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1. Principle of compensation. 

We shall discuss in this paper possible generalizations of the compensation principle 

of the "dangerous" graphs in the ca.ses of the spatially inhomogeneous states and deter:

mine its connection with the method of the self-consistent field too. 

When .. we must investigate an effect of the ·dynamic system the external inhomogeneous field 

then the problem of the electrodynamics of~J:h~ J3_Uperoonduoting state may be here an important 

example. 

Let ~ c""iJ be the veotor-11otential, depending on ';;[_ . , then the Hamiltonian of one··ne.c-:..:.. ... 

tron will have an additional term 

which disturbs ·the spatial homogeneity• 
. -

Note that the presence of the- terma of _this type makes the compensation of the graphs cor-

responding to momenta ~,- K: 

of the Fourier .components 

insufficient. In fact, determing 3i<t) as the superposition 

K1K2 .. 
·we see that in the same sense the graphs.witharbitrary·momenta •trill-be' dan~erous, in any case 

the graphs for which is sufficiently small. It is clear that it in impossib-

le to exclude them by our ordinary canonical transformation, mixing up the amplitudes of orea -

tion and annihilation of the momenta ~~~ 

UK lor lfKl 

; since it includes only-one arbitrary-function 

In order to compensate graphs with any pair of momenta we must use the more general_canoni

oal transformation, formulated in the paper /1/ 

a}=~ lt!;vclv-<-1ffvd.-~J 
(1) 

where f=cp,G') 6 - is spin index, UJ~ , lf f ~ - are arbitrary functions, connected 

by orthonormality relations 

(2) 

Just these relations provide canonical character of the transformation considered (1). We study 

here for simplicity the generalized principle of compensation in for the Hamiltonian of the di-
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rect interaction between·particles, since in such a case the first approximation leads to a 

nontrivial result • 

.As it was noted earlier 2
, ·the insertion of the electron-photon interaction, for example, 

requires to use the second approximation. Meanj.ng various applications let us take the expres

sion of the total Hamiltonian in a sufficiently general form 

t-l =[T (f,f'>a1a;· ... iE1I!f<.f~;fl,f;Jaf,af. a;l af: (3) 

Tc},f'J=I Cf,f'J-ltcfC/-J'J 

where A is the chemical potential, · I - the Hamiltonian of particles, V - is the inte

raction energy. 

VIe suppose here, that I and V · comply with the conditions of symmetry Hermiticity e.g. 
I • 

!h!L££!!!I!~!!~li2B..E!in£!£!L2.L!!~!!~!QJ!.L~J;!{!llh§..J:.B-ihe_Q.Q!!Sider.!!.Lf!t!!L~E2!!.l!!~:!:.ion~ 

<otv, otv, H>. ==0 (4) 

The expectation value in the state Co corresponding to vacuum in the ~ -representation 

o('} c. "'0 C0" ci.~ = 0 (5) 

One can expand the Eq. (4)_substituting the expression (1) into i~ and calculating the expecta-
·. 

ti.on values. 

By means of this we obtain explicit equations for determining the unknown quantities u,v 

which· are i2-E~_§..Ql!.!!.!!_together_!iih_th_!!._Q£B!!!_:!:.i!!.B§_(g). 

In a number of case~ it should be more conveniently to write down these expressions in a 

slightly.different form. Show for this, that fro~ (4) it follows 

Jl s <.[a;~.a)z ~ Hl>o==O 

(6) 

J3 == <. [ af~. a;,·, H] >o =- 0 

Indeed 

u =L. .([( uft vj civl. ... 0~.v~. JVt )( Uftvz clvz .... 0z~z ?Lyz ), H] >. ==· 
~~ . 

·=~ ... U;.v, u,.v, <. r:Ly, d)!, H -H oi..,.L o£.,~ >., ... D., uft VJ Vf, V:. L. oe.li, d Yt. 1-J- H OCy[ ~vz>o ... 
,, • V-t,YZ . . 

Due to (5) 
+~ ,, 1fJ1. Vt U.j~J}~ <. J.~t d. Yz H- HJ.y, c<. ~ .. >o + L 1fj., Vt V;2 Vz ~ cty, d:,. H- Hd:. J!L tl. >'t. >o 

t, •:. Vt,ll.t 

H 
+ ... . + . + 

.C. olv,ol.v,>=- <.oc.v~. oLy2 H>=<.ot.y1 d.,;, H~ ==<-Hd.v, oc., ... >. = 0 
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and besides 

It follows from (4) 

JJ. = L U f• ~t Uf; v1 <::. oL V! :X Y.z H >. - L Vi 11. Vf V ,£ ci. ,,2 ,1 v1 J-1 >," = 0 
, '\Vz -. V1 ,v2 

1 1 
;. • . . • 

One. proves similarly the second Eq. (6). It is not d;lfficult to make· sure, that. (4) follovm 

from (6). Thus both systems (4) ·and (6) are completely equivalent. 

Now we show that ll and J3 are not_ independent. Firstly we transform the orthono:c-, 

mality relations (2). Insert the combined indices 
\ -

9 = (j, PJ ; _j)='Oi . I 

i.J ==<v.n; T =- 0, i 

and put 

.. 
lf,, 0 ( j, 0) =- L j-J) 'fv,o(/, 1 j = "U jv . 

':J V,1 ( f, 0) = U fV · tfv,-J. (j, !) =1JH 

In such notations the considered relations take the usual form 

It' . f '1w Cf)llfw Cfl=oc3-fj') 

it follows from this 

or in the old notations 

By means of these relations it is not difficult to express the amplitudes 
... 

of a, a 

Now we turn our attention to the identity 

+ 
d,c:L_ 
I 

(7) 

(8) 

(9) 

(10) 

in terms 

(ll) 
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-< [ d.., d.... ~ H] >o = 0 
, L Y.Z, , 

(12) 

conditioned only by the properties (5). Substituting here, the expressions (11), we find 

r; ..:.[(Uf~ af;..-{fhv,af )(U1.-v,afz. .. lfjzvzah)i H]>.,=-0 
}J,fz 1 I 1 . , 

or expanding 

L. uj, "' ufz v. < [ af, a J• ; H] >o + L UJ,_ Vt lfh Vz < [cth Q fi. ; 1-ll>o + 
f., ft ,.. ,. . . · . hjz. . . + . • ... Ff,. l!f.v, uj,y, ~[aft a h. ~ Hl::: ... F.. h Vf•"• Vf, ~."'[aft Qh ; Hl :}r 0 

forms 'u, and ]5 are connected. by the identitiesx · Thus, the 

E { uM ... iiMz :1'0 i j,' f.t.) + uf; v, lf.hvz ;,U (j,, f.t} + 
~h • 

.:-{jldt UMi ll(f,,ftJ ... Vf), Vf. ... v, :1'3 Ch,fzJ}==o (lJ) 

Now we proceed to obtaining explicit expressions for ';U and Y.3 • We have 

lL (ft.}.t. J =~ {T Ut.f) L a 1 a;. >o ~ T !ft,fl ~ aJ, a1 >.} + 

"'L 1J(ft,fz;f2.,NJ~af; a1/>.• 
}~ fl . 

· +[;' V(ft,J;J;, J.'J<a1 a;~. afi a1/ >o .... 
~~h . . . • . 

... 'E 1flf,f~.; fd, fl) .(, Qf Cl!J O.Jl 0-f.' >o 
and also I,IU.' . . 

10 lft,f. > =2:: { Tc J.,n-: a1, a1 >o- T ( f, f, J "'- il1 a12 .~) --t {1/Cf~.J;if,ft J<-af' ar af'cih >~.:. ·. 
' < f, fi.Jft1 

' ' + +' .t 

-l.fU:.,f; h', f,') <.a;~. afp J~ a1; >.} 
The vacuum expectation values of the type ·. 

(14) 

(15) 

F(f,f'>=.<a1 ap>. ~. cbcf,,l .. J=..c..aj,a1.>o. (16) 

F'.z(f,.f:t; f/ I f.'>= L_ af,_ a.,. all aj; >. . 

. ct:J:z.U.,f,,f,,J~>="'- a;.a;. aJ,a;, >.. (17) 

" 

-~----------------------· 
XJ Note.that if' in (6) for ;u J ·'P.J we changed the averaging over the vacuum sta-

t ~ Co by averaging 

over some distribution D 
then the 

to the diagonality .of D: 

.and consequently 

Se ( .. :D) 
Sp 11 . ' , • 

diagonal in the representation ... nv··· ( n,.. ""J.,civ J 
identities (lJ) would take place for .Y.t = lh ~ In fact due 

Sp cJ. civ H D J :: Sp ( H Dd., ct.") :: 5p < H Jv r;).• DJ 

.[ d-v <tv; H] =0 

.. \ 
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~ 

are determined by means of (1)' expressing th~ amplitudes a., a 
way we find 

in terms of ~.~ 

.. 
.. ' 

- F U •. fz' >F c f2 ,h' J ..-ct.rr it, f, J c/J( h', /~ J 

Substituting.these expressions into (14), .(15) we. obtain explicit expressions 
U Ut,f: )== U<ft,f.z IF ,it:>) 

We have, for example 

where 

Y3 ( ft, h) ::: 'YO ( h I h I~ ,ct:J} 

-u (;,,h. I P ,41) ;;:1 {E (J,..f) tP C.f,h)+- E !f:,f JtP c h, n} +

. -t-$ ( ft,h )-E{F' If, fL) S U,f.z.).,. F'C I, h.JS ( 11,1)} 
• f . ' •' . 

