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/1-10/ B pRile pa oT paccMaTpusaeTCH o6~ellHHeaue npocTpaacTseaao-speMeaaoA 

CHMMeTpHH (rpynna nyaaKape) C BHyTpeHHefi CHMMeTpHefi sneMeHTapHbiX '18CTHU B BH)le 

nonynpHMoro npOH3Be)leHHH rpynn, B KOTOpOM HeKOMll8KTH8H rpynna BHyTpeHHeH CHMMe TpHH 

smnHeTCH aopManbHbiM )lenuTeneM. XapaKTepHbiM llnH sToro nOilXOila HBnHeTCH TO o6cToHTenb-

G · 
) 

CTBO, 'ITO (OilHOpOilHSH) rpynna flopeaua BCTpeqaeTCH llBil~llbi B OO~e)lHHeHHOH rpynne 

OllHH paa - K8K (OilHOPOilH8H) 'IBCT b l' p y nnbi nyaHK&pe p , BTOpofi pas - K8 K '18CTb 

rpynnhi BHyTpeHHHX CHMMeTPHA (cnuaopaaH rpynna flopeaua SL (2, C) ) • CooTBe TcTseaao 

C STHM MOlKHO E\BeCTH 1188 4-BeKTOpa naynu-fly6aHCKOPo-EaprMaHa: 

~ Mpu k,\ 
w p. = t puAp. (1.1) 

u nsa (TpexMepHbJX) seKTopa cnuaa J. H J. 
I I 

J 1 (w -~ ) . 
I y' k2 I k +ykl. 

M pu- OnepaTOp MOMeHTa KOllH'IeCTBa llBHlK~HHH, Spu-

(1.2) 

COOTBeTCTBYIOlllHe r e a epaTOpbl 

cnuaopaon rpynnhJ SL(2,C) , paccMaTpusaeMoA KaK '!aCTb rpynnhl sayTpeaaen CHMMeTpuu, 
,\ 

k - 4-MepHbiH HMnyn&C (paCCM8TpHB810TCH llHlllb '<j>HSH'IeCKHe' npellCTasneHHH rpynnbi, 

B KOTOpbiX onepaTOpbl k 
2
: (k k ) H k0 

- DOllOlKHTellbHO onpe)leneHHblli ), ilanee, DOCKODbKY 

y K8lKilOH '18CTHUbl TOllbKO OllHH CDHH, DOCTynHpyeTCH0 'ITO 'laCTHUbl ODHCbiB8IOTCH llHWb 

T8KHMH npellCTaBneHHHMH rpynnbl G , B KOTOpblX BeKTOpbl W p. H W p. COBD8 1l8IOT, ilnH 

Toro 'IT06bi 3TOT nocTynaT He npusen K CnHWKOM yaKoMy Knaccy npellCTasneaHA (aanpH

Mep, T8KHX, r)le npellCTaBneHHe rpynnhi BHyTpeHHHX CHMMeTpHA TpHBH8llbHO) He OOXOilHMO 

noTpeoosaT&, 'ITOObi npocTpaacTso1 HaTHHyToe aa 'leTbipex onepaTopax w -w , o bino HH-
P. p. 

B8pH8HTHbiM OTHOCHTenbHO rpynnbi G , ilpyrHMH Cll0B8MH 0 Tpe6yeTCH, 'ITOObl llllH ll iOOOrO 

HH<j>HHHTe3HMan&aoro onepaTopa X rpynnbi G KOMMYT8TOp (X, W -;; ] . HBDHllCH llHHeH-
p. p. 

aon KoMouaauuen w - w 
p. p. 
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B HaCTOSillleli paooTe paccMaTpHaaeTCR rpynna G T axoro lKe T Hna, a HMeHHO 
x) 

G = p B u ( 6,6) • (1.3) 

flpH :>TOM, B OTflH'IHe OT npeJlblJlYUIHX paoOT, npeanonar aeTCR, 'ITO ,PH3H'IeCKHli HMIIYnbC 

He KOMMyTHpyeT TOlKJleCTBeHHO c rpynnoli aHyTpeHHHX CHMMeTpHli U(6,6) • T p eoyeTcR 

n HUih ero nepecTaHOBO'IHOCTh c onepaTopaMH aapRaa H rHnepaapAAa. 3TH ycnoBHR, Hap AAy 

C KOMMYTaTHBHOCThlO KOMIIOHeHT HMilynbca MelKJlY COOOli, OnpeJleflR!OT •ooOOUieHHblli HMnynhC' 

C TO'IHOCThlO JlO TpeX npOH3BOnbHhlX IIOCTORHHblX H Tpex 3HaKOB ( § 3) • 0rMeTHM1 'ITO nepBaR 

nonbiTKa
1161 

BBeCTH B rpynny oooomeHHblli HMn y n hc, He KOMMYTHPYIOUIHli c reHepaTopaMH 

/17/ /16/ 
BHyTpeHHeli CHMMeTpHH, OKOH'IH flHCh Heynaqeli (eM. ) UOTOW}'J 'ITO B paCCMaT pH-

aanHCb flHUlh KOMnaKTHble rpyllllbl BHyTpeHHHX CHMMeTpHli. LlnR Hamel! lKe KOHCTPYKUHH, 

KaK OYJl9T BHJlHO H3 llanbHeliwer0 1 CyiUeCTBeHHO, 'ITO rpynna BHyTpeHHeli CHMM9TpHH CO)lep-

( ) x x) 
lKHT HeKOMilaKTHYIO nonrpynnY, H30MOp,PHyiO rpynne nyaHKape • .. ~ 

OnpeneneHHblli HaMH oooomeHHblli HMflynbC oonanaeT, onHaxo, IIBYMH OC009HHOCTHMH, 

KOTOpbre TpYJlHO CornaCOBaTb C ,PH3H'IeCKOli HHTepnpeTaUHeli HMflYflbCa. Bo-nepBblX, OH !IB

l1H9TCH CyMMOli BeKTOpa H aKCHana; SQ-BTOpblX 1 OH He KOMMYTHpyeT CO CflHHOM. 113 BeK-

TOpa p H H3 npocTpaHCTBeHHD-OTpalKeHHOrO BeKTOpa p '= U ( P) p U·l (P) MO)({HO IIOCTp<r . 
HTh OJlHOnapaMeTpH'IeCKOe CeMeliCTBO CKal1HpOB 1 nepeXOJlRUIHX B p2 a cnyqae, xorna 

aKCHAflbHaH 'laCTh BeKTOpa p pasHa HyniO. Mbr nocTynupyeM, 'ITO onepaTop xaanpaTa 

MaCCbl m 
2 

HBflHeTCH OJlHHM H3 onepaTOpOB 3TOrO CeMeliCTBa. Llanee paCCMaTpHBaeTCH 

onpeneneHHbrli xnacc yHHTapnbiX ( oecxoHe'IHOMepHbrx) npeacTaaneHHli rpynnbr G ( onpene-

) 
2 xxx) 

flReMblli B g 2 , B KOTOpOM onepaTOp m HMeeT JlHCKpeTHblli ClleKTp • <f>H3H'IeCKHe 

x) /4,5/ H /7-10/ 
8 paooTaX B Ka'!eCTBe HHBapHaHTHOli nonrpynnbl BblOHpanaCb 

rpy~na SL (6,C) • fpynna U(6,6) KaK penHTHBHCT CKaSI rpynna CHMMeTpHli H3yqanaCb B 

pAAe paoOT CanaMa c coTpynHHKaMH (eM., HanpuMep, ooaopHyiO cTaThi0/11 I, rne HMeiOTCH 

CCbinKH Ha npenbrnymue paoOTbr; yHHTapHbre oecxoHe'IHOMef:Hbre npencTaaneHHH :>Toll rpynnhl, 

C KOTOpblMH Mbl oyneM HMeTh aeno, paCCMaTpHBallHCh B / 2-15/) • 

xx) BoaMO)({HOCTh onpeneneHHH cnexTpa Mace BKlliO'IeHHeM Maccoaoro onepaTopa a 

HeKOTOpyiO HeKOMnaKTHYIO anreopy, ConeplKaUiyiO BHyTpeHH!OlO CHMMeTpHIO, OOCY)({JlanaCh 

C OOIUeli TO'IKH 3peHHH B/18/ • 

xxx) 
Ha caMOM nene cxonHMOCTh KTepauHOHHoro pHna, onpeaensnomero coocTaeHHbre 

3Ha'leHHH m2 , HaMH He JlOKa3aHa. nony'leHHe JlHCKEeTHOPO CTieKTpa MaCC BO BCHKOM 

cnyqae He npOTHBope'IHT TeopeMe 0 Raifeartaigh 1 1 •201 , Tax xax y Hac He BhmonHeHbi 

YCllOBHH 3TOll TeOp9Mbl 0 llOCKOllhKY HMIIYllhC He KOMMyTHpyeT CO CTIHHOM. 0rMeTHM B 3TOli 

CBH3H 0 'ITO HeCMOTpH Ha ne<PeKTbl B JlOKa38TellbCTBe ynOMRHYTOli TeOpeMbl (eM. / 2 !/) 0 

OHa , nO-BilJlHMOMY 1 SIBflHeTCH CnpaBeJlfliiBOli Jlflli KOHe'IHblX rpynn Jl11 (oTMe qeHHblll npooen 

B ee IIOKa3aTeflbCTBe B 3TOM Cfly'!ae MO)({HO BOCIIOflHI!Th) . 

4 

'18CTHUbl onpenenHIOTCH K8K 

CHHHOM, 38pSillOM, I"Hnep38p! 

COOTneTCTBYJOIUHe STHM Benl 

onepaTopoM). Torna nnH ae 

BOJlHMblM npe)ICT4B119Ril!IN K• 

Ma nHHeliHbiX ypaaHeHHli. OJJ 

cH coocTaeHHbre 3Ha'leHHH 

noM nocnenoaaTenbHbrX npH6 

Mbl orpaHH'IHBaeMCH n epBblM 

rpy nnbr U (6) X U (6) - § 

<L l) + (§. ~ .. ) -§ 5). 

B 08pHOHHOM cnyqae H HeC: 

cy)({naiOT CH B03MO)({Hbre MOll> 

x nyqmeMy cornacHIO c onhr' 

2 . L!HC ICp eTHaH C 

Hacx o Jihxo HaM H3secT 

Y HHTapHbiX npencT asneHHli r 

MB.Ra/
141 

npeanoA<eao Knacca4 

npencTasne HHli 3Toli rpynnhr, 

PHIIOTe3y, npHB9Jl9M 3)le Cb r. 
A 

nyCTh ( - JlBe H8JlU; 

nepeCTaHOBO'IHbl M COOTH OUieE 

x ) 
rne 

[( A, ( s 

A, B = 1,. 

3Be3)lO'IKOli 0003H8 '1eHO 3pMI 

(I =/I. >.. o ) 
2 

• Bc10ny a ne 

poM MaTpHua y0 
JlHa roHan 

(2,!) OYJlYT HMe Tb MeCTO, € 

x) 
Mbl l10flh3 y e MCH T Al 

~ - 3 pMHTOB8 0 8 y j - aH'f 



)l{e THna, 8 HMeHHOX) 

(1.3) 

0 ~H3H'ieCKHA HMnynhC 

U(6,6) • TpeoyeTcll 

IllS, 3TH ycnOBHSI, HapS!llY 

Ili!OT • ooooweHH&tA HMnyllbc' 

: § 3), 0TMeTHM, 'ITO nepeaSI 

pytOWHA c reaepaTopaMH 

/16/ 
y, 'ITO a paccMaTpH-

llle A lKe KOHCTpyKUHH, 

p eHHel! CHMMeTpHH COnep-

llBYM SI OC OOeHHOeTSIMH, 

tbca. Bo-nepabcx, oa sm-

eT co cnuHoM. Hs eeK-

M OlKHO fiOCTpo-

p2 a cny'!ae, Korna 

ro onepaTop Kea .o.paTa 

nee paCCMaTpHeaeTCSI 

all rpynnw G (onpe.o.e

xxx) 
eKTp , ~H3H'IeCKHe 

•pynnbt Bbt6Kpanaeb 

MMeTpK A H3y'lanaeb B 

raTbt0 / 11 I, rne HMetOTeSI 

•ellCTaeneHHSI 3TOA rpyllfibl, 

ecoeoro onepaTopa a 
~eTpHtO, ooeylKnanacb 

nSIIOUiero COOCTBeHHble 

Tpa M8CC BO BCSIKOM 

.aK y HOC He BhtnOnHeHbl 

fii!HOM, OTMeTI!M B 3TOll 

·e opeMbt (eM, 1 2 11) , 
na ( OTMe'leHHb!l! npo6en 

'18CTHUbl onpeneJtSIIOTCSI K8K COOCTBeHHbte <jlyHKUHH M 8CCOB Oro o nepa Top a C o npeneJteHHbtMH 

CllHIIOM, 38pllllOM, rtmep3apSI.llOM H 'IBTIIOCTbfo ( 3TO B 03M O)I{HO, flOCKOJtbKY o n e paTOpbt , 

CO OTDeTCTBYIOIUHe 9THM B e niP !HHB M 1 n e peCTaHOBQqHbi C onp e.neneHHbi M HBMH MBCCOBbl M 

o nepa T OpOM), Torna nnSI BeKTOpOB COCTO SIHHSI ~H3H'!eCKHX 'i8CTHU, pa3nO)I{eJIHbiX n o Henp H

BOllHMblM npeACTaBJieJUU!M KOMU8KTHOl! rpynnbl U(6) X U(6), nony'!aeTC SI o eCK OHe'IH8 SI CHCT e 

