
~- - ...., 

06bEnvlHEHHbl H 
v!HCTv!TYT 
HnEPHbJX 

v!CCJIEnOBAHv!J/1 

ny6Ha 

f vr~ '"lffl. 
-•:.. 

P-2603 . /.//_,;,§, 

_,,.,,,,,,.,, .. ,···7> . /· .. . ·-::J'fi 
-•i::::::•:•·· / nnu"" :······· 

_.:::::,::··. / . f .f?i~ 

-

""''""'"'' .. ·t::: ,:,:>·''·••' 

I 
!E 
I ·• s = ::r 
! ... 
A, • ... ... 
I 
! z • .. .. 
""' 

B.M. Bap6arnoB, H. A. Y:epHHKOB 

PEWEHl1E 3A.llAY:11 
0 PACCEHHl111 .llBYX TTJIOCK11X BOJIH 

B HEJil1HEHHOH CKAJIHPHOH TEOPl111 nonH 
Tl1TTA BOPHA-11H<l>EJ1b.llA 

1,,. 



P-2603 

B.M. 6ap6awoa, H. A. 4epHHKOB 

PElllEH11E 3AllA411 
0 PACCE.HHl111 LlBYX nnOCK11X BOnH 

B HEn11HEAHOA CKAn.HPHOA TEOPl111 non.H 
,Tl1nA BOPHA-11H<l>EnbllA 

Hanpaaneao B )K3T<I> 

/ 

.. 



I 

' J 

BBe.tteHHe 

H.tteSI fall:3eH6epra
111 

o6~SICHHTb CTpoeHHe MaTepHH HCXO.tlll H3 npe.ttnono>KeHHH 

0 cymeCTBOBa'1tHH e.ttHHOro YHHBepcanbHOro HeimHell:Horo nonH BHOBb Bbl3Bana IlOBbIWeH

.Hbill: HHTepec 'K HenHHell:HblM nonSIM, O.ttHaKO npHHUHilHanbHble TPYAHOCTH npH HaXO>K.tteHHH 

TO'IHblX pemeHHll HenHHell:HblX ·ypaBHeHHll He .ttaJOT B03MO>KHOCTH C.ttenaTb onpe.tteneHHbIX 

I 

BbIBO.tlOB 0 xapaKTepe pemeHHll Ho ¢H3H'leCKHX cne.ttCTBHHX 3THX ypaBHeHHfi, TaKHe 

BOllpOCbl KaK cymeCTBOBaHHe qacTHUeno.tto6HblX pemeHHll HnH B03MO>KHOCTb 3a,ttaHHll aCHM

IlTOTH'leCKHX pemeHHll B BH.tte nnOCKHX B0nH OCTalOTCll OTKpb!TblMH, 

To'IHO pewaeMaH Mo.ttellb THppHHra
12

•31 
He oKaaanacb B 3TOM CMb1cne nolieaHofi, 

llOCK0llbKY 0Ha npHBena K TpHBHanbHOll S -MaTpHue, ,' 

B TpHAUBTbie rO,ttbl 6opH/
4

/ npe.ttnO>KHn CB0H BapHaHT HellHHeHH0ll aneKTp0AHHaMHKH 1 

KOTOpaH npHBO.ttHna K Ba>KHbIM ¢H3H'leCKHM "cne.ttCTBHHM, TaKHM. KaK KOHe'IHOCTb co6CTBeH,

HOH 3HeprHH aneKTPOHa~ pacceHHHe CBeTa Ha CBeTe a ,ttpyrHM, Ho AallbHefiwee aay'leHae 

3TOrO BapHaHTa aneKTPOAaHaMaKa 3aTpy,ttHllllOCb OTCyTCTBHeM TO'lHbIX pemeHall: ypaBHeHHH 

'ABH>KeHHll aneKTp0MarHHTHoro nonH, <elTa TeopH'll BhlrO.ttHO 0T_;!H'lanacb OT ,ttpyrax HenaHefi-
1 

Hb!X o6o6meHall: TeM, 'ITO CKOpOCTb carHana B Hell He npeBOCXOAHT 'CK0pOCTH CBeTa 