• In that 

(18) 

(19) 

(20) 

(21) 

(22) 

so, our genera.lized principle of the· compensation leads in the first approximation to the equa-- .,. 

tions 
(2J) U (.h, J; I r:, ct1) = 0 } 

15 Ut,h. IF', c/J J::: 0 

which have been obtained earlier [J, 4] by means of generalization of the well known the-.'Fook 

methodeS~ Besides these expressions we have one subsidiary condition according to which the fun-

ctions F , cp can be represented in the form (18). It would be useful to form~la.te such ·sub-

sidiary condition in forrr. of a set ·of relations, for F, Q:J 
• r.et us note that from (18) it 

follows 
¢1 ( h ,fl.)" -(j) ( ·h ,h) (24) 
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1/c introduce again the combined indices 9 , W and consider the matrix 

K cg, ~'> ~ ~ ~"' <9llJt.) (~'m.; (25) 

in which 

n =t \1,0 nvl =0 
I 

~~hen 

,. 
K (J,oi i:oJ=L 1fJv Vf'v:, 

. 'Y 
K u, o ; 1-~ 1 J = E Vj v u f'~ . . . v 

K (f, i; 1; O)=L UH Vf•v • , . )/' . ' 
J{(f 1· P u==[; Ufv-U"v 

I I I . 'Y J 

"' \'le obtain from here, according to (2) 

F ( 1: f]., - cb < f,PJ 

. K(~,g'J=, 4J"U,J.'J] d'<J-f'J-PC:f,f') 
(26) 

On the other hand we see from (25) 

·and eigenvalues of the operator /{ 

pro~ection operator and therefore 

that · lfc.l.f9l;rtw are accordingly eigenvectors 

• As these e'igenvalues are- equal to zero or unity, /{_ is 

/{= 1{2. (27) 

Expanding this relation we find subsidiary conditions which must be satisfied by the fun-

ct1ons p and cP 

F' Cit, f:) =7{P (Jt,fJ F ( f,f: J+ cb (J, hJ d:J < f,'f:~l) 
\ 

E{ PUt,JJcP ( f,J,.) + PChf J cP < f,hl} = 0 
f 

(28) 

Now we show that the-condition; (24) and-(28) are completely equivalent-to the condition that 

the functions P, cP can be represent;ed in the form (18). So, w~ have to prove, _that any· 

P and cp complying with the conditions (24), (28)' can in fact be represented in the form 

(lS), First of all we profit by the conditions (24) and introduce the matrix K (9,g') 
by the relation (26),· Owing to (24) K is -Hermitia~ and t~erefore may be represented in form 

(25) where ~~ (9) will represent the· orthonormalized system of the eigenvectors 

of J.<. • Let us make in the space of the points { 9} point transformation T , 
substituting ( J, O) into ( f, 1.) ·and vice versa. We have 

TK=l{ rt~, Tg;J= 
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rJ'(f-f'J-P(f1 f')
1 

cb {f,f') 

-4J (f, f'J" ' F Cf',f) 

In view of this property it is not difficult to see, tha.t·if lff9l is any eigenvector 

of the operator K and . n is the corresponding eigenvalue than .~ ( T9 J, J..- n. 
are the eigenvector and eigenvalue of ~ too. 

jw} . 

Thus, the num~rationro-f the eigenvectors and eigenvalues of the operator .{1{} one may rea-

lised by system of the two .indices . { V, 't"} ( t" "':0,1.) , putting 

nvc=n-;.; 
I . 

rlv;i = i -l'lv (29) 

* lfv,t (9J =lfv ( T9) 
K=K• 

Now we use the conditions (28) from which it follows, thatVind hence nt.l = 0,1. r,et 

us at.tribute to ny unit value, and to 1 -nv zero value, eliminating by means of this the 

ambiguity of the in~ex c..J into,<V,O) and (V,i) 

After determinj.ng 

Vv ffJ 
lf v,o ·I g) lf v,J. I~) we can obtaif the functions Uv (f) 

1 

by means of relation (8). Since ·lf w ( ~) form the orthonormalized 

system we see, that the obtained functions lA , 1f ·satisfy the relations (2).Fol' the .. end 

of prove we ha:e only to ex~and (25) and note that the representa.tionx) (18) follows immediate

ly from them. 

So we must solve the equations (2J) together with the subsidiary conditions (24), (28) • 

There are no functions lA , 1f in thein. After obtaining expressions for F and c:tJ we can 

determine a system of the functions {11,1!} 'using the above mentioned method. 

Let us.stress here, that the determination of the system {u,v! has large ambi-

guity. Indeed let lfv,o (g) be orthonormalized.system of the eigenvectors of the opera-

tor corresponding to the eigenvalue equal to unity • If we subject it to arbitrary uni-

tary transformation we obtain. again the ·orthonorm~lized system of the eigenv·eotors of the ope -

rator K , corresponding to the eigenvalue equal to unity. Tbe same re -

mark is true'for 

We see that the systems {lfv,o 1~1}, {lf'..,,t (9>} are determined only with.the 

.x)iti;-{~;;;;;ti~;-to -:-~~t~ if we dealt with functions satisfying only the conditions (24) 
then after making once again these considerations we should obtain instead of (18) repre-. 
senta.tioris of the form ,.. · ,.. ' 

F ( f If') =Ly {1ffv 1fpv ( L- rly) ... u,Y.uf'V rtv} 

.P (f 1 f'l = L ~ {IAN 1fty <i ..: rtv J -r 11j. ~ Uf·~ rlv} 
Let us note if r and ~ are determined by means of averaging 

. F' (f, f') = s p {cif a f' D}. ( s p Dr'; . QJ u, f'):: S,; {a f Cl-f' /)}. ( sp ]) ) _, 
over any positive statistical operatorDthen the operators K, ·r-~ must be both non~ne
gative ·and therefore, in the obtained representation o .6 rt 

11 
~ 1.. 
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accuracy of the arbitrary unitary transformations over the index "V • Therefore, the functions 

{ ll ,v}. have the same degree of,the ambiguity. 

As we noted already· the equations (2J) are not independent, since the .forms ~. 71; 

are connected by the identities (lJ). Therefore.in a number of cases 'it is conveni

ent to consider onex) of them 

U c J, , fz. I F' , l1J J = 0 

together with the subsidiary conditions (24), (28~. The second of the Eq. (2J) will be carry 

out automatically. Let us consider as an example the problem of the determination of the ground 

superconduoting state in the theory of superconductivity. Let us put in our formulae 

f:::( p I (J) where p - is momentum and o - is spin index and we shall denote 

the two values of the latter by symbols + and -

We take as usuallyxx) 
.;:, I Cp,p'J =E Cp)O(p-p'J 

VU •, fiL ; t1', J,') = Tl P.' Pz ~:; 'Ell d'c p, ""Pz. - p1' - p; JCI'urr 6/ JC G:.- G~' l 
(.)0) 

where V is the volume of the system. 

;- is supposed as real function invariant with respect to the transformation of the 

reflection of. momentum p -- p • It is not difficult to check then·that' we satisfy all 

the equations and subsidiary conditions by putting 

F'U,f'J=F'cpioCJ-J'>, 41 < J,f'J=d'CJ ... f'>dJ<fJ 
(Jl) 

cP ( p , ... ) =-tP c p) cp (p!-) ==cia ( pl 

where · Prp>, cP C P J are real functions\ of P .·· , invariant with respect to the transformation 

of the momentum reflection. They are determined from the ~quations: 

2~(p) d:Jc pJ ... ·!-~,_ECPl '[] ( P,- P;- p', rJ>cP c p'.J =c 0 
P' 

. . 
I=' ( p ) = F' z ( p ) ... $11 ( p) (J2) 

x;-;h;-~~;;-;;-;rt;;-;;hen cfl. e o. Then, the equation • U"' (i · is carried out tri-
vially and we must restrict ourselves· to considering the equation "J'5::: 0 

xx)Here we ~se a d~screte delta-function, i.e. the Kronecke~ symbol 

d'rp>=i 

cfcp> ~0 

p = 0; 

PA 0. 
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where 

Put here 

Then from (J2) we obtain 

Jl.f p) 7 nl<P)..-Ct(pj 
! ' ' ;_ ~ (J4) 

r: ( p) = 1 { i - ·~ J 
and make sure that c ( p) .. .·satisfies the equat;o~. 

C j_ rJ' I I .J:.i£1.- 0 (pJ+y~ .(P,-P~.-:~,.PJ 2Jl.<p'J- . 
. . . P• •. ·. ' ~ '-; ''· . , ' . . . · .. ' . 

(J5) 

As one· can see we come to the usual formulae of the theory of superconductivity,. 

One may determin~ the corresponding !unctions { U, 11 J , putting 

Uv lf.J = U < pJcf.! V'-j '· , V 1 <fJflf(f)dc,V..._fJ 
~\. . \: (.36) 

: where· 
7JZ <P> •Fe P) 

'· 

·. 2. !te~aod.o!..tD!...!ui:2.9aU!t!!ll 't:i!ll<!·~' 

We considered up to now. only the probl~111
1

~f determi~tion.of the gr~~d state, independent 
"'; ., ,· :~' l ~ 

~. '"' . ., . . 
on the time. It is not dif:t'ioult however to,generalize the method of the (.plf-oonsistent field 

! ' . ' ~ ~ : ' • ~ :~ • • ., •• '. : • :: :. • • • " • • .• 

for studying processes, depending on the timo. Let us introduce for t!lis' !unctions depending lln 

the time. 

(.37) 

and VIe shall consider the amplitudes a . :l.n Heisenberg-:repres'enta~ion •. ~he aver~ging' 

····· ·_··sl(<ii'D> ,, 
.. , . . . A .-:::. . :$ptJ:>. d • • •• • • • • • • : : •• " 

performs here .over some statistical operator Cj) which does not depend out .• Now we note that 
• ~ .. ' • -: • .- ~ .-. ,. < '· ; ·-~ • • • \ ,, } ,, • ' \ •• ;. 

the exact relations 

. :c°F~tfi J. :~ ~,.af,aJ,; HJ ;, i 8 P'l:,··£~.';:CqJ,Ph; rf.l 
yield from the motion equations or in more expanded form 

i a E (Jt · !t ' . = ~ { T c f: J J !="' c h ~ f J - T < f, Jl ) P c J, h J J -
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- L I { 1! ( j /, f z.1 ~ .f' h ) ~ ( J l } Jl ; j' h ) -
f,ft'.J. ' ' ' ' 

·" ' .. ' '·~ . ; ,. ! • ..: . ~, . y f ' ~: " ·~" c~&) 

-1[ U:,J; 1:/, ft' JPz. ( J~..f ;<f~', Jt' J} 

_"i·-~QJ ·(!.1 : lzJ ·~ [ { T~ft) )cb)})jz)~ T (f;..f )cjJ(j~. .f >} -t-

J . . . ' ,. ':.:· '· ' 

. :;"·· "' -t" \' '1/(J j ;·:ihJi'JCt/( f.2).f 1 ) -t-
LJ 1, l. I 2. ' .. ' 2. 