M8 nHHeAHbiX ypaBHeHHA, 0nHOBpeMeHHO H3 ycnOBHSI C OBMeCTHMOCTH CHCT 6 Mbt onpenen>T!OT

C SI COOCTBeHHble 3H8'1eHHSI onepaTopa m2 , 6 eCKOH6'1 11YtO CHCTeMy MOlKllO pe ll!OTb M6T O

ll0M nocnenOB8TBJtbHblX npuonHlKeHHA, 00pb!B8SI pa3nO)I{eHHe BBKTOpOB COCTOSIHH SI, 3neCb 

Mbl orpaHH'IHB8eMCSI nepBbiM npaonHlKBHHeM B Cnyqae oapHOHOB (npe.D.eTaeneaRe (§..§_, l) 
rpynnbt U (6) X U (6) - § 4) H BTOpb!M npaonH)I{eHiteM UnSI Me30HOB (npen cTaeneHHe 

<L l) + (§. ~·) -§ 5), nony'leHH&te pe3ynbT8Tbt x opoll!o cornacytOTC SI c o n b tTOM 

B oapHOHHOM Cnyqae 11 HeeKOnb KO MeHee yoe.D.HTenbHbl B OTHOlllBHHH MB30HOB , 8 ~ 6 OO

CY)I{.0.810TCSI B03MO)I{Hble MO.D.H~HK8UHH TeOpHH, KOTOpbte MOrna Obi , B '18CTHOCTH, npKBB CTH K 

K llY'IllleMy CornaeH JO C Oflb!TOM B Me30HHOM Cny'lae, 

2, nacKpeTH8SI CepHSI YHHT8pHb!X npenCT8BJleHHA •oeuannSITOpHoro THna• 

rpynn&t U (6,6) H anre6pa na rpynnht G 

HaCKOJlbKO HOM H3BeCTHO, .0.0 CHX nop HeT nonaol! KnaeeH~HK8UHH HenpHBOllHMblX 

/ 38/ 
YHHTapHblX npencTaeneHHA r pynnbl U(6,6) (eM. ). B paoOTe nOTaHa, renn-MaaHa H Hee-

MB.aa1141 npeUJlOJK9RO KnaCCR~RnHpO:&aTb anpOHbl }10 UHeKpeTHOA BblpO)I{UBRHOl! eepHR YHHTapHblX 

/ 12-14/ 
npencTaeneHull 3ToA rpynnbt, onacaHHoA a • B nanbHeAllleM Mbt TOlKe npaMeM s T y 

runOTesy. npaeeneM snecb nn>1 ynoocTea KOHCTpyKUHtO Kypeyaorny-~eliHMaHa (cM/
12

-
15

•
1 0

). 

nyeTb ~A - UBeH8UU8THKOMflOHeHTHb!A onepaTOpHbtA CfiHHOp, )llOBlleTBOpSI!OlUHA 

nepeCT8HOBO'IHblM COOTHOllleHHSIM 

x) 
rne 

A,B = 1, ... , 12, 

3Be3UO'IKOli 0003H8'1eHO 3pMH~OBO eonpS!lKeHHe, 

(2. 1 ) 

(2.2) 

- TpeXpSIUH8SI enHHH'IH8SI M8TpHU8 

• BetOny a nanbHeAll!eM Mht 6yneM nonbsoeaTbeSI npencTaene uaeM, a KOTo-

poM MaTpuua Y0 
nuaroaanbHa, B 3TOM npen~TaeneHHH nepecTaHOBO'IHbte coOTHOllleHuSI 

(2,1) 6ynyT HMeTb MeeTO, eCnH nonOlKHTb 

x) Mbt nOJlb3yeMCSI T8KHM onpeneneHHeM y -MaTpHU napaKa, npH KOTOpOM M8TPHU8 

~ - s pMHToea, a yi - aHTHspMHTOBbt, TaK 'ITO I y ll , y" l = 2gll" 1. 

5 



( ~ ( e.,, .) 
b• 

f3t 

I y> • < uo 0 ) I , 
0 •u0 

• • e - ( Of ) ' 

-b f31 

a, f3 ~ 1,2; . i, j = 1,2,3 

(2.3 ) 

rae a• , b{3• H a , b{3 yaoaneTBOpl<!OT npaaHnaM nepecTaHOBKH anl< 6roeaCKHX onepaTo-
ar I ar I 

pOB pOlK.QeHHSl H yHH'lTOJKeHHSl (T.e • .Qnst 12-MepHOI'O rapMOHH'le CKOI'O OCUHnnstTOpa). 

Mbt 6yaeM paccMaTpHBBTb • ocuHnnS<TOpHytO• cepH!O YHHTapHbtX npea~TaaneHHll rpynnbt 

u (6,6) , 3pMHTOBbl reHepBTOpbl KOTOpb!X 38.!l8!0TCS! paBeHCTBBMH: 

M0 = 'n(lxA.,(, M ~( iy' y0 y 1 X A,e 
(2.4) 

y o ~ ('y> X A~ ( ' A
1 

=·.i.(y'yi x A { 
2 

N° = - ~ ( y' x A .{ , 
I . -

N ~..L( yO y lx A ( , 
• 2 • (2.5) 

A o = • j_ ( y 5yo x A ( ' 
2 • 

v 1 ~~ (yl xA {, . 
s = 0, 1, .. . ,8, i= 1.2,3 . 

72 reHepaTopa (2.4) n o pOil<.!lB!OT npeacTaaneHHe MaKCHManbHOll KOMnaKTHOll noarpynnbt 

U (6) X U (6) rpynnbi U (6 ,6) • OnepaTopbt (2.5) MOlKHO Haa aaTb • HeKoMnaKTHbi-

MH " : B KOH8tJHOM8pHb1X npe.UCTSBneHHSIX U(6,6) OHH aHTH 3 pMHTOBbl. OTMeTHM, 'ITO 

*KOMll8KTHbte• r e Hep8TOpb1 (2.4) stBnstlOTCSl qeTHblMH, B TO BpeMst KBK reHepBTOpbl (2.5) -

He'leTHb!MH OTHOCHTellbHO npOCTp8HCTBeHHOI'O OTpalKeHHSl 

U(P) - tm/.l_v
0 

- 1/ e 2 o = 1/ e r..;-({3( 
l11 I= 1; (2.6) 

LlpyrHMH C nOBBMH, HM8 10T M8CTO paB8HCTB8 

U(P) Mp. u"1 
(P) = Mp. U(P)~ u" 1 (P)=-N~'-, .... (2 . 7) . . 

!lepeC.TBHOBO'lHb!e COOTHOWeHHH reHepaTOpOB (2.4), (2.5) o npe.Qelll<!OTCS! H3 npBBHn KOM-

MYTBUHH H 8HTHKOMMYTBUHH MBTpHU y H A. , ecnH y'leCTb , 'ITO a c 11ny (2 .1) 

[ ( 01 (, ( 02(1=([0 1,02] ( . (2.8) 

HaHhtll BH.!l c TpyKTYPHh!X nOCTOS!HHh!X rpynnhr U(6,6) BbtnRChtBancH a pMe pa6oT (eM., 

/22,23/ • /23/ 
HanpHMep , ; Mbl npHJleplKHBBeMCSl 3.QeCb 0603H8'leHHH 1 npHHS!Tb!X B ) • 

6 

HenpHBO.!lHMbte yHHTa 

O.!lH 03H8'lHO onpeaenS<~C S 

38 ~e e +6<= 

OnepaTophr a• H a M 
at a t 

HHst aepxHero (*KaapKoaor 

OnepaTOpbl pOlK.QeHHSl H )'HI 

panHoe oanoll TpeTH p aaH 

HOe 'qHCTIO paCCM8TpHB89M< 

KaJKaoe HenpHBO.!lHMO 

UHH no MBKCHMBnbHOII KOI 

ttacno aenpH.BOll.HMhiX cu 

llHlKIIHMH HH.QeKCBMH. llpH 

CyMMBpllbiM 'lHCnOM 

CTB8HHblM 3H8"18HH8M reHe. 

n = 

B q acTHOCTH, MeaoHHoe H 

est no HenpHBO.!lHMbtM npea• 

B = 0 : ( 1, 1 ) + ( 6, 

n= 0 

B = 1: (~._.!._) + (E. 
n = 3 

llpH nOMOWH onepaT o pa 

Bllll: 

( Mbl llOllOlKHllH T/ = - 1 • c 

Hhte H aeKTOpHbre Me30Hbr) 

HHM MynbTHnneTBM K0M fi8K 

llOllOlKHOH 'leTHOCTH. 

x) 
lloaqepKHeM ycnoaH 

MOll cxeMe npH B = 1/3 

30pOB oP 0 +oP 0 1 °2+oP 0 1°; 
b l b b. 

KBBpKOBOM RH.QeKCe, 1 l 



(2.3) 

llllSI 603eBCKHX onepaTO

'oro OCUHllllSITOpa). 

blX npeacTaaneHIIA rpynnbt 

BBMH! 

(2.4) 

(2.5) 

)MnBKTHOA nottrpynnbl 

H83 B8Tb "H9KOMII8KTHbJ-

OBhi. 0rMeTHM 1 "'TO 

I KBK reHepaTOpbl (2.5) -

= 1; (2.6) 

.P. (2,7) 

anHIDTCR H3 Ilp8BHn KOM-

·o a CHny (2.1) 

(2.8) 

ncSJ a pS!Jle pa6oT (eM, , 

!!Tb!X a 
1231 

) , 

Henpi!BOJlHMble yHRTapHble npencTaaneHHSI rpynnbl U(6 ,6) paCCM8TpHB88MOA CepHH 

OllH03H8'1HO onpeaenSI~CSI 38Jl8HH8M C06CTB8HHOrO 3H8'18HHSI reHepaTopa UeHTpa rpynnbl 

- ---. 
3B =( ( +6(=y6 M0 t 6) = a• a - b* b (2.9) 

OnepaTopbl a• H a MO>KHO HHTepnpeTHpoaaTb KaK onepaTopbl po>KneHIISI H YHII'ITO>Ke-
a1 a1 ) 

HHSI aepxHero ('KaapKoaoro•x ) HHJleKca (a i 1 B TO Bp9MH K8K II b - KBK 
Ol Ql 

onepaTopbl po>KtteHIISI 11 YHII'ITO>KeHIISI HII>KHero ( • aHTIIKaapKoaoro•) IIHJleKca. t{11cno B 

paDHOO OJlHOA TpeTII p83HOCTII BepXHIIX II WllKJfHX BB)leltCOB, IIHTepnpeTIIpyeTCSI KBK 6apiiOH

HOe '!IICno paccMaTpllaaeMoro (6ecKoHe'!Horo) MynbTHnneTa. 

KalKaoe HenpiiBOlliiMOe npeacTaaneHIIe U(6,6) paccMaTpHaaeMoro Knacca npH penyK-

UHII no MaKCIIManbHOil KOMnaKTHoA nonrpynne U(6) x U(6) paanaraeTCSI HB 6eCKOHe'IHOC 

ttHCnO HenpHBOJlHMbJX CIIMMCTPII'iHblX TeH30pOB C BCpXHHMH HH.lleKCBMH H ll 

l!KlKHHMH IIHneKCBMII, Op11 <jJIIKCIIpoaaHHOM B KBlKllblil T8KOil TeH30p 0JlH03H8'<HO 38ll8CTC S\ 

CYMM8pHbiM 'IKCfiOM BepXHIIX II HlllKHIIX IIH)leKCOa, KOTOpoe npOCTO Caii3BHO C C06-

CTBeHHbiM 3H8'tJ:eHHeM reaepaTOp8 yo 
0 

n = J6' Y0 
- 6 = ( f3 ~ - 6 = a• a + b* b • 

0 
(~.tO) 

B 'IBCTHOCTII, MeaoHHOe 11 6apHOHHoe npencTaaneHHSI cneayJO!IIIIM o6paaoM paccKnanbiBBIOT

cSJ no HenpiiBOlliiMbiM npeJlCTaaneHIISIM U(6) x U(6) 

B = 0 : ( 1, 1 ) + ( 6, 6*) + (21, 21•) +(56, 56*) + ..... . 

n= 0 4 6 (2.11) ... 

B = 1: (~.2_) + ( 126, ~·) + (252, ~) + ..... . 

n 3 5 7 " 
np11 llOMO!IIH onepaTOpa n onepaTop npocTpaHCTBeHHoro OTpaJKeHHII (2.6) npHo6peTaeT 

aHll: 

U(P) = i 
(2.12) 

( Mbl nOfiOlKHllH '1 =- 1 , c TeM, 'IT06bl npettcTaanenHe (6,6*) onllcbmano nceaaocKanSJp-

Hble II BeKTOpHble Me30Hbl), J13 (~.12) BHJlHO, '<TO '!8CTHUbl 0 npHH8)llleJK8!1111e llBYM COCett

HHM MYllbTI!lllleTBM KOMllBKTHOli nottrpynnbl! B pa3nOlKeHHH Tllll8 (2 . 11) 06ll8ll810T npOTHBO

llOllOlKHQi\ '!eTHOCTH, 

x)n • • O)l'!epKHeM ycnOBHOCTb 3TOrO H83B8HHSI: KBBpKH nony'<B~CII a paCCM8TpHaae-

MOi\ CXeMe np11 B = 1/3 , cne)lOBBTellbHO, OHH ablp8>K810TCSI a a11tte np!!MOil CyMMbl TeH-

30pOB t/J 0 + t/J 0
1 °2 + t/J 0

1° l 3 + ...... , TBK 'ITO, CTpOrO rOBOp!!, Henb3SI roaopiiTb 06 OllHOM 

bl bl b2 
KB8pKOBOM HH,lleKCe. 
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nepeCTaHOBO"'Hhle COOTHOWeHHH MelKny reHepaTopaMH rpynnhl nyaHKape !f H reHe-

paTopaMH U(6,6) 3aaaiOTCH cneayiOUIHM o6pa3oM, 11H<jlHHHTe3HManbHbie TpaHcnsmuu kl' 

KOMMyTHpy!OT C rpynnol! aeyTpeHHHX CHMMeTpHll, a TO apeMSI KaK onepaTOpbl MOMeHTa 

KonuqecTaa aaHlKeHHH M 1 H N 
1 

HMeiOT Te lKe nepecTaHOaO"'Hhie coOTHoweHHH c reHe-

paTopaMH U(6,6) , "'TO u onepaTOphi .J}_ M
1 

u ,f3 N I (eM. (2.4), (2,5) ). 
2 0 2 0 

3, 06o6weHHhill HMnynbc H onepaTop KaaapaTa Maccb! 

