIIe napaueTpOB pacceHHIIH, KOTOpHUB 

T ~ n epL HBRHIOTCH I\B8 CI\BHra lj)a a~ II napaueTp CM€Uli!B8HIIH. Jleno B TOll, 'ITO !Tpll U81IbiX r 0)1-

HO H3 1\BYX nHHe~HO H€38BHCHU~X pemeHH~ CHCTeUH (2.31) 0'19Hh CHnnHO npeBOCXOAMT ITO BeXM

'IHHe BTOpoe. il03TOMy TPYI\HO 
11

BHTHHYTn" 1191\neHHO pacTymee pemeHIIe H8 i))oHe nepBoro peme

HHH . M. t{J . Ij) . IT03BORHeT nony'IHT» 1\nH Tpex i))yHKUH~, 0TB8'181lmHX Tpeu napaueTJ)aU paCC€HHIIH, 

npO CTYIO CHCTeMy ypaBHeHH~ nepBOPO ITOPHI\K8 1 CB0601\11Yil OT 3 TOPO H€1\0CT8TK8. M3B€CTHO, 'ITO 

!TpH T€ H30pHOM ITOTeflUHane B03MO~Ha p83IDP!H8H napal!eTpH38UJlH U8TPH!11l paCC€HHHH. YpaBH€Hl!H 

M. ¢ . rp . 1\RH pa3nH'!HhiX rrpei\CTaBneHHtl napaMeTpOB 6blnH nony'leH~ B HeaaBllCIIU~x pa6oTax KI!Ht~a 

/
5

/ , Ea6HKOBa1
17

•
26

/ II KoRea H nepnuyTTepa/34/. 

3ii€Cn lib! paCCMOTpUM TORnl(Q ypaBH€HHH 1\RH rjJyHKUH£1 ~7- /r), ~71,(rJ H E;[r) , OTB€'18~ 

mux rrapaMe TpuaaUHH CTarrna , 11a116onee yrro Tpe6HTennHO~ B Hl\epHotl lj)H3HKe. KaK l! B cnyqae ueH

TpannHoro ITOT8HUH8R8 13Tll <PYHKUHH IIM€10T CllbiCn !T8palleTpOB paCCSHHIIH Ha 06pe38HH~X B TO'!Ke 

r no T· HUHOn8x ~1_,('-J, ~711 { r) , T; (rJ • 

Y /(06HO BB€C TH q,pKp8m€1!H e 38ITHCII 1 !TOROlKIIB 

J;,L (r) = ~ { 1 (rJlt {kr} 

Q :t,L {r) = -lin ~L (r)J~ {xr) + 

-Ji;, ~L (r) IZL {Kr) 

(2 .32) 
~ 

~ J (r) h, {lrr) 
.7_L < 

TOPI\8 >1CKOM8f! CHCT€M8 ypaBH€Hlltl lll!eeT Blli17 • 26 / 

J / -
:1,:1-f - -_I_ r~ /. ¥- 1?.2 - ¥-fl_") v.: !p-i -ZJ . , _ _,_ 

1c C<Js.2l:t J,:!·f/Cui ~ J;J-1- w._ ~ ~N - 7,:1,/f{"-7,711-'?.,., :1.,, E,.t::.. ~-

-; 

c&:~n= 
- .. n; 1-t;.t;a..e; (tO-J't~4:1-f~"'t-Jr;,~ {m()f,N.!J-' {7-/ (o/=0_, 

__ I_(V. 1, r-,€-Z_ . y-/1-tj_ll f,·t- .-/ -Z_/).1 )-
k{.oj~E'_. :J,7N{{.ojt.;r~7/f ~"E.;r<r,;;;71 ~N ";e.:r~~{~J-1 «:r;.:r-1 (2.33) 

- .n; f.t-.~~~ r~·t; {7/t{)FI-/tit
2/;{Nflf,:Ht)j 1 ~7ft (v)= 01 

~~ = - f [ ~ ( c.:t.t.fy {N4,m f J..i.2f,. {(F-Iflf,~J- ~J-1 ;f,;,i_;. c-e;, {.;r..,.- fl.:r;:>·/-

- ~-711 -/i;,~ C.,£;, ~7fl t?7,7fl} 
-' 

4{o)= 0 . 

3TH yp8BH€HHR f!RnRKJTCH 060611(€HH9M y paBH€HHH ( 2 .5). J!erKO Blll\eT», 'ITO !Tpll Bb1Kni0'1 €HI1H TeH30p-

HOPO ITOT €!1 UI18n8 (~: 0) l18paueTp c u e'WIIB8HHH TO~I\€CTB€HHO 06pamaeTCR B HYJin ( 1; E 0) 

11 CHCT eMa (2.33) B~pO~I\aeTCR B I\B8 He38BliCHUbiX ypaBHeHIIR 1\nR napU~~annH~X BOnH c L =.7-f 

11 L = J + I . KynoHOBCKH~ noTeHUHan Y'II!TbiB8eTCR rryTeM BKniOqeHIIR B ypaBHeHHR ITOI\CTaHOBKll 

(2 . 26 ) . AHDROPH'IH~e (2 .33) CI1CTCIIbl yp8BH€Hll~ ITOR,/ '181lTCH/2 G/ 1\nfl napaMeTpH'I€CKIIX rjJyHKUH~ 

B o<IPY PHX npci\CTanneHHRX , H8!Tpi1Mep , EnaTT8- Elii\€HX8pHa Hnll !J8K-Xe~n8-Tane pa . 

Benli'!IIH~ ~J83 0BbiX ljJyHttUI!Il rrpv. Manhlx r orrpel\enRIOTCR noBel\eHlleM noTeHUHanoB np11 r~ o 

I! uoryT 6L1Tn 11 8~!1\eHbl u e rrocpe!(CTBeHu o 1!3 a H8nv.aa ypaBH e H11 li ( 2 . 33 ). P8ccuoTpHu HeKOTop~e 

Hav.6oJie e Bal!tHhl c cnyt~aH . ITycTb npH r ~ 0 

10 

I 

.I 

V 1rJ -> V 
0 

' :1 1·( (' .7.7-1 
I I 

T or11a np11 r~ o 

J:!,Y·f (r 

~:1-ff (r) 

i" {r). 

ilpll OTT8nKIIB8TennH~X CHHrynHpF. 

1111ee11 

r 2 V.: (r)-+ 
"'7·( 

l 
~7-1 

~:11 
k ~::Iff 

~ (r)- - {.t:J-J}/I(.mf)il_ 
c 

TaKIIM o6p8aow
7

n8paueTp cuewi!Bc 

P8A»yca rq 

~7-1 (r. 

~:HI(r 

f; (r 

ITp11 yqe ~ e KynoHOBCKoro noTeHu~ 

B KaqecTBe rrp11wepa H8 pv.c 

lj)aa 
3 P.t. , 3 F.t. H n8paueTp8 c~ 

T8HUJl8ne C TB€pi\OV. C€PI\U€BHHO~ 

KpliB~e COOTBeTCTBYIOT 3H8'1€Hli!H 

(K = 2, 08). BBHI\Y KOpOTKOI\€HC 

acHYITTOTI!qecKlle 3Ha'leHliR. Pca1 

~esu11an8 ~,N (r) B TOqJ;e 



~eTpOB paCCCHHMH, KOTOp~KH 

B TOW, 'ITO npM K8RHX r OA

CHn~HO npeBOCXOAHT no BCAK

ICHMC Ha ~He nepBoro peme

Tpeu napaueTpau pacceHHMH, 

'0 HC,l\OCT8TK8 , 113BCCTHO, 'ITO 

raTpMIUJ pacceHHMH . YpaBHCHIIH 

B HC38B~CMM~X pa60T8X KMH'I8 

.(r}, ~711 (r} 11 I; (r) , oTBe'la.r

oH WM311Ke . KaK 11 B cnyqae ueH

:eRHIIR Ha 06pe38HH~X B TO'IK6 

.ft. L (r) IZL {Kr) 
J (2.32) 

~L (r) lzt (kr} 

. lp.t_n.t)n ,_ ..,_ 
t'Y/f ( ".7,711 't'~:HI hi;~~ -

{7fl{)f,7·tllJ {,.1 (o):O~ 
·~ (!;;-:_,- fi_,~,)- (2.33) 

~:HI)] 1 ~71( (v)= o, 

?:rfo)t o . 

(CT~ , 'ITO npll B~Kn~'I CHIIII TeH30p-

l81l(8CTCR B Hyn~ { l; E 0) 

1 napwran~H~x BOliH c L = J- f 

!HIIR B ypaBHCHIIR llO,l\CT8HOBKII 

.l\liR napaMeTpll'leCKHX WYHKW!~ 

:- Xei-\na- Tanepa . 

16.!161iii8M llOTeHU1181IOB npll t'-# 0 

~ . 33) . PaccuoTpllu H eKOTOp~e 

II )/0 I' T 01' r (r;.., t- '~ (r;-, T. r , ll> -~. 
J,:Ht -"7" ., J - r 

Tor,l\a np11 r~ o 

' 
J_,;:NI(r)-

IS;;, k V~3 r .t7f~+/' 

(..!.HS'f/') {{.L7+3)/lj:L 

T; • k .1.71'1 r .1:71'31'1' 

( .L:f1'31'/) {.L7-t)i! (.un)/1 ~(r)-

Opi! OTT81IKIIB8T e1!~H~X CII HryliRpH~ llOT6HUII81!8X 

11116811 

J (r)
J,7-l 

~:!+1 (rJ-

(xr) .t7-f 

(2:1-!)i/ (.U-3)/I 
(xr)27f3 

( .tJt3}1! {.l7ft)/! 

r~o 

' 

(2 .35) 

(2.36) 

.I.:Jff r r (2.37) 

- (.L:J-3;/(.t:Jff}i! far'(r'}£:Jv. '4 °/~~~ I ex;>[-jdr"(Ve}{r) i Vf2(r"}2 
0 

( r ') r~ r' f ~7-1 ~:HI Jj · 
J,7·f J,7ff 

TaKIIII 06pa301.!rnapaueTp CKCWIIB8HMR 3KC llOHeHqH81I~HO M81! . flpM TBCp,l\011 cep,l\l\CBIIH6 KOH C'IHOrO 

pa,l\Myca ro 
) 

f; (r) = 0 
(2 .38) 

Opl! yqeTe KYliOHOBCKOrO nOTCHl\1181!8 BO BCeX Bblp8litCHIIRX Cll e .D.yeT npOM3B6CTM 38MCHY (2 . 26 ), 

B K8'1CCTBe npllllepa H8 pi!C, 2 npiiB C,l\CH~ pe3yll~T8Tbl IIHTerpllpOB8HIIR ypaBHCHII~ (2.33) ,l\liR 

was 3 p.t- • ~ F.t- II napaueTpa CM6UIHB8HI1R £,_ HYKJIOH-HYKJIOHHOro pacceRHHR npH H3B6CTHOII no

T8Hl\1!8Jie c TBep,l\ol1 cep.l\l\CBHHOII ( f"l", = 0 ,343) Xawa,l\bl-JllltOHCTOHa. CnJIOUJHble ll nyHKTIIPHble 

Kpi!Bbl8 COOTBCTCTBYIOT 3H8'16HilRM 3Heprml E AJ. = 320 :JaB ( K = 2 , 78) II f,..)= I dO tA3B 

(K = 2, 08). BBH.l\Y KOpOTKO,l\el1cTBl1R noTeHUI!aJia Bee WYHKl\HII Clb!CTpo npHHIIU8JOT nocTOHHHble 

acllllllTOTII'!eCKHe aHa'leHIIH. Pc3rGIV, 1131IOM Hu KPliBblX ~,I (r) OTBe'!ae T 11 3MeHeHIIJO 3H8!(8 no-

TeHullal!a ~, 7-1 (r) n TO 'IKe r: t;, 



M.4!.ijl. ;;nH 6on ce o6•,tnx c.qy,weB ~HoroKaH81I!>Horo, B TOll 'lliCJie Heyrrpyroro p8cceHHliH
1 

6!iJI p83-

BliT b p~OOT8X Kl!H'I8/~/, 311MeK8/20/, ~eracrrepllca/24/11 KOKCa/35/. COOTBeTCTBY~ml!e nap8MeTpii

'18CIG!e ljlyHK!(IIll H8XO;llf!TCR B pe3y!Il>TaTe pe!Ue!ll!H CI!CTeJW i lt{nrt) He!IliHellHbiX ypaBHeHI!Il rre p

BOrO l!OpH;LIK8 Bll;/18 (2.33); 3;/leCb n - 'II!C!IO K8H8JIOB. AIIIT!IIITY;L~Hiie ljlyHK!(IIII Y:ziOB!IeTBOpR~T 

CI!CTelle J tz{~ JIIIHel!HbiX YP8BHeHI!ll II B OTJIII'IIIe OT CJiy'I8H l.(eHTp81Il>HOrO l!OT e H!.(ll8ll8 He MOryT 

6b1Tb rrpOIIHTerpllpOB8Hbi B KB8,1\paTyp8X. T8KIIM 06p830M,B IIHOrOK8H81IbHOM Clly'l8e 38;118'18 OTbiCK8-

HIIH nap8MeTpOB p8CC8HHIIH CBO;lll!TCH K peWeHI!~ 38;118'111 KOWII C H3'18lll>HbiMII YC1IOBIIHMII
1 

'ITO rop83-

,I\O y;~~06Hee TOrO, 'IT06bl peWaTb CIICTelly ypaBHeHilli ibpe;lll!Hrep8 II CTpOl:! Tb JIIIHe~Hhle KOM611H8l.(lll:! 

peweHIIli, y;~~oBJieTBOpH~~e 33.1\8HHhlll rp8Hli'IHhiM yc!IOBl:!RM. 