/5/ 
B nyCTOTe 

B npe.tthIAY!llell ·pa60Te aBTOPOB/B/ 6bma TO'IH0 pemeHa 3a.tta'la Koma Allll ABfMepHO

ro CKanSipHoro,ypaBHeHHH Tana 6opHa-HH¢enb.tta, 

B HaCT0lllliell: pa6oTe pemeHa 3a.tta'la pacceSIHall ABYX nnocKaX BOnH c;f,(x-t) a c;f,(x+ t) 

B 3T0H Te0pHH, OKa3anocb, ~TO B o6naCTH B3aHMO.ttell:CTBall ¢yHKUall nonSI cf, MO>KeT 

', 6b!Tb HeO.ttH03Ha'IHOll ¢YHKUHei! X a • pemeHae B 3TOll o6naCTH npe,ttCTaBnlleTCll 

B napaMeTpH'leCKOM _BH.tte. nocne B3aaMo.ttellcTBall 3TH .ttBe BOllHbl ABHraJOTCll .ttanbme 

6e3 H3MeH1?Hall CBOell: ¢opMbl a. Hanpi1BneHaH, HO npoaCXO.ttaT naWb CABHr a pry MeHT0B 

Ka>K,ttOH BOllHbl Ha BenH'IHHY HMnynbca . .ttpyroil B0llHbI. 3TO 03Ha'laeT, 'ITO B 9TOil Hena-

Hei!Hoil TeopHH He npoaCXOAHT pacceHHall aonH B CMbICne a3MeHeHall HanpaBneHHll a ¢op-, 

Mb! BOllHbl, 
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Heon1103H8'IHOCTb pewemrn oT x , t B oon8CTH B38HMoi:teilcTBHll gangeTCll HHTepec

HbIM .K8'IeCTBeHHO IIOBblM <p8KTOM 3TOH 11enn11eil11oil TeopHH. nng ero, Il011HM811Hll, no-BHJ:tH

,, ~OMY, H81l.O npnane'Ib K8KHe-To HOBb1e 'PH,3H'IeCKHe npei:tCT8Bne11Hll, 

B nepBOM p83i:tene CT8TbH npo6neM8 p8CCe!IHHll llBYX nnOCKHX aonu B 4-MepHOM 

npocTp811CTBe-apeMellH CBOJ:tHTCll K llBYXMepuoil 38/l8'Ie. Bo BTopoM p83i:tene 118 ocuoae 

:ynoM!IHYTOI'O Bblllle pe111el1Hll 38/l8'IH' KOIIIH pe1118eTCll 38/l8'I8 p8CCelJHHll. 8 TpeTbeM 'p83)le-, 

ne o6cy)l{Jl8IOTC!I oco6e1111ocTH nonyqe1111oro pe111e11ng, n B 'IeTBepToM p83i:te.ne 38/l8'I8 p8c-' 
I 

C0lIHHll nnnIOCTpHpyeTCll 118 npHMepe llBYX nnoCKHX Bonn, orp811H'Iellllb!X B npocTp811CTBe. 

§ 1 • . 

HennHeiluoe· yp8BHe11ne TH!l8 Eop11a-l111cpenbi:t8 nng cKangpuoro non~ ¢ ·(x, y, z, t) 

nony'I8eTC!J BapbHPOB8HHeM n8I'p8H)l{H8118 

f = 1-\11 +¢ 2 +¢2 + ¢2 -¢2 
X y Z f 

H HMeeT cneny10111nil ann: 

( 1 + ¢ 2 + ¢ 2 + ¢ 2 _ <p 2 )( <p + if, + <p _ <p ) _ ¢ 2 <f, 
X y Z t, xx yy z z tt x XX 

-¢2 
y 

¢ 
yy 

-¢'(3 <f, -¢ 2 ¢ 
t tt 

- 2¢ ¢ ¢ - 2 ¢ <f, ¢ - 2¢ ¢ ¢ + 
X y Xy , X Z X Z )' Z )' Z z zz 

+ 2¢, <f, ¢ + 2¢ ¢ ¢ + 2¢ ¢ ¢ = 0. 
f X tx t y ty t Z : tz 

HeTpynuo npoaepnTh, 'ITO nro6ag nnoCK8SI aon118 

</>=¢(k;-lklt) 

lJBil!IeTCll pe111e11neM ypaBH0HHll (2)'. Cnei:tOB8TenbHO, cyMM8 llBYX nnOCKHX BOilll 