EcnH OTOlKaecTaHTb ~H3H"'eCKHll HMnynbc c onepaTopaMH k~' , KOMMYTHPYIOWHMH 

c U(6,6) , TO 6yaeT HMeTb MeCTO nonHoe ab!pOlKaeHHe no Macce (ace "'aCTHUb1 0 axo-

aHWHe a oaHOM 6eCKOHe"'HOM MYIIbTHnneTe C 3aaaHHhiM 6apHOHHbiM "'HCIIOM0 6yayT o6na

aaTb oaHoll H Toll lKe Maceo!!). C apyrol! cTopoHhi, MOlKHO yqeCTb pacmenneHHe no Mac-

caM, He abixoaH 3a paMKH rpynnhi G , ecnH no HHOMY onpeaenHTb ~H3H"'eCKHll HMnynbc. 
• /24-28/ 

lleliCTaHTellbHO, rpynna G HrpaeT pOllb aHHaMH"'eCKOll rpynnhi a TOM CMbiCne, "'TO 

BCe COCTOHHHH aaHHOll CHCTeMbl (HanpHMep, ace 6apHOHHhle pe30HaHCb!) axoaHT a OaHOM 

HenpHBOaHMOM npeaCTaaneHHH G , H noaTouy ecTeCTaeHHO C"'HTaTb , "'TO 4-MepHhill 

HMnyllbC 0 no BHBUOrHH C o6o6weHHbiM HMnynbCOM a cnyqae ypaljHeHHSI llHpaKa ao aHeW-

HeM aneKTpOMarHHTHOM none, T OlKe OTpalKaeT aHHaMHKy CHCTe Mbl H He KOMMYTHpyeT TOlK-

aecTaeHHO c HHaapHaHTHoll noarpynnol! U(6,6) Mbl Hal!aeM HaH6onee 06UIHll aHa TaKOrO 

'aHHaMH'IeCKoro' HMnynbca, onpeaenHH ero KaK ~YHKUH IO reHepaTopoa rpynnhl G , yaoa-

neTaopHIOWYIO cneayiOWHM Tpe6oaaHHSIM, 

1. llHHaMH'IeCKHll HMnynb c p Siai!HeTCH n opeHUOabiM 4 - aeKTOp OM, T, e , o6n aaaeT 

TeMH lKe Tp8HC~OpM8UHOHHblMH CBOl!CTaaMH OTHOCHTenbHO r p ynnhi !f 0 'ITO H r eHepaT Opbl 

TpaHCII S!llHH kp. 

::! , Anre6pa fl H .!!_(6,6 ) r pynnhl aHyTpeHHel! CHMMeTp HH OCTaeTCH HHaapH8HT HOll 

npH KOMMyTHpoaaHHH C pp. 

rae 

[ pp. • ~ (6,6) l c ~ (6, 6) • 

3 . 11 Mnynbc KOMMYTHpyeT c on epaT opaMH 3 apMa H r unep3apMa: 

Y = ..1.. Mo ' 
y3 8 

[pi' ,Q] =[ pi',Y] =O , 

Q = Mo + _l_ Mo 
3 y3 8 

(3 .1) 

• .. 
(3.2 ) 

(3.3) 

:3TO Tpe6oaaHHe Y'IHT biaaeT COXpaH eHHe 3 8pSiaa H rHnep 3apM8 npH CHllbHbiX H 91leKTpo

MarHHTHblX B3 aH Moael!cTaHSIX, Ouo 03Ha'!aeT, 'ITO Mhl npeHe6perae M c na6biMH B3aH MO-

aeACTaHHMH, KOTOpb!e npHaoaHT K HeCo xpaHeHJIIO I'Hnep3apMa, 

4 . tlpHHUHn COOTBeTCTaHSI: a npea CTaaneHH HX rpynnhl G 0 a KOTOpblX HHaapHaHTHa SI 

noarpynn a U (6,6) 3aaaeTcH Tp us uallbHhJM ( eaHHH'IHbiM) npe ac Ta sneHHe M , l cosnaaaeT 

C (9pMHTOabJMH ) r e HepaTOpaMH TpaHCIIHUHH kp. 

8 

' I 

5. KoMnoHeHThi o6o6w 

B aanhHellweM 6yaeT 

5) oT6poweuo, ( llpyra H MOJ 

CMOTpeHa a 
1281 ), 

noKa:H<.eM C H8'18n8 1 t.tTt 

HenpHBOaHMOM npeacTaaneHI 

rae 

rf'=k~'+ T ' 

v~' = 2 < c , 

Ap. = 2( c 
I 

onepaTOpbi ~ H 
Ap. a n 

(~.4), (2.5); c, d, H C 

H y 3 a biaen eHbl an" y ao6c 

npuseaeM CXeMy aOKa; 

Ecnu ¢uKcuposaHo Hen 

tiHcneHHOe 3Hatie HH e reHepa· 

C p p. 3aaaiOT HeKH il a aTOM 

pa - npOCTaSI, TO p8CCM8Tpl 

<JlH 3 MOM 1 T.e. 

[pi' ' ~!!. (6,6: 

CornacHo I) reHepaTOpb! 

I BeK Top , c neaoeaTe nbHO, T 

rHX 4-MepHblX BeKTOpOB B 

TO My, 'ITO T p. H MeeT BHa 

p~' - T~' KOMMYTHpyeT c 

n e HHe (3 ,5) - (3.6) aOK838HO 

MoryT 3aBHCeTb OT 6apHOHH 

TpaHCII5IUHOHHa5! HHBapHaHTH< 

XOTH Mbl ee aapaHee He npe 



"fib! nyaHK8pe ~ K reae-

f81lbHbl9 TpaHCilSIUKK il' 

!IK onepaTOphl MOM9HT8 

lble COOTHOW9HKSI C reae-

!.4), (2.5)). 

AP8T8 M8CCbl 

• KOMMYTHPYIOillHMK 

:ce (ece '18CTHUb1 0 BXD

:hiM 'IHCI!OM, OYAYT oona-

:Tb pacwenneHHe no Mac

•llHTb <i>H3H'19CKHA HMI!YilbC, 

24-28/ 
B TOM CMbiCne, l.J:TO 

0118HCbl) BXOASIT B OAHOM 

.HT8Tb 0 'ITO 4-MepllbiA 

ijH~HHSI llupaKa BO BH9W-

bl H He KOMMYTKpyeT TOJK

Hoonee OOillHA BHA TaKoro 

9TOpOB rpynnbi G , YAOB-

>eKTOpOM, T, e . OOI!BA89T 

bl , 'ITO u reuepaT opbi 

OTBeTCSI HHB8pH8 HTHOA 

(3. 1) 

• (3.2 ) 

(3 .3) 

n pH C HllbHb iX H a neKTpo-

'Be M Cna6bt M H B38 H M O-

, B KOTOpbi X HHB8 pH 8 HTH8SI 

::TaaneHHe M , pJl coana.o.aeT 

!:]. KOMI!OHeHT bl ooooweHHOro HMnynbca KOMMYTHPYIOT MelKAY coooil: 

(3.4) 

8 nanbHeAweM oyneT paCCMOTpeH T8AlKe oonee OOWHH c ny'lail, Korna TpeoOBBHH e 

5) OT opoweHO, ( llpyraSI MOAel!b C HeKOMMYTHpyiOWHMH AHH8MH'I0CKI!MH HMIIYilbCBMH pac

CMOTpeHa B 
128 /) • 

noKalKeM CHaqana, 'ITO 4-BeKTOp, y noeneTBOPSIIOWIIII TpeoOBBIIHSIM I )-4). B K8>K/lOM 

HellpHBOAHMOM npe ACT8BileHHH G HMeeT B H .ll,: 

(3 .5) 

rne 

(3.6 ) 

+ f 
1 
A~); 

onepaTOpbl vi' . H A/1- B npeACT8BileHHHX OCUHilllSITOpHOfi cepHII 38ABIOT CH <!>opMyTIBMH 

(~.4), (2.5); C, d, H C 
1

, d 
1

, f
1 

- npOH3BOTibllble BellleCTBeH!Ibl0 'IHCTia ( MIIO>KHT011H 2 

H y 3 BbJAeneHbl nn>r ynoocTea). 

npHBeAeM CXeMy AOK83aTellbCTB 8 'ccpopMy11HpOB8HHOI"'O y TBep>KA0 11H H. 

EcnH <!JuKcupoeaHo He npH BOAHMoe npencTaeneHne G , T eM C8Mb1W ¢ H KC HpOBBHO 

qucneaHoe 3 Ha'leHHe reHe paTopa ueHTpa rpynn bi B T orna , B C HliY 2), KO MMYTBUH II 

c pI' 3BABIOT H e KHil 8BTOMOP<!>H 3 M anre opbl flu SU(6,6) • nocKOilbKY OAHBKO 3 T a nnreo-

pa - npocTaSI, T o paccMaTpHeaeMblil aeToMop<!>H3M aon >KeH Obi T b ee euyTpeHHHM aBTOMop-

<!JH 3 MOM, T.e , 

[pi' , S U (6,6)] = [ T 1', SU (6 ,6)] -- -- Tl' < ~ _!L (6,6). 
(3.7) 

CornacHo I ) r e H e paTOpbl Tl' AOil>KHbl npeoopaaoBbiBBTbCH KBK nopeHuoe 4 - MepHbiii 

aeK Top, cnenoaaTenbHO, T I' >ren>reTc>r nuHeiiHoll KOMonHauueil eeKTopoB V 
1
' u A1' (npy -

' . 
I"'HX 4 - MepHbiX B e KTOpOB B a nreope IIH su (6,6) HeT). nanee, Tpe60B8 HH e 3) npHBO/liiT K 

TOMy, 'ITO Tp. HMeeT BHA (3 .5) - (3.6). C Apyroll CTOp0Hbl 0 (3,7) 03 Ha'laeT, 'IT O pa3HOCTb 

- T/1- KOMMyTHpyeT C !1.(6 ,6) H B cuny 4) paeua k
1
' • T aKHM oopaaOM, npeACTBB-

n e HHe (3 .5) - (3.6) AOKa3aHo. K a K cnenyeT u a B bieona, Koa<!Jq>uuueHTbl c, d, f H C , d f 
1 1 1 

MOI"'yT 38BHCeT b OT oapHOHHOI"'O 'IHCJ18 , 3aMeT HM, 'ITO H3 JIIOOOrO npeACT8BlleHH SI ClleAyeT 

TpBIICIISIUHOHHBSI HHBapHB HTHOCT b OOOOWeHHOrO HMITY11bC8 

(3.8 ) 

XOT SI Mbl ee aap aHee He npennonar a nu. 