*HOr;/18 H8pH;i~y C K8H8JIOM ynpyroro p8CC8RI!liH yq;ITbiB8JQT TOJ!l>KO 0;/IIIH K8H8JI pe8Kl.(l111
1 

Ollli

CbiB8~~li BCe Heynpyroe p<.JCC8HHll8 VI l!OrJIOIJleHI!e. B T8K H83biB88MOi\ OllTII'18CKOii MOI(CJIII y'leTy 

K8H8Jia Heynpyroro p8cceRHliH OTBe'l8eT KOMITJieKCHaH ;~~o68BK8 K noTeH!.(llaJiy B K8H8lle ynpyroro 

paCCeflHIIH. 0apaMeTp8Mll 1 OllliChiB8~~Mll paCC8HHHe B 0TOM CJIY'I8e, HBJIHIOTCH 01!8M8HT!i :)_ M8TpH

l.(li 11lill K03.Jxjllll.(li8HT!i pacceHHIIH5t. C llOMOIIlbll ypaBHeHI!H (2.25) M.\IJ.Ijl. !IerKO MOlieT 6b1Tb IIC

ll0Jib30B8H B Ol!TII'18CKOll MO;lleJIII H,l\epH!iX pe8Kl(llli/28/. Op11 STOll 0Tll8;118~T BCc BOllpOChl, CBH38H

Hbi8 C HOpMI!pOBKOll BO!IHOBbiX ljlyHK!.(llli II 38Tpy,I\HHil~e CT8H;L18pTHble CITOC06bl paC'!8T8 Ce'!eHI!il B 

Ol1TII'18CKOV. MO,I\e!Ill. 0TM8Tllll T8KJ[e, 'ITO BB>I:ziY npOCTOrO II H8rllH.l(HOrO tjJl1311'18CKOrO CMbiCl!a ljl8-

30BbiX ijlyHI(l.(llli C llOMOIIlb~ M.\IJ.Ijl. y;~~06HO IICCJ!e;LIOB8Tb T8KOli, HBllpi!Mep, BOllpOC K8K HOBepXHOCT

Hbl~ M!IH 06~eUHbln X8p3KT8p norJIOIJleHIIH B H;L~pe. KpOMe TOr~,YABeTCH ITOJIY'I8Tb ~OITO!IHI! Te!Il>HY~ 

IIHWOPM8l.(M~ B npouecce IIHTerpHpOB8HHH YP8BHeHH~ AJ!H w.q,./281. 
B paCCMOTpeHHbiX BbiWe 38)18qax p8CC8HHHH , KOr;L~a llOJIHOCTb~ UOrJIII 6b1Tb OT;lleJieHbl yrJIOB~e 

nep ·ueHH~e, HCITOJil>30B8nOcb npe;~~cTaEJieHI!e .l\118POH8lll>HOe no MOMeHTy. 0~H8KO B o6~eu cny'l8e 

llpOM3BOJ!l>HOrO H8l(eHTp8lll>HOrO llOTeH!.(H8Jia v ( t; 8, \~') p83J!Oli8HI!8 ITO ll8pl(II81Il>Hb1M BOJIH811 HenpH

rO;LIHO, XOTH ll01IH8H 8MITJIIITY~8 p8CCeHHHH /(IJ,if) cy~eCTByeT . 00K8 He l!OJiyqeHO ~!IH 3TOrO 

cny'I8H ypaBHeHHH, aKBHBaJieHTHoro ypaBHeHHD AJIH ~a3oBoli ljlyH K!.(IIll (2.5). OpMBeAeHHOe B pa6o

Tef7 I 11 HcnoJib30BaHHoe B pa6oTel21/ JP8BHeHwe .1\liH \IJYHKUIII! /r { B, if) He HBJIHeTCH KOppeKT

Hblll BBII:ziY ynOTpe6JieHI!H Henp8BI!lll>HO~ BOJIHOBO~ ~YHK!.(III! . 

2.3. 38BIICHWM~ OT CKOpOCTII llOTeHqnaJI. P8CC8HHHe pe~HTliBIICTCKIIX qacTIIU. 

B PH~e 38,1\8'1 H;L~epHOli H 8TOIIHO~ ljlll3liKI! rrpHXO;lii! TCH l!lleTb ;L~el!O C 3~eKTHBHbiM ITOT8Hl.(I!8JIOU, 

38BIICH~II OT CKOpO CTH 

V ( r) = V(r) t- _j_ { 1.1 W[r) t- W(rJ f.t. 7 
.J9''f> }l _} (2 . 39) 

YpaBHeHlle WpeJiliHrepa ;LIJIH P8Jill8llbHOli BOJIHOBO" \IJYHK!.(I!I! HlleeT TOr~8 Bll~: 

( f-tW}uj' + W'u/.,. (/(.t- ~~rJ{IfW)- V + JW}u1 =0 (2.40) 

12 

CJieAyH 11.w.w.,11ol1HO noJ 

onpe,l\eJIHellbiX COOTHOmeHI!HIIll ( 

ruwJ{=-f(( 

(o w) A/= - -1 At 

H8pHAJ c o6oaHaqeHHHIIll (2.3< 

RP-efrJ= 

PeweHHe liiiHe~Horo ypaBr 

pax . H8'18Jil>Hbie YC!IOBliH B KO< 

(2.41) C llOMOIIlbll p83l!Oli8Hlln 

YpaBHeHHe (2.41) 6~no r 

ITOTeH!(II81I BH~a f 'll(r}f . ~ 

qae noneaHO np11 cp8BHeHllll 3~ 

B pa6oTe Kano;~~llepo/19/ 
!.(1!8JI8. YpaBHeHHe ~JIH \IJ . Ijl. OR 

npoue:z~ypy H8XOll~eHHH pemeHI!fl 

IToTeH!.(IIani>HoepacceRHHe~ 

~H 38pHX8HHbiX '18CTH!.( C HY!I€ 

Ll'f + {{E-

3;~~ecb ettr1J 11 V (rJ- coo'! 

!.(118l!. MOliHO ITOK838Tb, 'ITO B 

BOli II 8MITJIIITY~HO~ ~YHKl.(l!n CO 

.tm = 

v = v 
~ 

EcJIH noTeB!(II8JI ~)co~ 
BbiAeJIHTb COOTBeTCTBYD~ee 3TO 

yraBHeHHRX K KynOHOBCKI!U ~YH 

·J6o6~eHIIe M:ljl . ~. Ha yp3 

Kano;~~xepo 11 PaBeHxonna/18/. 

:J.te:s:xpocie.tnec:s:ox*lnoTeHl.(l!a 

~)00,1\'lepKHell, 'ITO BOnpeKI! 38 

~e~CTBI!Tenl>HOCTI! K 3neKTpOCT 



"ynpyroro pacceHHHH 6~n paa-
/ 1 
, COOTBeTCTBYID~e napaueTpH-

•r) HeHIIHeHHHX ypaBHeHHII ne p

HHe WYHK~»H ynonneTBOpH~T 

rpan.&Horo noTeH~ana He MOryT 

SHbHOM CHJ4ae 3aA848 OTHCKa-

8HbH~MH JCHOBHHMH, 4TO ropa3-

CTpOHTb HHHeMH~e KOM6HHH~HH 

bHO OAHH KaHan ptaH~H, OnH

OM Ol1TH4eCKOii llO)\CJIII y4eTy 

Ten~any n Kanane ynpyroro 

HBHHJOTCH 3HeMeHT~ 5- MH'rpl!

U,\!J.Ij), HerHO MOJ:teT 6~Tb HC-

Til8)\a~T BCc BOnpOCH, CBH3aH

e cnoco6H pacqeTa ceqeHH~ B 

110r0 <jJli3H4eCKOrO CMHCJIH <J)a

pHMep, BOnpOC H8K llOBepXHOCT

GH l10HY48Tb )\O ilOHHHT eHbHYID 

YOrJIH 6~Tb OTAeJieHU yrnOBHe 

HTy, 0)\HaHO B 06~eY CJiyqae 

0 nap~aJibHHM BOJIH8U HenpM

ilOKa He nonyqeuo ;nnR 8Toro 

H (2.5). llpHBe)leHHOe B pa60-

" { ()J if) He HBHfleTCH HOppeRT-

X qacTIIU, 

;eJIO C 3\l!<jJ8HTHBl!UU ilOTeH~8HO!I, 

(2.39) 

(2.40) 

Cne~yH u.~.~.,MOZRO ilOHJ4MTb cne~D~e ypaBHeHMH AHR ~30BOM M aunnMTYAHOII ~YHK~~. 

onpeAeHHeU~X COOTHOWeHMHUM (2,2), (2.3) 

[!1-W) { =- f { (V1-k 2W-jW'1~1 t- w'~t}l!,t ) 

(f + wJA/"' - -1 At [(V+ k~w-jw''J{t- w~t]~t 
HapH~ C 0603Ha4eHHHUH (2.32) 3AeC.b HCilOH.b30BaHO B~pazeHHe 

R {r)= CP&J (r} tfKr)- -J,:..J,.(,.)11/(cr) 
~I! - e "t c • 

~(0):.0 1 (2.41) 

(2.42) 

(2.43) 

PeweHHe HHHellHoro ypaBHeHHH (2.42) uoxeT 6HT.b aaanorH4HO (2 .8) BHpaxeHo B KBanpary-

pax. HaqaJI.bHHe JCHOBMH B HOHKpeTH~ paC4eTHX, K8K M B~e, CHe~eT HaXOAMTb 113 ypaBHe HHH 

(2.41) c nouo~D paanoseu111l B PRA· 

YpanHeHHe (2.41) 6~no nonyqeHO MaH-Kennapou H Maeu/39/, HOTOp~e paccMoTpenM TaKse 

noTeH~IIan BHAa f '1/(r)f . l-luH 6~o noHa3aHo, 4TO HccnenoBaHHe ~aaoBoll <J)yHH~H B aTOM cny

qae none3HO npM cpaBHeHKH 3~eKTOB AeHCTBHH p83nM4H~X 3HBKC~X OT CKOpOCTH noTeH~anOB, 

B pa6oTe Kano~sepo/1 9/ u.\(l.\1!. 6~n o6o6111eH Ha cnyqalil senoKaJI.&Horo ~eHTpani>Horo noTeH

~HaJia. YpaBHSHHe Ailfi \(l , \(l, OK83~BaeTCH KHTerpo~W\!JepeH~aJibHHM, A0ilJCH8DliiHM KTepa~OHHYD 

npo~el\ypy HaXOX)\eHHH pemeHIIH. 

ilOTeH~8JlbHOepacCeRHMepel!HTHBHCTCKHX qaCTH!I TaKSe IIO:W:eT 6HTb paCCMOTpeHO B M. tp,\IJ •• 

~H aapHXeHH~X qacTHII C HyJieB~U CnHHOU pel!HTHBHCTCKOe ypaBHeHHe llipei\HHrepa MMeeT BMII:(k=f) 

.t1 Y' + [ ( E- etp/'-c. -.t - (me~+ V) .tc') 'f = o (2.44) 

11 V(rJ-
llllaJI. MOXHO noKa3aT.b, 4TO B CJiyqae ueHTpanbHOI<I CHMMeTpHH ilOT6H~8JIOB ypaBHeHHH AHH (jl830-

BOII H 8Mill!HTYI\HO~ \(lyHK!IIIII COBnH)\aDT C (2.5) II (2,8); eCJIII fiOJIOZIITb 

!ltn=l , x=(E~c.t-f;c~· ~ 

v"'ff = v -(- .2Ec-.te'l -1- c-.t V.t- C-
1 {e'f)Jt (2.45) 

EcJIH noTeH~aJI ~) conepZKT qneH
1

cnanaiD!IIH!.l npH ;-_,co 1 HHK (){r-') , 113 Hero CJiel\ye·r 

B~l\eHIITb COOTBeTCTBYD!IIee 3TOMY 4l!eHy 3~eKTHBHOe KYl!OHOBCK06 B38HUO)\eKCTBKe H nepet.ITH B 

ypanueHHHX K KYJIOHOBCHHU ~YHH!IIIHM (2 . 26) • 

. J6o6!11eHne u;\(l.\1!. Ha ypaBHeHHe AHpaKa 6~Jio cnenaHo B pa6oTax KIIHqa/
5/, Kano~epo/10/H 