.JUl · · · . (39) 

·~ ~· - ' 

+ ~ 
1 
{VUt..f; J,;,c f11 )cfz if; 1~. .f,/ , J/) -t; 

J.ft.f: . 
-·· 

.··;· 

-t· V (}, 'J/;tl:/ ,'f/JiJJ~ /J/J~} fz' frJ ' 
.• ft; . .: .. ::: ~~ .~· ·'.<_·~-· 

( ~ 
. ~' \ 

where again 
;~• / -. '; .,( I, 1".; +~':;;., ~-,_ · Pz ( h, f~, ; lz ,!~.. J= ah aft. all aft (40) 

· cPz U1 ; !~. , h; J~ J · == a/1 aji aJJ 9-fv : ; 

According to principles of the theory of distribution function chains we should express agai~ 

-%f-
1 
~r '·in terms Of 'the distributi~n'funotio~s: of higher order and SO on. The 

transition to the closed system of the approximate equations might be performed due to "unlin

king" of one of these equations, for example, ·'by means. of some suitable approximation which ex-
. : ' . '·. . .. . ·... . . .. , ·" . ~- . •' . :,.·' -: . . l . ' . ... 

pruses the highest correlation function of this equation in .. te;ms of the lowest ones. In the 
' ., ; • , t '' • . ' < ., ~, ; :·•' . _·I '. < ~ ' ' ' ' ' , •• ·.' ' ' ' • , ' •• I 

-method of the self:..oonsi~tent field w~ restr1ot .. ours~l.ve~ only t'o 'the' fi~st ~·quations (Js),(J9) 

~b.taiied. aiready'· and. ~~b~'~itute: ·ap,pr~x,i'Mately :· j:'~ cp2. ·. int_o ';· :p: 4>' • L~t us ta~e these· 
. •, ... x)··· .. '·.~ .. · <·"·.: ~ .. -~, .. _, .. ~··:;:. -~_;_; . <··"-~.: -~- , ~ ;~_,-"f,·. ·/·· :;.. . 

. functions : · S {a+ (.L)aJ •t·J~ ' { · } 
F(J f J 

_e £, .. z, "' .rh( r c)::. Sr a.t.lt>auw'D 
,, z . :ip<JJ . 4' J.t,Jl. $p'l:J 

·· fzrJ,£ Jz', f~'J =- Sf_{aj, c1:J~i· <tlf:.f1rt:a;.'!tJ~} (41) 

and suppose,. that the· statistical .operator t]J, is' diagonal,j.n. ~he repre.sentation of · · · n.~ ' 
' • ' • • •• " • • •• • " • , .. • +- ·~ -~ * ' : • ' ' -~ .. : • - •. •. •• ·• " 

. . . , . in whioh It v = C:Y; (~ >. o(.. ~ \b) • Strictly speaking one may make 

such an assump~ion only for.one fixed time momentum since 1J remains constant and 
. . . '• ,. + • . . · ... 
.. d (t ), d. ( t) in the general case vary with time. Nevertheless one may con-

sider our assumption as. true one :for the. first approximation in oases when'thema:ln part of the 
• .. • • • • • . ' '- >;' . • • • 1" 

Hamiltonian H in amplitudes : oL have the. following form: 'E JL c Y > ol-; d. Y . . y 
;: 

XT"!tfoii;;;-;;;;~his that P 1 cp satisfy always the conditions (24) 
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then in 11zero approximation11 the equations of motion will be: 

for them 

rl1 c i ) d y it J = Ccn!t 

Here the main part of the dependence af(t;} 1 rlj (-l>}from t ·, so to say, is compensated· 

by the time dependence of the functions 11 , V • Using the mentioned approximation we 

substitute the expressions (I) into· (41) and perform the averaging with account .of the 

diagonality of CO in the representation ... V\.~.:. · 

We get 

•nhere n~ 

We obtain also 

, . -p (~1 )z) ::~{ l/j,y 1fft,y (1 - fi v) ... Uj,v L/:f~V fiv}· 

:• .. ·. · ... . cfJUs,fz)=-~{Uj,v1/j"'v(1.-iivl+-1f:fivlf}zv iiv} 
is the mean value of : .: .·. · · . .. · · 

' ~ ' 

·F'i( !•.it; Ji,.h'J=F<t..J,'JP ( h, !; J- r ( 1. ,f,:; F' ( J~ .J:'J ..-Q:J ( 1 • .1~ J lP ( ;,; ;,: ; 
.. 

. 4Jz (11 ;·fz.J.J.f~) = F' ( fi.fz )cP!f;,f, ).-F(J;,J. )cpU.t,fJ)~ P Cfs,fJ )cp:u~. f~ )' 

(42) 

(4J)' 

.(44)·· 

.·substituting these expressions (4J),(44) into the equations (Ja), (J9) we obtain time. equations 
• ., ' ' ,. c • ' ". • • ' ~. • 

. ;.of the. sel~-:consistent field in the form: · . 

'} i ocP (ft':lz) = Jj <J1,L/F,cP) :. . 
l j BF' ( ~1tr Jzl:: J3 U1;f.t IF,c:P~ (45) ,, 

It is not difficult to note, that the forms. J.!- ·, 13 have the same expressions as before • 
-· ~" j , <' '~ .· ;,_ ' , - . ~ " ~- • 

~his is conditioned by the • ooinoidenoe o£ .the. r.h. s. of t'he Eq. cJS), '(J9) wlth corresponding: 

expressions in (14), (1!5) and the coincidence of (4J) with (ig),. (20)' •. We; ;;a_;· consequently use 

the properties of U and "f3 which have been established before. Now let 

us· turn our attention to the identity (lJ) which, is .t.rue in th~ oon~id~~~d case x) with \11= Vz 

Basing on this identity, let us set up an important 'property of 'solution of the Eq. (45): 

··\ '; (46) 

which holds for every solutior 
'·: 

x;-_A;u-;~;-not;d7;;;ll~;ihe identity(lJ) is true with arbitrary Vi, V.t if in the formu-
lae (42) all the ~Y = o. 

, . .. 
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In other words we show that the eigenvalue of'the 

variation. But according'to (25): 

operators K remains constant with time 

lfw R = Yiw'lfw 

Therefore, this assertion will be prove as soon as. we. shall make sure that with any W 

2;·lf"(9l oK. c9,9')'tf ig'>=O (47) 
g,g' df; . w . 

But since-always: 

t'tvi = 1- iivo 
we see that it is sufficient to prove the relation·(47) only for.. w = c v,o) 

the operator K and the formulae (8) we obt~in~ 

Using (26) for 

\' lf (_a) ciK (g,g') If (G'J=-"-v.; .H dFcJ.f') r ,j: u dctJCJ,f'l _\' u lf.,,dcPff.f'l...-
f_, ~o J dt l~o J L Yf Vvf' dt + L . ~~ Yf' dt f.., "I r, cit 

s. 9' f.f' . f,J' .. · ... ct p (j, j') f,f' 
· -+-L 11 ~fu f' ~-

from which according to (45) and (1.3) we have: . f.f' r dl: 

i L,lf~0 <gJ dl<. ~~·g') ~yo lfJ::. [, {V;.1 1/vf' J3 (j,}') ... lfv; Uvf' "JJ(j,f'}~ Ur} l!vf'J1 (f,J')+-
g,~ . . f,J ~ . 

• . -+- U.,f Urf' J3 U,!'J} = o 
this proves our assertion (46). · 

We have here a typical property of the method of the self-consistent field • One does not 

take into account relaxation effeots.If.any set .... nv·.·· is conserved then the 

particular system YLv=O is conserved also which corresponds to the 

ground sta'te considered_ above• Therefore , the Eq. (45) are consistent. with the subsidiary con

ditions (28). Let us write these equations and the subsidiary conditions in -~ - representation 

-for the case,·when: ' 
I= (P-~ A )2 

\ 

and the interaotion.is described by the potential function 1! <~t; ~~) which does not 

depend on velocity and spins. We have x): 

.CJQJ('t,,~·J . { i~...e.lcz.))i_,_(i~··eJfcz~>)~ 
L l!'r<l'r - <1'<: •• - :;l A +- • cH . · 2m . . 

(48) 

-r j V ( z .~· l~ F'611 ( 't', 'Z' )dz' .... jVc 'Z.t. ,?.' J ~ F'56 <-<', 't'Jd.z'} cP<:r,G"2 < ~., z .. >.,. lfcz,, z .. ) .Po.,5• < z,, 't•)-

(49) 

-~ jd-z,'{F'a5• < 7.', ~. l 1Jcz', L.:.JcfJ6,6cr, c 'Z~'l.t J+ FoG, cz~ -z~. J1f<'~,, ~· JcfJ~;, 6 c'l1, 'Z/. i} 
(l - d j 2J -ioF'e . .-.CZ .. "''•1={ciiJ"i .... e:fiC'l2lJ

2
-fi'if.-·e 1 l'l·~> F, c~ 't ;-r 

in 2 m . ""•C3'z . '' z 

xr-;;;;;-;-~~r and rr ctz I 
is three-dimensional element of volume. 
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(.50a) 

(50b) 

As we see all this system of the equations is gauge invariant. The gauge transformation 

- . -+ a 
e Ji ('l.J -efl ('Z-J _,. .:lz lf<"tl (51) 

is compensated by transformation of the function -

<P ('2; 7: >-lP (~ ·'Z >e'('f'<•,,•'fn.!) 
rii,t5,. 17 ~ G,C1z , ,, z (52)_ 

L' (" ) __.__.. ~ (,., , Je' L(-'f<?,J.-tfa,J) 
16,,(;;,. ~'/'-: rr;;,G,_ '-•.~.z. 

The gauge invarianoe is conditioned here by gauge invarianoe of the Hamiltonian. When conside-

ring here the problems· of the theory of superconductivity in a model with direct interaction 

of electrons depending on velocities the corresponding Hamiltonian is already no longer.ex<_!.ot

ly gauge invariant. This property is carried out only approximately, therefore the equations_of 

the method of the self-consistent field will . be gauge invariant with the same degree of appro -

ximatiori. It is essential to~note, that the approximations themselves used by us do not distore 

the gauge invariance. _This problem is discussed also in 4. 