9 



Tpe6oaa HHe 5) KOMMyTaTHBHOCTH KOMilOHeHT IIMilYHbCa npiiBOiliiT K TOMy, 'ITO llOCTOSIH-

Hbl9 c 1 • d 1 f 
1 

Bb!pa>KaiOTCSI llOCpellCTBOM llOCTOSIHHbiX C , d , 

Cn eay iOWIIX BOCbMII <jlopMyn: 

c = + c 
1 

c = +..L(c +4d), 
1 - 3 

c = + ..L(c-2d + 20, 
1 - 3 

d = + d 
1 -

d = +.l...(2c-d), 
1 -3 

d = + 1...(2d -c + f), 
I - 3 

f = + f 
1 

{1 = + f 

f = + ( c+d); 
1 -

no OAHOH 113 

(3.9) 

(3.10) 

(3.11) 

c = + j_( c - 2d - 2f), 
I -3 

d = + ...!.. (2d -c-0. 
1 - 3 

f =- (c+d) 
1 + 

(3.12) 

(B KalKJlOl\ 113 'I e Tb! peX rpynn <jlopMyn He06XOLliiMO 6paTb HH60 TOHbKO BepXHIIli, HH60 TOHbKO 

HHlKHHll 3 HaK), 3TOT pe3ynbTaT OCHOBaH Ha TOM, tJTO reHeP,aTOpbl THila 

\3.13) 

~ yl' x 0 a 2 0 + i y 5 y I' x 0 < 2a 2 0 I ~ 

0 0 a 
3 

0 0 < 
3
a 

3 
( 

a1 0 0 J (< 1 
a

1 0 0) 

< 
2 

= ( 2= < ~ 1, KOMMyTHpyiOT Me >KAY C 06oll, T a K KaK o6pawaeTCSI B Hynb npo113BelleHII e 
1 2 3 

rae 

MaTpHu: 

(1 + i y 5 ) y I' ( 1 + i y 5) yv = 0 (::s.l4) 

06hi'!H biA ( KHHeMa TH'IeCKHA) HMnynbc qaCTHUbi yaoaneTBOpS!eT Hap HAY c 1)- 5) e we 

llB YM Tpe 6oaa HIISIM: 

a ) H Mlly llbC KOMMyTHpyeT CO CllHHOM: (pI' , W V] = 0 

B ) HMilYHbC SIBHS!e TCSI llOHS!pHbiM BeKTOpOM: U(P) pi' u' 1 (P) = gl'l' pi' 

n o n y 'Ie HH b! l! Bbllll €( p e3yHbT a T llOKa3biBae T, '!TO, e CHH Jl06aaHTb XOTSI 6bi OllHO 113 3THX 

rpe6oaaHH li K ycnoBHS!M I)- 5), TO M b i nony '!HM PI' = k I' , T . e . HIIKaKoro pacwenneHH SI 

Mace B HYTPII HenpH B OiliiMbiX npe a c T a ane HHll rpy nnhi G He 6yae T ( a cornaCHH c 
119

•
20 1

). 

n o SICHIIM 3 TO yTaep>KJleHH e B cnyqae a ). Ecnll B onpeaeneHIIII ( 1.1) 3 a M eHIITb 
kl' H a 

I' 
a e KT Op p (3,5), TO WI' aBTOMaTH'I e CKII 6yJleT KOMMYTIIpOBa Tb C pv H M0)K9T IIOK838Tb-

C SI, 'IT O n po6ne M a He B 03HI!KaeT. OaHaKo nerKo BlllleTb, '!TO n~TaKOM onpeaeneHIIII pa3 -

HOCTb w - W He 6 y AeT nopO>KilaTb HHBa pllaHTHOrO llOJlllpOCTpa HCTBa OTHOC IITeHbHO U(6,6). 
I' I' I' 

n oaT OMy M b l C 'IHTae M, '!TO k B Onpeae neHIIH ( 1,1) KOMMYTHpy e T C U(6,6) a TOr-

.0.8 H 8W9 YT B9 p )Kil9 HH 9 CTB HOBHTC H O"l9BH.flH biM. 

10 

~ 

f 

C JlpyroA CTOp OHbi , 0 

KaK y)f{e OTMettanocb , HBnSJe-: 

weH c noneM, H. He coana.naE 

nocKOHbKY OllbiT llOK a3biBae'I 

Ll HTH,bl OTHOC HTe nbHO n pOCTpa 

He06XOAIIMO p aCCMaTpiiBaTb 

OTp a >Ke HHb!ll BeKTOp p 

3 aMeTH M 0 'ITO B T O BpeM SI Kc 

H Oll e p a T Op bi p ' , C B SI3aHH 
I' 

He p aaeH HyniO. 

He OCTaaaanaBaRCb He 

o nepa T o poa p H p' , Mbl 

OllHOpOLlHOli KBaapaTH'!HOli ~y 

r pyllii b l Jl o p e Hua ( B KHIO'!aiOWE 

Bb!HOilHSIHCSI n p HHUHil CO OTBeT 

CH MMe T p ii H TpH B Ha HbHOe , AOl 

nynbCOM k : m 2= k 2 • HaH 6 

HM99T BHll : 

m2= 

l l p11 a TOM ae w ecTae HHaH noc~ 

U(6,6) , T.e. OT 6ap110HHOr 

( 1, 1) , TO CBSI3b Me>KilY reHe 

HaH 6onee npOCTOli B ll ll B CHC 

SIBHS!eT CSI On epaTOpOM 

TOpy B HI060M HenpH BOilHMOM 

WHX '!aCTHUbi , Mbl 6yaeM npe 

MeHH-noao6eH: 

k 2 

(H HileKc B YK B3biBaeT, l.fT• 

cTeMe noKoSI aeKTopa • Yl 

2 2 ' m = m + ~ 
B 



OAHT K TOMy , qT Q JIOCT ORH-

• d • ITO 0/lHOll H3 

(3 .9) 

(3. 10) 

(3 .11) 

(3 .1 2 ) 

1bKO aepXHHH, IIH60 TOIIbKO 

Jl THII8 

\3 .1 3) 

eTCR a HY1Ib npoH3BelleHHe 

(:5.1 4 ) 

•T HBPRilY C 1 ) - 5) e m e 

(P ) = g~'-~' pi' 

OTR 6bi OJ:IHO H3 3THX 

.e,. HHKaKoro pacwenneHH5I 

r (s cornaCHH c 
119

•
201

) . 

1H ( 1.1 ) 38M9HHTb kl' HB 

::J C pV H MO>KeT llOK838Tb-

TaKOM onpeaene inm paa

:Taa OTHOCHT 9llb110 U(6,6) . 

pyeT c U(6 ,6) , a T or-

C Jlpyrof! CTOpOHbi, OTK83 OT Tpe60BBHHH a) H B) 03H8"'189T 0 'ITO B91IH"'IHHB 

KOK ylKe OTM9"'18ll0Cb 0 51Bll519TC51 8H81IOPOM 0606Jll9HHOPO HMITYllbCB "'18CTHUbi, B38HMOil911CTBY IO-

meA c noneM, H. He coana.naeT c onpe.ne nsteMbiM Ha orrhiTe KHHeMaTH'IeCKHM HMnynhCOM. 

nocKOIIhKY OJibiT JIOK83b1Bll9T 1 'LITO CH1IhHbl9 H 3 119KTpOM8I'HHTHbie B38HMO.UeHCTBHH HHB8pH-

9 HTH,bl OTHOCHT91lbHO llpOCTpBHCT BeHH OPO OTpBlK9HHR, TO HB paBH b iX npaBaX C B9KTOpOM p 

He06XOilHMO paCCMBTpHB9Tb K8K llHHBMH"'I9CKYIO X8p8KTepHCTHKy "'18CTHUbl H npOCTp8HCTB9HHO 

0Tp8lK9HHblli B9KTOp p 

p' 
I (3.15) 

3aMeTHM, 'ITO B TO BpeMR KBK onepaTOpbl l KOMMYTHPYIOT M9lKilY C06of! ( TBK lKe KllK 

H onepaTopbi p~ , CBR3BHHbie c HHMH npeo6paaoaaHHeM noao6HR), To KOMMyTaTop [pi' ,p~ I 

He OCTaHaBJIBBBSICb na HeTpHBHBJlbHOM aonpoce o ¢H3H"'IeCKOM CMbiCne ( apMHTOBbix) 

OllepBTOpOB p H p', Mbl llOCTynllpyeM, 'ITO OnepaTOp KBBilpBTil MBCCbl m 2 5JB11519TC51 

0/lHOpO/lHOH KBBilpBTH'iHOfi <!>YHKUHetl 3THX onepaT opos, HHBBpHBHTHOII OTHOCHT91IbHO llOllHOII 

rpynnbl J1opeHUB ( BK1110"'1810Jllel\ npOCTpllHCTB9HHOe OTp8lK9Hll9) • nOTpe6yeM eme 'iT06bJ 

Bblll01IH511ICR npl!HUHll COOTB9TCTBH51! B cnyqae, KOP/lB np9JlCT8Bll9HHe rpynnbl BHyTpeiiiJHX 

CH MMeTpHH: TpHBH81IbHOe, .U01I}f{H8 pe8JIH30B8TbCR 06hPIH8H CBR3b Me:>+<ay M8CCOJ.1: m 11 4-H.M-

nynbCOM k : m2
= k 2 

• HaH6onee o6mee BbipalKeHHe, yaoaneTBOPRJOlllee 3 THM Tpe6oaaiiHSJM, 

HM99T BHA: 

m2= 1-K ( p 2 + p' 2) + l + K ( pp + p p ) = 
4 4 

(3.16) 
=( k +V ) 2- K A 2. 

JJpH 3TOM B9lll9CTB9HH851 llOCTORHHBR K MO>KeT 38BHC9Tb OT npea.CT8BII9HHH rpynnbl 

U(6',6) • T.e. OT 6apHOHHOr 0 "'IHCna 8 nocK01IbKY CllHH onpeaenReTCR B9KTOpOM w 

( J,i ), TO CB513b M8lKilY reHepaTOpBMH U(6,6) H KBBHTOBbiMH "'IHC1I8MH 'iBCTHU npH06peTaeT 

HBH6onee npOCTOfi BH/l B C HCT<?Me llOKOR B9KTOpa • CK81IRpHbiii KBBapaT k 
2 

B9KTOpa 

RBnReTCR onepaTopoM KaaHMHpa rpynnbi G H ll03TOMY KpaTeH e aHHH'iHOMy orrepa -

Topy a nJ06oM HenpHBO!lHMOM npe.o.cTaaneHHH 3 TOH rpynnhi . B npe.ncTaaneHHHX, OllHCbiBBJO

lUHX t.t8CTHUbi, Mbl 6yneM JIP91liiOII81'8Tb, l.J.TO k 2 
JIOIIQ}KHT91IbHO, T.e,. '-ITO BeKTOp k - ope-

M9HH-ITOao6eH: 

k2 = m 2 
B' 

2 

m > I) 
B (3 .17) 

(«naeKc 8 Y KB3btaaeT, 'Y:TO k , aoo6me roBopSJ, aaaHCHT OT 6apHonnoro 'IHCna) . B en -

CTeMe llOKOH BeKTOpa ypaaHenH e (3.16) rrpHo6peTaeT BHa: 

2 2 
m = m 

B 
- K A 2 (3.18) 

II 



CornacHo (~.4), (2.5) H (::!.6), onepaTopbi yfl H All BbipaJKaiOTCSI cne.uyiOIUHM o6pa3oM 

B TepMHH8X onepaTOpOB pOlK.UeHHll H yHHqTOJKeHHll a* 

V
0 

= 6 c + a~ A a a + b~ A b a = 6 c + n A , 

v1 =a* o 
i 

x A b* + b. o x A a , 
I 

A0 =a* A b* a (1) a +baA(1)aa , 

AI =a* u 
I 

x A( 1) a +b* o
1
T x A(l) b 

I (oiT )a{J = (ol ){Ja I 

• 
c + d + f 0 

A=cl +v'1dA 8 +fA 3 
0 c+d-f 

0 0 

A( 1) = c 1 I + y' 3d 1 A 
8 

+ f 1 A 3 

b* H a b : 

0 

0 

c- 2 d 

(no noBTOpHOMY HH.UeKcy a no.upa3yMesaeTCSI cyMMHpOB8HHe OT I .uo <!) . 

(3.19) 

(3 .20) 

YpaBHeHHe (3.18) H paseHCTB8 (3. 1 9 - 20) CO.UeplK8T BCe He06XO.UHMOe .Ullll H8XOlK.Ue-

HHSI cnexTpa Mace a.upoHOB. B cne.uyiOIUHX naparpaq>ax Mbi npHMeHHM HX K 56-nneTy 6apHo

HOB H ::!6-nneTy Me30HOB. 

3aMeqaHHe. Morno noxa3aTbCR, qTo 6onee ecTeCTBeHHO onpe.uenHTh m 
2 

KaK Ksa.u-

paT .UHH8MHqeCKOrO HMnynbC8 p , BMeCTO TOrO qT06bi UOnb30B8TbCll 6onee CllOlKHOH 

<jJOpMYnOli (3.16). 0.UH8KO B T8KOM UO.UXO.Ue He TOnhKO M8CC8 liBlllleTCSI CMeCbiO CK8ll!Ip8 

H nCeBUOCK8nHP8 1 l.{TO He COOTBeTCTByeT c.aenaHHbiM ¢H3HtteCKHM npe.o.nonO)f{eHHSIM1 HO, 

KpOMe TOrO, KBK nOK838R 8H8nH31 B cnyqae 6apHOHOB OH8 y6hiB8eT C B03p8CT8HHeM CITHH8 1 

qTo npOTHBOpeqHT OUbiTy . MOlKHO .U06HTbCR 38 CqeT OTK838 OT KOMMyT8THBHOCTH KOMUOHeHT 

HMUYllbCa, qT06bi C8M HMUynbC HMen Up8BHllhHbie Tp8HC<jJOpM8UHOHHbie CBOHCTB8 OTHOCHTenb

HO UpOCTp8HCTBeHHOrO OTpalKeHHR, T.e. 6bin UOnllpHbiM BeKTOpOM. npH 3 TOM Mbl nepeli.UeM 

K <jJopMyne (3.16) c K = n • 0.UH8KO B 3TOM cnyqae , K8K 6y.UeT BH.UHO H3 pe3ynbT 8TOB 

Cne.UyiOIUero naparpaq>a, UOTepSieTCll 38BHCHMOCTb 6apHOHHbiX M8CC OT CUHH8, T.e. M8CC8 

HyKnOH8 6y.ueT nonyqaTbCSI p8BHOH M8CCQ (~~ -pe30H8HC8 1\ , M8CC8 ~ -rHnepOH8 -
2 2 

M8CCe ~ l) H T • .U. 

12 

,.., 

l 

l 

OrMeTHM eme, qTo 

.UOCTYll8TOB He06XO.UHMO I 

OCT8BnReM 3.UeCb 3TOT BC 

4. 

EcnH B pa3nOJKeHHH 

qneHOM ( BXO.IlliiUHM B npe 

(3.18) 6y.UeT HMeTb T8KH 

m 
2 

= m • +2m (9c 
(56) 1 1 

. 2 
+2K[3(c

1
-d 

-(c
1
-2d

1
)f

1 

-3d
2

+f 2 )l 
1 1 

+K [3(c
1

+d 

+ 12 f ( 2c- d . 