Kanonxepo H Paneuxonna/18/. OHII paccuoTpeM pacceHHHe 1\HPHHOBCKOII qacTIIIIU 11a ~euTp3JII>HOU 

~~~~~c:rauqecEOK*)noTeH~aJie er{r) • YpaBHeKHe AHpaKa B CJiyqae H8J!H4HH T8Kllte CT8TM4eCKO-

~)ITo;nqepKHeU, 4TO BOnpeKH 38rOJIOBKY pa60T~/IO/, noJiyqeHHHe B Hell pe3YllbTHTU OTHOCRTCH B 

Ae~CTBHTellbHOCTH K 3JieHTpOC'!aTII4eCHOMY, a He CH8l!HpHOMY llOTeH~aJiy, 



I'O CKIIJIIIpHOI'O UOTBHUIIBJIB v (,.) HIIB8T :BII.ll ( /i:: C = f) 

{ E- etf f- .1;~ +- /' ("' + V) j 'f/ = 0 
(2. 'f6) 

BBH.llY CnHH-Op6HT8JihHO~ C:BH3H npH 38.ll8HHOII UOJIHOII IIOMBHTB ~ 'IBCTH~ :B03110XHN .ll:BB 3HH~e

HHH op6HT8JibHOI'O IIOIIBHTH t = j .t ~ , HanpHMep, npH j = 1/2 IIIIBIOTCH COCTOllHHH .S f-2_ . .,.; 
II p'lz 
J}.t:f.t. 

CooT:aeTCT:BeHHO aTouy paccel!HIIe / napUHaJII>HO~ BOJIHN OnHCN:aaeTcH .llBYMH ~aaau~ 

~CU0Jib3Yll 0603HB~BHHH (2 . 32) , ypBBHBHIIll .l!Jill :jl830BblX II HMnJIHTY.llHNX \IJYH KUI!ll MO :KHO 

38UIICHTb B Bll.lle: 

I -f -ll .t I r ~ ~.t~(r)=-A '(V(r}+eif(rJi)"rl}).tt/r) fA tl{rJ-elf(r!/{~,j;/r), ~rf/z(o)=O, 

(2.47) 
r r 

Aj:'6.(r)=e1p{-J.jdr{JI{r?+el/{r'iJ~'&,jt~r!;gt~JL~M f l}trjJI{rJ-q(rji}t~,J+f~~t~)+l"'':/. 
~ r, 

3.D.eCb J = / ;;';, , k = {EL-mz' , THK 'ITO B HepeJIRTII:BIICTC KOM npe.n.ene 

HIIH nepexO.llHT B (2.5) 11 (2.8). B yJII>TpapeJillTIIBIICTcKoM cnyqae A 
A = ./;. , 11 3TH ypa:aHe

I. 

YpaBHBHIIH (2.47) 11 (2.48) cnpaBe.llJII!Bbl np11 .D.OCTaTO'IHO 6blcTpo cna.D.HIOmi!X Ha 6ecKOHe~HOCTII 

UOTBHUIIHJIHX. ECJIII I!MeeTCH HB3Kp8HI!pOBHHHbl!l KYJIOHOBCHHH nOTBHUIIHJI, CJIB.llYBT nocTynHTb HHHJIO

I'II'IHO TOlly, KHK OlrnC8HO BblWB .llJIH pHCCBHHHH CKHJIHpHO!l '18CTII~bl. 

2.4. 8HePI'IIH C:BR38HHblX COCTOHHII!l. 

XOTH M.\IJ.~., nO-:BII.lli!IIOMy, H81!60JIBB 8.ll3KB8TBH 38.l!Hqall paCCBHHHH, B BI'O paMKHX IIOXHO 

C\IJOPMYJIHpOBBTb, K8K nOK838JIII KI!H'I/5/ II KaJIO.llEepo/S/, THKXB 38.D.B'IY C06CTBBHHblX 3HaqeHIIll . 

J!JIH CBH38HHblX COCTOHHII~ k= ide { ,;{ >0) 

pa (2.1) IIMBBT Bll.ll 

II HCHMnTOTIIKH pemeHHH ypaBHBHIIH illpeJIHHI'B-

-xr f"":-( ~rJ 
tlt {I') ~ eo..d [ e - {-f) -1 ( oo, ~) e J ; r-. = . 

(2.49) 

UoaTOMY He06XO.lli!MblM ycnOBHeM IIC'Ie3HOBeHHH BOJIHOBOH WYHK~HII Ha 60JII>WIIX paccTOHHHHX c npa

BHJII>HOll 8CI!MnTOTHKOll HBJIHBTCH HHJIII'IHB nOJIIDCH np11 onpe.D.BJIBHHOII 3HB'IBHHII ;¥ y SJieMBHTH 5-
IIHTpll~bl ~ (oo1 ~);: s,_ (oo)1f-), THK 'ITO 

......- -f .f;,er 
~ (~~Je ~o ) 

r~ oo. (2. SO) 

YCJIOBI!e (2.50) CJIYXIIT OCHOBO!l paCCYOTpeHHH u . ~ . \IJ . B 38AH'IBX CBH38HHblX COCTOHHII!l . Be~eCT-

BBHHBR \IJYHH~H ~ (r;x) Y.llOBJIBTBOpHBT Be~eCTBBHHOMy ypallHBHHIO , CJIB.llYIO~BMY H3 (2.25) 

~; t f (fltfl ~ ~il.f ~ ) .S:, {r;;¥) ={-f) ff Jl[rJ ~{:K.r) -f ';/ [{f/JX)-t}}fx'j .J {f0x)=f. (2 . 51 

I4 

.... 

I 
l 

~3 ypa:BHBHHH (2.51) :BH.D.H O, ~ 

~ 

TaKHM o6paaou,ycnOBIIe (2.49) 

~CU0Jib3YR ypaBHBHIIB (2.~ 

IIO~HO 'IIICJIBHHblll CUOC060M onp1 

noTeH~HaJie. PaccuoTpiiM noTeHJ 

RBJIHIOTCR Te, .l!JIH KOTOpblX ~ 
BB.D.BHIIB npll p83JIII'IHblX de \IJYI 

,......_ 

~{I 

.lll1H S - pacceHHHH (e = o) Ha 
"'t 

nepece'!BHIIH KPIIBblX ~-(t;x) 1 

RMbl, B HOT OpoU IIIIBBTCH ypcB~ 

(cp. p11c. I). KaK BII.D.HO 113 p 

BOB C 3HBpi'IIB0 HBMHOI'O 60Jibml 

-6,25 ( ~ z 2,5). 

AHanorH'IHOe paccMoTpeHHI 

ero HH .D.OCTHTO'IHO 60JibmiiX pao 
~-t 

HBIIII r.· , B HOT OpblX ~ ( r;. 1 

CBH38HHblX COCTORHI!!l THKMB :BO! 

8TOT MBTO.ll I.!OMBT 6b1Tb lit 

I'O CBH38HHblB COCTOHHMH C 38.11< 

3. HHaKoaHepreTH'!ecKoe pacce: 

Up~BO.D.HTCH ToqHble ypaBHI 

CBHHHH, KBK .l!JIIIHH paCCBHHIIH, 

3.I. KopoTKOABRCTBY~~HR geHT' 

Uycn noTeH~IIHJI V(r) H: 

vepe SKCnoHeH~IIHJibHO. Tor.D.a, 

f9 0( {I<) HBJIH~TCH HB'Ie' 

CJiyqae BBJIII'IIIHH lc -I ~~{K) II· 

~bl KOTopor o noJIHOCTbD onpe.D.e. 

rwa¢11J~~~~eHTOB 6blJI npe.D.noxeH 



lCTH~ B03UOKH~ ~BH 3H84e

:j2 HlleiOTCR COCTORHHR .S ~ 

OITHC~BaeTCR ~BYUR W838U~ 

1 aumrnTy~H~x WYHKUI!ll MO .lHO 

{r} J ~rp;_(o}=O, 

(2.47 ) 

-etNrj,lf>: . fi''Jf1 /. 'J ? 
T C' J"./t~,jT/l 'tft~)Tt"J · 

Aene ) = ./;, , 11 a Til ypasae-

~ I. 

)0 cna~BIOWIIX HB 6eCKOH6'1HOCTII 

aJI , CJie~yeT ITOCTYITIITh BHBJ!O-

C6RHIIR , B ero paMKBX UOEHO 

.~aqy C06CTB6HH~X 3H8 '1 8Hll~ . 

perneHIIR ypaBH6HIIR llipe~Hre-

;<rJ: .1 / r .... oo . 
(2.49) 

60JibWilX p8CC TORHilRX C npa-

3H8'16Hilll ~ y 3JielleHTB 5-

(2.50) 

BR38HH~X COCTORHHI!. BeweCT

·HHI01 CJie~yiOweMy H3 (2,25) 

~ [.xr)Z.f S(ox)= f. (2.51) 
't J } t ' 

I 

f 
I 

lla ypaBHeHI!R (2.51) BI!~HO , '!TO B CJiyqae CBR38HHOrO COCTORHHR ll!JH r~oo , KOrJ18 ~(XrJ~.fe-Jt; 

~-{ (-I}~JDO -.2Jcr1 I s {t;x.J ~ -- e V(r'Jdr , 
t ,tx. r 

(2.52) 

TaKMu o6paaou,ycJIOBHe (2.49) .llellcTBI!TeJihHO B~noJIHRe TcR. 
"'-f 

llcnonayR ypaBReHI!e (2. 51) H BH8JIOrll'IHOe ypaBHeRHe ~JIR o6pa THO I! Beill1'11lH~ ~ hJcJ 
MO~HO 'IHCJieHH~M cnoC060M onpe~eJIHTh 3HeprHH CBR38HB~ COCTORHHI! B ~8HHOU 

noTeH~IlBJie. PaccuoTpi!u noTe H~IlaJI KOHe'!Hor o pa~llyCa ~el!CTBilR /( • liCKOUWH 3H8'1eHilRUII ~,.. 

Ha npHse~e HHOM 113 pa6oT~/S/pllc. 3 noKaaaso no-
~Y.-f ~ 

II 't {r,Jt) t npOCTW 06p830U CBR3BHH~ C ~(/;.~<), 

?<'-I ) 
RBJIRIOTCR Te, ~JIH KOTOp~ ~ { £, .\!11 = 0 

Be~eHile npll pa3JIII'IH~X i1e WYHKQill! r('JX) 

~ {tjJt) J<t (Jtr) 

I<( (x.r) (2.53) 

l(JIR S- pacceHHilR {f=o) Ha npauoyroJibROII Rue rny6HH~ ~ = g 11 pa.neyca R =.£ • TO'!Kil ,....., 
nepecet~eHHR KPHB~ ~-(r,Jt) c OCbll a6c~HCC OTBet~aiOT noJIIOCBII S- IIBTPHU~ 11 rr o Ka a~BBIOT mllplllfY 

RM~, B KOT opoll HueeTCR ypoBeHb E =- -:x..t. llp11 .Jt: = o aTo npo11cxo~11T B T D t~Kax r,={ 11 !; =I 
(Cp. piiC . !). KaK BI!~HO 113 PIIC. 3

1 
B HMe mllpi1HOI! !=$ 11M6IOTCR ~BB Cl!R38HHb16 COC TORHIIH 1 nep

BOe c aHe prllel! HeMH Or o 6onhmell - 2,25 ( ~~ 1,5) 11 BTOpoe-c aHe pr lle~ He r.tHor o ueHhmell

-6,25 ( ~ ~ 2,5) . 

AHaJiorllt~Hoe paccuoTpeHIIe MO~Ho npoBecTH np11 rrpoH3BOJihH OM rr oTenu11ane V(r) , o6;Jeaaa 

ero HB ~OCTBTO 'IHO 60JihWIIX paCCTO RHIIRX . KaK BII~HO 113 PIIC . 3, C pOCT OM r IIHTepB8JI~ ue~~ TO'!
~-( 

KBI!II f',· 1 B KOTop~ ~ ( r;. {Jt), Je)= 0 J yBeJIII'IIIBBIOTCR • lloaTOyY TO'IHOCTD orrpe~eJi eHilH 3HeprHII 

CBR38HH~ COCTORHHII TBKMe B03pBCT86T. 

3TOT 118TO~ MO~eT 6b1Th IICITOJ!h30B8H TBKMe .liJIR onper.eJieHIIR napaMeTpOB nOT6Hl\118JIB 1 IINeiOme

r o CBR38HH~e COCTORHII R C 38~8HH~MH 3Hepr11RMII CBR311 . 

3. HllaKoaHepreTH'IecKoe pacceRRile. 

l!pi!BO~RTCR T O 'IH~e ypBBH6HIIR ~JJR Bbi'IIICJieHIIR T8KI1X napaMeTpOB H113K03HepreTII'I8CKOr o pac

C8RHI1R0 KBK l(JIIlHa pacceRHilR, a~eKTilBH~l! PB~IlYC ll ~p. 