- !6,-

J. ~~~~~~n~~-ll!~-W~~!~~~~~· 

Now independently on the above consideration we shall consider the correlation function 

F'1 Ut,}z i J} 
1

ft') 

taken in -~ - representation. We put here j-=("l,6) where 6 is some discrete, for 

example, spin index. Let this function may be represented in the form 

F'~ ( ft, fz·, 1z' 
1 
J/) =E 4-'n* <ft,ft. )lj}n. (J;,Jl) 'I"~ 

It 
(53) 

so that 

1) when the_spaoing between the pairs ( Jr, J~) and (.ft', f/) tends to the infini-

ty the additive term Fz vanishes rapidly enough 

2) when the spaoing between the points }1 and f.z increases infinitely the funo-

tion "¥tt. ( fi, f:) tends to zero and the integral 

fl 4-'r~. (ji.J~ )lzdfz = j flt'n. Ut ,}d/2
d}:z (54) 

is convergent. 

., ·Then it is evident that we can interpret '\("' ( ft f:.) as the wave function of the 
' 

pair of particles which is in one of the bound states, and the integral (54) interpret as pro

portional to thfil density of the number of .these particles in the point }t , which are oonneo-. ' 
ted by pairs in the state V11. • 

Let us consider from this point of view our formula (4J) and limit ourselyes by the case 

of the theory of superconductivity. For the ground state we have : 

rJ.. i J ~K(t,-Z:)..h A. CCKJ 
't' ... C"tt,'Z'.tl=ffiTi e \'+'<K.!d", '+'<~<!==- , .• ~. 

f"' (i 'i ) - i. JeLK('l,- 2'z) f1 d r/36 ,, t - c:zrl)' r (KJ 1<. 
l - . J(le) } 

P(I<J=y { i V~\1<-)'t'CI.(K.) 

' As we see the conditions (1), (2) hold here, therefore «P ( fs..f.z.)=cP.. .. (t,, 'tt.) ma.y be con-

sidered as wave function of the bound pair of particles (with.the opposite spins). In~ given 

· - case ·there is only ~ state 41 ( f,,f.z.) ( and we may say that all the bound quasi-molecules 

are in condensate. ~n view of the formulax) (4J) one does not take into acoount the bound pairs 

dropped out of the condensate. Now turn our attention to the fact ·that in our considerations 

we have used essentially the canonical transformation (I). Due to this fact for the state Co. 

and statistical operator (/) the total number of particles .N = L; d; a; 
x)-o~;-~~~~-;:~~~ calculation if we shall generalize the approximation of (4J) according 

to the expression-(5J). 
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iR not quantum number and has nci fi;x:ed: value. Ori. the other hand jl/ . iB ~1~!! integral of 

motion for the Hamiltonian· (J) ·c.onsidered. Th~rerore .it is. natural to require obtaining the 
' ' " • t . . . 

same results. with the representation in which . ..,V i.s quantum number. 

Let us see however what would be in reality if we ~ried to make our consideration in such 

'a representation •. First of all· we should ncit miXe up o~eation and· amiihilation amplitudes and 

hence we should be obliged to,put in the formulae (1) that 

should obtain the·approximation 

lf':;:: 0 • But instead of (4J) we 

. 
. PCft,f.~- ;f:', ft'J ~F <ft.,fi') P<h,h'J- FC:ft,f..'JF',u.~-, h') (55) 

of the Fock method not taking into account the possibility of appearance of bound states of 

pairs of particles. The state of affairs may show itself still worse, since independently · of 

any approximations the equation 

takes place for any averaging procedure for which· ~ is strictly fixed. It is no diffioulti-

es to, find a way out of this paradox. If we want to?perate with fixed it is necessa- · 

_ry to proceed further the chain of equations oonneoti~g the distribution functions and consi -

· der the correlation functions of the higher order. In order to exclude complex calculations we 1 

' . . 
p~ofit now by a' simplified method •. 

. ~ ' 

_Proceeding from the fact that'in the dinamio system considered one has the bound pairs in 

let us. supplement the formula (55) of the usual Fock method with 

the.term 

deSCl'ibing the contribution of such pairs.Substituting ~the obtained expression into._the ~.exact 

relation (J8) we obtain immediately the second of the Eq.(45). In order to obtain the -first from 
.• 

_ the Eq. (45) determining cp we shall consider "two-time" correlation function in the form 

.. + + . 
af1 UJ afL LtJ a1z" (LJ a}t'' c r J 

and differentiate it over the time - t .According to exact equations of mot~~~ we obtai~i): 

=f { r c hJJ < art~J aJ~, ct!O.f~· cTJa1,- m> + r U:t.J J< o.1• (tJa1 ttJdf/. c-rJa1: (t')>J_· 

+L 1J(ft f1.· .£• j')<OJ•(tJa1,(tiCli•rna1.-(TJ>..-
ft' f:' I J }J. I 1 . ,1. L T2 _ .J : 

:XJ~~;-;~~tation-;:lu: is denoted here by brackets .. <• ..... > 
for cumbersome· expressions •. :, -. 

U61.e~umexm. hlii 1mmrryT. ~~-
tiJI.tpmu ncc.ne.n.ommRt 

6M5JIJ!IOTEKA . I 

·~·" 

since _it is .. more convenient 
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;,n)fU,_,f; f:z.',-1: k a1c ~~ ah_ctJOfl CtJ P.J; (t) aJ:/ cr:Jd f: c-rJ >:,. 
.E . I + J + + 

-+
1
.f,;;.V<f.ft; Jl,J, >c.a:r<t aft Cl•>aJ/ ct>a;; c l;)an•-Cr>ar: crJ > 

Let us- note that t:he"differenoe between this relation and. (J9) is that in th.e first we have on 

the righ~_two operato~s- a o_ompensating the variation of .the number of particles. Perform here 

·the tr~nsition- to_an ;E!-PP;t'_oximate equation, expressing approximately the functions of the type: 

· < 'i1,_ riJ a1J. aJ a1; ctJ o.'1L._cf J cr ;..·~tTJcfJtJil?__ 

in terms of products of four and .two operators. Note that here we must now take into aooount 

striot'oonsrvation of the value Jf ~'After this in.the equation, obtained from (56) we 

displace the_ pair ( j; I , f; ) to the infinity~· Therefore, we use the following approxi

mation: 

< ii J, ( f; Jaf.t ( tJ aft' l (;)aft' ( t) d 1/ ( r} af; ( r) > "=<rt~ wa b (t-)>< a h.' (t-Ja}; {t)ah.r r ){if.' ("C)>.:. 
(57) 

-: < aj,'c tiah.' (/;);>< q;~ (tJ a;; (t/a;J.·::'tr_l _dg ('( J> +<a,, ( b Jaj; ( t-J;<a.:h. a) a :h.' (t)Q:h." (c)rlf/{1:)) ... if 
-· ' . - ; ~ . . ,· . . '~ ' ' ' . . ' 

where· ;} is sum of the terms having·the multpliers 

do not write down the -explioite expression for s 
~ afs. rrJaf {t) or .( df~'(rJaj(tJ • w~ . 
since suoh_ terms will. vanish when dis-

--, .. 
plaoing·pair o:f the p~ints ( f:." I f/-) to the infinity. We sub~titute (57) :Ln:to (56) 

and displace this pair of points to the infinity. Then the expressions _of the type 

< af1 ( t) a;J. {t) a;,r ( tJ d;,: ( r) > 

will :factorize into products 

,. ¥;,\ u.~,J~) Vr (}/I f.:') 

in which ¥-~:- ( f t ft) is the wave :function of the. bound pairs and separating the common 
. I 

mul t_iplier we obtain ~. ( ft', f/ ), 

~ -~ , .. · _._. = r { u ft.f )-~ u, 1, )-t Hf.t,f) ¥ c h n} -t-~ • v u,.f:; f/,1; J'y'Jft'. h' J~ 
f . . . . . }, J. . . 

~ • .& , .. • ' 

_ ... [ 1[c h,f; 1/, f,' >{ F'! ( f,J,.J 41~ c f..', f.' J- Ft ( J; f1 J ~ (f, N J+ F't (J,J.' JVt CJ,f/ >} + 
JJ:,f; . 

7,,,~; Vcf~;!,_; }; , KJ{ F; UJt J ~ ( J;,J; J- f't r f, J:' J K Cf,f/ 1~Ft rf,f/lYt (f,J} J} 
. . 

(58) 

Note that in the ground stationary state Yt : must be proportional to . e-' Et where E . is 

oorresppnding energy. Let us introdu~e the qUs.ntity x) 

xr;;;-:-;;;:;;~;-;~ a v~lue i< as ohemioal.pote~ti~l may-be cleared :rrom the· :rouowing consi-
derations. ·On the one hall;~ the :factor exp (-iEt) must express time dependence of the wave 
,function of the pair ·""Co~~ a;,(tJaf, (t)C.v+ >where \C~_ denotes the. lowest state __ of the system in 
oase when the number of particles equafs N.; On the other hand· let the total energy of system 
in the state CN be E(H). Then ~he time dependence of the given form is determined by the 
multiplier eKp{-i<E<N+2)-ElN'/tJ . · · Thus: 2A.eE.:EtN+.2)-E(.N) 

)- oEun 
/L- oN 
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) _ _g_ 
./l-.2 . 

and put in general non-equilibrium case: 

"t.! -2i.HA. 
n ( f,! f~) ~ e 4-'t u .. fz) 

so that: 

[ aYt ·=e-;uH{cctP. +.2.:t4>} 
at cH ~ t 

Then the obtained equation (58) turns into the first~ of the equations (45). 

These considerations may be given in more exact form and with their aid one may obtain 

more exact equations, but this is not discussed here. Now it is essential to stress, that the 

equations of the generalized .. method of the self-consistent field may be obtained in the sohe-

·me with the ~ixed.number of particles. For this one clears up the sense of, the transformation 

(l) ~.Namely by means of this transformation .the results which would be obtained usually in high

er approximation now are obtained in more lower approximation. This property.is due to the fact 
' . . 
that in terms of variables d the bound state drops out. For example, in our first approxima-

tion 

The same situation may be obtained also in· the highest approximations pf the usual soheme.Th·e 

principle.of compensation of the dangerous graphs gives us tool for the. direct approach to 

these results. All the.gtaphs compensated by this principle just determine the bound state. 

Thus, in oases when the possibility of appearance of the bound state of pairs of partie 

les (Bose - condensate) prevents from application of the. perturbation theory the principle .of 

compensation when introducing' nevi variables .1 cL ( which leads to. eliminate this state ) 

destroys the obstade in application of this usual theory. 

4. ~!!ill!L~ll!llions. 