+4(f
2

+K f 
1 

(eM. npHnoJKeHHe ). 3.uec~o 

'18CTHU, B '18CTHOCTH , 1 

Ero KOMnoHeHTbi L . 38 
I 

L 1 = M~, L 

L=- ~ Mo+y'3 
3 3 2 

Bee •qaCTHUbi• H3 56 - nn 

Hble <jJyHKUHH H30CUHH8) 

.ORR .0H8rOH8RbHbiX M8Tpl 

I 

- 2 - ~ < ], Y, I, I 3 1 

21+ 1 13-1 

neliCTBHe onepaTOpa 
2 

L 



B IOTeSI ene.nyJOWHM o6p830M 

H a b : 

(3.19) 

0 

0 

- 2 d 

(3.20) 

<Yr I .no~). 

Heo6xo.naMoe .nns1 aaxoJK.ne-

deHHM ax K 56-nneTy 6apao-

mpe.nenHTb m2 KBK KB8.1l-

JBBTbe" 6onee cnoJKHoll 

JBnSieTCSI CM9Cbl0 CKBnsq>B 

KHM npeJJ,IIOnO>K9HHRM1 H01 

~BeT C B03p8CT8HHeM CIIHH8 1 

KOMMyTBTHBHOCTH KOMfiOHeHT 

iOHHbie CBOiiC TB8 OTHOCHTenb-

M. npa 3TOM Mbl nepeJ!.neM 

~T BH.Il.HO H3 pe3ynbT8TOB 

BCC OT CIIHH8 1 T.e. MBCCB 

1 M8CC8 l: -ranepoaa -

0rMeTHM ewe, 'ITO )lnSI Jl0KB3BTe1lbeTBB eaMoeornaeOBBHHOCTH eqJOpMynHpOBBHHbiX 

noeTynaTos aeo6xo.naMo noKaaaTb nonoJKaTellbHYJO onpe.neneHHOCTb onepaTopa (3.16). Mbi 

OCTBBnSieM a.neeb 3TOT BORpOe OTKpbiTbiM, 

4. MaeeoBbie <jlopMynbi .nnR 6apaoaos 

Eena a paanoJKeHHH (2. 11) .nnR 6apaoHHbiX seKTopos eoeT051HH51 orpaHH'IHMe51 nepBbiM 

qneHOM (sxo.nS!WHM a npe.neTasneHHH (~ !l rpynnhi U(6) x U(6) ) , TO onepaTop m 2 

(3,)8) 6y.£leT HMeTb TBKHe JKe MBTpH'IHbie aneMeHT bi, 'ITO H OnepBTOp 

+ 2K [ 3 ( c 
2 

- d 2 
) - f 

2
] + K[ 4 J ( J + 1 ) 

1 1 1 

(4.1) 

+ K [ 3 ( c 1 + d 1 ) d 1 - ( c - 2d + f ) f I .( 4 I 
2

- y 2 
- 6Y- 8 ) + 

1 1 T 1 -

(eM. npanoJKeHae). 3.neeb aenonb30BBHbi o6hi'IHhie o6o3Ha'leRH51 .nnH KBBHTOBbiX queen 

qaeTHU, B 'IBeTHOeTH, L 
2

- .Kil8.£lpBT .L - enHHB (HHOf'LlB H83biB8eMbll! TBKlKe U - enHHOM), 

Ero KOMnoaeHTbi L aa.naiOTe51 ene.nyJOWHMH reaepaTopaMH 

(4.2) 

Bee 'qaeTHUbi' H3 56-nneTa aa aeKniO'IeuaeM l: 0 a A ( onpe.nenHeMbie KaK eo6eTsea-

Hble ljJyHKUHH H30enHHB) 51Bn51JOTe51 eo6CTBeHHbiMH BeKTOpBMH onepaTopa ~2 
, npH'IeM 

.nnst !J.H8POH8nbHhiX M8TpHttHbiX aneMeH-TOB CIIpaBe.O,nHBO TO>KlleCTBO 

I 
2 l: 

2J+ 1 1 ~1 
3 

2 
< J, Y, I, I 3 1 L 

ilelleTsae onepaTopa 
2 

L HB 

_2_ + J{J + 1)+ l_ Y2 -2.1 (I+ 1). 
4 8 6 (4.3) 

A 3B.£lBeTC51 paseHeTBBMH (eM,, HBfipHMep/
291

) 

13 



2 3 ,j3 
L I A > = - I A > -- l l:o > ' 

2 2 

L 2 l l:o > =- ::/.]_ I A > + __!_ l l:o > 
2 2 (4.4) 

ilnH l!eKynneTa 6apHOHOB C O C OHH OM 3/2, BXOilSIWHX B §_§. <jlOpMyna ( 4,1) ynpowaeTCSI 

B cuny TOlKileCTB, KOTOpbre KMeJOT Mec:ro B 'laCT!i (lQ, i ) npencTasneHKH 56: 

2 2 
4 I = Y + 6Y + 8, 41:_ 

2 
= Q 2- 6Q + 8 • (4 .5) 

MaCCOBbiH onepaTOp (4,1) np!iBOIIHT K Cnei!Y!OWHM COOTHOWeHH!IM MelKI!Y 6apHOHHbiMH 

M8CC8Mll B paCCMaTpHBaeMOM npH6nHlKeHHll (CHMBOnbt '18CTHU 0603H8'1810T KB81!p8T bl COOT-

09TCTBY10WHX Mace; '4HC.'l.8 noa. K8>KJl.Qt:\ ¢lopMynoH: .ll810T 3KC n epHM9HT 8 nbHbi9 3 HaqeHHH COOT

BCTCTBYJOIJlHX KOM6HHBl!Hli c owH6KaMH B Bas 
2

): 

- + - ::;o + n - p = l: - l: 

0,020 + 0,003 0,019 + 0,0008 

fl - 1\ 

1,278:. 0,010 

3(:::.;-~8) 

1,284 :.0,004 

p -1 n + ::;_o + 2 -+ ~ + + :£-- 3( L 0 +A ) = 

0,085 + 0,0025 
++ 

= :=. 0 + ::0;5 + 1\ + !-, 

0,088 + 0,012 

" -0 +E. 

3,657 + 0,002 

== 0 + ~ 
3,773+ 0, 00 3 

++ 
\ - ,\ 3(6+- ,\ 0

) = 3( n- p), 

::::8 
" - + =~s + ,\a- ,\ =Lo -La. 

(4.6) 

(4.7) 

(4.8) 

+ -
- L o- L o- 2L'5 

(4.9) 

(4. 10 , 

Mbt B lii!HM, 'ITO COOTH OWeH H !I ( 4,6)- ( 4,8) YIIOBne T BOpSI!OTCSI B npenenax 3 KCnepHMeH

TanbHOit TO'lHOCTH , B TO BpeMSI K8K np8B8SI H neB8SI '18CTII COOTH OWe HHSI (4,9) OTnH'I810T CSI 

H8 3 ,3% OT Ben ii'IHHbl 1IeBOH '18CTH, <l>OpMy1Iy (4 . 10) npaKTH'IeCKH He nb3 SI ewe Cp8BHII B8 T b 

C OObiTOf\1 1 TaK KBK nepBbie H3MepeHH51 H3 0TOOJ1qeCKHX paCUienneHHtf B ll9Kynne T e B9CbM8 

He TO'!H h l ( CM/
301

) , 0TMeTHM, 'lTO OTHOCH TenbHO C8MOe He T O'IHOe COOTH OWeHI! e (4,9) !IB

ns:teT C51 cnellCTBI1eM TOrO, 1.JTO BCe KBB HTOBble '-IHCna , BXOll51illHe B MBCCOBOM o n epaT Ope ( 4. 1) • 

14 

( J, Q, Y, I, L ) B38HMH 

npHMepHO CTOJib lKe HeyllOBT. 

TeOpHH (nnH nepBbiX <CT<;!OeRE 

napaMeTpbt OKTeTa, B Hawe • 

npH yqe:re cneny10wero npH6; 

se.nnHBhi, ecnH He npe.nnonar 

T.e. eCrtH ll.ODYCK8Tb, qTQ K< 

B8Tb MelKI!Y c o6oA, 

x) 
'iKcneHHbrA pacqe:r noK 

C He C a KCne pHMeHTanbHbiMH 

c, d, f H c
1 

,d
1
,f 

1
n ae:rc11 

MYT8THBHOCTb KOMO OHeHT 06 

c,d,f,c
1
,d

1
,f

1
(nona raH K =l 

npH aTOM ynyqwaeTCSI BeCb~ 

HHSI H30TOOH'IeCKOPO pacwen 

2 %), npH onpeneneHHH noc:r 

T OB Mbl 381!8eM OIIHH8KOBbl 

ro H30TOITHqeCKOrO MynbTHll 

HHA BHYTPH oaaoro MynbTHn 

PeaynbT8 Tbt H HX cone 

ne Hbt peaynbTBTbi pactieTa, 1 

HMnynbca . B HHlKHeA qacTH 

B neKynne T e s o6oHx s apHa t 

B M eaoHHOM npeac:ra s. 

paanolKeHHH (2 .11 ) . E aaKCH! 

qeTHOCTbJO onpenenH ." <jlopM: 

x) Bee Bbt'IHCneHHH ni 

xx) B TOM, ':ITO COOTB 

SIBnSie TCSI cnei!CT BHeM npOCT 

MO)I{HQ y6e.llHTbCSI1 9CRH H3ll. 

38M9 H 8 3 KCII9pHM9HT8RbHOr< 

'ITO nocne HOBoro onpenene 

KBanpaTos
1

owH6Ka nn" Ksao 

cnyqae. 

xxx) 
TeHaop aynesoro 

npeo6paayeTCSI n o TpHBHanb 



(4.4) 

rna (4.1) ynpomaeTC!I 

lCTasrreHHSI 56; 

(4.5) 

19HH!IM M9JK}ly 6apHOHHblMII 

03H8lJ8lOT KB8,1lp8Tb1 COOT-

(4.6) 

(4.7) 

(4.8) 

(4.9} 

(4 . 10 , 

1 B rrpenenax 3KCnepHMeH

>WeHHSI ( 4,9) OTITH'IBIOTCSI 

1 nenb351 ewe cpaBHH BBTb 

rfi s .aeKynneTe aeCbMB 

COOTHOW9 HIIe ( 4,9) SIB

MBCCOBOM onepaTOpe (4,1), 

J~ 

( J, Q, Y, I, L ) S38HMHO COKp81U810TCSI JliTSI 'leTbipex '18CTHU, y'laCTSY!OlllHX S ( 4,9) • 

npHMepHO CTOnb JKe HeyJlOSITeTSOpHTerrbHa H aHarrOrH'IHaSI ljlopMyna S 06bi'IHOll SU (6) 

TeOpHH (JlrrSI nepsbiX a:.T•;mea.eA Mace - CM
1291

), JlaiOlUaSI BHTepsan s JleKynneTe qepe3 

napaMeTpbl OKTeTa, 8 HameM IlOJlXOJle MOJKHO HaJleSITbCSI, 'ITO TO'IHOCTb <jlOpMYIT yrry'llllHTC!I 

npH Y'I9Te CITe}lyiOlUero npH6ITHJKeHH!I, 3aMeTHM0 'ITO BCe SblUHCaHHble COOTHOWeHH!I CUpa-

seJliTHSbl, eCrrH He npeJlllOrraraTb HHKaKOJl CBSI3H MeJKJlY napaMeTpaMH C, d, f H C 
1

, d 
1

, f 
1 

l 

T,e, eCiiH JlOilYCKaTb, 'ITO KOMUOHeHTbl pi' o6o6meHHOro HMnyrrbCa MOryT He' KOMMYTHPO-

BaTh MeJKJlY co6oll . 

x) 
YHcrreHHbill pac'leT noKa3bisaeT, 'l~'o cpeJlH s03MOJKHOCTell (3.9)-(3.12) HaHrryqwee corna-

CHe C 3KCUepHMeHTarrbHbiMH 3Ha'I9HH!IMH MaCC JlaeT nepsa!l (KOr}la CS!I3b M9JKJlY KOHCTaHTaMH 

c, d, f H c
1
,d

1
,f 

1
JlaeTCSI ljlopMynoll (3.9)}. 3aMeTHM, 'ITO ecnH He npeJlnonaraTb KOM-

MyTaTHSHOCTb KOMUOHeHT 06061UeHHOrO ..IIMilYITbCa H pa60TaTb C weCTb!O UOCTO!IHHbiMH 

c,d,f,c
1
,d

1
,f

1
(nonara!l K =1 ) aMeCTO 'leTbipex ( c, d, f B K) , TO CornaCHe C Ollb!TOM 

11pH 3 TOM yrryqwaeTCSI seCbMa He3Ha'IHTenbHO , rnaBHbiM o6pa30M, 3a C'leT rry'lwero OllHCa

HH!I H30TOUH'IeCKOrO pacmenrreHH!I (MaKCHMarrbHa!l OWH6Ka S MaCCe S 060H X crry'la!IX paSHa 

2 % ) • npH OUpe}lerreHHH IlOCTO!IHHblX m 1 t C, d, f H K MeTO.IlOM HBHMeHbWHX KB8.1lp8-