3 .1. KopoTKO~ellcTBYIOmllll yeaTpaJihH~l! noTeHyllaJI. 

llycTh noTeHUil8JI V(r) RBJIHeTcR KOPOTKO~ellcTBYIOwllu, To eCTh crra~aeT rrp11r~"' no Kpai!Hel! 

vepe 3KCnDH6 Hl\llBJ!bHO. Tor~a, KBK H3B6CTHO, 4laaa pac ceRHHR ~{~) H1 CJie~OB8T6JlhHO , 

ti ot {K) RBJIR!lTCR He'leTH~UH WYHKUIIRMII IC • peryJIRPH~UII B TO'IKe lc=O • B 3TOU 

CJiyt~ae B6JIH'IHH8 lc-f 'J~{K) UOM6T 6~Th p83J!Ollt6HB B pH~ ITO CTerreHRU k~ 1 nepB~e K03~HU116H
~~ KOTOpor o nOJIHOCTh!l onpe~eJIR!lT pacceRHlle npM HM3KIIX 3HeprllRX. M.~.~. l(JIR B~'III CJI6HIIR 3THX 

~Oa¢¢11QH6HTOB 6~ npe~JIOMeH B pa60TBX KllH'Ia/5/, ReBil II KeJIJiepa/II/ H nameHa/12/. 

IS 



flpe)lcTal!JIHII $y'HKI1Hil f,r ~ {"> IC) I! I!ll)le pH)la 

k..U~ 1 "" .t.n 

ij ~ (r:- Jc) = - {.!!+f)l! (.t/-f)/.1 J.o lc at" (r) (3.1) 

II IICHO}[b3JII 113B8CTHbf8 pa3JI071.8HIIII ljiyHKqHf! ./, {Jrr) t -'Y{k,..) , UOJ:HO HOJIY'lll!b H3 (2.23) Ci1 CTe

uy peKJppeHTRbfX ypal!R8HHII )Ill!! K03IjiljiBqHeHTOI! a(,.(r} , fiepBoe l!3 ypal!H8Bl!l! B8!!11Bei!BO, a I!Ce 

nocJie)IJ~mlle JIHHel!au; TaK, Hanpauep: 

a 1 = .....L V(r 1-N-r-1a ).t.. 
to .tl+l l'o J 

ato(o),: 0 ? 

I I t 2. ~b3 a =-- - Vt: t~>t -t. )t:.ta ~a _r_- J 
!t .!.!fl r l r -r ~ .. c· 't!f f-1!-1 ~ .. + ..tt+3 /? at',(o)== 0. (3.2) 

B CJ!j''l88 f•O ypaBHeHI!!! npiiHIIUSM OC068HBO npOCTOA Bll)l -; 

a:O = v (r-a.,.,)"!! ) a.,., (o}:= 0 ' 

a~= -.2V(r-a.,.,)a01 -rz.V(a,!-Jra/>0 +Jr1 1 a0 ,(
0)=0, 

• (3.3) 
I __ J/ J/(,.! .t .1:3 _f Y.z_!f I :!_ 6) a OJ.- ..2 v(r-a,,)ao.t + v ( ao,- .fr -aN a.,, f 3 raO/ f 3 r aOD I~ r a.,., f-~5 r / ) aOL (OJ= 0 . 

HaqaJrbHbf8 JCJrOBIIII )ll!H ypaBHSHIIA (3,2), (3.3) B cnyqae CIIHI'JllllpHbfX HOT8HI1~8l!OB li8I'KO UOryT 

6UTb R8~)18HU 113 JCl!OBIIA (2,13), (2.15), (2.18) II (2.21), 

tl>yHKilllll aon. CBII38Hbf npOCTUU 06paaou C napaueTp8Ull T80pl!ll 3<P<jl8KTIIBHOI'O pa.ll.llyca: )llll!HOfl 

pa CC811HIIH ao , 3ljiljie KT11BHbfU paJU!yCOU re , napaNeTpOU !jJOpUbf p II ;!tp., KOTOpbfe Onpel\el!HKJTCII 

pa 3!!0li!8H118M 

k clj d0 

f .t 0 :J 'I 
a f .:i ~ k - .1 'e k f- 0 (K IJ 

0 

1 

HeTpy)IHO y6e)IMTbCH, qTo 

a.,= ~-,. 
r-.oo 

a
00 

{r) 
.) 

J?. .2 ao,{r) 
r. = Uln ~ e ~oo a (rJ 

()() 

j>: t~.t j_ a;, (r) [ a0~ [r) - aOD [r) aO.t. {r)] 
r-.eo 3 a:, (r} 

J 

(3.4) 

(3.5) 

ITp11 KOH8'lHblX 3H8'16HIIIIX r COOTHOmeHIIR (3.5) Oflp8)18}[11DT ljiyHKUIIH a 0 (r)
1 

'e (r) J ?(,..), COOT

B8TCTBJ~IIlll8 napaueTpau pacceRHIIR Ha o6peaaHHOu noTeHqllaJie V(r') &(r-r'). 

Ypal!HeHHR (3,3) O'leH» yJ(06Hu )ll!H 'IHCJieHHb!X pacqeTOI!. B KB'leCTBe npKuepa Ha pKc. 4 

CHJIOIDUUUII KPMBUUII HOK838HY pemeHHR ypaBR6RHI! (3,3) II BN'll!CJieHHUe/27/ napaueTpK'I6CKH6 ljiyHK-

111111 a0 (r} , ~ {r) , .f (r) )lllll 
15

0 
HeATpOH-HpOTOHHOI'O pacceRHHII C HOT6HUII8}[0U XaUaJ(Y

nzoHCTOHa. ~3 PIICJHKB Bli)IHO, 'ITO aljiljieKTIIBHUil pa)IKJC ~ o6pa~aeTCR B 6eCKOH8'1HOCTb B TO'!Ke, 

16 

I',7'e )lli~Ba p8CC8HIIR ao ( r) = 
BuqllcJieHI!e )ll!HHU pacceRI 

K~~Jiapou 11 Maeu/39/. 

3.~. nallbHO)le~CTBY~~~ geHTpE 

B cJiyqae )lallbHOile"cTBy~u 

E8H ljiyHKilllll 4 (') K) J71.8 He HBl 

H K)pHeBUUII OC06eHHOCTHUII. IT c 

qne; ru Tlma 1e"' llrlc 11 JC "'/~> • 

6&!!! paaBHT JleBH 11 KeJillepoviii 

c V >3 • Ba:rttHUII cnyqall. Kop.: 

~ (K.) 06Jr8)188T CJ!Il8CTB8HHOH 

napaueTpU HI!3K03HepreTI!~ 

..2JTz { e .iTt_ J kcJ~ f 

3)lec» R = hf...l"'Z,~ e.t, p = 

/!7 • 27/, )IJ[II BU'IHC!!8HIIH rra paM 

CII CTeuy ypaBH8HliH. TaK, Hanp~ 

a; (rJ = Vr, 

3J(6Cb 0603H8'l8HO: L I ( "/t<) = 

r)le I, (x), !( {x)- ljiyHKil~l! BecceJI 

)1][11 ~0 npOTOH-npOTOHHOI'O pace 

TMPHUUM JriiH~RMII, BUQIICJI8Hl!R n 

HOBCKOe B38~WO)l8HCTBI!e Hpll R)l 

3.3. TeHaopnu~ noTeHgHaJI. 

TOQH8R TeOpMR 3<jlq:eKT~BHO 

6URa paaBMTa Bs6HKOBUU/26,27/ 

l!t8H~II 

tj J~7-f 
1:; (' 

ij~m 



•) 
(3.1) 

ZHO HOliY'!II!:b g3 (2.23) C~CT&-

(3.2) 

a01 (o)= o J 

(3.3) 

pHHX ITOT8HU~8JIOB JI8!'KO KOryT 

3~8KTIIBHO!'O pa.!lllyca: .11JIIIHOII 

II ~p., KOTOPH8 onpeA8JIRIOTCH 

(3.4) 

lotf") 

T{r) 
? 

l (3.5) 

:11 a0 {r) J re (r} > .f(r} t COOT

frV&(r-r~. 

:a'leCTB8 np1111epa Ha p11c. 4 

!l!He/27/ napaweTpMqecKHe cjJyHK

lCC8RHilll c noTeHnllanow Xawa;nrx

•aeTCR B 6eCKOH8qHOCT:b B Toqxe, 

!'."~ )1JIIIB8 paCC8HIIR a0 ( r) = 0 

BH'!IICJI8Hfte )1JIIIHH p8CC8RHIIR H8 ITOT8HU118lle, 38Bi!CR!ll81&. OT CKOpOCTII, paCCt.I8TPIIBaJIOC:b MaK

~e~JI8pOI& 11 Maeu/391. 
3 .~. ~8JI:DHO~e~CTBY~~~ geHTpaJI:DHH~ noTeHgllaJI 

B cnyqae ~aJI:&HO.!IeilcTBYIOI!Iero., Hnnplluep, cna~a!l111ero CT8nenHHHM o6paaoM noT8HUilaJia ¢aao

ll8H ljiyHKUIIR ~{t;K) yze He RllJIR8TCH 8H8JIIITII'!eCKOll B TO'lKe k=O , 06JI8.1\8H JI0!'8PIIIjJMII'!8CKIIMII 

II KJpH8BHVil OC06eHHOCTRMII. noaTOMJ pa3JIOM8f.il8 (3.1) npi!HIIM88T 6onee CJIO~HHll Bll~ , BKJIIO'I8H 

t!JT 8:1H Tllil8 Jc"' !nJc. II IC "'/" • M . ljl . lji • .11JIH onpe.l\8JI8HIIR K031jxjl11Ui18HTOB p 83JI OM81li!R B 3TOL! CJIY'I88 

6EJI pa3BIIT J!eBII II KeJIJiepOli/Il/. 0HI! paCCMCTp8JIII ITCT8HUII8liH, o6JI8~8101J1118 8Cili&ITTOTIIKOII 0 (r-") 

C ).' > 3 • Ba~HHil cny'!all KOpOTKO.l\8 HCTBYilll\8!' 0 II KYJIOHOBCKO!'O ITOT8HUII8J18 ( Y = 1) , KOI'.l\8 

0{ {IC) o6na.11aeT cymecTB8HHO" oco6eHHOCT:DIO np11 K = o , 6HJI paccMoTpeH Ea611KOBNM/ I
7 • 2

71. 
RapaMeTpH Hll3K03Hepr8TII'l8CKO!'O ~ - paCC8HHIIH onpe~eJIHIOTCH TO!'.l\8 p83JI OM8HII6M: 

(3.6) 

3,lle c:o R =/;f...!"'Z,-?te\ ? = {.tkl!)-
1
, /.(J) - 113B8CTHaH ljlyHitUl1H. KaK noKaaaHo B pa6o•rax 

/1 7 ,27/, ~JIH BH'!IICJI8HIIH napaMeTpOB a/', If , j>/' Il80ClXO.l\li!I!O p8W8T:b 8H8 JI O!'il'lHJ!O (3.3) 

CIICT8llY ypaBH8HIIII. TaK, H8BpllM8p, ~JIH )!JIIIHH paCC8HHIIR a1,(r) IIM88T M8CTO ypaBH8HI!e 

(3.7) 

3~ec:o o6oaHa'!eHo: L 1 {~)={%./~I,(.t{i.i), /l,('lA.)=~(~)ft~(.!lyr;;), 
v !2V 

I').\8 I, (x), 11
1
{x)- cjJyHKUIII'I EecceJII! MHIIIIO!'O apryMeHT8, PeayJI:DT8 TIX p8C'l8T8 a1 (r}, t; (r) , .fJ,(r} 

.11JIH 
15

0 
npoTOH-npoTOHHoro pacceRHIIf! c n oTeHUI!BJI OM XaM8.llN- l'MOHCTOH8 noKaaaHN na p11c. 4 nyrlK

TIIPHHKil JIIIHMHMII. BH'!IICJI8HIIR ITOK838Jii1 0 'ITO ll. cjJ . cjJ ., IT03B OJI HJOIJ1llll Y'l8CT:b TC'lHHM o6p8301A KYJIO

HOBCKOe B3811110~8~CTBII8 Bpi! R;nepHOM paCCeRHIIIl, O'l8H:b Y.llOCl8H npll 411C~8HHHX pacqeTax. 

3.3. TeHaopHNll noT8HUIIan. 

TO'!H8R TeOpi!R 31Jxl'8KTI1BHO!'O p8)!11YC8 npll pacCel!HI!II H8 T8H30pHOM ITOTeHU118JI8 B M. cjJ.rjl, 

6IXJia paaB»Ta Ea6HKOBHM/26, 27/. B cny'la8 KOPOTKO;nencTBYJOII\8!'0 n oTenu11ana I!Cnon:oay~TCR paano-

M8Hilf! 

(3.8) 

I7 



113 ypaBHeHII~ (2.33 ) eJieJIYIOT el!eTellbl eBH38HHbiX ypaBH6HIIll )1JIH K8llt)10rO 113 3HB'IeHI!~ II- • B 

