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I. B B e A e 11 a e 

npHMQJI ... a o6mero MeTOA8 HCCII8AOBBJIHR rpyHDOBhlX CBOIICTB Jl8XOTOphlX yp8Bll8RHA 
/I/ 

B '18CTilbiX llpoR3BOAJlbiX llTOporo nopllllX8 X ARcjlcjlepeiiiUIA!IbllOMy ypaBil8BHJ00 OIIRCb!BaJO-

me My n -N9pJIY10 XYIIOIIOBCXyJO 38A8'!Y B RMny!IbCIIOM llpOCTp81lCTBe, ll03BO!IgQT RCC!I8AO· 

B8Tb B03NOM!lb19 ll860pb1 XB81lTOBbtt 'IRCQII R AATb CBOC06 DOCTp08HHH COOTB8TCTBYJOmHX 

ROpMRpoBallllbiX CHCTeM eo6CTB91lllb1X cpy!IXnRA, 

B I935 r. «<>oxow 6hlno noxa3allo, 'ITO ypasaene illpeAHRrepa AIIH aToMa BOAOpoAa 

o6n8A88T CRMNeTpRell '19Tblp9XM9pHoro mapa B TOM CMbiCII9 0 'ITO B01IIl0Bb18 cpyHXBRH B HM

nyiii•CilOM npocTp81lCTBe0 IIpRH8AII8lf<&mHe OAIIOMY ypOBIIJO ARCKp9THoro CII9XTp80 p981IH3yiOT 

/2/ 
ll8DpHBOAHMOe npeACTasneaae rpynnbi 0(4) • Kax noKa3allo B , ypaBaeaHe liJpeARRrepa 

A!Ill 8TOM8 BOAOpOA80 38ITRC3Hll09 B RMBy!IbCIIOM npocTp81lCTB80 H9KOTOpoll 38M8HOA 8838-

BHCRMbiX Jl 38BRCJIMOII nep8M91lllb1X BpRBOAHTCJI X RllTerpeiibROMy ypaBH8HHIO AIIH '19Tblpex

M9pHbiX cljlepH'I9CltHX cpyllltllRA, pemeHHR KOTOporo p981IR3YJOT aenpHBOilHMOe npeACT8BII91lH8 

rpynnhl 0 ( 4) • nono61lbiA MQTOil 6biii BnocnenCTBHH HCITOIIb30B81l AnnanyeBbiM, ltOTOpbiii 

/3/ 
paccMoTpen MaoroMepaoe o6o6mea11e 38/IS'IH Kennepa , a TaKJKe B nocnenaee speMH ae-

/4/ /5/ 
38BHCHMO nepenoMOBbiM R nonOBbiM R Ky3H8llOBbiM AIIJI DOCTj:>08HRH co6CTB8RHhlX 

cpyaltnHA uenpephlBaoro cneltTpa. Onaalto Taxoll nonxoA c aarnell TO'IXH 3p8RHH,ae MOJK9T 

C'IRT8TbCJI YAOBII9TBOpHT81IbHbiM, T8lt lt8K DpRBOAHT K orpaHH'I81lHJO IIHlllb OllHOII H3 B03MOJK 

BbiX CHCT8M C06CTB81lHbiX cpyHKnHII AHCKp8THOro Jl HenpepbiBHOrO CIT8KTpOB, 

Uenb aacToHmeA pa6oTbl 38KIIJO'IaeTCll B cnenyromeM: 

I. nocTpOHTb nHcjlcjlepeanuanbHOe ypasaeaae AIIR n -MepaoA ltynouoscKoA 38AB'IH B 

HMITYIIbCHOM DpOCTp8HCTB8, noK838Tb SKBRB81I8RTHOCTb STOrO ypaBH8HHg BOIIHOBOMy ypaB-

H9HHIO B D -MepHOM pRM8HOBOM !IpOCTp8HCTBQ IIOCTOHHHOII ltpHBH3llbi K >0 (AHCltpeT-

Hbiii cnexTp) HIIR K < o ( aenpepbiBRbiA cneKTp). PemeuReM ypasaeaall Kannuara aaATR 

reRepaTopbi cooTBeTcTsyromeA rpynnbi ypasaeHHB ( sanpHMep, rpynnhl nsuJKeauA TpexMepno

ro DpOCTpaHCTB8 llOCTOJIHBOII HOIIOJKHT91IbHOII KpHBH3Hbl AIIB llllCKp9THOrO CIT8KTp8 8TOM8 

BOAOpOAa; OAHOpOAHOII rpynnbl nopeana B Cny'l88 BenpepbiBBOrO CD8KTpa), 

2. 11ccnenoBaTb B03MOJKBble sa6opbi KBeHTOBbiX '!Been B TpexMepsoM cnyqae, B pa

/6/ 
6oTe CMoponsucKoro a asTopa nocTpoeHbi see soaMoJKHbie aa6opbi nepecTaHoBo'labiX 

onepaTopos B TpexMepBbiX npocTpaacTsax nocTO!IHHOA xpasuaabl K ~ 0 • EyneT noKe3aso, 
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qTO lliTSl 8TOM8 BOAOPOAB 9TII orrepaTOpbl HBnSIIOTCJI BblpalK8l(]UINJ1 0 KBarrpaTII'IBhiNJI B llllofliiBII

•reaHMBITbHbiX onepaTopax rpyrrrrbi - KoMnoaeaTax BeltTOpa Py.are-JIIHID.a 11 yrnosoro woweaTa. 

3. nocTpOBTb B pHrre CBCTeM KOOpABli8T BOpMBpoBABBb18 CIICTeMbl C06CTB8BBblX ojlyaxnBI 

aerrpepbiBHoro a ABCKpe'I'aoro crrex'I'pos. 

HacToHmag pa6o'I'a npencTasnsreT co6oA nonbiTXY 6onee o6mero noAXOAa x npo6newe • ~ 

ecTeCTBeHHO l correplKBT neKOTOpbie B3B9CTBb18 pe3ym.TaTbl. npu 9TOM BeG!SXOIOIMO 38MeTR'nt, 

'ITO paCCMilTpHBaeM/151 rpyrrrra CHMMeTpBBo llaBpBM8p 0(4) unu arowa sonopona, ae IIBM-

eTCS! eAHHCTBennol! rpynnol!, reaepaTOpbl KOT10pol COOTBeTCTByiOT BBTerpanaM AlllllK811HII 38-

rrll'<ll Kennepa. 0Ka3biBAeTcsr, 'ITO rpynny SU (8) B B8KOTOpOM CMbiCne TaKlKe MOlKBO pac-

cMaTpHBaTb KaK rpynny CHMMeTpllll aTOM8 BOilOpOAAo npH 9TOM reHepaTOphl rpynDbl SU(8) 

CBS!38Hhl C reaepaTopaMH 0(4) , TaX KAK DOCTpoeBbl 113 KOMDOBeHT BeiTOpa Pyar~ana 
);./ 

u yrnosoro MOMeHTa 

2. MaoroMepaaS! KynoaoacKaH aaAa'la B awnym.caow npocwaaC'J'Be 

PacCMOTpHM MaoroMepByiO xynOBOBCKYIO 3~a'll B HNDyiiloCBOM rrpoCTpaliCTB8. BonBOIIBII 

<)JyHIUIHH 'i' ( p) 

<)JyBKUHH 'i'(x) B 

B p -npeACTallneBIIR ODperrenHeTCII KAK npeol5p830B8BB8 ~be BOnBOBOI 

x -nperrcTasneaBR. BwecTO peme!IBB ypa11aeaBJ1 llJperraarepa 11 xoopAll-

naTnoM npocTpancTse 11 nocneoy10mero Bbl'lacneBBB npeo6pa30BHIIHII tl>yp~oe aaorna oxa3brBB

eTcH 6onee yAo6HhrM 3anBcaTb ypa11aeBRe llJperrsarepa B 11ane HHTerpam.aoro ypanaeHBB 11 
12-a/ 

I!MnyrrbCHOM npOCTp8BCTBe • ,llpyrBM B03MOlKBbiM CIIOCOOoM IIBnHeTCH HCUOrrb30IIa!IBe BMw 

nyrrbCHOrO nperrcTasneHI!H KBBBTOBOloleX8liB'18eKRX OD8p8TOp0110 II KOTOpOM sl :l8M8HHIOTCII 

HB ia/ap 
1 

, a a/ax I B8 lp I 8 8TOM Cny'IHe ypa11B8Ue llJpeABBr8p8 6yne'I' 

I!MeTb BHA .llB<)J$epeanH8nbHOro yp811lleHHII II BNnym.c•ow llpOC'I'paBCTIIe. 