TOS Mbl 3a}laeM OJlHHaKOSblM OTHOCHTerrbHblll SeC JliT!I Cpe}lHero KSa}lpaTH'IHOrO }liT!! KaJK}lO

ro H30T011H'IeCKOrO MYITbTHI1IT9T8 H S JleCSITb pa3 MeHbWHH seC S ypaBH9HH!IX JliT!I pacwenne

XX) 
HHll S HyTpH OJlHoro MyrrhTHnneTa • 

Pe3yrrbTaTbi H HX conocTasnenHe c onbiTOM JlBHbi B Ta6nHue I. !ln!l cpaaHeHH!I npHBe-

JleHbl pe3yrrbTaTbl paC'IeTa, S KOTOpOM He npe}lUOITararraCb KOMMyTaTHBHOCTb KOMilOHeHT 

HMnynbca. B HHJKHell 'laCTH Ta6rrHUbi JlaHbi npeJlCKa3aHH!I JliT!I H30TOUH'IeCKHX pacmenneHHli 

B JleKynneTe S 060HX sapHaHTaX, 

5, MaccoBbie lj>opMyrrbi }liTH M930HOB 

B Me30HHOM npeJlCTasnenHH Mbi orpaHH'IHMC!I nepBbiMH JlBYMH 'lrrenaMH (LU H (§.§.*) 

* pa3rrOJKeHHSI (2.11 ). Ea3HCHbie seKTOpbi s npocTpancTse (§. §. ) Me3onos c oTpHuaTerrbnoll 

'leTHOCTb!O onpeJleiTHM ljlopMyrroll 
xxx) 

x) Bee Sbi'IHCrreHHSI npoaOAHITHCh H. H. CHrrHHbiM na aneKTPOI<HO>l C 'l eTHo~ MBWIIHe . 

xx) 
B TOM, 'liTO COOTBeTCTBH e TeOpeTHqeCKHX 3H8qeHHii M8CC 3KCnepHMeHT8nbHbiM He 

SJBnHeTCSI cne,llCTBHeM npOCTOfl HHTepnonSJUHH CO MHOrHMH IlpOH3BOnbHblMH llOCTOSlHHblMHt 

MOJKHO y6eJlHTbCSI, ecnH H3MeHHTb 3Ha'leHHe OJlHOll H3 12-T~ OllbiTHO 11 3BeCTHhiX Mace, TaKaS! 

3aMeHa 3 KcnepHMe nTarrbaoro 3Ha'leHIHI !J. OT 1,528 B a s a a 1,236 Eas
2 

npHaena K TOMY, 

lJTO nocne HOBOrO onpeneneHHH KOHCT8HT m 1 , C, d, f H K ITO MeTO.IlY H8HMeHblliHX 

KBBAPBTOB1 0WH6Ka JliTSI KSBJlpBTOS MaCe 110ITY'IHIT8Cb 110pS!JlKa 10% BM9C TO 4 % B p e arrbHOM 

cnyqae . 

xxx) 
Ten3op nynesoro paHra I 0 > (ne cneJlyeT CMewHsaTb c £~1f3 H'IeCKHM BBKYYMOM) 

npeo6pa3yeTC!I 110 TpHBHarrbHOMY npeJlCTasrreHHIO (L l) rpynUbl U (6) x U (6) , 
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I $p. > = ~ a* a x A b* I 0 > , 
p. • 

p. = 0,1,2,3, s = 0,1, ... ., 8 . 
(5.1) 

npH 3TOM TICeBilOCK81lllpHbie Me30Hbl TIOilY'IBIOTCll npH p.= 0; 

I n > = I <1>
0 > ~ )> a• A b* I 0 > ; 

• • a • a 
{5.2) 

B l.JB CTHOC TH 

I "~ > = ...1 < I n > + i 1n > l . 
y2 1 - 2 

I 

+ 
1 ,o > = 1 n > • 1 K- > = __!_ < 1n > + i 1 n > l . 

3 y 2 4 - 5 

BeKTOpHbie Me30Hbl Bb!p8>K810TCll '!epe3 <!J f M e 30Hbl C rrpoeKUHet:f CflHHB +} HM9 10T BH .ll : 

v< 1>=_!_(1<1l1 > +il<ll 2 > )=_!_a• A b* IO > . 
y2 s • v 2 1 • 2 

(5 .3) 

Ta6n11ua 

[pl'-,pv]=O~ 

K = 0,67612,m 1 =4293,767 M as 

c= c 1 =- 266,244 Mas, d=d 1--30,Il31 Msa 

f=f 
1 

=-0,42 9 Msa 

6 api!OH KaaapaT 2 
Ow116Ka 

Maccbr B Baa B % 

p 0,8551 2 ,9% 

0,8583 ~.8% 

II 1,2769 2,6 % 

I+ 1,4:.!19 0 ,5 % 

I o 1,4261 0,3% 

~- 1,430::i 0,2 % 

::.o 1,798 4% 

- 1,8032 3,4% 

A 1,57::l:.! 3% 

Is 1,9189 0 ,4% 

;:./) 2 ,~934 2 % 

n- 2 ,6968 4% 

[pi'- , pv] - 11106oe, K = 1 

m1=1 ;186,611 

c =-3,608, c
1

=-216,640 

=- 64,247, d1 =-26,341 

=-2,231, f1 =-2,513 

Kaar~paT ;raccbr Ow116Ka KaaHpaT 3 KcnepHMeH-
2 

B 6 .• D B ~Q TBilbHOH MaCChi B 69B 

0,8674 1,5 % 0,8803:!;.9 · I 0-
6 

0,8698 1,5% 0,88276:!;.9·10-
6 

1,2561 I % 1,244:!:_~,5.10 
- 4 

1,4000 1,5% 1,4145:!:_3 ,2 .w-4 

1,4097 0,9% 1,4~2:!:_4,8·10-4 

1,4197 I % 1,4::l35:!;.3,2·I0-4 

1,7986 4 % 1,727:!:_26·10-
4 

1,8 15 4% 1,745:!;.5,:.!·10-
4 

1,577 1 ::l,3 % 1,528:!:_1·10 - 3 

1,8878 1,3% 1,912:!:_1,4·10-3 

2,:.!853 2,4% 2,340:!:_2,8•1 0 
-3 

2, 7697 1,3% 2,8056:!:_1·10-2 

IG 

H30TOTIH 

"'+- "'++ 1,,S Ma 

L'.o- L'. + l,::l M" 

- + 
I 8- Ill ~,5 M3 

'E/)- - 'E8 1,3 M3 

npH s .; o,3,B onepa 

H ero HeHylleBb!e (I!H8I'OII81l 

m =m
2 

+2m (Be+( 
(s,p.) 0 0 

+ ( d 
2
-K d 

2
) ( y + ' 

1 s 

+ 2 ((5 C - 4 d ) f + K 

+ ( 2 c d + d 
2
- 1 

11 1 3 

s = 1,2,4,5,6,7, 

p. = 0, 1,2,3. 

3aecb 

y 3(Y :/3 . 
yl = y 2 = 2 • 

i =2(1) =< 41" 
• 3 •• 

i,= i2 = 0. 

npu s= 0, 3,8 BeKTOphr I <I>~ 
Co6cTaeHHbre 3Ha'!eHHll KBBill 

( B lleBb!X 'IBCTliX (::;;/) H ( . 

x ) C 130 1 
M , ' r.ne HMeiO'l 



;=0,1 , ... .,.8. 
(5.1) 

{5,2) 

. > = _!_ < 1n 
4 
> + ; 1 n > l . 

y2 - 5 

uaefl cnaaa +I HMe!OT a an : 

• n106oe1 K = I 

c 1 =-216,640 

d 1 =-26 ,34 1 

£1 =- 2,5 13 

(5.3) 

6Ka ,, 
-o 

KaaHpaT 3KcnepaMea-
2 

TanbHOH MaCChi B 63B 

. ,5 % 0,8803±_9· I0-
6 

,5% 0,88276±_9·1 o-8 

% 1,244±_~.5 ·10-4 

,5 % 1,4145±_3,2 ·10-
4 

,9 % 1,4~2±_4,8·10-4 

~ 1,4::!35±_3,2 · 10-
4 

~ 1,727±_28·10-
4 

Yo I, 745±_5,:.1·10-
4 

, 3 % 1,528±) ·10-
3 

,3% 1,91 2±_1,4· 10-
3 

4 % 2,340:!:_2,8·10-3 

3 % 2,8056±) · 10-
2 

!130'1'01lH'-IeCKKe pacmenneHKH a neKynneTe 

"'+ _,.,++ 1,,S M3B 0,9 M3B 0,45±_0,85 
x) 

t,o_ t, + 1,::! M3B 0 ,9 M 3B 

- + 
Is- Is ~.5 M3B ::!,8 M3B 4,4:t_~. 17:t_7x) 

Eo- - Es 1,3 M3B 2 ,5 M3B 5,7±_3,0 
x) 

s ,; 0,3,8 onepaTOp KB81lp8T8 M8CCbl B paCCM8TpHB8eMOM 6a3HCe ilH8f'OHaneH 
2 

m 
( o,p.) 

Bblp8>K8IOTCII iflopMynoii: 

m = m
2 

<,2m (Be +dy +fi,) +40c2-4Kc 2 -48d
2
-16f2+ 

(o,p.) 0 0 • 1 

+ ( d 
2
- K d 

2
) ( y + 3) y + (f 

2
- K f 

2 
) ( i 2- y ) + 2 ( 5 cd + K C d ) y + 

1 • 1 • • 1 1 • 

+ 2 [(5 C - 4 d ) f + K ( C + 4 d ) f ] j 
0 
+ 4 5 K [ 2 C 

2 
- 4 d 2 - _4_ f 2 + 

1 1 1 p.O 1 1 3 1 

(2 212 22 22] + c 1d
1
+d

1
-_f )y + 2(c- 2d )f i +d y +f i , 

3 1 • 1 1 1 • 1 • t • 

s = 1, 2,4 ,5,6,7, 

p. = 0, 1,2,3. 

3necb 

y . 
• 

yl = y 2 = 2 ' 

i
4

= i
5
= - i

6
= -i

7
= 1 

n pa s = 0,3, 8 BeKTOpbi I <I>~ > He HBnH!OTCH co6cTBeHHbiMH aeKTopaMH onepaTopa 

\::i,4) 

(5 .5 ) 

(5, 6.) 

2 
m 

Co6cTBeHHbie 3Ha'leHH st KBanp aTa MaCChi onpenenst!OTCst a '~TOM cnyqae H3 cneny10max CHCTeM 

\ B neBbiX '18CTHX ( ::i ,'/) H \ ::i ,9) CTOHT CHMMeTpH'IeCKHe M8TpHUbi)! 

x) C 130/ 
M, ' rne HMe!OTCSI CCbinKH H8 3KCnepHMeHT8nbHbie pa60Tbl . 

17 



A-8K(c 2 -d 2 -_Lf
2

) 4v' _1_ [ (m +5c - d)f + 
,.., 2 2 

4y 2lm d + 5 c d + ~ ( d -_Lf ) 
0 3 1 1 3 I 3 0 

5 2 5 2 \ I no 

\ 

.......... .......... .. ...... 

···························· 

r ne 

+K ( 2c 
1 
+5d 

1
)f

1 
l 

2 2 2 
A+ 4m

0
d + 2d -

3
f + 

+- K(4c
2 

- 2d 2 -2f 2
) + 

1 1 1 

+20( c d + K c
1

d
1
) 

...... .............. .... 

• 

2( 110 I 
m \ ll3 . ' 

1!8 
I 

+K (2c
1

d 
1 

- _d + - f )) 
2 1 6 1 

~ [ ( m 
0
+5 c - d )f + 

v' 3 Jl 
+ K (5c

1 
- d 

1
) £

1 
I 

A - 4m d -2d 2 +-lf 2 + 
0 3 

2 2 2 I +K(4c - 6d --lf )-
1 1 3 1 I 

- al (c d + K c
1

d
1
) 

A " __!_ ( X + '7 +- " 0 
) = m

0

2 
+ 16 m c + 40 ( c 

2
- d 

2
- _.!_ f , ; 

3 ° 3 

8 - 8 ( c 2 - d 2 -l.. (2 ) 
3 

4'fi[(m + 2c -d )f + 
3 0 

0 
+K c c 

1 
+ d

1 
) r 

1 
r 

Il+ 4 m d +4c 2 +10d 2 - 6f 2+ 
0 

+ 2() C d -K (2d 
2 

-.l_f 
2

- 4 C d ) 
1 3 1 1 1 

··'(::) 
18 

!". a 2 
2y'';{2(m + 2c)d + d -l+ 

0 3 

+ K (2c 1 d 1 -d 2 + _Lf 2 ~ ' 
1 3 1 

_i_[(m +5c --7d)f + 
v' 3 0 

+K(c+d) f] . 
1 1 1 

8 - 4 m
0 

d + 4 c 
2 -18 d 

2 +.!.!) r2 _ 
3 

-20c d+K(2d
2 -2£ 2

-4 c d ) 
1 3 1 1 1 

0 

n 
3 

n 
8 

(5. 7) 

(5.8) 

v 
0 

v 3 

ve 

(5. 9) 

rue 

8 = ..l. (¢ + w + p0
) ~ m 2 + 16m 

3 0 

HaKos eu, am• KeaupaTa MaCChi 

HH!O (l, , l )) HBXOUHM 

S=<0J m2 JO>= m:+12m
0

c +H 

OnepaTOpbi Y1 H I 3 , 

QH npoeKUHeH H30TOn- CnHH8 H 

( KBapKOBbi e ) HHa eKChi. H a aJn 

nOJlO>KHbiM 3 H8KOM. ( H a n OMH 

qepe3 onepaTopw po~ueHHB H 

Y = ...!.._ ( a• >. a 
v' 3 a 8 a 

- b* >. 
a 8 

B OTnuque oT Y H I 3 onep 

qaCTHU H BHTHqaCTHU, TBK qT C 
x ) 

n onyqaeTCB BBTOMBTHqeCKH 

OuHaKo p acqeT n oKa3an , 

cg ljlopMy naMH (5.4)- (5 . 10) 