'l8CTHOCTII , .11JIH rrepnbiX (11•0) K031jxjiiiUeHTOB p83J!Oli8HIIZ (3.8) YPBBHeHIIH 11118 IOT Bll)1: 

A 1 = -1-l( (r"--11 r·NtJ't-.2T lr"-A r-7")8 r-.::7-f-f {.f.r-1}/1 .8~r-.U-.£ 
:Jo .t;J-f 7,7-f Jo :1 ( • Jo Jt1 ~Til 7o , 

g /- I T_ I :1 A -7-1-IJ( 7;~ /' -.T-f} .., 0 .t -.t7 
7o - {..tJ-I}(.t.7f3) :T ( r- Jo r ./ r - t-.::7• r / -f t.:r o.7# r -

I v ( .7 A -7dlg -N·I ( II I :Tf'.Z c -7-IJg -7-1 
- :ii-:{ .7,7-f r- J•r ./:To/' - .t:Jf'3 YJ;7f/(r - J•r ./.Tor " (3.9) 

C I = _f- V lr ::Jt--!_ C r -.::7-f I-:_ .2l 1/"2_ C r -7-IJg_ r -fn.,_ (.t.7f3) jl j_ ~ r -.u .. ~ 
.To .:Z:ff 3 7, 7ft ( 

1 
)'- ./ J \ J# / :Jo .p-1 7• • 

ZlJIHHOII paceeHHIIfl B 
3 S 1 -eocTORHIIII RBJIReTef! B aTOll eJiyqae Belii!'II!Ha A

10
• CooTHoweHIIR (3.5) 

:J ' 
eBR3biBB~T oeTBJ!bHNe rrapalleTpbl HII3KOaHepreTII'IeCKOrO S 1 paeeeRHIIH e )lpyrllllll K03¢$11UIIeHT8-

MII A:7n(r). 

3.4. PeryJIRPII38UIIR ypaB~eHIIII rrp11 HBllll'll!ll eBR3BHHbiX eoeTOHHIII!. 

Bee rrpHBe)leHHble Bblme yp8BH6HIIH )IJIH K03~11U118HTOB HII3K03HepreTHqe~IIX pa3JIOllteHI!~ ¢a3 

pacceRHI!H ITpl!rO)IH bl TOJ!bKO, eeJII! fiOTeHUI!BJI He CO)Iepllti!T eBR38HHbiX eOCT OHHI!ll. IIHal!e B HeKOTO~. 

poll TO'!Ke r, ,T aKa~ . 'ITO noTenuHal! V(r)Y{r,-~o6JIBJ1B6T YPOBHBII c HyJieBoll 3Heprllel! eBRall, rrep

Bbl~ K031jxjillljl!eHT a to (r,) II Bee OCTBlll>Hble ai!J, ('i} 06pa~aJOTeR B 6eCKOHe'IHOCT:b . ZlJIR (: 0 

3TO OTBe '!aeT XOpOW0 1!3BeeTHOyY ljl8KTY He orpaHII'I8HHO~ Belii!'II!Hbl )IJII!Hbl pacceRHIIH rrpll pe30H8HC

HOM paceef!HI!II HB ypOBHe HyJieBOH 3Heprl!ll eBH31!. 

Jl )1811Hb1X CJIY'IBHX lle06XO)ll!lol0 nepeljiopuyJIIIpOB8Tb ypaBHeHIIH (3.2), (3.3), (3.7), (3.9) 

T8K~Iol 06pa 30II, 'IT06bl Bee BXO)IH~IIe B HIIX BeJI~'II!Hbl CTBJIII KOJJe'!Hbllolll. nepBOe HeJIIIHe~HOe ypaB

HeH~e pc ryJIAPII3YeTeR, eCJIII f! OJ!Ollti!T:&/5 , 121 a!o (r}= ~o(t{r). YpaBHeHHe )lJIH ljlyHKUill! "'e{r) 

1111eeT BI!JI ; 

~ 1(r) = ..1./f V(r} [rtnCriol,(rJ- r-ft.;.,.~M}.t, ol (o) e 0 . 
t (3.10) 

npl! TeH30PHOM noTeHUI!BJie peryl!RPH38UHH YPBBHeHI!~ (3.9) )lOeTIIraeTeR aHaJIOrii'IHbiM o6paaow 
/17,26/ 

]I!He~Hble ypaBHeHHH Jll!H OeTBJ!bHbiX K031jlijJIIQ1!8HTOB atn{~ B CJiyqae UeHTpBJibHOrO f!OTeH

UIIUJia H ypaBHeHI!H )IJIR KOSijlljJHUHeHTOB Ae,, {r) , Btn {rJ , ~" {.-) np11 TeH30pHOII rroTeHUI!aJie 

IIOlltHO peryl1RPII30B8T:& , OT)IeJIHH paeXOJIH~IIeeR tjJI8Hbl/ 17• 27/. B '18CTH OeTII, 3TOrO IIOlltHO )1061!TDCH, 

Orrpe)leJIHR HOBble ljiyHKUIIII, HBJIH~~~~eCR K031jlijJIIQIIeHT81111 npll OTPIIU8TeJibHbiX CTerreHHX 

nonaraR, Hanp~uep, a 01 {rJ = j3 0,{rJ t::;.s -..t~ (r}, noJiy'IHII ypaBHeHHe JIJIH onpeJ~el!eHHH 
He COJ18Pll8~ee paC XO)IHUil1XeR 'IJieHOB 

tA-1 ~("}. 

.J3o, (r) 

j30: = -.i~01 V{r&ta{,-1-1-a{,){c.srJ. nlu..(.j- jr1 V{r.ta."<<.,--Y'r~o(0 ~</, f3{.;...to!,), JJo)=O. 

r · -0 

8qlqieKTI!BHbll! PDIIHYC rrp11 aTO M 

JIHpii30BBTb ypaBHeHIIH J1JIH CE, 

npo~e BCero, O)IH8KO , II 

CIICTCMJ ~JIH o6pa THbiX BeJI II'III' 

Til t- , r)le fat/"'J/>f CTBH• 

JIJIH ljJyHKUII~ ~ ... {I"} , II Hao6o 

4. npii6JII!llteHHble MeTOAbl• 

MeTO)I ljla 30BbiX ifJYHKUII ~ I 

PHil HOB biX rrpii6JIIIl!teHHbiX d·r· p~ 

4 . 1. EopHOBCKoe 11 IIOAII¢HU11pc 

KaK 1!3Be CTHo, 6opHOBCKc 

OTnpaBJIHTbCH OT ypaBHeHI!H (; 

~111111 ~ ~ {r,k} , rroJiy'!aell m 

fJ ~ (r, K}' 

no)leT8Bl!HH 3HU'IeHIIe (4. 1) B 

6opHoBeKoro np1!6JIIIllteHIIR. IToE 

MolltHo, OJIHBKO , rrpoHaBec 

HilT:& B YPBRH6HI!II (2. 23) qJieH 

Tor11a noJIYql!u/8/ 

r 

'Jftr;K)"'- f jar'~ 
0 

BblpallteHHe (4.2) OTBeqaeT rrcp 

JIHH (4.2) B KBB!IPB TI!'!Hbl~ ITO 

Hlle, MOlltHO f!OJiyqHTb HOBbiM pH 

AHal!orH'IHble rrp;16l!HJKeHHbl 

MeHTa 5 - MBTPI!Ubl , eCJIII HeX 

Hlle ~ (r) T8KIIM MeTO)IOM ' 

B CJiyqae HI!3K03HepreTH'It 

60'JHOBCK' e rrpH6l!llJOreHIIH )1810Tj: 

a 
,. 

a0 (rl = .J" . 



leHI!H l!lle lOT BH,l(: 

-.17 

r -.7-IIJ r -7-1 
.._ ./ .7o .I 

jl o1 -.17>".1 
(U~.J) -17-t '7, r . 

(3.9) 

~Ha A~o· Co o THOWeHIIIH (3.5) 
' 

r eTK'le~IIX paan ollteHHII ljiaa 

COCT OHHHII, HHa'le B HeKOTO~. 

neBoll aHe prHell CBH311 , nep-

6 e cKoHetJHocn. JlnR ( = o 

IIHbl pacceHHIIH npll pe30H8HC -

. 2 ), (3.3), (3.7), (3 . 9) 

II, nepBOe HeJIIIHeiiHOe y paB

YpaBHeHHe .l(JIH ijlyHKUHII o{f {rJ 

(3.10) 

TCH 8H8JIOr~QHblll 0 6pa3011 

Jiyqae ueHTPSJibH or o noTeH

n p H TeH30pHOM ITOTeHUHane 

llOC TH , 3TOro IIOMHO .1(06l!TbCH, 

·JlbHbiX CTeneHRX tAd dt("} • 

(JIH onpe!leJieHHH } 01 [r) 

3qxjleKTWBHblll pa.l(HYC ITpH 3TOM paBeH 'f!(r)= -2f01(rJ/J.;,'.{, {rJ , AH8J! Jrvi11Hbi!.: 06p8 3 0M MOY.HO p~ •y

i!Hpi130B8Tb ypaBHeHHH ,l(J!H CJIY118H TeH30pHOrO ITOTeHUW8J!8. 

npo111e BCero , O,l(H8KO, HCITOJ!b30B8Tb H8Pf!.l(Y C CHCTeMOII ypaBH6HHII .l(J!H ljiyHKUHll at-. (r} 
d -1 

CHCTeMJ ,l(J!H o6p8THbiX BeJIWt!HH f)ti"'J= a(, {r) , JierKO ITOJiy'la!OmyJOCH H3 (3,2), (3,3), B 06JI8C-

TW r , r.l(e fat/rJ/ >{ CT8HOBHTCH , CJ!e.l(yeT nepeiiTH K HHTerpllpOBBHIIIO CHCTe Mbl ypaBHeHI!I! 

.l(JIH i))yHKUHll ~,.{,.) , 11 Hao6opoT, TaM, r.l(e /~,(rJ/> I , MOlltHO BepHyT:&cH K nepBoll CIICTeue . 

4, npw6JIHllteHHble MeTOAbl • 

MeTO,l( ljJa3 0BbiX (jiyHKUHM IT03BOJI!leT HapH.l(y C W3BeCTHbiiiH npH6JIIIllteHHW.III lleTO,l(BIIII ITOJIY1111T:& 

pH)( HOBbiX npH6JIIIIJ!teHHbiX dlCpyYJI .l(JIH Bbi'IWCJieHHH lji83 II .l(pyri!X napaueTpOB paccef!HIIf! , 

4 . I. EopHOB CKOe 111 MOJ!li!I>HUHpoBaHHOe 6 opHoBcK o e np116JII!llteHHH . 

KaK 113BeCTHo , 6 opHOBCKo e n pw6JII1J[eHI!e npHMeHIIIIO, Kor.l(a fi ~(•:) ({ f • noaTouy y.l(o 6Ho 

OTOp8BJIHTbCH OT ypaBHeHHH (2.23), 0peHe6peraH B npaBO~ 118 CTI! ypaBHeHHH qneHSMH, CO,l(epxa-

111111111 i; ~hie) , ITOJIY118ell nepBbll! 'IJieH 6opHOBCKOrO pR)18 

r 

fJi{r,K) = -f j V(rV~·{t:r)tir' (4.I) 

00}1CT8BJ!Hf! 3H81leHI!e (4,I) B npaByJO 118CT:& yp8BHeHI!f! (2,23), IIOlltHO H8IITH CJie.l(ylOO\Hll 'IJieH 

6opHOBCKOrO npH6JII1llteHHH. 0 0BT OPHf! 3TY npoue.l(ypy , nonyqHM BeCb PRJ1 Teopi!H B0 3 yYnteHIII! . 

MOJKHO, O,l(H8K O, npOW3BeCTI1 118CTII11HOe CYMIIIlpOB8Hl!e pH.l(8 TeOpHH B0 3yY!lleHHI!, eCJIII c oxpa-

HIIT:& B ypaBHeHl-H! (2,23) IJJieH , JII1Hei!Hblll no ~ ~(r} / H ITOJiy'leHROe ypaBHeHile p emi1Tb TO'IH O. 

T o r.l(a ITOJIYIJHM/8/ 

(4.2) 

Bb1p8llteHIIe (4.2) OTBe 'laeT n c pBOMJ 1lJieHy M0}1111jJHUHpOB8!lHOrO 60pHOBCKOrO np116JIIIllteHI1f!, 0o,l(CT8B

JIHH (4,2) B KB8.l(p8 1'1111Hblll ITO ~~{rJ 'IJieH ypaBHeHI!H (2,23) H CHOB8 peW8H JIIIHei!Hoe Y PBBHe

Hile, MOlltHO ITOJIYIJI1Tb HOBbl~ pH)( MO.l(Hi))IIUHPOB8HHOI! Te opHI! B03J.IY!lle llllll , 