Now let us consider the problem.of determining the. spectrum of the elementary exoi.tations 

of the ground state. From the point of view of the method of the' self-consistent fiold one may 

solve. this problem by the following way. 

As it ~as already noted, the values ~~ .remain constant for .the ground state they are 

equal to zero. Wishing to investigate small oscillations near suoh a state let us put. that tiv= 0 

1 i.e •. with subsidiary conditions (28). Let Fo, cPa 

· sider the infinitesimal increments · 

be F, 4> forthe ground sta.te •. Con-



- 20-

and write-down for them linear equations in variations:· 

t atftPt~,.ft.J· = cfJl{ft)
2

)P.4>) 

ocf p (f,, fz) 

at 
cfJ3 U1,t: )F,ct>) 

(59) 

Besides tal{e into account, that cf r:' and cf. cp ·must be ·oonnected by subsidiary conditions 
' ,, ,. ' 

(28) , and so 

cf{FUt.i: l:-E F (f1JJ F Cf, !.d -C tP < f, fd4' < f,.·h ;Lo 
f f . . . J 

(60) 
... ~ } . 6{~ PUL)lcf>U,f:.J+lj F'<h,f)cP U,J1l =~ 

Note also that due ·to (24) cfc/J must be antisymmetrical and c:fp Hermitian. We shall 

solve the obtained homogeneous equations by superposition of the elementary solutions. proportio-· 

nal to ex p ( ..;, i E t ) 

• ·Tlius:we fin~~) secula;·equat~o~~ for determining the spectrum of oscillations.Due to the 

congiti_ons (60) cfp and rf cp are not independent and therefore it is practically conveni

ent to represent . them by the expressions in ter~s of new inde]_!!.!!d.'e!ll, unknown V£1;riables which 

::mtisfyautomatically the conditions (60)~ One may obtain such expressions immediately taking 

into account that due to (60) YLy:; 0. . but and not U/v, UJ¥ suffers infinit'esimal transformation. 

Th~se transformations must·be compatible with.the orthonormality conditions (2). Instead of 

varying · U, V' we may perform the·infinitesimal transformation with ol. 

~v ~:ol.v ..- ~. ;«- (Y~ VJ dy' -r~. ft.< Y', V Jd.v' 

From the.canonical conditions of this transformation it follows, then that 

and 

:it'( J..'t, Vz l + J. < •);., VtJ ==0 

. . . .. . . 
_/'(Vi,'h)+~ O':,Vd"'-0 .. 

.t..ol,.'l otv•>o-it (V, V') 

<i., dv,>.. remain equal to zero, and hence 

(61) 

(62) 
' 

(6.3) 

XTst';;;;th~-;:~~-;;thod of .. determination of the spectrum of elementary exitations is simi
lar to that in the well known papers of A.A.Vlasov • One should note that these papers hl'l.ve 
.a ·great influence on _the development of the conseption of collective oscillations. · 

, ' 
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:::: cPo ( f~.fs )+- [; { Uf.v, Ufdt ft. (lit, Y:. )~ lff.'l, Vfsvs f ( 'I:.,V~ 1} 
. y,,o;, - . . . ' ' " ... 

As one can see the coefficient. _/1- did not enter our formulae. This is conditioned by the, 

fact tho.t in the considered case · fLy a 0 • Let us note that independently- on the given consi

deration it is not difficult:to check that the expressions: 

(64) 

(65) 

for ~rb!:!:r§!!:;[_Q:Bti!!lm!!!~ir!Q~L!!m.!l:!:.i!m give the general solution of the subsidia

ry conditions (60), (24). In order to obtain equation for o.A.}at. it is advisable to 

express also .A' in terms of . _j"p, dtP .. ·Multiply(64) by 1fJ,¥, ·a.~d. (65) byUJ,Y, and· 
• 0 

take the sum. Then owing to' the orthonorinaiit'y conditi?ns in the form (10) we obtain 

(66) 

It 

Multiply (64) by Uf,t, and (65) by 1fu, and take the sum again. We get 

E f U j,Y, 0 P ( }t,}z) + lff,r, rf cp ( ft, ft.J} = t Vf:~s / (_Y:, ~ ) 
. . ' . ~ . 

or 

7. { u f,r, cf f Ud: )+-1fJtYt icP U:..J;. J} ~ ~ ~ Vf:.'li )_ ( r., V}.) 
(67) 

From (66) and (67) we obtain by the same way the unknown expres'sion 'for·· 

;t ( Yt,Y:J=E { uf.·Vt 1/j,v:· cf p Cf~_.}:.) ... UM, Uf, 1', cf41 ( 1~: };. ) - (68). 

' - * ,, ' "'., . ' It'.. : , ; ' 

·, ~1!1:.'1:. U;;y, cf'PUt,f:.l_-l!{.v:..l/f,y,d'C/J(f:.;f,J} · 

After differentiat.l.ng this expression over t and to.king into account (59) w~· obtain an- equ~

tion for de-termining · A : 

(69) 

/ 
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In order to expand completely this equation it is necessary~to vary th~ forms ;).1 1 J3 

and express 

havex) 

cfF'' d' c;p in terms of ft. • by means of (64) 1 ,(65). After calculations we 

i aAr~!.V:l -L {fl.('/,,w.)A(Y~.~~-.fl_cv.:"'lA(\Iz,lAll}: · .... 
"' ' 

(70) 

+[{X (v,~V,,w,,c.JL)A"(w,~w,Ji-Y(Y,,v, ;;,.,w~>t<w ... wt~} 
where·· . ~ : ' . . : It < • > • ~ • • 

Jl. (V, W) ';': E• H f, f'>, ( U;v UJ'w -:Y;w 1fp~ )+ 

'- : . . ~ .-. - . . • I _, :·· I . . '·, I .,t . fl 

-t-[; VUt,f:. ;J.t,f, )cl:>. (};,Jt>Uf,~ Vf%(J) .. 
M.f;H ' .. · . . 

' ' ·. . . . . ; '. ·' '• 

• L V < h, 1.~; N ,ft' > «P. l f z, 1, rv f1 ~ u 1; w ~ 
'L~N . 

. ~\·,, 

J c f,f' > =T C/, f.'J TE {Vlfd; f~·f:)- uu.,f;'1; If'>} P. u., 1: >; 
. . . . . •. ,.. * It 

)\<Yt,\lL·;CJ,,w,.): i E1f < f,; fi; H; ft'HUM, Uft9,- Uf,'I,Uf:,_~1 l 1A Jl£.>.z U ft' "'' -+-
, . ' 

' ' ··.. . . .. . .. * ... f L lf ( ft .fi ',Jz' ."Jt' J(1ff;~,·vf~~~- -lff,.'y, l!ft'v, l '0, ~. 1!11.tJ% + 

i" t E { 11 c fi, J;. ·, f,.;)n-: v eft., ~:t; H, Jt' >)" . .. (71) 

II- If . It ·. . .. . 

X ( 1f:fi''lt u jL~t.- u,d,1fft"is.H lff,.t.J, U;;_l<),_-: Vf.~-t.Jz u J,."w,·) ... 

Y( ~L. 'h_ ;c.Jt,lAl,.)"'" -fL.7!c h, JJL if;,}~.' ~(lA J,.•Jt Uf,\lz- UJ,-r,.UMt liff~ rJ, 1fJ~'fAJ,. + 

T fL 1fC ft):. j}t',ft' )(7fJ~~1 1ffi~t-1fft'~, llj1~)Uhw: u1~w, .. 
+ ~ L{1f(}J.,}2 ~Jz',ft' )-lf(ft,)t; H,Jz'.))x 

\ . 

'. 

. • . . * * ' . * 
" (1ff: v, U J,~t- 1!1~~, U f,v, )(Uh.w, U Jl~1:. :U hiA>1 VJ~ w. ) 

Fro~~! (70) we obtain also: 

-i;a(~l''vtl ='L{Jl '" 2 ,wJli~.wl-Ji t\l,wlil~z!£;.))}~ (72). 
w . 

+ ~ {Xo',,VLj cJ,,lJ,) ic w,,w.tl+ Y cvd. ·, w·,, tJ:) Xtc.):,wtl} 

We shall solve the. system of the linear :h'omogeneo~s equations (70); (72) by superposition 

of. the normal oscillations. 

. ~ ·iEt . 
A, c "'• V: l ":~ e h I Vt; \h) (7J) 

It . . ·-iEt . ,. _ · 

X cvt,Y,J""~ e '?Elvt,V.tl; 5-E-7e 

X) Here ~.--~index. of summation over V in contrast to the notations in ·1. 

., 
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_Sub~tituting (7J) into (70) and (72) we obtain secular equations for determining the spectrum 

''in form: 

(74) 

"""'E '7 ( Yt, Yz >=E{A ( ~ •. w>17 ~ ~f ,w:.- Ji:( Yt,W >'7 o>.z, w >} ~ 
c A • ' " 

Let us stress· that we should obta.inthe ~a.me expressions if we took the method of'the ap~roxi

mate second _quantization instead of that of the self-oonsistEmt field• In this method we should 

introduce Bose-amplitudes fi~ C})J-v ==:fo~1,>. ·,\instead of the. Feruii-amplitudes dv d.,r 
Then, we should perfo~m ~he diagonaliza.tion of the corresponding Hamiltonian which represents 

the quadratic form of .the op~rators by means of carion:ioai transformat'ion. 

with normalization condition 

L; {1~,.1 2 '- 1'? .. 12
} =i 

" . 
Here are new Bose-amplitudes depending on the time _througt the 

(7.5) 

(76) 

factor exp(-iE,.t) 

Then-it would turn. out that ·' ·.~ and tz should just satisfy our equations (74). Let . us· 

note that the obtaining these.equations by means of the method of approximate seoondary'quanti;_ 

zation has some advantages over the above-mentioned one, since it leads in natural way to the 

normalization condition (76) determining the sign of' cE • In the method of the self-oonsis -

is the solution tent field this sign_ is not fixed, it' is easy to note that if E·, y > ~-
of the system of secular equations (74) then the transformation ; 

leads again to the solution of the same system.,_ 

We write down now the .equations for the eigenoscillations. Let us consider the question 

of the forced oscillations' caused by small exter-~1 fields, giving rise tci the lvS:riation I(f,f'J. 