3anHmeM ypanaeaae llJpenaarepa nnu a -wepaol xynoaoBC&oA 38.ll8'1B 

~ I 
a~y, 

+<E+.!_>Y,-o (2.1) 
la1 <as I> a r 

rne r ~ [ ! 
I 2 10 

( s ) ] f • 1 B none DpBTIIlK8BBH H t • - I B none onanKHBABHII, 
I~ 1 

noCTOHHBbi9 m h nonoJKeabl paBBbiMB enulle, 11 cneny10maM IIana: 

HO 
lle 

2 2 2 f 
(p +po)o/1·-.-o/1 

2 
Po •-2E • (2.2) 

x/ Coo6mea11e o rpynne SU(3) xaK rpynne cRMMeTpaa 3ana'll! Kennepa 6hlfiO cnena-
llBTopoM sa VI Bcecol03aoA Koaljlepeanaa no <jJH3BKe aneMeaTapabiX 'laCTBil 11 Yl!Cropo-
19 OKTR6pll 1965 r. 3TOT IIODpOC 6yAeT norrp06HO paCCMOTpea B ApyrOM M8CTGo 
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YwnolKIIB o6e 'laCTB ypasaeaas (2.2) cneBB aa 

&yna 

, nony'IBM r(p 11 + p
11
0 lo/1 •2tY, 

~ 2 ~ ~ ~ 
r(p +p 0 )r(p +p 0 )o/1•41 o/1 • 

o OT-

(2.3) 

O'!eiiBnHo, 'ITO B cuyqae pacceaaas ( E > o ) pemeaaaMB nocnenaero ypa11aeBBs HB• 

nHIOTC"SI K8K COt5CTBeBBble ljlyBKilHR II none DpBTSilKeJIHH(pemeUH ypaiiRGBBH (2.2) npH t • 1), 

TaK B II none OTTanKBBBHII.II ( t • - 1) • 11CDOnb3YH llbiTe&aJOmBe B3 nepecTaHOBO'IIIbiX COOT-

[ 
k f kf 

aomeaHA MeliCAy KOMJIOBeBT8MH D -MepHON> BMnynbCH H KOOpABHA'I'ANB p ,x ]- J8 (k,t..l, •• ,n) 

nepecTaaoBO'IBble coo'I'aomeaas 

[r,p2 ]•21(pt).l.-(n-l).l.; [r~ ,p
11

]•4t{p1)-2n;[cp1),/]•21p1. , 
r r (2.4) 

nocnenoBB'I'enbao npeo6pa3yeM ypasaease ( 2.3) 

[ 
~ ~a a a .... ~ a ~a] (p + p

0 
)r (p + p

0
) + 21(pr)(p +Po )-(n-l)(p +p

0
) o/1 •41/1, (2.5) 

[
aa 2 a ~a .... ~~a 

(p +p
0

l r +6i(p +p
0

)(pr)-(3n-l)(p +p 0 )-4p lo/1•41/1 (2.6) 

B p -npenCTasneHBH nocnenaee ypa11aeBHe 6yneT: 

n ~ 
a alii a'P 

( p + p O) I• I (apr)ll 
~ 2 ~ i H' [ ~ ~ a l + 6(p + p

0 
) .., p --+ (Sn-l)(p +p

0 
)+4p +4 1loo. 

1•1 dp I 

(2.7) 

B cneAyJOmeM pa3nene 6yueT noKa3ana 9KBHBaneH'I'HOCTb ypasaeaas (2.7) aonao11oMy ypa11-

aeaa10 B D -MepaOM DpOC'I'p8HCTIIe DOCTOHBHOA KpHIIB3Hbl. 

rue 

3. CaMMeTpHH ypanaeaBH B aMnynbcaoM npocTpaacTBe 

3anameM ypanaeaae ( 2. 7) 11 cneny10max o6oaaaqeaaHx : 

' lj 
F['l'] "' a 'I'll 

I 
+b'i' 1 +c'I'•O 

2 
I I 11'

11 
-a 11'/ap ap • 'i'

1
ad'l'/dp 1 

(3.1) 

2 2 2 II 
a xog¢¢anHeHTbl a 11 - (p + p 0 ) 8 

I 2 2 
b ·6(p +P 0 )p , c•(3n-l)(p

2 +p~)+4p 11 +4 (3.2) 

5 



aaaacHT oT p • Mbl 6yJ:teM paccMaTpHB8Tb ypaaaeaue ( 3.1) B T&pMHHax accoo:aaposaaaoro c 

3THM ypaaaeaaeM pHM8HOB8 npocTpaHCTB8 V n , ocaosaoll TeH3op 

II ~I 171 
peJ:tenea ypaBH&HHHMH a II< a ~ a t , I , k • I , ••• , n 

• 11 Koroporo on-

O'!eBHAHo, 'ITO MeTpH-

KB JipOCTp8HCTB8 0 8CCOJIHHpOB8HHOrO C yp8BH8HH9M (2,7), 8CTb 

~ I I 2 ,.an 12 
ds • a 11 dp dp • ( p + p 0 ) Ii ( dp ) 

1•1 
(3.3) 

B pa6oTe CMopoiUIHCJCoro • 
Ill 

aaTopa HCCJI9)lOB8JI8Cb CHMM8TpHH ypaBH8JIH!I 

lllpeAHHrepa B n -MepHOM paMaHOBOM npocTpaacTBe V ~ • 6blno noJCaaaao, 'ITO 

rpynna aroro ypaaaeHHH ecTb rpynna ABH~esall npocTpaacTBa V' 
n , KOHcPopMHOrO V n • npa 

3TOM ypaBH8HH8 MO~O 1IpHB8CTH K HHB8pK8HTHOMY BRAY ypaBH8HHH UJpe)lHHrepa B npo~

p8HCTBe V ~ C IIOT8H11HBJIOM, DpOIIOp11HOH8JibHbiM CK8JI!!piiOII KpHBH3H9 R 3TOrO npoc-

11/ 
Tp8HCTB8o npHM8H8HHe HCIIOJib30B8HHOro B llO)lXOA8 He orp8HH'IHB88TCH ypaBH9HH9M 

UJpeJ:taarepa a npHBOAHT JC coaepmeaao aaanorH'IHOMy peaynbTaTY nnst ypaaaeaaa ( 2. 7). B 

3TOM pa3J:tene Mbl IIOK8lK9M SKBHB81I8HTHOCTb ypaBB9HHH ( 2, 7) yp8BH9JIHIO UJpeAHHrepa C 

IIOCTO!IHHblM IIOTeHI1H81IOM "'R -coast , T,e, BOIIHOBOMY yp8BH8HHIO B 1IpOCTp8HCTB8 IIOCTOSIHHOI! 

KpHBH3Hbi. B cneJ:tyiOmeM paaJ:tene pemeaaeM ypaaaeaall Kan1!Bara 6yJ:teT rrocTpoeaa anrel5pa 

Ill 
JIB AOIIyCI<89MOII ypaBB8BH8M ( 2, 7) rpynrrbl, CneJ:tyll , Bbi'IHCIIHM BeJIH'IHHbl 

I I JJ I 
a -b +• rkl 

H•-2c+a 1 
,I 

(I • I, ... , n) ' 

I 
+"a .I+ ~R 

2(n -I} 

(3.5) 

(3.4) 

rJ:te R -ciC8liilpH811 KpHBH3B8 8CC011HRpOB8liBOrO C yp8BJI8BH8M ( 2. 7) npocTp8JICTB8 C 

I 
MeTpHKOI! (3,3), rk£ -cRMBOJibl KpRcTo«jlcjJena BTOporo poJ:ta, 38n!ITOI! OTM8'19Hbl KOBB-

pH8BTHble 1IpOH3BOAHbl9 OTBOCHTelibHO OCHOBBOrO TeH30pa a 11 

H H' AIIB yp8BH811HR 

Y~:~ol5ao Bbi'!Hcrurn. a ' 1 

~ ~ 2 ~ . 
F' [11'] • e F ['I] ., ( p + p 0 ) F[ 11'] , (3.6) 

06JI8J;I8101118ra, 0'18BHAH00 8BKIIIIA0Bb!M 8CCOIUIRpoB8BBhiM llpoCTp8HCTBOM0 8 38TeM nepei!TK 

/1 7/ 
K a I H H nocneJ;tyJOIIlHM cPoPMYIIAM 0 : 

a 1 .. (•" + n-2 }I . (J -y- • (JI )e (I •I, ... , a)! H•(p2 +p!i
2

H', (3,7) 

r~:~e o 
1 

-afJ;ap 1 .nnst ypaBH&BRst ( 3,6) cPoPMYIIbl ( 3,4) H ( 3,5) J:t810T (a~ • ad ) ~ 

6 

+'I ~; 

•I 

a' 1 •b' 1 • ~ H' • 

p' + p~ 

2c 36 a 1 ~+"a P I +6n(p +p~l-12l 
P + p

0
r ( p + p2 ) ( I I • o P +p 0 l 

11cnonb3yH (3.7) K (3.2),nony'IHM 

I 
a a 2 I )I n+l __ (p +Po 

-2- dp 1 

H e 2 p~ -8 • COnal • 

naK8lK&M, 'ITO IIpH llOMOIIlH rrpeo6p830B8BRH 

r[ll'l .. • -v n.v ll'l 

(3.8) 