TBTHBHOCTb KOMnOHeHT o6o6WE 

oaHoro H3 0Tonuqec Koro MynhT 

o6pa30 M 8 ypaeHeHHH c ns:rr 

nyq wee cornac ue (pe3ynbT 8Tbl 

Hau 6onhwaSt owu6Ka B03HHKae'I 

Me3oH x ( 959 ) (HaCKOnbKO H 

ljlop Mynhi u n g Mace, KOT opaB '-

DnH cpaeHe~HH HanoMHHh 

e c x e Me SU(6) ( nonyqeHHBS! 
/ 29 / 

CT8 B.1eHHB 189 - CM. ) , a 

6,5 %. 

x) KaK 6hm o yKa3aHo 

HOM npeucTaeneHHH 35 onepa 
KB8 pK OB ' S H C onepaTOpOI 

6Y 



+71 (d
2
-.l.J

2
) 

3 

~+ : f1
2

)) 

. d )f + 

d 2 + ...l.f 2+ 
3 

-..1. f2)-
3 I 

01 d 1) 

-7d)f + 

) f 1 
1 1 

~4c 2 -18d 2 +~f2_ 
3 

!d
2 

- 2t 2-4 c d ) 
1 3 1 1 1 

no 
0 

(5. 7) 

(5.8) 

v 
0 

v 3 

(5.9) 

P.ne 

B=.l(,P +«> 
3 

(5.10) 

HaKooeu, .nnH Kaa.npaTa MaCChi CKangpHOPO Me3oHa IO> (npeo6paoyiOruePoCH no npe.ncTaane

HHIO (~,L))HaXO.liHM 

(5.11) 

OnepaTopbi Y
1 

H I 
3 

, onpe.nenHeMhie paaeHcTaaMH (5.5) H (5.6), coana.naiOT c TpeTb

GA npoeKUHeH H30TOn-CnHHB H C PHnepaapH.liOM .ll.liH TeH30pOB 0 HMeiOWHX TO.llbKO aepXHHe 

( KaapKOBbie) HH.lleKChi. Ha aBTRI<BapltOBble HH.lleKCbl 3TH onepaTOpbl .neRCTBYIOT C npOTHBQ-

nono}KHbiM 3HBKOM. (HanOMHHM .ll.liH cpaaHeHHH BblpBlKeHHH .ll.liH onepaTOpOB y H 

qepea onepaTopbi poJK.neHHH u YHH'ITOlKeHHH: 

Y = .2... ( a• >. a - b* >. b ) , y3 a 8 a a 8 a 

B OTnH'IHe oT Y H I 3 onepaTOpbi Y H I 
3 

HMeiOT O.liHHBKOBbie cpe.nHue 3Ha'leHHH .nmr 

li8CTHil H 8 HTH'I8CTHU, T8K liTO paBeHCTBO M8CC , + H TT 

x) 
- MeaoHa) a HaweM no.nxo.ne 

nonyqaeTCR 8BTOM8THlleCKH 

OnHaKo pac1.1eT noKaaan, ttTO KOnHtteCTBeHHO cneKTP Me30HHbiX Mace nnoxo onHCbiBaeT-

CH <jlopMynaMu (5.4)- (5.10) c KOMMYTHPYIOWHMH HMnynbcaMH . Ecnu aonycTHTh HeKOMMY

TBTHBHOCTb KOMfiOHeHT o6o6weHHOI'O HMnynbCa, H He Y'IHTbiBaTb pacwenneHHe MaCC BHYTPH 

OllHOI'O H30TOfiH'IeCKOI'O My.llbTHnneTa, fiO.liOlKHB npH :'>TOM f = f
1 

= 0 (paCCMaTpHBBH TaKHM 

o6pa30M 8 ypaaHeHHH C nHTbiO HeonpeaeneHHbiMH fiOCTOHHHb!MH) 0 Mb! nony'IHM HeCKO.llbKO 

nyqwee coPnacKe (peaynbTaTbi pacqeTa npKueaeHb! a Ta6nHue 2). YIHTepecHo oTMeTHTb, 'ITO 

HBH60.llblliaSI OWH6Ka B03HHKBBT B <jlopMyne (5.8), BK.li!O'IBIOWeA TSIJKe.llblll KCBBilOCKS.liS!pHbill 

MB30H x(959) (HBCKO.llbKO HaM H3BeCTH00 B .liHTepaType llO CHX nop HBT TeOpBTH'IeCKOll 

<jlopMy nhr anSI Mace, KOTopaH aaaana 6b! xopowee coPnacue anH X -'laCTHUbl) . 

llnH CpSBHeHHH H a nOMHHM, 'ITO ellHHCTBeHHaSI <jlOpMyna ll.liH KBallpSTOB Me30HHbiX M aC C 

B C X e Me SU(6) ( nonyqe HHSSI 6e3 npeHe6pelKeHHS! BK.liBilOM B MaCCOBblH onepaTOp OT npe a-

CTSB."l eHHS! 189 - CM/
29 1

), 8 HMeHHO 4 K =3) + 17 YllOB.lleTBOpS!eTCS! HB Ofib!Te C OWH6KOH 

6 ,5%. 

x) KaK 

HOM npellCTaaneHHH 

KB8pKOB' S H C 

npK pellyKUHH no SU (6) B M93 0H-yKa3aHO A. B. HHKO.liOB blM, 

35 onepaTop y cssraaH c 

onepaTopoM Kaau"><Hpa C (4 ) 

f'Hll9p38p51Jl0M Y 1 CO "cnHHOM CTp8 11HbiX 

2 
noaPpynnbi SU(4) <jlop MYnoll: 

6 y + 4 = c ( 4) - 2 s 2 -l' y 2 • 
2 
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T a 6 n H u a 2 

[ !>" , p") - mo6oe ; K ,.; - 1, m0 = 1061,97 M a a , 

c ~ - 39,86 M aa; c 1 "'-~61 ,7 M aa, 

d ~-:!9,76 M a a, d 1e4,47 M a a 

KaaapaT Macc t.l Owe6 Ka KaanpaT aKcnepeMeHTanb -
a Saa~ B % aoli MaCChi a S aa2 

+ 
0,01948;!:.5· 10-6 " - 0,01945 0,2 % 

K 0,24 16 1,7% 0,2457;!:.2,4·10-4 

..l..<x + '1 + "o' 
3 

0 ,4508 9,3 0,4128;!:.1-I0-3 

p 0,5862 0,2% 0,5853;!:.4,5·10-3 

4 
-8 K* 0,7798 1,9% 0, 7946;!:.1,5 · I 0 

L(¢+w +p) 
3 

0,7059 5 ,4% 0,7458;!:.1,5·10-8 

s 

..L(x 2+ 11 2+ "o 2_ 
3 

0 ,20846 Eaa 
4 

1,8% 0,2123;!:.2"10--8 

-x'l-x~- ~~ ~) 

__L(¢ 2+W 2+p2-
3 -<f> w -wp -¢ p ) 

0,06407 S aa 
4 

1,5% 0 ,065 :!:. 7·10-3 

6, 06cy>KAeHHe peaynb TaTOB 

Ocn oBnbi e p eaynbTa Thl pa 60Tbl MOry T 6biTb Cq>Op MynHpOEia nbl CU9AYK>WHM o 6pa3 0M: 

a) B pa MKa x rpyn nbi G ( I .:J ) onpe n enHlOTCSI o 6o6weHHbili (AI<Ha MI<qecKHli} HMnynbc , 

yAoaneT BOPSIIOWH lt ycnoBHSIM I ) - 5 ) § 3. 06wali BHA TaKar a HMnynbca p AaeTCSI <pop My -

n a MI< (3 .5) - (3.12}. 

b) nocTynapy eT CSI 0 qTQ OUep aTOp KBaApaTa MaCChi SIBUSieTCSI HnaapHBHTnOlt KB8Ap8TH'I-

noli !jlyHKUHelt OT HMn y nbCB p H OT npocTpBHCTBennO OTpa>KeHnoro HMnynbca p ' , 'ITO 

npHBOAHT K Bb!pB>KenHIO (3.1 6) HnH (3,18), 

C) npeAnOn a r aeTCH, 'ITO 6apHOHbl H Me30nbl MOry T 6b!Tb BKnJoqen bl B * OCUHnnHTop-

noli' cepHH y nRTapHbi X ( 6e cKon e 'IHOMepnbi X) npeACTaanenult rpy nnbr U(6,6 ) 1 OllHC8HHblX 

B § 2. 8 e KTOp b1 COCTOSinHSI 8ApOnOB paCKnSAbiBBlOTCSI UO nenpHBOAHMbiM npencTaane HHSIM 

( ~· '!..* ) MBKCHMSnbnOli KOMnaKTnOJi UOArpynnbi U (6) X U(6) . 

d I n p u 9THX n penn on o>KeHHSIX B § 4 BbiBOAHTCH q>OpMynbi nng KBaApaTOB Mace 6apHo-

20 

HOB H3 npeACTaBnenHH (56 

Amueli 4%. TaKoe cornacae 

ecnH yqeCTb 0 qTQ paCCMSTpHE 

( OTnOCHTenbnO paano>KenH H B• 

e) MacCOE\bie !jlopMyn hi 

AalOT neKOTOpb!MH npaBIWbnhl: 

npHBOAHT K paaenCTBY MaCe ' 

9KCnepHMenTa lllinhi MH 3na 'len~ 

2 
cao60Ahi nonyqa eTcH X pa· 

B oa nHKa eT aonpoc, KaK 

H8111e lt CXeMbl C OllbiTOM B e n 

6apHOnOB. n pc"'Ae BCero MO>t 

Bpe MH KaK n~H60nbWee OTnOll 

KB 3 , TO KBa ApaT MBCCbl " 

a a MenbWe m2 ¢ . lloaToM: 

MBCC ne o6XOAH MO yqeCTb H C 

no >Kenan ( 2 . 11 ) • 3To npeAnor 

qnen a p aan o>KenHH (2 .11), • 

nap. B o3MO}f{HO, o.o.HaKo, ttTO 

OTK83aTbCH OT KBKOro-na 6yA~ 

BbiBOAa . 3AeCb Mbl yKa>Ke M n< 

C X 9 M bl 1 KOTOpbi€ 3 8Cny>K H B8l0': 

1. Tpe 6oaaea e a) MO>Kn 

WHM Tpe6oaanHeM, qTQ m 2 H 

HMn ynbCOB p I< p aTopoi 

nbiX npeACTaenenuli rpynnbi 

m2 = ~ (p 

rAe F(l )=l <l>opMyna (3 . 16 

!jlynKUHIO F a psm Teiinopa 

>KHTb F '(1) = ~ • Sea Aa 
2 

BnOCHT CnRWKOM 6onbWOH np 

2 . 8 03MO>Kno, 'ITO cneA) 

a npyroM npencTaeneHRH rpyr 

Moll cepRH npencTaenenali nR> 

nRTopnoli cepa 11 He pacKnanbiE 



>B, 

KaaApaT aKcnepHMeHTanb

HOI! MaCChi a Baa2 

0,01948:t.,5·10-6 

0,2457:t_2,4•1 o-4 

0,4128:t.,I •IO-S 

0 ,585::l:t.,4,5·10-
3 

0, 7946:t.,l,5 ·10 - 8 

0, 7458:t.,l ,5·10-3 

0 ,2.l28:t.,2'10-8 

Hhl c n eAYIOillH M o 6pa30 M: 

(llHHa MH"'9CKHi! } HMnynbC 1 

ynb ca p aaeT CH ~opMy-

H H HBapH aHTHOa KBaapa TH "' 

HOI"O H MnynbC8 p' 1 'LJ.T O 

K n iO'lf9 Hbl B "OCUHnnsrrop-

Uhl U(6,6 ) 1 OllHC8HHbiX 

•nHMhi M n peacTaane HHHM 

1(6) . 

nH KBaa p a TOB M a ce 6apHo-

H OB H3 npeACTaBneHHH (56 1 !) , KOTOp h 19 YllOBneT BOpHIOTC H C OWH6KOI! 1 He npeBOCXQ-

n lllllel! 4%. TaKoe cornacHe c onhiTOM npea cTaBnHeT CH anonH e yaoaneT aopHTenbHhtM, 

e c nH yqeCTb1 "'TO paCCM BTpHB89Mhte <jlopMYnhl nonyq eHbi nHWb B nepBOM npH6nHlK9HHH 

(oTHOCHTenbHO pa3nOlK9HHH B9KTOpOB COCT OHHHI! (2 , 11) ), 

e) Maccoa bt e !jlopMynht AnH MeaoHoB H3 upencTaaneHHH (~ ~) ( § 51 XOTH H o6na• 

Aa!OT H9KOTOph! MH npBBHnbHblMH K8"19CTB9HHhiMH OC069HHOCTHMH (HanpHMep, BBTOMaTH"'9CKH 

npHBOilRT K paBeHCTBY MBCC "'BCTHU H aHTH"'BCTHU) , KOnH"'eCTBeHHO xyJKe COrnaCyiOTCH C 

SKCnepHMeHTB.nbl!hlMH 3HB"'eHHHMH MBCC, (nnH CHCTeMhl ypBBH9HHil C TpeMH CTeneHHMH 

cao60Abl nonyqaeTcn x 2 
p acnpeA e n e ssoe nopsu u ca 120) . 