(The interaction function 1f is suppo~ed as independent on external fields). Then repeating 

the above· considerations we get instead of homogene_ous equations ·(70), (72Y inhomogeneous ones 

of the type 
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oA <Y~·V1 ) _ L {11 t Vz,c.:>).itl vt,c.:>)-JL' C'Yt,tJ))..o>~,£J)} ..-L {X (v<,Vz ;~,; i->zJ) (~.i., £J.d + 
"" . t:.J,,c;J& . ' 

~' ·+ y u,, v.~.; c.:>,,tJt) .it .. (w.~.,wt>} .... [ { 1/f·v, U 1~.- CrJ~, 1Jf·v~} cf.I(f ,J') · (77) 

f,f' 

· -: i _aS ~~t.Vtl-E {Ji ( V.t ,tJ Ji'c·v •. ~.>.:: Ji.n''· ~> t(~.t.,tv>r-L { i<v1, v,_; w,:~;>tcw~. w.~. > -:-

. .w ~~ ' . 

· + Y <v,, 'Vz; Wt, w ... i A.cw.t,wJ.>} ..- [ {v>~j, ufvz. ;_ u;v1 ~·v.~. }oiit<f, J 'r 
. f,J' . . 

Let us use the just obtained general equations in the case .of the dinamic system, conside-

red in· ' l in connection with the theory of superconductivity. 

. · Let us substitute the. formulae (JO), (Jl), (J6) from l into the expressions (71) and 

. expand by means of: this the .equations (74). Let us note, that the spectrum is divided into two 
' . •· . . '.' ' . ' 

branches • For one of them 
A. 66::: o 

and oscillationr. take plaoe.forpairs of particles having opposite. spins. For the other branch 
~ ' .;. . ' . . . . . 

A_~=.it .. =0 and oscillations take place :rairs having identical spins. Let us consi- · 

der here the first branch and put : 

jt- .. ( P 1 1 Pz) = jl ( P•; Pz) 

~- .,. < Pt, p,J = ~ ( Pt;P~ J 

?- .,. •c P1, Pz l ==-7 < P1, Pz) 

Then the· system of• Eq.(74) takes the form: 

E f ( p,,p,~.l ={ JLc P.> •:.fl_ c P•l} ~ c Pt, p, l • 

... " Jip,•p,-p;-p;'{X. <P. r.. p,' p'J.);(P,' P.'J+Ycp, r, · p' P.'>7.<_-P' -P' >} p 
1 

v 1 , r2, J S t ;_ . 7 'I I, ... : . . : I ~I, t 1 ,t :;1 I J. 

Pt,Pz . • 

, . ~ 

- E ~ <-p.~.,-P1 )=,{12.. ~ p,J + Sl < P~>}7 <- P.t, ~ p, )• 

· ... ~cfcP.•P,-Pi-P&l{ .. X. <P.· o ~.p:• P.')n_t-Pl -·P;l+YlPlP:r.·P1; Pz.')~<P.' p'l} L ·, ,, 'y ', .. ,r.e ,J ;a. J z, ( . ·' . I } '- r' t,, z.. 
p;,r; .. . ·:. . . ' . 

where IL < p) . has the same expression as in 1 and where . . 

X ( Pt 7 P~ ; p;, p;) =J l Pt' p2; p; ,P/ l{ w p, )UIP:r. JU< p,'JW p;) .,..1[( p,)l/( p,)l.k P."J.lfl P.z'J} ~ 

(78) 
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As one can see the obtained equations connect the functions 
\ 

}cPtJ':.), 7<-Pz;-P.J 

only with fixed p, + p,. Note also that the coefficients X ,'i 

both equations (78). Thez:efore we inay put 

P, = P , P;~. =- P ...-q 

Transform the Eq.(78) 

where 

i.Jq ceJ={ll.cpJ .. Jl< p-q>} e(p>+ {-~ Gp < P,P'>8<P'> 

vllq r c9J={ JLcpJ ... Jl..<p-q>J lYcp1.,. v~. Rq c p, p' 1 eYe P~> 
and where Qq ( p, p'} = 

= Jq c p; p'J{ Ucp1Uc p-tp+lfc pJ lfcp-q>}( Ucp'JUc p'-q J + 1/c p'J 1ft p'-q 1} ... 

+ Iq cp,p'>{VcpJ Uc p~q>- Ucp> 1!cp-q1){1fcp'J Ucp'-.q>- Ucp'> lfcp'-q1} .·· 
R. ' \ qCP,Pl= 
= Jq c p,p•.JfUcpJUt p-q>-Vc p>1f< p-q>][Uc p'J Uc p'-q > -7/cp'>lfipl-qJ].,. 

(79a) 

(79b) 

are identical in 

(80) 

'(81) 
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where :Tq (p,p'J=fcp,-pTq ;-p'...-q,p'> 

Iqc p,p'> = J(p,p'.-q ~ p', p-q>- fc p,p'-q:, p-q ,p'>- .J( p,- P'j- p '..-q, p-q > 
(82) 

Gq < p, p'> =:-!Tc p, p'-q ·, p', p-q>·<Tc p, p'- q; p-q, p' l + :fc p,- p'~- p'Tq, p-q > 

Let .us explain now p}lysical sense of f'\lnctions - e . and lY 0 

• .- Let us consider with this 

aim the expressions for the density of the number-of particles _,?CzJ and density of the mo-
-; 

mentum p ('t) • We have 

pC'lJ="'Etfoc-r.Jlf,d~>>=.!..L <.a a >e'tPrP.Jz= 
.. 6 Yp,p, 6 p,6 p2 6 . .. 

(8.3) 

-'"F - v_LJ 6G c Pi ,P. , eicp.-P.>z 
r,,p,G' ' 

and 

pc'll =~ <:~ {~ Cz) (-i ~ 1Jf~C'tJd <>j~cy·% ('t) }>= 

r· \' ··_:(·-:,_ · > - - icp,-p;J'l . I ~ p - - icp,-P H 
::::.y/.....1 ap,oO.p,G <pt..-P.t)e =v~ r.,-6lPt,Pz>CP,+P.z>e ' 

P
1
,P,Ii' . P, p,;; 

Let us introduce the Fourier components for these densities 

.f ctJ::::: ~ .fq e i<q,, P coz' ""r;p- ei<q•> 
. . q q 

and note, that our ground state is spatially homogeneou~ and non current-carrying. According to 

(82) we have , . 

lo=.:Ev/ 
p 

fi = {- E {of:'TT CP,,P .. >-c5 p __ c Pr, P.t>L 
. p,-p,=q 

q:t: 0 

On the 

- . I . 
Pq = fi L ( p, .... P.z) { 0 p ... + ( Pt, P.z) +0' ,(' -- ( P:t, P1.)} 

p,·r.=q 
other hanc1 ~xpanding -the -.formulae- (64)-vfe-ol:itain:·-· ----

·t,c __ ( p1 , Pe? = lfc p, J Ucp ... >ill P.z ,- p, l ..-tl c p,J Vc p.~.)f c Pi,- p_,_> 

cfF;_ .... ( Pt, P2 )::::1}( p, > U c P.tl~ <·P1 ,P:r-1+ U < p,)1/(p.z.> tc -p:,Pt) 

Substituting these expressions into (84) we get 

fq =v E { V'c p,., U < p.> ..-lfc p,>Um> }{ il < p,,P.~.>..- .ll."<-PJ ,- p,>} 
p,.-p~~q 

f; = .z~E.. Cfi,- Pz l{lfc P.z.) U(p,J-l!c p,)U < P.tl}_{.l < p,, P:.)- )...* c- P~.- P. J} 
P,+ PL-1 

From which according to (7J) · · · 

(84) 

(85) 

(86) -
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(87) 

I , , . 
~<E>"".fV"L (2.p-qJ{Ucp>1fcp-q>-Vcp> Ucp-q>} 8qcpJ 

p . 

Thus, the contribution to the variations of the density of number of particles due to the ele-

mentary excitation is determined by the function and the corresponding contribution in 

variations of the density of momentum by the function 

(81) putting 

e • Let us turn now ~o the equations 

e c P' = s, o < p- P~ > 

rYe pl==~,d'cp"-po> 
(88) 

where s.· and are constant and Po is arbitrary fixed momentum. Omit 

ting the terms of the order v-l vanishing after limit transition and giving 

rise only to local chapges in the wave function we see that (88) will be an admissible solution 

system if S, and S: are. connected by the relation 

S:~. {Jl < po> +Jl< p.,-q >}= E ~;l. 

Sz { Jl C P• > -r Jl. < P~- q)} = E S:t. 
(89) 

it follows from this 

E~ ={Jlc P•> t- Jl. c p.-q >} ~ 

Thus, we make sure of the presence of a continuous spectrum x) 

E = JL c P• > ... Jl ( p.-9 J 
,(90) 

spaced by the gap. With the given q ~he energy E depends continuously on the momentum 

P. • Let us write down an asymptotic part of the wave function'for the elementary excita-

tion of this type expanding the formula (65). We find 

and hence in the considered case. for 

XJ-w;~ho~;;-the-;~iti;;-~i;; according to the general normalization condition (76) which in 
·our case is 

Eecp>CYcp,>O 
p . ·. 

Substituting into· this condition the solution (88) .we see that S, and $~ 
,the same signs. Therefore, th~ equation (89) leads to the positive sign of E 

(76) 
must have 
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d lj>_ ... ( Pt,~& l =d'<'~:- P.l J'c p2 .;p.~ql s exp {:-~ (A (po) ~Jl_ ( P.-q Jb} 

where 

. ~ =U c p.)Ui p.-q>· s.;Sz -rVl P·> lfc p.~ q > SIZS.z 
; ,, -

We have oonse,quently _in !'t r.e.preseri~ation: 

'{flp_.,. ('l,t/lL)II~,-Z~I- oo ~ 

:~c~n5l exp {~ i fJL(po):.:JL~-~~-q ']t ... i[p. ZL .. (q-p.;i~J} 
Compare this expression with the wave functi.on·_?:r the pair ( - , + ) in the ground state 

0 . ,. . .·.- ' • • 

4>~ ... (1-t,'Ztl= cor:it} <r'~~-t·'u ~p/lf( pJdp 

It is clear that. . . cP_+ ccrresponds·):o-the .bound state of the pair of particles in 

particular for .. / "t.--1 ~'lz/_:,.eoo this ·function 'tends""to zero. 'l'he ·.expression o cP_ ... • factorize. 
I " , • ~ . ' - ~ •· ••: ~ •" ' • .' . • . ; • ' • • ' . ,' '•:" -: 

into the product of the two plane wayes. and corresp~nds to independent motion of the two partie-

le s with momenta P. , q.:.. Po 

Thus, one may interpret physically the el~mentary excit.J.tions from t1:1e continuous spectrum 

as those performing dissociation· of th~: quasi-molecule in(o· separate particles. Let us turn now 

to studying the ~pectrum of collective oscill.ations which is dete:cmined by means, of the. equati-. 

ons (81) corresponding to the discrete valu~s of E (for fixed q ). 