(8.9) 

(8.10) 

Ma~o nony'IHTb ypaaaeaae F ['1'1 ~ o ( aKBHaaneaTaoe ypasaeBHJO F[ll'] .. ol ,y I<oTaporo 

ace ;;'I B 0 , HeTpyJ:tHO BHJ:t8Tb, 'ITO ypaBB&HHII ( 3,1) H ( 3,10) o61l8AjiiOT OARBM ACCOllHHpo• 

- 1 1 II I 2 I I /a 1 
B8HllhiM npOCTp8HCTBOM. noaTOMy a c a + 2 a Ill •a + 2 ( p +Po ) av p • J1CJIOIIIoSyH 

-I 
a • 0 ..... II B BHA8 I c I ( 8.8), 38nHW8M CHCT&My ypaBH&BHII 

n +I a 
--2- a;-r ~ ~ )~ 2 ( I If av • 0 , 

(p +p 0 + P +Po -:-r 
tip 

a+l 
~ ---

ln(p2+pol I 
OTKYA8 av • a 

aPT v 
TaKBM o6paaoM, ecna rrpoaaaecTH npeo6paaoaaaae (3,10) C ljlyBKitR811 

n+l 
-11 I I --~--

e = (p +Pol 
(3.11) 

TO ~:~na ypaaaea1u1 F ['1']-o aelii!'IHBbt ;' .. o . 3aMeTHM, 'ITO npK npeo6paaoaaaHH (3.10) 
171 -ae M8BH8TCH , T.e. H AIIB ypaaB8HR!I (3.10) paBBO H H3 (3,9). 

B8JIH'IHB8 H 

OTMeTHM 
Tenepb cneJ:tyiOII1Hii ljlaKT. Ycnoaae ii1 • 0 R onpe~:~eneaae (3.4) STHX ae-

-~ -1 JJ I 
IIH'IBH J:t88T AIIH JCOa¢1j!HnH8BTOB 

b ypaBB8HH!I ( 3,10) b • -a rtf ( B81IOMRBM, 

'ITO yp8BB8BH!I ( 3,1) H ( 3,10) OOII8A810T 0/:IBHM 

MOJK8M 381lHC8Tb ypaBB8BH8 ( 3,10) B BHJ;te: 

8CCODHHpOBABHhiM JipOCTp8BCTBOM), H Mbl 

r[ll'J ... '1 11'
11

- .kl rk~ 'I' 
1 

+ell' .. ~~., +ell' .. o • 
(3.12) 

/81 
r~:~e ~~ -aTopolt ~:~aljlljlepesnaanbKbtll napaMeTp EenbTpaMH HIIH onepaTap Jlannaca, onpe-

~:~eneaablli Ha M&Tp~Ke (3.3) 

• II ~ I I k k 
~~ 1p .. a (d 11'/ap ap - r.l all'/ap ) . (3.18) 
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$axTB~ecEB. &CCOa&BpoBaBB08 C ypaBB8RB8M PBM8BOBO DpOCTp8BCTBO BBODBTCR T8K
0 
~T06Y 

KOaq.jm:Q8RTY RpB IITOpWX RpoB3BOQBYX yp8BB8BBR COBlla.ll8nB C COOTB8TCTIIYJOIIXBMB K03Cj141R

U8BT8NB onpeneneuoro aa &TOM npocTpaacTBe onepaTOpa nannaca {8,18). npa noMOIIXB, 

Dpeo6pa30B&BBB ( 8,JQ) C e -v B3 ( 8,11) OK83b!B88TCB B03MOJK.BhiM llpBB8CTB yp8BB8D8 

(3,1) K IIB.IlY (8,12), T,e, Up8QC'r811BTb CO.Il8PlKBIIXB8 llpOB3110.1lRb18 ~.Jl8llhl II IIB,Il8 onepaTOpa 

narutaca 118 M8Tp!IK8 (8,3), 

Co Ill """"' -rnac11o xo~H.IlBeBT c ypaaaeaaa (8.12) pasea 

c • - H + n -2 R • -l· +4 + ~R 
T i'Tii'=Tf t 4(n - 1) 

(8.14) 

rAe DO,IlCT88118RO 3118~RB8 H B3 (3,9), C llpyrol! CTOpoRb1
0 c MOJK.BO Bhi~BC.JlBTb 110 

- 1 II II /7/ 
4JopMy.JI8 c • o + b v1 ·~ a v 11 + a VI vI , rAe 

I . 2 I I 
v 1 •iJv/ap , v11 .a v/ap ap 

nonCT8BBB CIDQ8 v H3 ( 8,11 ) 0 llO.JiygM 

2 2 c • -(n-1) p
0 

+4 · (8.15) 

Cpasaea11e (8.14) a (8.15) ll8eT cneAYJDIIXee BhlpalKeaxe D.JIH R: 

R •- 4n(n-l)p
0
2 

• const. (8.18) 

PaayMeeTCSI, &TOT peay.JlbTaT MOlKIIO 6Dino 6hl nonygTI> aenocpet~cTseaao, IIDI~cnus cKa

.JIIIPBYJO KpHBBaay R npocTpaac'l'Ba e MeTpaxoll (8.8). Kax B3BeCTRo ua pHMaBoBOII reo
/8/ 

M8'l'paB 0 A.JIB llpoCTp8BCTBa IIOCTORBBOI! KpBBB3Bhl K CK8.JIRpBaH KpBBH3R8 R p8BB8 

R • nO-n) K • 0TCJOQA 

..... 2 
K • 4po (3.17) 

TuaM o6paaoM.ypallaeBBe (2.7) A.JIH MBoroMepaoll xynoaoscxol! sana~ aKBHBaneaTao 

ypasaeRHJO co6cTB8BBhiX aaa~euall onepaTOpa nannaca 

- 2 
F['P]s ~~~'I'- [(n-1) p~ -4]'1'- 0 (8.18) 

B 11poCTp8BC'l'B8 IIOCTORBBOI! KpHBB3Bbl I> 0 A.JISI JlHCKp8TBoro Cli8KTpa (p~ '>0) B K < 0 

Jl.JISI aenpepDIIIBoro cnexTpa p: < o (paccesaae), 

B D8.JlbBellmeM DpB IIOCTp08BHH CBCT8M C06CTII8HBhiX ~YBKDHII yp811B8HHR (3,18) 6y

JI8T yJlo6aee BM8Tb neno c ypasaeaaeM co6cTseauDix aua~eRBI! onepaTopa nannaca 11 npo

CTpauc'l'B8 OQBOI! B TOll liCe HOCTORBBOA KpBBH3Bhl K • :!: }, 'IT06hl IIO.Jiy~HTb T8K08 ypaB-

H8BHe, paaJl8nBM (8.18) aa l4p~ I TorJla Jl.JIR ABCKpeTaoro cneitTpa (p~ > o) 

(4p~)- 1F['I'] .. ~ 2 '1'-[t.;:h 2 - +]'1'-o, 
Po 

8 

(3,19) 

I'Jl8 ~ 2 - onepaTop nannaca aa MeTpuxe ( cp. ( 8.8)) 

11 I 2 
I (dP l. 

1•1 

2 D I 2 
4poq:;l (dp ) 

2 II I 
(p + Po) 

do 
2 

(1 + ~ p2 )2 

3.r:~ecl> P 1 
• 2p

1 
/p 0 

p 
0 

• y-2E • nna B8llpepb1BBOrO CII8X:Tp8 ( p ~ < 0) 

rJle ~~~ 

II -1 
(-4pol Fl'l'l "~2'1'-[ 1 -<"-1>~~]'1' -o 

-;;- 2 

- onepaTOp nannaca R8 M8TpHK8 

I II 
(dP ) 

D 
II I 2 

-4pol~ {dp ) 
I 

Ia I 
ds2 -= 

( 
2 2 II 

p + p 0) ( 1 -~ p2 ) II 

(3.20) 

(8.21) 

(3.22) 

3JleCb P 1 =2p 1 /IPol=2p 1 /y'2E , E >O • Bblpal!<eRII!I (3.20) H (3,22) npeJlcTasna-

~T COOOlt H3118CTHY~ pHM8HOBY ~pMy .JIHBeAaoro 9.Jl8M8HT8 Jl.Jlll 11pOCTp8HCTB ROCTOHHROA 

K • 1 H K = -1 COOTB8TCTB9HB0/
8/ KpHBH3Hbl 

/9/ 
KaK aasecTHO (eM. ) , co6cTBeHHhl& aaa~eHB!I onepaTopa nannaca aa n -MepaoA 

c~epe ( T,e, n -MepROM npOCTp8HCTB8 JIOCTO!IHROI! IIO.Jl0li<HT8.JlbHOII KpHBH3Hbl) paBHbl 