(1) 

(2) 

(3) 

'/ 

<p = <f,1 (k1;-lk1it)+¢2'<k2; _,k2i t) (4) 

TaK~e SIBilSl0TC!J pe111e11neM ypaBH011Hll (2) B npocTp811CTB011110-BpeMe1111oil o6n8CTH, rrie'oun 

He nepeKpbIBBIOTCll, T.e. B o6naCTH, rne Oi:tlla H3 <pyllKUHH ¢, ¢ 2 06pa111aeTCS1 B nynh. 

Ee3 orp8HH'Ie11nsi 0611111ocTH MOlKHO C'IHT8Tb', 'ITO k 
1 

, k 
2 

H ik , k
2 

k paBHbI 
y y 1 z z. _ 

Hynro. K sTOMY cny'I8IO aceri:t8 MOlKHO npnnTn, uanpaana ocb apeMeHn no 4-aeKTopy k 
1

+ k 21 
➔ ' 

a OCb x - no H8npaane11n10 ·k 1-k 2 , rne k 1=(1k,l,k 1); k
2
=(1k 2 i,k). B Hoaoil 

CHCTeMe' KOOp/lnllaT 

4 

\ 

. \ 

' 

I 

l .; 
/' 

I-
,, 

·' 

""t ~ .. 

k
1
r 

➔ ➔ 

k 2' 

-lk 1 lt =v~ 
2 

(x' -t') 

- lk :i!t =-v<k, k:z) ( x'+ t'). 
2 

\ 
ilepeXO/l K 3TOH CHCTeMe /lOCTHI'8eTCll npeo6pa30B8HHeM nopeHU8 0 a !IOCKOnbKY ypaa11e11He 

(2) HIIB8pH811TIIO OTIIOCHTem:u~ 3THX npeo6pa30B811Hil, TO Mb! Bilp8Be 38IlHC8Tb (4) B ~ni:te: 

¢ =,/, (x-t) +,f, (x+t), . (5) 

Pe111e11ne (5) ypaa11e11ug (2) cy111ecTayeT, H8npnMep, B o6n8CTH t<O _, ecnn ,f,
1 

(x) =0_ 

npH x>-l'i , a ,f, /xl= 0 npn x < /'i , rne /'i - nro6oe nonoJKHTenbnoe qncno. B 6onee · 

06111eM cnyqae pe111e11ne yp8Bll011HSI (2) MOlKeT ynoaneTBOpSITb !lHlllb npenenbllb!M ycnOBH!JM 

Y;;,,<f,=,f,2(v), Y;;,,¢ = ,f, 1 (u), (6) 

u ➔-
........ 

rne 

u=x-t, v=x+t, 
(7) 

()qeBH/lllO, 'ITODbl ynoaneTBOPHTb 3THM npenenbllb!M ycnOBHlIM,6yneM HCK8Tb_ pe111e11ne yp8B-

11011HSI (2), 110 38BHClJlll00 OT X H , T.e. q,yHKllHIO, !10/l'IHlllIIOIIIYIOCll yp8Bll011HIO 

( 1- ¢ 2) ¢ + 2¢ ¢ ¢ 
f XX t X Xt 

- (1+ ¢ 
2

) ¢ = 0 
X ti 

(8) 

TaKHM o6pa30M, MbI npnxonnM K nayMepuoil CK8ngp110il Monenn nonsi Eop118-l111,penh1ta, 

n6o ypaa11e11ne (8) nony'I8eTCS1 n3 n8rpa11JKna118 

.. f =1-\11+¢2- ¢ 2 
t 

(9) 

§ 2. 