At first let us consider th'e case when the particles are not· charged • In this case owing 

·to absence .of the Co~lomb interaction'we consider all the ke7nels. 

us mak·e a number of remarks. It follows, · fr.om the ex;ressio~ (J5) 

lo (0)==0-.{oz li==UcpJ1/(p)_ · 

Therefore an inhomogeneous equation 

)vo (FJ} = f ( p) 

_may be solved only if 

I, 'J, G as finite,Let 

~fcpJUcpJ7fcpJ=0 · (91)-

• Now we see that the system of the eq~ations (81) for q = 0 has the following solution 

fJ==U'(pJV< P> ' ~=o) E== 0 (92) 

and therefore we shall try to solve it. for small I q I by means of expanding in powers 1 q 1 
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·, 

IY=tqtt9t cp,eJ.t··· 

where 

Substituting them into the Eq. (81) we obtain 

,c, ', i' I\ 

.; , .... , 

(9l) ... 
).. ,·· .. 

·<.(94) 

(95) 

. i, r cJ',) =E, IY,-i ~~ { '~q~ ll i ~ ~ ;!_~ e.. e_. (~;; ~~r') '"~ .· . . . ,( 9~.l; . 
One may re:solve the Eq.(94) since the function ·: f,i f'J ·• .in its right part has a property: 

f c-p ~ =.- f c P) . 

due to which the condition (91) ·is carried· out triviall~~ In .. oi·der :to resolve the equation (96). 

we must req~ire according to (91) that · ::::·r, .. ,:1 

E1 L lYt_cp,eiUc~IVcpJ=. 
'· p . ' ; ''" :, ) t; '. ,, 

.. : (97).; 

From the Eq. (95) vte see that .·.·~- ... ;s •proportional to:·Ei ,• .Therefore the condition (97) 

E% -makes it possible· to determine 1 and so on. After making some calculations in· the case 

o:f spherical symmetry for small . 1 q I' · · we· have 

.E _ tqt s -vr 
where without account of interaction corrections S is equal to the velocity of t_he part1c·;.:-

les on _the .Fermi·. surface, , . ··· --- · · -~~' 

Thus, we' obtain :oolle'otive oa;i~~ations of 'the :-qUaSi~ ·a~l~~t~o· o~~raot;i~:.<T~~)~:~~i'o~., of 

thei~ ex~s~ence is limii~i by. t~e,.m~~e~~a q ··. for whioh:·t~e oorr~~-pondi~--~; '( ·'{ i~ bel~{ the 
·-~·',.;.. 

threshold of excitation of the continuous spectrum. 

Let us see now what will occur with the oscillations of the dinamio system of electrons 
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considered in the theory of .superconductivity. Let us note that the presence of the· Coulomb in

teraction leads to an essential singularity of the'• kernelJGq.: ) 

r _-Ffie'" .r 1 • • · u 4 - --z +.uq 
' tq/ 

Therefore it is. advisible now to represent the operator .Alv in the form 

! 

~q ctYJ ='Jfq 11Y 1.;_ 

,· ... 
': 

.r··, 

-t-
8~~: { 1fc p> U c p- q > ~Uc p>V} p-

1 
q_>} Y:.~,.1<f"J { v.-c p'J. Uc p'- q > + U c f'J 11( p!.q>] 

(9'8) 

choosing obviously?- part with singul~rity·x) wit!{ q = o .. In order to make regularization of 

the equations (81) let us introduce a new unknown value 
,. ... , ~; I ; : , , : 

y , putting 

'• 

y ~lYe p'J{ifc p'J U £ p'-qJ :..._ucp·~ Vcp'-q>}== ,!9),;~. lf 
!. : -•. ,. . ~ ', ' ' : 1: • ' • ~.~ '. .... • • \ • • ' 

The}l, our system of equ~tions 'may be. w~itten down in the·' f~r~s. 
''. &qlBJ=1E& 

"'" .M.q'liYJ +{Vcp>Wp-q>+Ucp>Vcp-q>} ~ =E8 (99) 

·{-L lYe P'>{'l!cp•)U(pr.:.q ,·-t:u cp'J lfc p'- q )} ~ 71,~~){. 
. P' . . 

It has solution for _q = 0 and when E is arbitrary · 

B=Uc_1 p~;iJc'p\''· £9=0·· tf.df' 
. 1 ' . 

Ther'ef'ore we try to solve 'it. for small 

B :: u ( p) if( pJ..,.. I q I e, ( p, e)+ I q 12 9 z. ( p, e J ...... ~ 

IY=IqltY1Cp,B)"" . •. ; Y=E~ + tqi~ ....... ... (100).,, 

E=Eo+tqtEi+ ... 
... 

xJ-xt~~l~~~~nside~ -;bat 'with mer~ exact interpretation we would obtain the screening ef-
fect in the multiplier 81ie'-/l'll' and by means of. this eliminate the ·singularity •. 
The reason is that we deal here with variations of the density of the electrical charge, it 
is. evident·· eve~ if· from the .fact -that. the oscillation amplitude enter just the. Eq. (98) (see . 
(87) ) .. When investigating the i. nhomogenety in distributio. n of the ·c. barge one take. s into account 
the 1:ong-range .coulomb forces. _and hence the singularity for .. . q .= 0 must always take. place in 

p- representation. · ~ · ·. . .::.. _ : _ · · -
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Substituting them into (99) we obtain 

L.(eiJ=Ll9.. -L, e~{ aL,<ulf)j . .. · 
. cJ. aqol q=o 

1 .0 . Eo\' EY/Ji~l ,r dUfPI) .Alo ( Vt )= Uc pi 1!£ pJ ( E1 - lftJ +-E;,Gt +- Tft e.t(UcpJ oPa. -r ucp1 a p~ 

., ....L[: lJ, ( P'! U c p'Jlf( P'J == 0 
Ypr 

(101) 

(102) 

(lOJ) 

(104) 

(105) 

We take Et...: lf/1 =0 j_n the Eq. (102). Then.due to (100) and (102) one can note that 

8, and J), are asymmetrical when changing the sign p and hence the condition (lOJ) will be 

satisfied automaticly. In order to resolve (l04) we write down our usual condition 

(106) 

·; 

The left part of this equation is 

. VE 2 F .0 . { (3'/J(p) +7! dUfPJ} 3z;ez ... L. u1 lP>e.._ UcpJ ;rp~ lP> ap~ .. 
~fr • . . 

(107) 

according to (105).Now vre see that the Eq. (106) determining Eo . has no root equal to zero. 

Indeed it follows from (101) and (102) that the part of (106) which is represented,b7.the ex

pression (107) turns into zero for E 0 = 0 • 'The right part of (106) for ED= 0 coincides 

with that of (97) and hence is not equal to zero. 

Let us calculate now Eo for spherical symmetric case. We take 

and suppose that 

'(108) 

Then· one may check the identity 

(109) 

in which 

(110) 
fq Cp> = Uc Pi ?fc p-q>+-U c p-qJ1/( p> . . 

\ 
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Let us note that the case.(l08) is realized if the interaction does not depend on velocities 

1 1d is determined by the potential V ('t,-: 'Z.z) • In this case 

J{p> =<f<-P' = j1fcn einp>d-z. 

In the theory o.f superconductivity it is necessary to take into account Fr15hlich interaction 

due to the exchange· of photons. For the Coulomb forces .the condition (108) is fulfiled of course 

Fr15hlich. Such interaction is effective only in narrow layer. near the. Fermi.surface and in this 

region its contribution to Jr is 

< Jfh (Pt,P:1P:',Ps'>:::-9:.<Pt~Pt'> P .... P~ = p; "P) 
(111) 

where g ( q) is the value· characterizing the connection between electrons and J:lhonons. There

fore_ we may use the relation (109). Strict~y speaking in order· this relation will take place 

.!:.E!:illl it is ne·cessary to deform the expression (110). We should observe then deviations of 

the order cJcv • , where w is the mean energy of phonon, i.e. deviations of the order of the 

value of retarded effects of the electron-phonon interaction. 

Owing to this sircumstance it is not advisable to make such more precise consideration ·in 

. the model in which the electron - phonon interaction is substituted into 'direct interacticm of 

electrons sinoe this substitution itself is availble only with the accuracy of neglect of the 

retarded effect. Let us use now the-relations (109), (llO) for determing the.value Eo • As the 

operator . Lq is Hermitian we have 

r.{Lq ieJjq-Lq <j1ll9} =D .. 
p . . . . .. 

from·where 

E :f[Jcp>{U(pJlflp~qJ ..-1flp>Ulp-q>} = 
p . . . ..... '·. . . 

= + ~ gJ f'),t(-1'"!,2- z%} (1f!PJ ~cp~q>- Wp>V£ p'-qJ) 

Let tis calculate this equation with the accuracY: of the value of the order 

From (100) we see that 

8 c pl = U (pJlfCpl ..-/q I lY1.;. ... 

From (9'9) and (100) we have 

. ~ L ~lP> {u 1 p>1fc p-c{l..-1[( P>Uc p-ql}=. ~~~;z { [;.·o ..-lqllt' ....... } 
. p .' . .. . . 

(112) 

(llJ) 

I q /2 w~!ve. 

.. 
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· Therefore from (llJ) we obtain 

E.z= ~~~e 2 
\' U<pYif<p> tPe> {vc P>(~ au~eJ _ UrpJ(eolf[eJ)} 

v ~ m . op op (114) 

where e = q I lql • Substituting the expressions . • -u. 1f from (J6) into (114) we find 

(115) 

PF. is the Fermi mom~ntum. 