AHanor~IJHble npVt 6JIVtJKCI! Hble ijlOpyYJI!l IT OJIY118JOTCR .l(J!H IT 8PUII8JII>HO~ 8MITJIHTY.l(bl pacceRHIIH II 3Jie

MeHT8 ~- M8TP11Ubl, eCJIH HCXO,l(VtTb H3 ypaBHeH~II (2 . 24) ~ ( 2.25), BeCbM8 IT O.l(p06HOe paCCMOTpea 

HHe st (~") T8KHM MeTO,l(OM 6biJIO npoBe,l(eH O KJIRpOM, Kp!Orepou I! <l>lmrr/
41

•
42

/. 

B CJiyiJae HI13K03HepreTH1leCKOrO pacCeRHI!H 60pnOBCKOe HCOOTBeTCTB8HHOIIO.l(l!ljJI!UI!POB8HHOe 

6 o:JHOBCKc e npw6JIVtl'teHHH .l(aJO/IZ/ .l(J!H J1JIVtHbl pacceHHHn , npc.l(en ReMoll ypaBHe HI!ell (3.3), 
f' 

ac (r} = J V[ .. ') r '.t.,U.I 
0 
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(4 . 3-) 

(4 , 4 ) 



EcTeCTBeHHO ~U8TD, qTO pH~ MO~HWH~HpOB8HHOM TeOpHH B03MJ~8HH~ nyqme annpOKC~M~pyeT W83Y 

HJIH ~nHHJ pacceHHHH, qey 06HqHOe 60pHOBC KOe p83JIOXeHHe 1 H 6HCTpee CXO~~TCH. B 3TOM MOXHO 

y6MHTDCH c IT OMOIIU>Il puc. 5, H8 KOTOpOM ,IIJ!f! IT01'eH~~anHoro 6apDepa V(r) = e {.t-r) 

noKaaaHo/IZ/ noBe,lleHHe TOqHoro pemeH~H a.(r) ~ np~6nuxeHHHX pemeH~~. nonyqeHHHX ~3 
(4.3) H (4.4). ToT ze BHBO~ cne~eT, eCJIH CP8BHHTD C paanozeHHeM ITO CHne CBH3H/4 Z/TOqHoro 

pemeHHH paanozeHHH BHP8X6HK~ (4.3) H (4.4). PH~ npH6nu~eHHHX WOPMJn ,1\nH cne~HBHDHOro cny

qaH CHHrynHpHoro n cTeH~Hana nonyqeH Kano~~epo/22,36/ , Kano~epo H KaccaH~po/25/u ~ou6H/37( 

AHanorHqHoe paCCMOTpeHHe HBTPY~HO npOBeCTH ,IIHH 6onee CHO~HHX cnyqaeB npucyTCTBHH KJnOHOB

CKOro riOTeH~Hana H TeHaOpHHX C~H H Ha cnyqa~ penHTHBHCTCKOro pacceHHHH. 

BuecTo 6a3HCHHX WYHK~l'lll, OTBeqalli!IHX CB 060,IIHOMY ,IIBI!lieHHIO .k{Kr} , n1 (1cr) i!HH KYHOHOB

CKOMJ noTeH~Hany !( (o-,zJ , ~ {xr,?) 
1
, MOllHo Bb!6pan, oqeBH~Ho, n106y10 ,11pyry10 cl!cTeliY WYHK

~ull, OTBeq81li!IHX KBKO~-TO qaCTH riOTeH~H8H8 V,(r) • ilpH6HHZeHHOe BHqHCHeHI!e W83 pacceHHHH 

c ucnOHD30BaHneu ocTaHDHoll qacTH noTeH~Hana V-~ cooTBeTCTByeT TOr,lla HaBeCTHOMY ueTo~ 
HCKBMeHHHX BOHH B TeO~H H~epHoro pacceHHHH. 

PaccuoTpuu, HSKOHe~, npe,lleHDHHil cnyqat.l 6onDm11x aHeprull. B HepenHTHBHCTCKOM cnyqae 

3TO 03HaqaeT k__, oo • HeTpy~HO BH,lleTD, HCTIOJID3YH BCIII!ITTOTHqecKHe BHpaMeHIU! (I .4) ,1\nH 

WYHK~H~ PnKKaTu-EeccenH, qTo 

i.?{ (K) ~ "' jL; _/ Yf,.J.tr - o . (4.5) 

B YHDTpapeHHTHBHCTCKOU cnyqae, K8K ,1\HH pacceHHHH 6030Ha, OriHCHB8eUoro ypaBHeHHeM 

Kne~Ha-fop,IIOH8 (2.44), TBK H ,1\HH pacceHHHH ,11Hp8KOBCKOI\ qaCTH~H ( 2 .47) .CKBnHpHH~ riOTeH~SH 

\f(~J ,118eT B W83Y Hcqe381ll!le M8HHII BKJ18~ (4.5) riO Cp8BHeHHil C KOHeqH~ BKH8,110M OT qeTBep

TOII KOMriOHeH TH BeKTOpHoro, B qacTHOCTH, 3HeKTpOCT8THqecKOrO riOTeH~HBHB ( f = j:t f{zj 

f "" 
ij ~ (k) ---# - kc }ep(rJol.r 

0 
.) 

k~= (4.6) 

PeaynDT8T (4.6) CBH38H C TeU 06CTOHTeHDCTBOM, 'ITO 3~KTHBHOe B3811UO~e~CTBHe penHTHBHCTC

KOB '18CTH~H C BeKTOpHHM riOTeH[JHBHOM (2.45) pacTeT nponop~HOH8HDH0 3HeprHH. 

YpaBH6HHH (4.5) H (4.6) npHrO,IIHH, KOHeqHo, TOHDKO ,1\nH HeCHHrynHpHHX riOTeH~H8HOB. B 

UpOTHBHOM cnyqae CHe~eT BH~eHIITD 06H8CTD paCCTOHHH~ r~~ OKOHO H8'18H8 K00p,IIHH8T, r,11e 

cnpaBe,llnHBH pa3HOZ6HHH (1.5). Tor~a UOZHO riOK838TD/ 22f, 'ITO C~BHr W8 3W B03p8CT8eT C 3Hep

rzeB, HO He 6HcTpee, qeu nepBaH cTeneHD K. 

B cnyqae 60nDIDHX 3HeprHI\ UOXHO T8KXe, HCXO~H H3 MO~HWH~HpOBBHHOrO 6opHOBCKOrO npH6HH

zeHKH ,1\nH WYHK~HB S{(r,K) , npocyMMHpoBaTD Bee napuuaHDHWe aunnuTy,IIH 11 nonyquTD aHanHTH

qecKoe BHP8Z8HHef42/ ~H riOHHO~ 8MriHHTY,IIH pacceHHHH J'(B) 

20 

4 2. KBB3HKn8CCI!qecKOe np116J1 

B pa6oTe nameHa/15/ 6~n 
H3BeCTHHX ¢opMJH KB831!KJ13CCI! 

fr ~I 
~HTepeCHO I!CCHe~OB8TD ITOBe~e 

np11 /1-?o • PaccuoTpHM cnyqa~ 

Tor,11a ypaBHeH~e (2.6) npi!MeT 

cf 1
(r-J:)=-

0 J 

3aMeTIIM 0 qT O ~83H, 6y~ 

L\I!HMII II . CooTBeTCTBeHHO w 

J;[r,i)=i -

Tor,11a IIO~HO riOK838TD, qTO rip 

Ta paBHH : 

cot; ( et>) = 

Paano~eHue (4.9) He HEn 

f , a He UOMeHT /; t , II 

TlF!eCKO~ TO'IKH 3peHI!H. TaK, B 

ra ¢83~ no creneHHM napaMeTp 

B3DMMO,lle ACTBHH . AHanorKqH oe 

4. 3 . Bap~ta[JHOHHHe l.leT OlJ 

l\B.K 6;tn0 TIOK838HO Cnpax 

rwryT 6wn c~opr.ayn11poEaH~ HO 

3b!B8eTCH , 'ITO TOl!reHC rl 83!> H1J. 

~~{lc)= stat f
it 

n;m BapH8[JI!HX 'PYHK!jl!ll Yt (r} 

qeH~H nrH6i!HllteiiHblX 3H'l'I8HI!ti 

,11e 11HH G •• r, .• BeCbMa TO'IHO EI<Ci; 



JIYlj])!B annpoitellllllpyeT ¢aay 

:e CXO~IITCR. B 3TOII IIO~HO 

:pa V(r).: 8{..2-r) 

Je rneHIIII, nony'!eHH~ 113 

!M ITO CII1Je CBR3H/4 Z/TO'!HOrO 

JPIIY1I ~R cneulla1IbHoro cny-

Jo 11 KaccaH~po/25/11 ~olleiH/37( 

JyqaeB npllcyTcTBIIR KYJIOHOB

JcceRHIIR. 

~{Kr} , llt(Jcr) IIJIII KYJIOHOB

JIIDCiy ro ~pyryro CIICTeJIY ¢YHK

Je Bbl'!IICJieHHB ¢ 83 paCCBRHHH 

TeT TOr~a 113BBCTHOJIY lleTO~ 

Hepe1IHTIIBIICTCKOII CJiyqae 

:Kile BblpaMeHIIH (1.4) ~H 

(4.5) 

JllllCblB8BIIOro ypaBHBHHeM 

( ? .47),CK811RPHhl~ DOTBHU118JI 

KOHB'!Hblll BKJIB;iiOM OT '!BTBep-

reHUII8JI8 ( t = /t: t) 

(4.6) 

B 38IIIIO~eRcTBI'Ie peJIHTI'IBIICTC 

bHO 3Hepri'IH. 

1HryJIHPH~ noTeHuHaJJoB. B 

J1IO H8'!8JI8 KOOp~I'IHBT, r~e 

31'1r ¢a3bl BOapacTaeT c 3Hep-

JBaHHOro OopHOBCKoro npiiCiJIII

lYDJIIITY~hl II llOJIY'!II TD 8H8Jli'ITII-

4 2. KBa311KJJaCCII'!ecKoe np11Ci1111~eH11e. 

B paCioTe nameHa/ 15/ 6~110 IT OK838HO, '!TO 11 . ¢ . ¢ . MOMeT Ci~Tb IICIT01Ib30B8H ~1IH IT 01IY'!e HIIR 

113BeCTH~ ljlOpJIY1I KB8311K118CCII'!eCKOrO ITp11Ci1III~eHIIR Dpll ycr.GBIIII 

d~ 1!../E- !j-l~({lfL - V(r) 
1 

<'< f . 
I'" ..t,.hO"L (4.7) 

11HTepecHo 11ccne~oBaTD noBe~eHIIe c~Bilra ljla3hl ~aHHoll napu11a11bH O ~ BOJIHhl { KaK ljlyHKL\1111 i 
rrpll t~o . PaCCMOTpiiM CJiyqali e~o • Bhl~BJIIIM ABHO 38BIICIIIIOCTD OT /i II liOJIOJ!tiiM .lmc£ 2 f · 

Tor~a ypaBHeHIIe (2 . 6) np1111eT Bll~: 

(4 .8) 

3aMeTIIM, 4T O ¢a3hl, CiylJ:Y'!K He'!eTHblllll ¢YHKL\IIRIIII k = /;. _, , f!BJJ R!lTCR P.e •reTHhiMII ljlyHK-

UIIHUII t. COOTBBTCTBBHHO ¢aay <f {r, k) MOlltHO IICK8TD B Bll~e pa3JJ OMeHIIH 

(4 . 9) 

Tor:z~a JIOJI[HO liOK838TD, '!TO rrpll peryJJHpHOM B TO'!Ke I'= 0 IT OT8 HL\1181IB nepBLJe ~Ba KOO¢IPIIL\116H-

T8 paBHbl : 

d
0 

(co} .!. JV(r;dr 
.2. 0 (4. 1(1 ) 

I 

.J:&j <><;{ao)= V~J ex;(- (4.II) 
{.2- V{oJ]! ..2- V(oJ 

P83Jl0JI[BHIIB (4.9) He HBJIHeTCA KB8311KJI8CCII'!BCKIIM, T8K K8K np11 3 TOM t;'IIKCII py e TCH Be JJII '!IIH8 

t , 8 He MOMBHT l;t , lllleRJmllll KJI8CCII'!BCKIIM npe~eJI. 0 HO rrpe~CT8B1JHeT IIHTepec C 118TBII8-

TI1'!BCKOtl TO'!KII apeHIIH. TaK, Bb!p8JI[61!lle (4. II) l!OK83blB86T , '!TO K0 31;jl lll.\ll6 H T~ p83JI OM6HIIH C~Bil-

ra ljla3~ no OTerreHHII napaMeTpa A: OO~Bjll!t8T cymeCTBBHHblB OCOCieHH OCTII OTHOCII!6JibHO CIIJJ~ 