- N ( N + n - 1 ) , rAe N - aeoTpunaTenJ>aoe nenoe qacno, 11cnoni>3Yll ( 3,19), nony~BM 
/3/ 

B3B8CTHbllt pe3y.JibT8T ' 

n-1 )-2 
E • - l>(N + ---r-

N t (3.23) 

Co6CT88HHbl8 aaa·<e!IH!I onepaTopa nannaca B npocTp8.11CTBe HOCTO!I.II.IIOA OTPHD8T8.JlbHOA Kp1I-

BH3Hbl ( aenpepbtBHbtll cneKTp) paBHbt N ( N + n -1 ) 1 rAe N -mo6oe KaMnneKcaoe qacno 

/9/ (eM. ) • nnll Taro, ~TOObl N ( N + n- 1) ObtnO B911X8CTB9HHbiM, aeo6xoJlHMO, ~TO Obi ObtnO 

nu6o N semecTaeaao, na6o N --~ + ik , rae k -semecTseaao. 113 (3,21) 
-2 2 

nony'IIIM E N = - ~~ ( N + ~_..!..J • o~eBHilHO, qTO Jl.JIH aenpepDIBHaro cneKTpa ( E > o) cnyqal! 
2 

semecTseaaoro ~; H8 UOilXOlliiTo flpH N=-"- 1 +ik 
2 

1 
Ek = ~ 

IIM8eM: 

(3,24) 

flpH II = 3 9THM COOCTB8HHbiM 3H8'19HH!IM OTB8'18~T yHI!T8pHbl8 Dp9JlCTaBn9HIIll rpyUDbl no-
peaua. flpH aToM· aemecTBeaaoe N aTBeqaeT aononHI!Tenbaoi! cepaH npe.ucTasneHIIA, 

/10/ 
N = 1 + ik - Up91lCT8B.JI9HH!IM OCHOBHOA cepHH , floC.JI81lHH8 H p88.Jlii3YIOTC!I COOCTB9HHbi-

MH <jlyHKDII!IMII aenpepbiBHOrO CD8KTpa, COOTBeTCTBYJOmHM 3H8'18HH!IM rnaBHOrO KB8HTOBOrO 
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'IBena ( 3,24 ) • Cneny10maa 'laC'I'I. pa6o'l'hl nocaame.11a .114XOJKAei!BJO B03MOlKBbiX 11a6opoa npyrux 

KBaJI'I'OBbiX '!Been, lUISI DOCTp08HBSI KO'I'OpbiX eym8CTB8HHbl rpyDDOBb18 eBOiteTBa yp8BJI811Bit 

(2.7) II (3,18)· (rpyDDb11 .llODYCit88Mb18 Slt8BB8D8JITH&IMII ypaBB8HRSIMR1 DOilOt5Hbl), 

4. YpaBH8JIRH KannRBra II anret5pa n. 

noll I'pyDDOit eiiMM8'rpBII yp88B8BIIH I!DI.IlB (8,1) DOApa3yMeBaeTeH eOBOKyDJIOeTb TSKIIX 

npeoopasOBaBIII! B838BIInMbiX R 38BileRMOit ll8p8M88Bb1X e 38MXHyTolt anre6polt onepaTopoB 

x- e1 a;a, 1 +ttYa!a'P • (4.1) 

OTBOeRTenbiiO ltO'I'OpbiX ypaBIIeJUle IIBBAPRABTBO 

XF['P1-.\F['P1 (4,2) 

Onepa'I'Opbl X llPOilODlK8Bbl IIA npoR3BO.Il.llb18 B'I'OpOro DOpR.IlKA OT 'fl 0 'I j t1 R MJIOlKIIT8llb .\ 

171 
3ABReRT OT P , 3TH cPYBitllRR BAXO.IlSITCH 113 eReTelllbl Ollp8.1l8DRKIIlRX ypaBJI811Rit, XO'I'OpAll 

DpR a 
1 

• 0 eBO.IlRTCH x ypaBH8BIIBM Kunna&ra 

'1,1 + ,J,I • O ( l,j - 1, ...... ) (4.8) 

Ill 
0Dp8.1l8DRIOIIOIM ypaBB8HBBM rpyllllbl .llBRlK81!Hit 118X!)'I'Oporo pBMBHOBa DpoeTpalleTBa , .Una 

yp8BJI8HBSI (3,18) STO DpoeTpai!C'I'BO eOBDB.IIAeT e aeeOUBBpOB8BHbiM1 DOeKODbKY eornae110 

( 3,9) ll.IIH 118I'O H •Conal. l-i'I'AX1 rpynna eHMM8'l'pRil ypaBJI8BII.B ( 3,18). - R SKBBBAD811THOro 

eMy ypa8H8BBH ( 2, 7) - 8CTb rpynna .ll8RlK8BBII llpOCTpaaeTBa DOCTOBHHOit KpBBR3Bbl X:. > 0 

.lll!IL llBeltp8TilOI'O eDeKTpa E < 0 II X:. < 0 .llDSI B8Dp8pb18JIOI'O eneX'I'pa E >0 (eM, (8,20) 
Ill I 

R ( 8,22)), Kax DOK838HO B 1 !Ipll yenOBHB a • 0 ODepa'I'Opbl ( 4,1) BM810'r Bllll 
- I I 
X • ' a/ap B nepeBO.IlSIT pemeB.Rll ypa8118BIIB (8,18) 8 pemeau, T,e, 88 MIIOroot5-

pa3R.II F - o 

[x,'F1-o. (4.4) 

npa S'I'OM1 0'18BII.Il.II0 1 '1'1'0 eeDJI 'P -pemeoe ypaa.11eaaa ( 2. 7), '1'0 

o+l 
-v a a ~ 

'P • e 'P • (p + p 0) 'P 
(4.5) 

peweaae ypaaae&BR (8.10), 

n epeil.ll&M X peme.IIHIO ypaB.118BIIIt Kann~~ara ( 4,8). Ollp8.1l9.11RIOIIOIX ypaBJI8JIR8 rpyDDbl 

ABBlK9BRit npoeTpa.lle'I'Ba noeTOBIIBOA KpiiBH3Bbl. X:. • 4p: (3,17) e MeTpRKOit (8,8), He-

DoepenCTB9JIBOit DpoBepxoA MOlKIIO yt5eARTbeR1 '1'1'0 ot5mee peweB.IIe ypa8.119BRA (4,8) eoAeplKR'I' 
a (n + 1) 
--y- napaMeTpOB R RMeeT BRA: 

10 

I a 1 2 2 2 , a • 1 °,. e , ___ l_[2(p) -p +p.1+! __ ._p p +! 13~aP 
2lpof •• 1 IPol •·• 

(I -1 ....... ) 

(4.8) 

rne mTpux np11 3aaxe eyMMbl yxasblaaeT, 'ITO aano nponyc'!'HTio enaraeM~ npa • • 1 • noe -

TOSIBRbl8 Gt npoR3BOnb.Hbl, noc'I'OBR&ble 13 10 • - 13.1 HallHmeM onepa'I'Opbl, COOTBeT-

CTBYIOIIOI8 pemeBRIO ( 4,8) o noe'I'OBJ1Bb18 1318 ABIOT ODepaTOpbl Ot5bi'IJIOro yrnoBOro MOM811Ta: 

x 'J - PI a; ap I - P I a I a P I (i,j - 1, ...... ) • (4.7) 

nOe'I'OSIJIBbl8 G I npRBOAIIT It onepa'I'OpaM X
01 

• -X IO 0•1, ... , 11) 

2 I D n 2 
xo,· _1_[2(pl) -ps+p~]...!._ +_P_I'p"L-! _1_(plp"+8 Po-~,_!_. 

2 1Po 1 ap 1 I Po , •• 1 ap• - 1 1Po I lo 2 ap" 

a 
nonY'!8BIIb18 onepaTOpbl DpR p 0 > 0 ( E < 0 -AHCXpeTI!bllt eneltTp) YAOBneTBOpRIOT KOMMYTA-

AROBBbiM COOTB0IIl8BBRM 

[X.\1'. Xpt1]- 8.\q XIII'+ BliP x.\q -8Ap XI"' -8"" X Ap (A,1£,t1,p•0,1,. .. , .. ). (4.9) 

KO'I'Opble COBII8ABIOT C nepeCT8JIOBo'IJibiMH COOTIIOIIl8BRRMR anre6pbl na rpyDDbi 0 ( 11 + 1) , 8 

cnyqae ll9Dp9pb181lOI'O eD91tTpa ( p ~ < 0 , E > 0 ) eOOTBeTC'I'BYJOIIlAR rpyDDa SIBDR8TeR rpyn-

DOII 0 ( 1 , 11 ) ( Dpll 11 • 8 rpynna nope ana C OAJIRM Bp8M81lRDOA06BbiM R3MepeRR8M), He-
- - a 