As one can see we obtained here the energy value·for known plasma· osci·ilations. The speci

. ficity of the superconducting state is abse'nt completelyx) •. Since E.. is greater oonsiclerably 

then the energy of the continuous spectrtim(for small q ) the obtained stationary solution will 

be in more exa:ct interpretation only .quasi.!stationary• 

Let us note however one interest fact. In spite of the obtained result in the system of 

equations (81) one may cons,ider E = 0 as approximate\ eigenvalue. 

Indeed'taking into account (109) it is not difficult to observe that using 

Oq(pl=Jq<Pl, 

we satisfy the system (81) with the accuracy of the quantities of the orde~ I q 12 
• We shall· ob

serve later that this fact is essential to ensure the gauge invariance of the. theory. As the 

·plasma oscillatio'ns with their great value of E are not specify for the superconducting. 

state then the following question may arise : are there the collective oscillations typical for 

·such a state. 

As we see now they are among the oscillations which do not change the density of the elec~ 

trical charge distribution. In other words we must find soluti~ns of the system (81) in which 

the expression 

-i L, t9cp>{Ucp)lf<p-q)-r1fcp>Ucp-:H>} 
p 

vanishes. This expression leads to the appearance of the singularity for q = 0 (se~ Eq. (98))•; 

Let us consider. a spheric~l symmetric·case. Let us set the· axis in direction of the vector Cj 
and introduce cylindrical coordinates. Let this solution have a form:. 

8q(p)= einl{'@(pZ,p}) 

t9q ( p) = ei n" J ( pl, p.B) . 
Yl.t=O 

These solutions. exist formally and for .them the ment;oned expression is equal to identically ze-

Xj'rhis-resulr-has-Eeen-ottained earlier by Anderson ~ • An1idea about the importance of the 
the superoonduoting state was not confirmed.(see 7 papert~)~ 
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ro. The question is if the corresponding values of E will be below the threshold of excita

tion of the continuous spectrum. 

We should have analysed also the oscillations of the spectrum branch which is not conside-

red here and for which: A_.,.==-1\. ... _==0 

5. !h!LI!!.2!!le!!!L2Lt.h~!:!.!ill:2£lBami£!L2!...!!lm.!l!£2!!i!lli:lln&..St!tl!:!.• 

Let us consider here the problem of change of the ground superconducting state due to the 

effect of the external constant field· . :iJ'l.> • In order to operate in a linear approximati~ 

on let us consider fi as infinitesimal value of the first order and use the general equati'

ons (77). Then not taking into account the presence of the paramagnetic term x) we obtain 

}t_.,. cp,,p,.> ~1Gqcp>; 
• !f :1. I) • 

_il_.,. (-pz ,-p,):::-;z Uq{p) . (116) 

and 

Lq ( Bq) ==- ~ U2 f-:lf> .1tq > { 1f( pJU( P -q >- Ucp rlf < P -q >} (117) . ' ' 

Now we investigate propertie's of this equation. Let us take , __ 

e .ftc q) ·= i qlf cq) (118) 

Then in· "t. -representation with the presence. of the gauge invariance we have 

Htfl'hJ'- lf<tt>l 
P<7.t,~z.>==e · Pot'lt,'lz.l 

or since in our case ~ is infinitesimal 

6' P ( 7-t, 'l.t}= i [lftz.~,)-lf£zt>J Fe ('lt
1 

'l..~,) 

T1·ansforming to. the p -representation and using (85) we obtain 

A. lPt.P. l =i lf( P1 ... Pzl{Up, Vpt ... '!fp, Uptf 

and 

fYq l PJ = 2 i tpcq>{ U1P>7ft p-ql+ Vc pJUc p-qJ }=Zi<MJjq CPJ 

On the other hand the expre·ssion (iq ( p) 

(118) and therefore 

obtained must satisfy Eq. (117) in the case of 

2i lf cqJ Lq{Jq} =Tfn { (2 ;;.:q} lftq J[U < P > U (p-q J- U lPJ1fl p- qJ] 

x)-In-~11~;-;;;;~~mation we may consider this effect independently. 

\ 
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But this is the relation (109). 

Thus, the property of the gauge invariance takes place with the same degree of accuracy as 

the relation (109) i.e. with the accuracy of:.th~·.retarded 

raction. 

effects of electron-phonon inte -

Let us represent ourselves the situation which will take place if we shall act by the fol

lovling means. I.et us consider firstly the Hamiltonian. of the system without ,the external field 

and perform th'e canonical transformation 

a_fi ,-: /) 1< d Kl. -1[K J KD. 

and determine U,V from the.condition of compensation of the dangerous graphs with 

the momenta K, -1{ 

Let us insert the small external field into Hamiltonian, transform the expression to the 
+ 

amplitudes cl, ~ after this let us apply the usual perturbation theory n£i_t.a.king_£~~ 
. K.-K~lf 

g,L!!_he_QQ.!!!l!!!.!!E.!ll!!ll!_2.L!1~YL£!!!1&~!.!!2!!!LB!aEhs (arising due to the external field) wi!h_!!!.QJ],!illtaV'"" , 

Then instead of (117) we should.obtain 

from where 

(119) 

This result will not obviously gauge inv.ariant already in any reasonable approximation. Substi-

tuting Lq U1 J into 

{11. < P) ... Jl.< P- q J J e 
we distroyed .b~ this way the property of this operator namely that zero is its eigenvalue for 

q = o. Let us proceed now to studying the dependence of the current density on the vector-po

tential. We have acc'ording to (84) 

and hence due to (~7): 
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nJ: = .S. ~ e ( i5--}) e~ c pJ [u lP fife p- ~p'"Vc p1 u c p-q >1- e'Auo.V "f11Ii> 

J,et Ufl denote ~hrough Td. Cp, q) the solution. of the equation 

Lq(T") =- 2 P~-q"[V"cpJUcp-qJ-lALpJV{p-q>] 
d.=I,Z,3 

Then according to· (117) and (120) we obtain 

and ,., 

where 

.· eq <p>=e 'ET.,_ c p,qJ .:fi,. cq> 
d. 

J, = e;fn L { s"'! cq> ~O(ci-p>}Jip ( q). 
f . 

fi =~I v; 
p 

Self( q J = -t,. ~ c 2 ~ f•q,L) [Ucp>1fcp-q J-1h P > U ( p-q)] Tp t p ,q> 

In view of (121) we can write down also 

>tip lqJ= ¥} .. ~ Lq O.tJTp 

We make sure that ~otp is symmetrical \ 

~<LJ3 tq> == ~po~. cq> 

From (12J) we have also 

~ q" >"fir q 1= v';. ~ Lq (fq> Ji = Vj; 1j ]q tq ( 0 J~ 

·' 

== :J-1• ~ ( 2 Pt>- q1) [u lPJlfcp-qJ- Vt p>Urp-q >][ucpJlRp~qJ -rui PJUcp~q>]= . 

= .J-
1
• ~ ( 2f;~- q~ J{U2

t pJlFt p-q>-1Pt pJU:c p-q >}::. 

. f \' 
. =vf. 'pt2~-1pJ{V'2cp-~J-1f2tP>} = 

=-/;.~ {Z-p1..-qjrV1
1 p>- -it:~ l21'ft-~>7f2 t P> 

We obtain by this way the Buckingham relations r?J 

(120) 

(121) 

(122) 

(12J) 

(124) . 



31-

'~ q,._ ~,\1 tq) ::qp 

. Owing to these relations and (122) we make sure that the conservation low is fulfield 

We see also that J; 

-q-;:; 0 .·. 
)q . 

depends only on_the ~ransverse part of the vector-potential 

·J..,...q = e~ 'L{S"',cq.>-d'(ci-I>}JJ.6tq> ( !> r . _r 
. Jl~ tq.> "= :fi.t cq >- rl[ ~;q>) 

Let us investigate now the dependence J: on jl cq) for small q 
/,; 

As now .. 

than the equation (117} may be written down in· the form: 

lq (@qJ:; ~- cPi.flJ[urpJ1f<p~q>-'?f<PJUlP-:9>] 

(125) 

is component~ of p perpendicular to the vector q After establishing in the 

in the direction of ilq space of the momenta the axis and the axis x in ··the 

direction we obtain then 

Gq_.tpJ=eU cq>'t < p,q> (126) 

where 

(127) 

As we see· here f ( p, q) is the asymmetric function P~ 

(128) 

Such a function will be orthogonal to U 1 p> 71< P) • Hence we may always x) try to. solve the 

Eq. (127) in the form: 

't'cp,q>""·q'ftCp>+-qz-r:cpJ, 

where 'r J , 1: L •• .I are a.nt:isymmetrical functions of p2 
in sense of (128). On the 

other hand substituting (l2b) into (120) we obtain 

~ :== e:r; {~fq)-ez}JJiql 
' 

vhere eiE is unit vector in the direction of the axis and 

xr;;;;-u;-;:~ill~al-~t of view the folJ,owing case is possible : when the Eq. /, 4 
((}) = 0 

l1esides the symmetrical solution f)= U t PJ 7ft PJ has some more other solution 
antisymmetrical with.regard to P1 •. Physically however the consideration of such a' 
case has no reasons and we shall not take into account it. 
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~cq>==l: 2:;: .r cp,q>[Ucp>Vcp-q)-?!<pJUcp-qJ] 

Bnt for ·q- 0 the function ~ is infinitesimal of the first order and hence~qJ 

will vanish as q:z. .,so, for sufficiently small q: 

J;=- e:f; Jlcq) (129) 

and we have Meissner e·ffect C9J ' t10J • 

As we seen when considering the effect of vector-potential the operator. 1.-q (B) only 

was found essential. If we shall wished to consider the effect of the external scalar potenti

al V , then we should obtain in a linear approximation the equation 

Jlq (l9 J=- 2 e Ulq > [U cp> 1fc p- q) +1/cp> U l p-q >] 
With the ·operator vUlf • Since this operator contains a singular turn due to the de~ormation 

of the charge density it is not difficult to make sure that the specifity of the superconducting 

state vanishes here and the screening effect will perform in the same way as in the normal state. 

Let us note at last that if we shall investigate the effect of the term proportional to 
-+ _..... . ' 
H -J. 6 then we shall get a new operator which enters the equations of oscillations for the 

branch of spectrum where • = o. 
.Pv--t-

In.conclusion I consider it my pleasant duty to thank to f~of. G.Wentzel and Prof. 

M.R.Shafroth for their useful discussion of questions on-electrodynamics of the superconducting· 

state (Gen~va, July 1958) which drew interest to the problems considered here • 
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