B33V.MO~e ti CTBIIR . AH8JIOrv:'!HOe 38KJl!0'!6HIIe 11011{1!0 C~6Jl8TD 0 pa 3l!Ol!CeHIIII C~BIIrOB :j)a3 llpl'l t > 0 

4 . 3. BapHBIJfl OHHble r.~eTO)Jhl . 

!\ax 6;1n o n oKaaaHo Cnpaxo/71, Kano~Mep/8 • 9 • 13 • 16/1'1 TIITue/
3 8

/," n paMKax M.1J .q• . 

IAOryT Ci b!TD OljlOpJIYJJ11pOB3Hbl HOBble B a p :'3L\HOHH~e lljl~liil.\ 11 llbl ~JJA rjJ83 poC CBAHIIR . B '!8CTH OCTI1, 0K8 -

3biB8eTCA , 'lTO TaHreHC rJ 3 3!>1 RBJJH6TCfl CTBL\11 < H3 ('Hhi M 31 1 !llBHII6M cpyHK[\IJr HUJia/
9/ 

I 
I oo ~ 

~~ (1e) = Stat -;;/d.- V(,.; {.f/~<rJ -ltfr)/Jt ("'"!/ x 

lt X e.¥f' r .:J J ar1 Vrr'J 1/((~<r ') r~· (Ja·'J- jt(r'JI}(!U-&_j (4.12) 
r 

n;m B3 p118!\I'IAX '"YHK!\1'111 Yt (r} Bb!p aRelllle ( 4 . 12) MOlKeT CJJYl'ti'ITD IIOXc'nHOM QC PMYJI O~ ~Jifl n ony-

'!eH~H npH6JJ H1KeHHhlX 3H'>'!BHH!1 zj1(")• 3HaR rroTBHL\I'IBJJ V(rJ , MO ,'I{H O BBWY HarJJH,Z(HOCTII n oBe 

~e HI'IR g,.q,. B6Cbll8 TO'!H O Bl<<ipaTD HCXqH~~ Bl'l~ npo CiHON q•yHKl\1111 lft(r). HanpiiMep , B3HB npoCi-

2I 

-



HY!!l ~:fllKJ.VIIl !It {r) = 0 , noxy~HK MO~H~HJ.VIPOBBHHOB 6op~OBCKOe npH6RMKBHHe (4.2). 

Ecne OOTBHJ.VIBR BC~~ O~Horo 3HBKB, TO BCTD npHTHrHBBil~~ HRH OTTBRKHBBTBRDHHA, IIOryT 

6~TD c~opuynepoBBHH napea~eoeHHe n peHnenH/IG/ uaKceuyua HnH KHHeuyua WYHKOHOHana (4.·I2). 

B 3TOII cny~ae BapeanMOHH~i npHH~Hn 0 0 3BORRBT 0 06BHTD BepXHHi MRH HHXHMA npe~BRH ~30BNX 

C~BHrOB B HX OpOH3BO~RNX 0 0 3Hepree H IIOIIBRTJ. 

AHanorHQHHe BapeaneoRH~e npeH~HnH, ecrecTBeHHo, u oryT 6YTD nonyqeHH ~R ypaBHeHe n 

(2.24), (2.25), ~R BHQHCRBHHH napalleTpOB HH3K03HepreTHQBCKOro paCCBHHHR H ~R O~BRKH 3Hep

rHA CBR38HH~ COCTORHH ~ . B OTneqHe OT CT8H~BpTHHX IIBTO~OB . B8pHBOHOHHHe npHHoHnH ~R ypa B

HBHMR PHKK8TH ~a~T B03MOMHOCTD He TORDKO ynepe HHO H8XO~HTD KnBCC npo6H~ WYHK~H~, HO H 

O~eHHB8TD 3H8K H BBRH~HHY n onyqaeiiO H n or p emHOCTH. 

5 . HeKOTOpHe o6~ee BonpocH reopee noTeHyeanDHoro pacceRBHR. 

C n OIIOmDil IIB TO~a ~30BNX ~JHKoHi IIOXBO 6onee npOCTHM M Harn~BHK, qey 06H~O, o6pa -

3011 n ORJQHTD KBK H3BBCTHHB Te ope~, TBK H pH~ HOBNX peayRDT8TOB TB OPHH OOTeH~HBRDBOrO pac

CBRHHR. Hexe 3TO ~B IIO HCTpHpyeTCR HB pR~e npeuepoB. 

5.I. AH8RHTHQB CKHe CBo\cTBB napyHBRDHNX aunneTYA pacceRHHR. 

B pa6orax Kano~epo/I4/e ma~oHa e reuHere1231u.~.~ . 6Hn npeueHeH AriR eccne~oBaBHR 
8H8RHTKQBCKHX CBOACTB nap~H8RDRHX 811nRHTY~ pacceRHHR. E~o OOK838H0/23/, QT O ypaBHBHHe 

(2.24) o qeHD y~o6Ho ~n H npRuor o aHanuaa o c o 6eHRocrea napnHBRDHHX aunnery~ f't (~, k) 
B KOIIOR eKCH~ OROCKOCTRX 3HeprHH H JrROBOrO IIOMBHT8. UpH 3TOII OT08~8BT He06XO~HIIO CTD 

HCO ORD30B8HHR T8KHX BCOOIIOraT BRDH~ BBRHQHH, K8K ~HK~HH ~OCT8. B pa60T8X/I4 ,23/ 6HRH 0 0-

nyqeR H BCe Teope iiH Pe~xe H ~pyrex 8BTOpOB, OTHOCHTBRDRO uepOIIO~ROCTH 8MORHTy~ pacceRHHR B 

061!8CTH Re e ~ - .& ' ex 8 H8RHTHQBCKOro noBe~eaeR npll e .. ,., ' KOIIORBKCH~ o6naCTRX no-

K8i!H38~HH OOR~COB 8MORHTy~, KHHBII8THQBCKOrO paapeaa, H8QHHBilmerOCR 

IIOMH~ ~HH8MHQBCKHX pa apeaoB B KOIIORBKCHO« OROCKOCTH 3Hepre«. 

npH K=O , H B03-

HpyrHII npHIIepOII npHROEBHHH 11.~.~. K 06~11 np06i!BII811 TeOpHH IIOZBT CRJXHTD HCCIIB~OB8BH6 

BOnpoca CXO~KMO CTH MBTO~a nepaTH38~HH. 9ToT IIBTO~ 6Hn npe~OEBH KBK HHCTPJMBHT npH paOOTe C 

HenepeHOPIIHpyeuHIIH TeOpHRIIH DORH. Ero 8H8ROrOII B HepenRTHBHCTCKO~ TeOpHH OOTeH~H8RDHOrO 

p8CC6HHHH HBRRBTCR YTBep~eHHe, QTO ~83Y paCCBRHHH HH CHRDHO CHHrynRpHOM npH r=O OOTBH~Ha
i!B V(r) uoryT 6HTD nony~eHY, KaK npe~enDHYe aaaqeHHH ~as pacceHHHR Ha perynRpH30BaHHOII, 

B qacTHOCTH, o6pe aaHHOII a a uanHX paccTORHHRX noTeRoHane V(rJ & ( r-t) np11 6 .... o 

PaCCIIaTpiiBHH, Hanpeuep, ypaBHBHHe ~R ~HH~ paCC6HHHR (3.3), MOKHO OOK838TD, qTo ero pe-

IIIBHHe a. (oo, £, jJ npe noreHnHane V,: j~r-'l&{r-t) p8BHO 

a 0 { oo, e, j) == j t/. {jl-~ 
' 

j>O (5. I ) 

TaKHII o6paaOII 1 XOTH pa~eyc CXO~IlMOCTH TeOpllll B03MYIIIBHH~ paBBB £ H CTpeiiHTCR K ftYRil np11 

t-+ o , t;,., a..{f/ ~eicTBIITenHo CYII\BCTByeT H panea aHaqeBHil a..= 1 ~H HeperynRpKao-, 
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BBHHoro noTeH~eana. 

5.2. qeCRO CBR38HH~ COCTOHH 

MeTo~ ~aaon~ WYHK~e~ n 

~Rfl ~HCRB n1 CBR38HH~ COCT C 

~He Kn8CC noTeH~HaROB, G6na ~ 

MOIIBHTOB e ~ L • 
C 3TO~ ~BRDil emyTCfl non 

Beqa~~ee, K8K OTMBQ8ROCD BHID 

QTO noTeH~ean V(r) BC~~ HB 

H~ COCTORHH«. PeayRDT8TH 8H 

Ill ~ no ~ 

HHl'tHRH Ol\eHK8 

n, ~ f j + ~ 

3~ecD {} oaHaqaJOT ~enoqecn e 

npe B ~A • BeneqeHa rp R 

K3 y ci!OBH~ (5 .2) H (5.3) Cll e 

Q~CRO CGCT ORHH H IIOMBT BOa pac 

8 CHIAnTOTHQBCKH 

1lTO Kac aeTCR YCII OBHR, n . 

e ~ L . TO OHO Hl!ee T BH.l{/3I. 

00 

J -
• frr 

lli!H S- cocT o RHII~ ( L = o), H: 

v( 

r~e E >o, 9 >o - npollaB c m 

~aeT HarnR~ HY~ HHTepnpeTa ~ll~ 

C QHCIION CBR38HH~ COCTORHH~I 

5.3. G6paTHaH aa.na 11a pacceRrH 

YpaBHeHHR ~R $a30BO~ Q~ 



oe npH6n MzenRe (4. 2). 

BM OTTBnKMBBTeRbHYU , MOrJT 

MJIYM8 \IIYHKW!OHana (4.12), 

H HMXHHU npe~eny \lla 80BNX 

nony qeHY ~H ypaBHenHU 

paCC6RHHH H ~R OU6HKH SHep-

8UHOHHYe npHHUHDY ~H ypaB

c n p o6HYX \IIY HKUHll , HO II 

B H8HYM, qeu o6YqHo, o6pa 

Te opHH llOTeHUHBnbHOro pac-

HMeHeH ~H IICCBe;l{OB8HHH 

3880/23/, qTQ ypaBH6HHe 

x aMl!nHTy~ It (ao, k) 

Tfl888eT He06X08HMOCTb 

B pa6oTax114•23/ 6YRH rro

\IIRo cTH 8MflnHTY8 pa cceHHHR B 

, KOMDneKCHNX 06B8 CTRX BO-

OCR llpll K;O , H B03-

MOZe T CBYMHTb HCCBe80B8HH6 

KBK IIHCTpyMeHT llpH pa6oTe C 

Oll Teopi!H llOTeHUHBBhHOr o 

aryn Rpaou n pH r~o noTennua-

HIIH H8 p erynHpii30B8HHOM, 

'&(r-t) n p11 6 -> 0 

EHO l!OK8 38Th , q TO era pe

BHO 

• 0 (5.1 ) 

H CTpe MIITCR K eynll llpll 

a.= f ~H HeperynHpiiBO-, 

• 
BSHHor o n oTe HUHana. 

5,2, ~CBO CBH38HHYX COCT ORHHU B 88HHOM llOTeHUHBne , 

MeTa~ \118 30BYX VY HKUHU n o aB onaeT , KaK n oKaaan Kano~Mepo/3C-321, n ony4HTh HOBYe oueHKH 

~R qi!CB8 n
1 

CBR38HHYX COCTORHHA B 88HHOM llOTeHUM8n e M H8"TH llpOCTYe ycnOBMR , onpeAeBRD

ll(i!e Kn8CC llOTeHUHBnOB, G6B888Dli(HX fl O !t paUHe U u e pe 01\HHM CBH38 HH!iM C O CTORHHe~l C K8llt81iM H3 

MOMeHTOB e ~ L • 
C STOll UenhD H1!1Y_TCR l!OBDC8 pemeHH " ypaBH 8HHR PHKK8 TH ( 3 . 2 ) 8 BR ilJYHKUHH af <> ( r) , OT 

BeqaDII(He, K8K OTMeqanOCh BYIDe , CBR38HHYM COCTORHHRM C Hy neBc ll 3HeprHell CBH3H , ITpH yCB OBHH , 

qTo n oTeHu Han V(r) BCI08Y RBn Re TCH n pHTRrHB810liiHM , 4 Hcn o n omocoB onpe71enae T 4Hcn o CBH3aH

HYX COCT OHHHll , PeaynhT8TY 8H8BH3~ T3KOBY/30~ BepXHRR OU8 HK8 ~H He CMHrynR pHYX l!OT811UH8BOB 

I 
V ( r) ~ 0 ( 5 . 2) 

HHlltHRR OUeHK8 

hi ~ {j + j fx,. /nUt {9 ('fr/~ - ~) (9r) -.t!J . 
0 

( 5 . 3) 