DODb3YB 0603RA'I8BRR X11 • - f Ilk L k • ID(e&M ( p O < 0 ) : 

[LI ,Lk1•flkmLm • [L 1 • X Ok 1 • f lkm X Om 
(4.10) 

[Xol • XOk 1 • - f lkm L m 

Onepa'I'Opbl X o6pasy10T 6as11c anre6pbl na rpynnbl ypaaaellBR ( 8,10) :F ['P 1 - o 
HeTPY.IlRO DOeTpOIITb R3 9TBX onepaTOpOB t5a3RC X 

BRB (3.~ F L 'P1 • o • Cornacao (4.4) onepaTopbl X 

anre6pbl nR SKBBB8D911THOI'O ypaBH&

(4,7) R (4,8) nepeeTSHOBO'IRbl C 

'raMRnbTOHRA&oM' F sa MRoroo6pa3RR pemeaalt W ypaasesaa (8.10), T,e,[X, F1i- o. 
.UoJtalKeM, '1'1'0 onepaTOpbl 

n+l n+l 

( a a -,..... - a a -r-
P + Po ) X(p +Po ) 

v - -v 
X • e X e (4.11) 
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nepecTaaoBO'IHH c oneparopoM F • e 11 Fe -II (eM. (8.10)) aa Naoroo1Spa311R 1JI 

me.lfRA ypasaeHHll (8.J) F['l']• 0 • .neACTBBTenloH01 

· v - -v v - -v v - - -v 
[X , F ] 'I' • [ e Xe , e Fe ] 'I' • e [X , F ] e "f • 

II 
e [x.iJi - 0 

pe-

DocKom.Ky corn8c.Ho (4,5), ecni 'I' pemeue ypasaeaaSI (3,1), TO .-v, 
BllltlleTCll peme-

npaMeHSISI (4,1 1) K onepaTOpaM 
-II -

BB&M (8o'1 0), T,e. e Y • 'I' , X ( 4, 7) • ( 4.8) ,110-
ny'IHM 6a3HC X 

X 
01 

r.ne 

XII - x,l 
I I I I 

p u/up - P, u/ap • IL 11 (I,J •1, ... , II ) 

D +1 n+1 
ll a --,-_ a a -.----

(p +po) xo,<P +pol 

n a a 
_1_(p 1 I p"_u_+I\)-P !_+~p'>--~ 
~Pol ••I up" 2 u"jl 2 IPol 

A -MaoroMepaoe o6o6meaae B&KTOpa Pyare-JleHll:8 

8 0 tx 1 o l(n-1) 1 
A • ~I (L 1 p + p L 1 ) + -- = L 1 p --- P + 

t s•l • a r a 2 

I 
f X 

• pI ( pt) _ p :1 X I + I II- 1 pI + 
2 

I 
(X 

I ~...,. 2x I n + 1 I I p (pr)-_P_+I __ p -x H 
2 2 

H - P a 
2 

(I • 1, ... , n ) • 

(4.12) 

(4,18) 

( 4.14) 

H8DOMHHM, 'ITO I11Ill CBli38HHbiX COCTOSiliHA t • 1 ; 111IH aenpepb!BHOI'O CDeKTp8 t • 1 COOT

B&TCTBy&T p8cceBHHJO B none npaTSIJKeaaH, 8 t • -1 -s none oTTanKBBSBHB. Onep8TOpbl 

(4,12) B (4,13) o6pa3yJOT 683BC anre6pb1 na rpyiiDbl CBMM&TpBB yp8BHeBHSI (3,1), 113 (4,9), 

BCDOID>3YB ( 4,11) 0 DOIIY'IHM KOMMyT8JlHOBHbl8 COOTHOW8HHSI B T9pMHH8X OD9p8TO -..... 
B Bei!H'IHH A'1 •A 1 /y2li!I•IX'o1 0•1, .. .,n) pOB yrnoBOro MOM9HT8 L II • - I X II 

.nns IIBCKp&THOI'O CD811:Tp8 COOTB8TCTBYIOmH8 Bblp8lK8HBSI I11IH onepaTOpoB X pa (p,cr = 0,1, ... , 1t) 

COBD811810T C COOTHOWBHBBMH ( 4,9) 0 Dp8B8SI '18CTL KOTOpblX YMBOlK9H8 aa -I 1, B 6blllB D0-

/11/ 
IIY'IBHbl IIIISI n • 8 (aTOM BOAOpOA8)B8prM8liOM , CooTHOW9HBH 1 8B81IOI'H'Ilible (4.9),6b1IIH 

/12/ ' 
H9)18BHO DOCTp09Hbl .nhepAH B PeB8H • .nns aeDpepbiBHOI'O CD911:Tpa KOMMyT81lHOBHbl9 CO-

OT'!OW9HBH KOMDOHeHT B9KT0p8 A '1 B yrnOBOI'O MOMeHT8 L II T8KJKe COBD8ABIOT C 

( 4,1 0), Dp8B8H 'IBCTb KOTOpblX YMHOlK9H8 88 I nocne BbiBOA8 <jJopMyii ( 4,11 ) -( 4,18) 0 

yCT8li8BIIHB810WHX CBSI3L MBJKAY 683HC8MB X B X 8nretlpb1 na rpyDD CHMM9TpHH0 AO-

DyCK89MbiMH yp8BH9HHSIMB ( 8 .. 1 ) H ( 8,10) 0 Mbl MOJK9M HBDOCpeACTBeHHO DepeATH K Bbl'IHC-

neHHIO KB8HTOBblX 'IHC81I 38)18'18, 

§ 5, Bo3MOJKHble aa6ophi KB8HTOBhiX 'IHC~n 

8 STOM p83A91Ie Mbl p8CCMOTpBM aaiSopbl onepaTOpoB, AB8I'OH81ILBb1X aa CBCTeMaX co6-

CTBeHHhiX <jJyHKIIBA, COOTBeTCTBYJOWHX p83.11eneHHIO. DepeMBHHbiX ypaBHBHHB ( 3,10) HIIH ( 3,1 8) 
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s p.l3nH'IBbiX cBcTeMAX Koop.naaaT. B paa,11ene 3 IShlno nouaaao, 'ITO yp8saea•e (8;10) ecTJo 

ypaaaene C06eTMUl!oiX 3lf8'18BHA OD&paTOpa Jlaunaca B DpoCTp88CTB8 DOCTOBHHOA KpHBB3lfbl 
/8/ 

(8,18), B pafSOTe IIOCTpo8lfbl B03NOlKJil!ol9 aa6opbl OJI8p8TOpoB0 KOMM)"TTfpyiOIIlBX C 1!811118-

CH880M B npyr C ,npyrou, BO BC&x ClfCT&Nax ltOOP.IIBB8To B KOTOpblx p83.1181IBIOTCK ll8p8M8Blfbl8 

yp8Blf9BBII /l 1 'f + .\ 'f • 0 B TpeXN&pBbiX llPOCTp8HCTB8X IIOCTOHlflfOA KPBBR3lfl!ol 1: ~ 0 

( K.OJICT8lfTbl paa.naneaall JlllltliiOTCSI COISCTBelfHbiMB 3BII'I8HJUIMH 9TBX OD&pa'I'OpOB), nepeXO.II OT 

STBX Oll&pa'I'OpoB It OD&paTopaM, COOTB&TCTBYIOIIlBM ypaaa&HBIO (3.1),1Sy.II&T ocymecTBn&H npa 

IIOMOIIlB COOTHOIIl&IIHA ( 4.11) -( 4,18), 

HaB&CTao, 'ITO rpyl!lly niiB'JKeaall npoCTpaacTB8 v, IIOCTOliBIIOA KpBBR3abl K > o MOJK

ao paCCM8TplfB81'Jo K8K Bpam&HlfJI BOII:pyr li8'18118 neK8pTOBOA CHCT8Mbl lt00pi1BH8T B OO~MIII0-
/8/ 

lll&M IIIIOCKOM llpOCTp8HCTB8 S 6 +I , .naJ;apTOBbl KOOp,IIBH8Tbl T0'18K I'BII&plloBepX!iOCTH 

V 6 B n + 1 -M&pliO.M !t QIS'Io!I_Mil!OIIl&.M npOCTp8HCTB8 S 
6 

+ I BBnHIOTCll AnSI npOCT-
a ); ( d p1 )a 

p8.11CTB8 c M&TpBXoll do • I•' Koop.naaaTa.Ma BeAepmTpacca 
' a a ) • 1: 1 n 1 •P + Po, I n 

~I • 1 1 (p , ... , p ) , e • I I p , ... ,p ) B Ollpe.II&IIHIOTCB llpH IIOMOIIlB yp8Baeaalt 
/8/ Yk 0 0 

(eM, ) 

n a 
I <de,> + 

I• I 

an I a a aa 
!. de -I (dp > /<p +P 0 > 
" 0 1•1 

a 1 a 1 c • _ 
.1:+-so 1: •S K 

(5.1) 

ul al n I 1 • • 0 (J -1 k). I<lil la a a -a l•oapTapc '••olfPT •(p +po) (J•1, ... ,n) 

Bbip8aHM onapaTOpbi X ( 4, 7) a ( 4,8) qepe3 HH<jJBH.HTe3HM81IbBbJe Ollep8TOpbl MOJI4eHT8 

KOIIH'18CTB8 11BH.lKeBHll El 06'h&MIIIOIJleM IIIIOCKOM llpOCTp8HCTBe, PaCCMOTpBM OTli91IbHO cny'IBIJ 

liBCKpeTaoro H aenpepbiBHoro cD&KTpoa a TpexMapaoM cny'l8e. 

nacxp&THbiA cnaii:Tp 

BeAepmTpaccoBbi Koop.IIHHBTbl B npocTpaacTae nocToHaaoA KpHBH3HhJ 

KoA (3.20) OYAYT 

2 a 

K • I C MeTpH-

e + eo - 1 • 
I 2 e I • p /(1 + ~ p ) ' 

a 2 
e 0 •U-~P )/(l+~P) (i=1, ... ,n). 