803HHKBeT BOnpoc, KBK o6~HCHHTb OTHOCHTenbHoe HeCOOTBeTCTBHe npeACKa3aHHI! 

Hawei! cxeMhl c onhtTOM a cnyqae MeaoHoB npH cpaaHHTenbHO xopoweM cornacHH nnH 

6apHOHOB. flpelKAe BCero MOlKHO npHBeCTH He pa3 UOBTOpHBW99CH C006palKeHHe 0 "'TO B TO 

BpeMH KaK HaH60nbWee OTHOWeHHe MeJKilY KBaapaTa M H 6apHOHHhiX MaCC B 56 -nneTe UOpHA-

Ka 3 , T O KBanpaT MaCChi rr -Me30Ha m 
2 

OKOnO 47 pa3 MeHbWe m 2 
H CBbiWe 53 pa-

rr X 
38 M9Hblll9 

2 
m</> • IIOSTOMy MOlKHO C"'HT a T b 1 "'TO AnH XOpowero OUHCaHHH Me30I!Hb!X 

• 
MaCC He06XOilHMO y"'eCTb H cneayiO!llee npH6nHlKeHHe (a HM9HH0

1 
"'neH (~, 56 

• 
noJKeHHH (2 . 11 I. 3To npeanonoJKeHHe TeM 6onee npasnonono6Ho, "'TO (Q§, ~ ) 

} I B paa-

- nepabiil 

qneH a paanoJKeHHH (2.11 I , coaepJKamHil l cTaTH"'eCKHI! I aKnaa oT 6apHOH-aHTH6apHOHHhtx 

nap. Bo3MO>KHO, Oll.HBKO, t.JTO HMeJOmeecSI aecornacHe yKa3biBaeT aa To, qTo Heo6xo.nHMO 

OTKB3BTbCSI OT KBKOrD-HH6yAb H3 npeanonolKeHHI! a) - c), 3anoJKeHHblX B OCHOBY Hawero 

Bh!BOAB. 3aecb Mhl YKBlKeM liB HeKOTOphle B03MOlKHbl9 MOilH!jlHKaUHH paCCMaTpHBBeMoil 

CX9Mbl 1 KOTOpbl€ 38Cny>KHB810T1 HB HBlll B3f'nSill. , BHHM8HHR. 

I. Tpe6o aasae a) MOlKHO aaMeHI!Tb,. He HapywaH npi!HUI!n coOTaeTCTBHH, 6onee o6-

llli!M Tpe6oaaHI!eM 0 "'TO m 2 
HBnHeTCH IIHBBpi!BHTHOH O!IHOpOAHOll ~YHKUHeH OT 0606UleHHblX 

I!MnynbCOB p II p' BTOpoi! CTeneHI! 0AHOpOAHOCTII 1 nepeXOAH!lleil B k 7, AnSI TpHBHBnb-

HbiX npencTaaneHHH rpynnbt U(6,6) • Torna BMeCTo (8.16) 6yaeM HMeTb 

m
2

= ~ (pp'+ p'p) F (~ ), 
pp' + p'p 

(6.1 I 

rae F(1)=1 • <I>OpMYnB (3 , 16} nonyqaeTCH OTCIO!IB KBK "'BCTHbtll cnyqail, eCnH pa3nO>KHTb 

<jlyHKUHIO F a p>IA Teil:nopa aoKpyr TO"'KH 1, orpaHH"'HTbCSI mtHeilHbiM qneHOM H nono-

>KHTb F '(1) = .l..= . Bea nanbHellwHx orpaHH"'eHHil Ha ~YHKUIIIO 
2 

BHOCHT CnHWKOM 6onbU!Ol! npOH3BOn. 

F TaKoe o6o6meHH e 

2. 803MO>KH01 "'TO cneayeT OTK838TbCSI OT npennono>KeHHSI c) H BKniO"'HTb M930HLI 

B npyroM npeacTaaneHHH rpynnbi U(6,6) Heo6xonHMOCTb BblilTH aa paMKH p a ccMaTpHea e -

MOil CepHH npeACTBBneHHil !IHKTyeTCH TeM, "'TO npOH3BeAeHHe ABYX npeACTBBneHHI! OCUHn-

nSITOpHOti CepHH He p8CKn8.llblB89TCH TOllbKO ITO HenpHBOllHMblM npe.QCTBBne HHHM 3 TOfi >Ke 
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Cepuu. EcTeCTBeHHO HCKBTb Me30Hbl CpeuH nenpHBOAHMbiX npeACTBBnenuJl, Ha KOTOpble pa3-

naraeTcH npou3seuenue 6apuoanoro npeucTaaneHHSI (8=1) c aHTu6apuoHHhiM. B aeuaaaell pa6o

Te1311 npeunaraeTcH, aao6opOT, HCKBTb upyroe npeucTaanenue unH 6apuoaoa. 

3. Hau6onee pauuKanhHhiM H3MenenueM cxeMbl 6bm Obi OTKa3 OT rpynnhi U (6,6) 

KBK HHBBpHBHTHOJl nourpynnbl (aHyTpeuaux CHMMeTpuu) rpynnhi G • <I>H3H'IeCKH U(6,6) 

CHMMeTpHSI 03Ha'laeT, 'ITO BbiCIIIHe Me30HHble H 6apHOHHhle pe30HBHCbl KnaCCH<!IHUHpyiOTCSI 

no 6onee BbiCOKHM npeucTaaneHHHM rpynnhi U(6) x U(6) (a TepMuuonoruu renn-Maaaa'
321 

HBnHIOTCSI U(6) X U(6) - B036ylKAeHHSIMH 56-nneTa 6apuOHOB H 36-nneTa Me30HOB) • .8
1321 

KnaCCH<!IHUHpOBanacb KSK 6onee npaauonouo6HSSI AnSI 6apHOHOB upyraSI B03MOlKHOCTb (TaK 

H83biB8eMble L -B036YlKAeHHSI C TO'IKH 3peHHSI MOAenu KBSpKOB , KOrua nOSIBnenue 

BbiCIIIHX CnHHOB y pe30HSHCOB AOnlKHO npeotJnS)lSTb HS)l nOHBneHHeM BbiCIIIHX 3HS'IeHHJl 

3apSIJla u runep3apSIJla. Peanu3aUHH :.Toll BTopoll B03MOH<HOCTH na SI3hiKe TeopuH npeu

cTasnenHH, no-BHAHMOMy, nOTpe6oaana 6bi aaeueHHH B paccMOTpenae 6ecKoHe'IHbiX rpynn. 

8bi60p MelKJlY 3THMH B03MOlKHOCTSIMH )lOnlKHbl JlSTb ASnbHelllll&e IICCne)lOBBHliSI, B 'IBCT

HOCTH, nOAC'IeT cneuyiOIIIHX npu6nHlKeHHll AnSI Me30HOB H 6apHOHOB. 

B 3aKniO'IeHHe aBTOpbl BbipalKaiOT rny6oKyiO 6naronapnocTb aKaneMHKY H.H. 6oroni0-

6oay, B.r. KallbiiiieBcKoMY, A. H. Taaxenun3e u A. Y nbMSHy 3a HHTepec K pa60Te H none3-

Hbie o6cylKueHHSI. a TSKlKe Y'ISCTHHKBM CeMHHSpOB na6opaTOpHH TeopeTH'IeCKOli <PH3HKH 

06'be)lHHeHHOrO HHCTHTyTS SlllepHbiX HCCneAOBSHHH H MaTeMBTH'IeCKOrO HHCTHTyTa 

HM. B. A. CTeKnoaa 3a nnonOTaopuyiO uucKyccuiO. Mbi oco6enao o6SiaaHbi 11. H. Cunuay 3a 

o6pa3uoaoe npoaenenue Bhi'IHCnenull, nallleJliiiHX OTpalKeuue B § 4 H 5, H B&IpalKaeM eMY 

CBOIO HCKpeHHIOIO 6narouapHOCTb. 

n p H n 0 lK e H H e 

B&IBOil MaCCOBbiX <!JOpMyn 
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OnepaTOpbl V 
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H A , BXO)lSIIIIHe B OnepaTOp KBBJlpSTa MSCCb! (3.18) t HMeiOT Cne-

AYIOIUHH BHA B npeucTaaneHHHX ocuunnSITOpHoll cepuu: 
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= 18 c 2 - 36 d 
2 2 12 f 2 + 12 c n .\ + n .\ _ 3 n A
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- 4 a• .\ 
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b* b
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A a + 2 a• A b* b A a + ( b A f3 ,._. a a a ,S ,S a 
a ) 2 + 
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+ (a* A b* ) 
2

- 2( a* A b* a* A b* + b A a b A a ) , 
a a a f3 f3 a a {3{3 a 
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- 2( a: •\lla,S + t 
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• a 

x =A , A 

a MaTpHUhi A u A(l) 3au 

paaenc TB ( 3 . 19) Mbl aocnon. 
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I (ak) (a ) = 2/J00 

k = 1 a ,S k y/J 

'JT06bl nony 'IHTb MSCC( 

COC TORHHH B n peACTaaneHHH 

CTBe :.T oro npeuc TasneHHH 

\ alit a2i2 a 3i 3>= 

a = 1 
I 

B on n oB&Ie <!JY HKUHH ueKynn eT 
x) 1 · 

UH OHanbHhi aeKTopaM I 1 
1 

"'++ =\ 11 1 1 11 >, 

t,.O= V 3\ 11 12 1 2 > • 
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:t8=v 31 11 1113 >, 

2~ = v 3 J ll 13 13 > • 

B onHOBbie <jlynKUHH OKTeTa c 

p =v2< In 11 

=v2< 112 12 

x) 7~9/ 
CM. , r ne, onHt: 

onymen&I. 



!llCTaaneaall, aa KOTOpbie paa

raoapaoaabiM, B HenaBHell pa6~ 

19 llllSI oapHOHOB, 

JTKaa OT rpynnbi U (6,6) 

Yllllbl G • ¢>H3H'I9CKH U(6,6) -

30H8HCbl Kll8CCHIPHUHPYJOTCSI 

TepMHHOllOraa f enn-MaHHa ' 32 i 
K 36-nneTa M930HOB), .a132 f 

npyra II B03MOlKHOCTb ( T8K 

:oa , Kor.aa nosJBneHHe 

H Ha Sl3biKe T eOpKH npea

rrpeHHe 6eCKOH9'1HbiX rpynn, 

aellwae accneaoaaHifg, a '!aCT-

>HOB. 

rb a KaaeMHKy H.H. BoronJO

HHTepec K pa60Te u nonea

" TeopeTH'IeCKOII 'PH3HKH 

'leCKOPO HHCTHTyTa 

> 06SI38Hbl l1 .H. Canuay aa 

4 H 5 , H BbipaJKaeM 9MY 

MBCCbl (3, 18), HM9lOT Clle-
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a M8TpHUbl .\ H .\(1) 38/lSlOTCSI <!>opMynaMK (3,20), llpH UOny'leHHH \fl,}J H (fl.2) H3 

paaeHCTB (3,19) Mbl BOCUOllb30B8llHCb TOlK/l9CTBOM 

3 
I (uk) (uk ) 

k = 1 atJ yli 

L!T06bl nony'IHTb M8CCOBbi9 <POPMY,llbl /lllSI OBpHOHOB, Mbl llOlllKHbl 38/lBTb BCKTOpbl 

COCTOSIHHSI B npe/lCT8Bll9HHH \'§.§.. l). 8Be/leM 6a3HC CHMMeTpH'IHbiX TeH30pOB B npOCTpaH-

cTae 3Toro npeacTaaneHHSI 

1 alii a2i2 a3i3 >= _1_ a* a* a* I{) > 

V 6 a 11 1 a2 1 2 a 3 1 3 

a)= 1,2, i I = 1,2,3. 

BonHOBbie ¢YHKUHH /leKynneTa c MaKCHManbHOli TpeTbeli npoeKunel! e n aHa (3/2) nponop

uaoaanbHbi aeKTopaMx) 1 1i 1 ,1i 2 , li 3 > 

!!.+ =v3 ~~·~ 11 12 

!!.- = 1'2 12 12 > 

+ 
Ili=v3111 1113 > , I5=v6 11 1 1 2 13 > . 
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1
1, 21 12 > ) • 
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> . 

~~-=113 13 ~~ 
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M. , rne, onHaKo, HeKOTOpbte aopMHpoao"'Hhte MHO>KHTenH nponopuHoHanbHOCTH 
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+ ~ r. = v2 < 1 11 11 23 > -I 11 21 1 3 > l • 

r. - = y2<l12 12 23 > _ 1 n 22 13 > l; 

'a> = /2( 113 13 21 > - I 13 23 11 > ) • 

l: =v'2'<113 13 22 > - 113 23 12 > ); 
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1
1 1 22 1 3 > _ I 21 12 13 > • <n.7J 

T e nepb Bbi'IHCileHHe MaCCOBblX <jlopM)'Il CBOJlHTCSI K 31leMeHTapHOil (XOTSI H JlllHHHOA) 

a nre6paH'IeCKoA BbiKnaaKe. B 'laCTHOCTH, a coOTBeTc TBHH c (4.1 ), KBaapaTbi Mace JlllSI 

<jlH3H'IeCKHX r_o H A 'laCTHU BbipalKaiOTCSI cneay10WHM oopaaoM: 
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