3;l{ecb {} o aHa qa!IJT n eno qHcneHHYIO qa cTh BYpaJKe HIIR , mi.. [II, B)= A npH A ~B H paBHo B 

rr pH B ~A • BenH4HHa q, RBnRe TCR n p c HaBon hHoli n ocT oRHH oti c paaiAepH OCThiO o6 paT HOC! 81111111>' • 

11.3 ycnOBII ll (5 .2) H ( 5 , 3 ) cne8yeT , 4T 0 0 8CBII f/ RBRRe TCR KOH CT8HT OU CBfl3H llOTeEU118B8 , TO 

l!licn o CGCT ORHHli NOllteT B0 3p8CT8 Tb C pOCT OU ~ He 6YCTpe e , qe~l KB88P3 THb1U KOpellh , TO eCTb 

8CIIIil!TOTI!qecKH 

( 5 . 4) 

lJTO K8C 8eTCfl YCB OBHR , llpi! It< TOpOM B llOTeHU,!18Be Vfr) C08epJI(8TCfl CBR38HHI~8 COCT ORHIIR C 

e ~ L ' TO OHO HMeeT Bi!i
3I/ 

"" d{rrJ I Vr .. J/ 
/ r 'rJ .tL '1 A. + ( 'rF.tL I VtrJ/ 

> f (5 . 5) 

JlnR S - c o c T ORHHll ( L = o), HanpHuep , aT OIIJ' ycn oBli!O Y8DBn eTBOpReT nnacc rr oTei! UHanoB XoohT eH8 

V(r) == - (5. 6) 

r8e E >o, 9 >o - np o llaBon h HYe n ocToRHHble , KaK y:'lle 6Yno oTue qeao B P8 3!1en e 2, u . q, , ,~ • 

;l{BeT H8rnR)! HYIO HHTe pnpeT 8UilD Te opeMe JleB>1HC OH8 0 CBfl 311 ljl83Y pa cc eRHHfl rrpH Hy n eBO« 3He pr llll 

C 4HCBOM CBR38HHYX COCTOHHilll/8/, 

5.3, 06p9TH8fl 381\8 '18 pa CC e HHHR . 

Yp8BHeHIIR ~H \118 3 'lBOt1 i(lyHKUIIH ( 2 . 5 ) H 8BR 8PyrHx n a pa r.teTpoB paccenHHR MOlltHO Yl c nonb ao-
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B8Tb ~nR H8XOXneHHR IT OTeH~HanoB, npHBO~R~HX K ~8HHOyY 3H8'16l!HD C OOTB6TCTBYID~ero napaueTpa. 

Ha npKuep , nycTb ~3BeCTHa BenHqHHa ~RHH~ paccenHMR Ao. Tor~a,3a~anancb npoH3BonBHO~ 38-

B~CH IIOCTbiD ljiy HK~KH ao(r). y~oBneT!lOPHKJIJ(e~ rpaH~ 'IH~ll ycnOBl!nrr'l aD (o)= 0 ' a,(eo)= Ao J 

Ha~~eu 1!3 (3.3) 

V(rJ = a/ ( r) 

a. (rJ =A, r(r-r~?oFt [r- a"rr;J.2. 
, Tor~a V(rJ= A.!.r-'f 

0 

(S.7) 
Tan, ecn11 

Yp8BH6HIIR M.ljl.ljl. ~8KJT TBKXe B03MOZHOC TB HOBan ITOCTBHOBKII npo6neu~ OT~CK8HHR IT OTeH

~IIana V(r) , ecn11 113BeCTHa 3BBHCiluocn naHHO~ ljla 31:1 4 (x) OT 3l!epriiH E=k2 no nce11 IIHTep-
Bane o~ k < 0o 3anHmeu ypaBHeHIIe (2.23) B BHne: 

DC 

J V(r;A;f":,k)dr = Jt{k) 
0 

(5.8) 

3~eCB ~{K) = k~~M - 113BecTnan IPYHK~llR, a nnpo liHTer panBnoro ypaBHeHIIR 

• 
}( (r,K) = /.ifx~)- f {rjlc}h (k")?.f ~ 0 
( '! "! t'.l (5. 9) 

RBJ!R6TCH ljiyHK~OH8JlOII OT ll(rj • YpaBH6HH6 (5.8) RBJ!R6TCR HCXO~Hblll nyRKT OM HTepa~HOHHOrO 
npo~ecca ~nn onpe~eneHI!R V{r) , ecnH paccuaTpiiBBTb ero naK IIHTerpaJIBHoe ypaBHeHIIe ~pe~
r OJibMa nepnor o po~a c H3BeCTH~II nnpo11. B KB'IeCTBe nepnor o mara IIO~Ho, aananancb npo6Holl 

V(Dj ' -1- (•} 
ljiyHK~Hell (r) , onpenenHn 1!3 (2.23) Ha'!anHoe ana'!eHHe ~nl! TaHreHca ljia3 bl Lt (r.,x) 

k {o) 
I! no~cTaBl!TD ero B nnpo (5.9). C nony'leHHw llnpoll t {fjk) peruae11 ypanneHHe (5.8) 

V{f) 
11 HaxonHM cnenyvll(ee npH6nl!xeHHe nnll rroTeH~Hana (rJ • nonTOPl!l! Ty xe rrpouenypy,~oc-

TaTO'IHoe ~»Cno paa ITpH~Bli K l!CKOliOyY pemeHHKJ V {r) • MOMHO OZHnBTb XOpomelt CXO~IIMOCTI! 
HTepa~IIOHHOro rrpo~ecca llpH YnB'IHOM Bbl6ope rrepnoro llpH6JIIIM6HHR vt•)(r) 

3aM6TIIM T8KMe, 'ITO ll.lji.¢. 0'16Hb y~o6eH B MO~ennx THITa MOnenH C rpaHI! qHbiMH YCJIOBHRMI! , 

B KOTOp~ nei!CTBI!e H61!3B6CTHOI! BHyTpeHHelt 'IBCTH llOTeH~IIana 38116Hl!6TCl! orrpeneneHH~liH rpaHMq

Hblllll 3H8'16HHRlill ~nR ljia3 pacceRHHl!. 9TH rpaHH'IH~e YCJIOBHR RBJ!HIOTCR T Or~a HaqaJibHbiiiH YCJIO

BI!Rlill nRR ypaBHeHHI! (2.5), (2 .23) II npyrHX. 

~)Heo6xo~11uo TaKze, QT o6~ rrpH 11ax~ r npoii3BOnHaR a.1(~) y~onJieTnopnna ycnoBIIRM 

-I< a;{rJ ~ 1 , cnezyv~11 1!3 (2.I8) 11 (2.2I). 
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6 • 3aKnto'I6HII6 

HODblil ljlopuanH3ll KB8i!TOI 

npellyY~eCTB nepe~ CTBH~apT 

'l~cneHHbiM cnoco6aM pac'!eTa 

pHil ITOT6H~HBRBHOrO pacceRH 

H0"/29/11 UTOMHOtl/40/ ljlH311 

M3no~eHHe MaTep11ana n 

nynKTbl ueTona, a c npyroll~ 

Henocpe~cTBeHHoro npaKT H'Ie 

O CBe~aRIICB B6CBM8 Kp8TKO C 

CnenyeT nonqepKHYTB, 

noRa aHanora ypaBHeHIID nnn 

HB Ilp:J i13BORBHOII IT OTeH~Hane 

nByx Ten ,3a.na qy Tpex vr Clan 

~Mana, 38BHCR~ero OT BpeMe 

B 3RKnro'leHIIe OTMeTIIM, 

Kanonxepo , HaqaTblll 6onBmo~ 

M~ npii3HaTeJIBHbl npc 

KOB II npenpiiHTOB HX CT8T6~ 

onHOH pa60Tbl, ITOCBRIJ(6HHOil 



lO COOTBeTCTBYKlmero napaueTpa. 

8,llaB8RCb rrpOII3B OJlbHOI\ 38-
) 

aofo)=o ) aD(«>)= A, J 

t. -If r 
(S.7) 

ITp06J!8MH OTHCK8Hl!R ITOTeH-

31ieprl!l! £ =k2 BO BCell IIHTep-

(5.8) 

8J!bHOrO ypaBHeHl'IR 

(5.9) 

AHHM nyHKTON l!Tep8[1l!OllHOrO 

TerpanbHOe ypaBHeHIIe ~pe.n

uo~uo, sa.naBaRCb npoOHoll 
+ (•} 

Tanreuca i{laabl Le (r., Jc) 

pernaeu ypaBHeHI!e (5 .8) 

BTOPRR TY ze npoue.nypy,.noc

ol!tl!,naTb XOpomel\ CXOJJ.IINOCTII 
vr•J(r} 

en11 c rpaHI!tJHHMII ycnoBIIRMI! , 

8HR8TCR onpe,neneHHHIII! r paHI!tJ

TCfl Tor.na HatJaJibHbllll! ycno-

6, 3aKJIIO'I8HII8 

HODblll ljJOp1.18JlM3!1 KB811TOB01l 118Jl8Hl!KII, onl!C8HHCIII Bblme, o()na,naeT, K8K Cl biJIO OTII8'!eHO , pR,llOII 

npel!MJmeCTB nepe,n CT8H,ll8pTHblll 118TO,ll011 pemeHIIR ypaDHeRI!R llipe,nl!Hrepa. 8TO OTH OCI!TCR KSK K 

tJI!CJieHHHII cnoco()aM paCtJ8T8 ~83 II ,npyrl!X napaMeTpOB pacceRHIIR, T8K II K o6ml!N BOnpOC811 TeO

pill! noT8HUI!8JlDH OrO pacceHHIIR. M.~ . ~. OK838JICR OtJeHD YA06HHM npl! pemeHIII! IIHOrl!X 38,ll8'1 R,nep

HOii/29/11 <JTOMHOil/40/ ~1! 3l!Kl!. 
M3JIOM8Hl!e M8T8p1!8Jl8 B8J!OCD T8Kl!M o6pa30M, 'IT00H C O,llHOil CT OPO HH nOK8 38TD l!CXO,llHHe 

nyllKTH MeTO,ll8, 8 C ,npyrol\~,ll8TD OCHOBHH8 ypaBH8Hl!R II pe3yJIDT8TH B ljJopue, npllrO,llHOII ,llJIR 

Henocpe,llCTB8HHOrO npaKTI!tJ8CKOrO l!CnOJID30B8Hl!R. Hce 6onee CJ!O~HH8 l!Jlll CITeU118JlDHHe BOnpOCH 

OCBemaJIIICD B8CDM8 KP8TKO C yqeT OII TOre , 'ITO no,npo0HOC TI! COflepM8TC R B opl!rl!H8J!bHHX pa00T8X. 

Cne.nyeT no,nqepKHYTb, qTo pR.n BonpocoB eme ~.neT csoero paapeweHIIR . Ta K, Ha npl!Mep, HeT 

IT Olta 8H8JI Or a ypaBH8HIIlO .llllR <p830BOii qyHKl\1111 , nocTp08HHOrO ,llJIR nOJ!HOH 8MITJ!IITY 7lb1 pacCeflH I!R 

Ha upJV. 3BOJ!bHOII noTeHUHane . EblJ!o 6bl IIH Te pecHo paccMOTpen B paMKax u.!Ji.~. ,KPOMe aa.na tJII 

JJ.BYX TeJ! 13a .na qy Tpex II Oonee Tell, He IICCJ!e,llOB8H C 3TOII TO'IKI! apeHIIR T8Kl!tC cnyqal\ nOT8H

U118JI8, aa BI!cHmero OT Bpe MeHII • 

.i3 3aKJI 10'18H118 OTM8TIIM, 'IT O 6CJ!bWIIM BKJIS,llOM B pa3BIITl'l8 M.~ . i{l . f!BJ!R8TCH UIIKJ! pa00T 

Kano.nzepo, HaqaTblil 6onbmoii CTSTbel!/8/ . 

MH npii3H8T8J!bHH npoi{lecc opy Kano,n~epo l'l ,npyr1111 8BT0p8M 38 JID083HYIO rrpl!CbiJIKY OTTI!C

KOB l'l nperrpl!HTOB IIX CT8Tell II H8,ll88MCR, 'ITO He OCT8Bl'IJ!l! B CB08M 0630pe 083 BHI!M8Hl!R HI! 

O,llHOH pa00TH, ITOCBRmeHHOII MeTO,lly ~830BHX i{lyHKUIIIl . 
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