HeTpyliHO npoaepHTb, 'ITO 3TH senH'IHHbl YliOBneTBOpliiOT ycnoBBSIM ( 5.1). nocxonbKy p I 

B (3,20) BCTb P
1 

• 2p
1 

/p 0 , TO 

c 1 I a a s 1 • 2 PoP (p +po) e 0 • (p~ -pa l/(p~ + pa ) (1•1, ... ,n) • (5,2) 
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/2/ 
a, ecTeCTB&Jtao, coBJiaJ;IaiO'I' c xoopuaaTaMH, BB8A81lHhlMH 4»oxow • Ca•a• oJiepa'I'OpoB ·X 

(4.7) B (4,8) C OII!"PaTOpaMH '18Thlp9XMepaoro MOMel!Ta (reHpaTopaMH rpynnw. Bpa!ll&HHA) B 

o61oeMIIIO!Il9M 8BXIIHAOBOM 1IpOCTpallCTB8 M pu • ~ p ala{ U -{17 ala{ p H3B9CT!la ( CMoo ll8llpHM8p: 

/11/ ): 

Xpu •Mpcr (u,p • 0,1, ... ,"). (5,8) 

8 TpeXM&pllOM pHMaHOBOM llpOCTp8BCTB8 IIOCTOHilBOll XpBBB31lhl 1: > 0 Cy!ll&CTBYeT W&CTb 

CHCTeM KOOPIUIH8To B XOTOphiX p83ll9lUIIOTCH II8p8M8.11.Rhl9 yp8Bil8HJIH Ralllll!Ca H COOTB8TCTB81l

/6/ 
ao 6 aoaMoJKHbtX aa6opoa xaallTOBhiX 'IHCI!II • Mhl paccMOTpKM ABe cHCTeMhl xoopA.RHaT, 

lln.ll KOTOpb!X COOTB9TCTBYJOillH8 CHCT8Mhl C06CTB8HHhiX cjlyllXIIHA, p8811B3YJOillH8 1Ip8ACT8Bn8HJIH 

Knacca 1 rpyiiiihl 0(4) 
1, 6yAyT ll8Bhl B C/I91lYJO!Il8M p83l(8118, 

a) U B II BIt ll p R 'I e C K a B C B C T eM 8 KOOpllB.II8T ll89TCB Cll91lYIOillBMB cjlopMyii8MB 

~ O • COB fJ COB <j; I I ~a • o1Jl8 COS <Pa 
(15.4) 

~ 1 • cos8sm</;l • ~ 8 • sin 8 sin</; a 

/61 - a a - a a 
Bbtpa3HM naarOH811bHhl9 B aTOM IIp9!lCT8BII9.11BB OIIepaTOphl X 2 m a I a<~;. B X 8 -a la<Pa 
qepea xoop.naaaTbt ~ • OuycxaR aneueaTapah!e upeo6paaosaaasr, nony'IBM: 

a a - a a 
x2 -<~0 ala~ 1 -~ 1 ala~ 0 > -M01 ; x8 -<~aala~8 -~8 a/a~ 2 > -M 28 

(6.5) 

Cornacao <PopuynaM (5,3), (4,11)-(4.13) aTBM oJiepaTopaM, naaroaan&HhiM aa pemeaasrx 

ypaaaeHHSI Raii/ISCa, COOTB8TCTBYIOT C1191lYIOillH8 OIIepaTOpbi, llll8rOH811bBhl8 aa CHCT8Me tflyaK

UHll, B!IIISIIOWHXCSI pem&BHSIMB HCXO!lBOrO yp8BH9BBII ( 3,1): 

2 2 ·2 - 2 a 2 2 2 
x2 • (p +Po> X2 <P01+ Pol • X01 •-At IPo 

2 2 -2 - 2 2 2 2 2 
Xa = (p +Po> X a (p +P 0 l • Xaa •-L2a 

6) C,PepH'IBCKaH cacTeMa aanaeTCSI ,PopMynaua 

eo - cos a ~ 1 • sboa sU.IJoln</; 

~ 
2 

• sina cos8 ~ 
8 

• oinaoiniJcoo </; • 

AaanorH'IHhiM nyT&M JIOIIy'IBM cnenyiOmne naaroaan&Hbte oJiepaTophl 

X2•-L2 
2 

Xa •-LIB 
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(6.6) 

(6.7) 

(5.8) 

P.mt xpaTli:OCTR Mhl orpaHli'IBMCJI aTIIMH AByMB cacTeMaMB ltOOPilBli8T,,llllll xoTophlx B cne

llytO!Il&M p831l9118 ll8Rhl ROpMRpoBARRbl8 CRCT8Mhl C06CTBeHHhllt cpyllltJlBll, 3aM8TRM, 'ITO B BO 

BC8X OCT811hRbiX CBCTeMAX AHAr01l811hHhl8 OII&paTQpbl T8KJKe 6y.nyT BhlpaJK&BHSIMH, KB81lp8Til'l

llbiMB B RHcpRHHT83BMallhllhiX OII&paTOpax rpynDhlo 

HeJipephiBIIYA CIIQKTp 

S.AepmTpaCCOBhl KOOpllB.118Thl B DpoCTpaiiCTB8 IIOCTOBHilOll XpBBB31lbl 

pxxoll (8,22) 6y.nTT 

1 a 2 2 
~~ • P IU-~P ), ~ 0 -(I+~P >IU-~P) (l•l, .. .,n) 1 

K • -1 c NeT-

(5,9) 

BIIBt 1IpBIIBM811 BO BllBN81lH80 'ITO B 

B cjlopNynax aenpephl»lloro cuexTpa 

(3,22) P 1 
• 2p 

1 IIP 0 I 
2 

B 00o31l8'18B B ll811hB8llm8M 

p 
0 

- 2 E , nony'IBM 

1: I I 2 2 ~ I • 2 p o p (Po - p ) 
1: 2 2 / 2 2 ~o •(po +p ><Po-p> Po • .,j2E (6,10) 

npe.ncTaBBM CllOBa OII8p8TOphl X B3 ( 4, 7) H (4,8) B BBil8 reaepaTOpoB rpyiiiihl Bp8!1l8-

nll o6'loeMIIJO!Il8ro li'C8Bil08BXIIHilOBa ~ -DpOCTp81lCTB8: 

11 lrl - { ... ala{ t -lfela~ ... Mo-.. -~oalae-.. + ~k a1a~o ( lt,f • !, ... , n) 

(llpH ll - 8 reB8peTOphl rpyiiiihl Jlope!lllA C OlliiBM Bp8N811HIIOilOl5RYN 113M8p81lB8M), 

HeTpy.nao nposepBTh, 'ITO 

X Jrl • M-..f X
0

-.. ·-M 0-.. (It ,f.!, ..... ). (5.11) 

.n.ut:hllaAmRe BY'IBCII8RRB DpoBOiliiTCll TeX lll:8t IUIX B Clly'lae llBCXp8TROrO CII8KTpa ( IIOIIHhl8 
/61 

.aal5opH KOMMTTBPY!Oill.BX o:n:eparopoB B IIpOCTp81lCTB8 Ro6a'leBCKoro llOCTpo8Bhl B ) • Pac-

CWO'l'pJDI C48llYIOill.B8 CBCT8Mhl KoopA.RBaT : 

a) Uxn••AP•••cxas <::BCTeua c 

~ 0 • chachb ~~ • shboln </; 

~I • aha chb ~ • shbcoe<f; • 
Up.u:TepxayeTCR ene.QyJOillHMB oneparopaMH : 

I 
X1 ·-A 1 12B 

I 
x 8 --Lu 

liS 

(5.12) 

(6.13) 



5) CljJepH'I8Cit8SI CHCT8M8 5: 

q 0 • oha 

q8 • aha coati , 

xapaltTepuayeTCa onepaTopaMH 

x2 - L2 

B) funep60RH'18Cit8SI CHCT9'M8 H 

q 
1 

• aha 

q
0 

• chachb , 

q
2 

• aha alntl ooarp 

q I •ah a aln 6 alnrp 

2 

xa • L 12 

q 
2 

• cha ohboln rp 

q a • chaahb coa rp 

(5.14) 

( 5.15) 

(5.16) 

Ha COOCTB9HRbiX ljJyRitRHHX, COOTB9TCTBYIOII!HX p83.Q9R8RHIO nepeMeHRbiX B rRnepOOnH'!eCitOA 

CHCTeMe lt00p.QRR8T1 .QRarOH8RbRbl OR9peTOpbl 

2 2 2 
X 2 - (A 2 + A 8 ) I 2 H - L 2a ' 

2 
X a • L28 

r) 0pucljJepH'I9Cit811 CHCT9M8 0 

q
0 

• ~[e-•+(r 2 +1)e 8 ] qa -~[e-a+(r2-l}e•], 

q
2 

• re • coarp 

.·-~ 

q • r e a aln rp 
I 

B aTOll CHCT&Me auaroH&nhHhl onepaTOphl 

A 1 2 A 2 2 
X2 - <-= - L 18 l + <--=i= - L 28 l 

y'2H y2H 

2 

X a • L 12 

(5.17) 

(5.18) 

(5.19) 

3SM9TRM, 'ITO p8CCMOTp9HHbl9 HSMH CHCT9Mbl KOOp.QHHBT1 KOOp.QHH8THb18 ROB8pXHOCTR KOTO

pbJX HBRIIIOTCH ROB8pXHOCTIIMH Tp8H3RTRBHOCTH1 MOlKHO KRBCCHijJifllHpOBaTb B T9pMHH8X HH-

BBpHaRTOB RO.Qrpynn rpynnhl 0 (4) HRH 0 (1 , 3). 11HB8pH8HTbl RO.Qrpynn OOpa3yiOT BM9CT9 C 

onepaTopoM Ka3HM11pa BTOporo ROpH.QitB RORHhl9 H800pbi KOMMYTRpyiOII!HX H80RIOJI89MbiX, a 

ux o6mae co6cTB9HHbie ljlya~HH o6pa3YKJT 6aaac npeAcTaaneaua. TaKaa KnacculjJaKanaa, npo-

/13/ 
B9.Q8HR8R B paooTe BaaTepHHTUB H $puma .QRR rpynnhl nopeana,ocTaeTcR cnpaBe.QnHBOA 

A , 
A '1 = \i'2THT .TaKHM o6paaoM,,onepaTophl (5.13), 

( 5.15) H T • .Q. RBRRIOTCR HHB8pH8HT8MH p83RH'IHhlX UOArpynn rpynnhi CHMMeTpHH 38.QB'IH. 

H .QRR 083HC8 H3 onepaTopoB L lk 
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Hallu nl!:wll BRA .QRaroRanhHbllt onepaTOpOB B paanH'IHhiX CHCTeMax Koop.QRHaT, nepeAAeM 1t 

DOCTpOeBJllO BOpMBpOB8RRhiX COOOTB9HHbiX $yHitUHA. 

§ 6. CoocTaeaable .pyuuHH .QHCKpeTaoro cne~trpa 

fipelltA8 '14tM H8IIHC8Tb ROpMllpOB8HHhl9 COOCTBeHHbl9 ljly~HH, ROK8}1(9M, 'ITO COOCTBeH-

Hb18 3B8'18.11Bll onepeTOpoB X 2 H Xa (5.6) COBU8J18IOT C COOCTB9HHhiMH 3H8'18HHRMH one-

paTOpol!l X 8 R X a ( 5.5), smnliiOII!BMBC!I ltOHCTBHT8MH paa.QeneHRB nepeMeHHhiX B ypaa-

La/ - -·v -¥ 
mtDB (3.18) • fiyc:Tb X 'I' • .\'I' . Cornacao (4.5) X< 'I' •Ae 'I' · YMHO}I(HM STO Bbi-

v -
peJKeRRe cneBA aa ev Tor.Qa e Xe-¥'1'. X'l'a.\'1' no onpeaeneHHJO onepaTopoa X 

(4.11)~• T81t lt&lt .\ acTb c -'IBcno. TaltBM oopaaoM, coocTB&HHhie 3Ha'leHHII onepaTo-

poB X B i , A&llCTBYJOII!KX COOTB9TCTB8HHO H8 CHCT8M8X 'I' H 'I' COOCTBeHHbiX 

$y~RA, COBIIBA810To 

fpa$R'IacKBil MeTOA ROCTp09HH!I HOpMBpoBBHHbiX COOCTB8HHhiX $yHitUHA 'I' RBnRIOII!RX-

Cll pell!eBII51!10: yp8BB9HHR nani!BCB lUI 'leTblp9XM9pBoA cljlepe B CHCT9M8X K00p.QHH8T (5.4) H 

/14/ 
(5.7) DpeAIIOJK8B BaneuBHbiM, KyaaeuoBhiM H CMopoAHHCKHM • no1Ib3yac& anropHTMOM 

/14/ 
paoOTbl , IIORy'IBM OpTOHOpMllpOB8BHhle COOCTBeRRble $yHXllliB B CHCT9Me ( 5. 7) • 

a 
- •·• -K 2 T •·• 
'I'Nfm(a,tl,rp) •[N n] {1-coa a) Pn (ooaa)Yfm (tl,rp) 

(6.1) 

rAe 
Pa,a(ooaa) - ROnHHOMbl rereaoayapa , Y fm (6 ,rp ) -cljlepH'IeCitHe ljJyHKUHH 

n • N - f a • f + ~ , n •0,1,2 ... BenB'IBHbl - e(f+1) H -m
2 

I, IIBnJIIOII!Re-

/14/ 
CR ltOBCT8JrT8MB p83AeneHRR , ecTb COOCTBeBHble 3HB'IeHHR onepaTOpoB X (5.8), AeA-

CTBYIOII!BX 118 pemeHRBX 'I' ypaBH9HHJI ( 3.1) 

2 2 -2 
11' • (p +Po) 'I'Nfm (a,tl,rp) (6.2) 

N -rnaBHoe KBaHTOB09 'IHCRO (3.28), HOpMa N:·• paBHB 

2a+ 1 2 
2 r (n+a +1) a,a 

N (6.3) 
n 

(2n + 2a + 1 >r<o+llr(n+2a+1) 

/2/ 
$opMyRhl ( 6.1) B ( 6.3) COOTBeTCTBYIOT peweHHIO <l>oKa • 

llna CHCTeMbl (5.4) HMe9M 

~'lh 
'I' (11,)( ,)( )=Dk k(X1•26•X2) 

Nk 1 Jr.2 1 2 1'2 

(6.4) 
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·~ IW 
rae D • 1 , • g - aopMapoaaaaasr o6o6meaaaa c<Pep:a:'le<:B;asr <llYIIXJUI• B~~raepa )( 

1 
• .p 

1 
+<I> 

2 
)(g -<1>1 -t/>g • k1 - (m 1 -mgl/2 ' kg - (m 1 + mg )/2 ' -i- $. k1 ,kg s-i. . KoacTSBThl pa.aAene.Ru 

-m
2
1 a -m~. e<:Tb co6CTBeBBhle 3B8'1&BII:H onepaTOpoB (5,8)Jm

1
,m

2
•0.:t,1, t.2 ... Ilepe-

xoa x 6aaacy STII:X onepaTOpoB aaanoruqea (6.2). 

§ 7, Co6CTBeB.RbJe fYBIDlRH BenpephiBBOro cneXTJl:ll 

8 cnyqae aenpephiBBoro cneETpa E > 0 (pacceuae) aeo6xot~RMo BMecTO ranepc.pephl 

p8CCM8TpHBaTb aayxnonOCTBhll! ranep6onOHA1 np• 9TOM HMnynJ.CaM 0 < p < y2E • Po co-

- 12/ OTB8TCTBYBT BepX.RHSI nona ranep6onOH.[Ia 0 a RMllynJ.CaM p > y2E -IIHlKm!SI nona , Ilepe-

XOliY OT oaaol! nonhl runep6onOHlla X apyrol! COOTBeTCTBY8T RBBepCHSI B o6~&Mnrom&M nC&BliO-

eBKnHaoBoM npocTpaHCTBB ' .. -' · 3Ha'I8RH8 <jlyBIOlHH 'f b (') (,
0 

> 1 ) t S!Brui:IDII{8l!Cll 

pelll&HR8M ypaBB8HHR nannaca C C06CTBeBHhiM 3Ha'I&HR8M1 xapaxT"epH3,..MhiM Belll8CTB8RHhiM 

k (8,24) aa aepX.Rel! none rlmep6ono•aa, cBRsaao co saaqeuaeM <PYIIXli.H:a: .8 conpaJKe.aaol! 

TO'IXe e--' Ba HRJKBel! nolle WH(,')(,o<-1) cneayJOII{HMH COOTHOm&~S!M·'4•51 ' 

- - "''"" 'I' b (')/'PH((') • 0 1 lea • -• 
(7.1) 

-1 
rae k • p

0 
• HopMHpysr 

c2 
2 2 

ycnoaReM I c 1 I + I c2 ~ •1 
1 

nonyqaeM J[ c1 

± 'Fam. 
c1-0+o ± ±21Tk " 

c2 •-(! +• )-I >'" (7,2) 

H .PYHKllHJO, onpeaeneaayro aa aceM RI!Tepaane 0 < p < oo 
1 

aanRChiBaeM 8 aHae 

- + { ±-'I' - (') .. c ~ 'I' b (') 

c 2 'Pb (-') 

p < Po 

(7.8) 

p >Po 

Ilonyqeaaasr aeoaaoaaaqaocT& onpeneneaHblX aa seeM ranep6onouae pemeaal!, cooTaeT
± 

CTByJOmaH aByM B03MOlKHblM aaa'I&HHHM c 1, g • &MeeT npocTol! <jlaaaqecKHl! CMbJcn. Ha npa-

aeaeaaoro • paanene 2 BbJBOlla aaaao, 'ITO pemeHHHMR paccMaTpasaeMoro ypaaaeHHH Hana-

IOTCH C06CT8eHHhl8 ~YHXllHH X8K B none npRTHlKeBHR ( 
• 1), Tax R • none OTTanKH-

B8HHH ( w+ "' - 1), IlepBOMy Cny'la!O COOTBeTCTByeT 'I' , BTOpOMy 3aMe-- + --THM, 'ITO, 0'188HaH01 lp k • 'P_ k 
Tenep& anH aopMHpoaxu <!JyHKIUill, onpeaeneBHblX na 

/4 5/ aayxnonocTaoM ranep6onoaae, aocTaTO'IHO npoaecTH aopMHpoaKy aa oaaol! none. 8 pa6oTax ' 

COOTROllleHHH ( 7,1) H ( 7,2) flhlllH nony'I&Hbl anH C06CTB8HHhiX <!JyHKnHll 8 c<fJepH'IeCKOll CHCT8-

Me KoopaaaaT ( 5.14). EcTecTaeaao, 'ITO STR cooTaomeaaH ae aaaacaT OT Bb16opa Toll ana 

HliOl! CHCT8Mhl C06CT8eHHblX <jlyfll[llHl!. 
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Co6cTMBHW8 cjlyu:n•X l>apa'!'Op& naiiMca U nm:ep60IIO.:,Il8 8 CHC'NMaX C , S , B R 
. I 18/ 

(8,12) • {11.19) AaHW a paiSo're BxdDllu • CwopoJ~UCJtOl"' • &nr cjly.BHIXHII (n 0 

JIOpMllpOI!IU.BJole) B CH1:T&M8 S (1J.J4) ....,. IUIJI: 

_ 46 4+16> l Ira</> 
9 • (a,8,</>l•(aha) !P (alua)!P,.(-8)e , 

lt<ra -K +Ill: 

(7.4) 

,rAe :~:oacra.rrw p&aAeneasr l ( l+ 1) a m2 
KBnSIJO'I'CS! eo!ScTBe.K.BWMH auauDSilllH onepaTOpoa 

(5.18), l • 0, + 1 , ... , m • t, l-1, ... ,-t, 
B r'llll8pl5onJI'ItiC:I:ol! eBCTeMe co6CTMIUIWe cjJyiiXli.Hx paBIIW 

- -1 lk lill lm</> 
t' k (a,b, </>) • (cha) !P (tha) !P ( chb)o 

q• -K+Iq -K+ lq (7 ,8) 

xoiiC"''AJJ'''W pasnenensr q
8 

+ " , r.11e q -aemecrBe.Waoe R m 
2 

liBnS!IDTC.R co6c,....BRYMH 

aaa'18HHSDm onepaTOpoB (5,17), m -~t~noe 'IReno, B CRC'l'&Me (8.18) 

y -· -· lmt/> kKm(a,r,</>)•o X 1k(Ke lJ.,(Kr)e 

J,. · ..cjlyBitllRH Beccena, x 111: -cjlyD:IlHSI Maxaoaan.,ll8. 

B nXIIRBAPB'I&<:Jroll CHcreMe ( 5.12) co6CTB&HRb1e <jlyaxnaH 

- l(r.+m</>> ., -•-1-lk 
9 krm (a,b,</>) • o (ahb) (chb) X 

X F (m + 1 + lk + lr 
2 

m+1+1k-lr ,m+1, th1 b), 
2 

(7.8) 

(7. 7) 

F ( a,,9, y ,3)- r•nepreoMeTpR'I&CIUlH ljlyBitllaH, - r a H - m a -ltOBCTaBTbl pasaeneaaa, aanaro

IIIH&CH C06CTMBRhiMll 3.BaUBHSIMB onepaTOpOB ( 5,18) • 

Mhl Dony'IHD paBmi'IBble CHCT8Mhl C06CTB8BBb1X cjJyBitllRil aenpepblBBOrO CD8ltTpa B 
/15/ 

aMnynJ.CBOM npoc'l'pallcTB&. Tenep~o .Ra,tto aopMHpOBS'l'b STR <!Jyu:naa, B pa6oTe nony'I-

Bbl cjJopMJ11b1 o6pamenll Anll pasnoJK&BHSI no co6CTB&BBhiM <jlyRJtllXliM ( 7,4) -( 7, 7). Ha npa-

Mepe s -cXC'r'8Mhl MW DOIUl&eal, XHX npoBOAIITb BOpMHpOBX)'1 BCllOl!MyJI cjJopMynW 06pa

meHU. OcTam.awe enyu• pacCMaTpXB&IOT'CB aaanorx'lllo a 

M)'n, DOIJY'I8BBhllt .' 
1 51

• 

CBOAli1'CB It HJI'I'erpHpo!IIIDIO cjlop-

IlyC'l'b HMeeTCS! opyBitllRll 

Tapaow cii)"Ule N • - 1 + lk 

8 8 
f (' ) , 38JI8HBU aa rxnep6onoue eo_, ·1 • Tor,Qa B yRH-
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f(~)- (21r)-a/lll: 1_ 1/ j r<tltl •t .. <ltl -<l++i> 
f.m o r{IJt-f) --m=-'-K+Ik(oha)Yfm(/1,t,6)1tadlt, (7~8) 

<llopMynhl o6paTaoro upeo6paaollaDH RMeJOT BB.Q: 

t •I• 
"tm (It) -

'-1> (21r) 1' (-lit) -~" ·d+~ • 
J J J ~~~-1- 9' u (oh.lW• 16 ... 1 d e <7.t> 
0 0 0 -~ -,-lk 'Y'fm .,. --. 

r<-t~<-f > yoha ~ 

-1 a a /15/ 
rt~e ~ 0 d ~ ••h a ola/1 dad8dt,6 Hs (7.8) • (7,9) cne.a;ye-r, 'I'J'O 4JyUnRK 

- !r(lk)j k -cf+K) 
"e<a,8,t,6l- IJ (oha)_1_y,_<B.t,6l 

k .. I r<t~< - t >I -K+-· .tk y;r;a-
(7.10) 

YAOBnG'l'BOpKe'l' ycnoBR~ II:OpMRpOBKR 

-waw_ - /e 
f f f qr • (a,/1, t,6) ll'*,., , (a,6, t,6) __ .3(1t-lt')3f! ,3 

O O O kf..m Jr. (.. D1 ~ O III.IB (7.11) 

Hs (6.2), (7,2), (7.8) • (7,10) cnet~ye'l' 

(!:) a a -a r(ik) 
qrkt.,<•.8,t,6l •(p -Po> ~ 

{

Ct> 
-K -Cl++i> a a "a • p<po 

I 2PoP I P IP +Po -jY (8,1,6) 
~ -K +lk 77 t.. t±> 
Pn-P -o "a ,p>p

0 

.l(7.12) 

rt~e k = ~ = __ 
1 ,f ( f + 1) R m a - COOCTBeii:RbiB 3Ra'IGRRJl onepa'l'OpOB ( 5,15): La 

Po V2E 
a 

R Lu• 

HopMBpoaxa cj>yaxnBll (7.5)-(7.7) npoBOARTCH aaanorR'IliO, 

AaTop 6narot~apea H.A, CMopot~aacxoMy sa RBTepec x pa6oTe a o6C)'}KAaRRe nony'laH-

HhiX pesyn&Ta'l'OB. 
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