/6/ B pa6oTe aBTopoa 6bma pe111e11a 381!8'18 Ko111n nnsi ypaa11e11nsi (8). Ha'I8nhHbie 

ll8llllb!e 38/l8llbl npn t = 0 

¢/ 
t=O 

= a(x), ¢, / t=O = b(x), ( 10) 

Oun !IO/l'IHll0Hbl, ycnoBHIO rnnep6onH'IIIOCTH 1 + a' 2(x) - b 
2 

(x) > 0 • Pe111eHne yp8BHe-

HHS! (8), ynoaneTBOp!IIOlll00 H8'I8Ilbllb1M naHHblM (IO), nonyqeuo B napaMeTpH'IeCKOM BH1te: 

fl 
{3-a + j_ f H (A) d>. 
-2- 2 

a· 

5 



> 
X = {J+a 

2 

f3 
+ _l_ · f G (,\) c1A 

2 a 

f3 
.,_ a(a~ a(B) + ..!_ J tr(,\) clA • 
'I'= --2- 2 a 

. ,,.,. 

(11) 

BenH'lHHbI tr(;[) 

CMbICn. tr(x) 

G (x) H H (x) B <jlopMynax ( 11) HMeIOT .• BalKHbilt <jJH3H'l8CKHA 

imnseTCll KaHOHH'leCKHM HMn:ii;m,coM nons ¢ (x,t) npH ta 0 

tr(x).; !.!!:...t 
a,t, i=o 

t 

b,W 
V 1 + a',x)-b2 (x) 

G (x) - nnoTHOCTb HMnynhca nons ¢ (x,t) npu t = O, , 

G (x) =- af ¢ / =- tr(x) a'(x), 
a,t, x t=O 

t 
H(x) - nnoTHOCTb saepruu nons ,f,(x,t) npu t= O 

(12) 

( 13) 

. I 

H(x)=[ ~ ¢ - f ]f =y( 1+ a' 2(x))(1+ 112 (x) ) - 1. 
a ,f, t ft=O 

(14) 

t . 

11ccnenyeM aCHMllTOTH'leCKOe noaeneuee peweHHll ( 11) I YCTp8Mllllll V ➔ - .. npu 

~HKCHpOBaHHOM U H U ➔ 00 npH <jJHKCHp.oBaHHOM V • U I V - H30TponHbie Koop-

llHHaTbl. (7). B o6oux STHX cny'lal!X t= ..!::!_ ➔ -oo. 
2 

Cornacao ( 11). 

f3 
u = x - t = a+½ f [ G !X) -ff(,\ ) ] d,\ 

a 

f3 
v=x+ l=/3+ ½ f [ G(,\)+.ff (,\)]-d,\ 

¢ = a(a)+a(/3) 

2 

a 

f3 
+ ..!._ f 71 ( ,\) d,\ 

2 a 

(15) 

MbI 6yneM npell!:ronaraTb nanee, 'ITO a' (x) 

6eCKOH8'IHO<?TH• 

H b(x) llOCTaTO'lHO 61,ICTpO y61,rnaeT Ha 

TTapaMeTp1,1 a u f3 npucnoco6nea1,1 K_ aana'le Kowu. Ilns peweHHH aana'IH o pac-

C0l!HHH nnOCKHX BOnH 6onee Yll06Hbl npyrue napaMeTpbl 11=11(a) H v=v({l) •• K HHM Mbl 

6 

'I 

:..J 

,. 
i 

I-/ 

•·1 

l 
I 
I· 

ecTeCTB8HHbIM 

/ 

o6paaoM npuxoneM, paccMaTpeaas npenenbI abipaJKeault (15) npe . fJ ➔-oo 

H npH a ➔ oo • B nepaoM cny'lae nonyqaeM 

lim u aa 

/3--

lim v --oo 

fJ ➔-oo 

' a 
+ ..!. f [ H(,\) - G (,\) 1 d,\•-11 (a) 

. 1:._.. 

a 

lim ¢ 

f3 ➔-
Bo BTOPOM cny'lae 

~--l_ftr(.\)c!A =V, (11) 
2 ' 2·__ 1 

lim u -= oo 

a➔ oo 

lim v = f3 - ..!. j [ H (,\) + G (A) 1-c!>. = v ({1) 

a➔ oo 2 /3 

lim ¢ 

a➔ oo 

a(/3) 

2 

I 
2 

f tr(.\) dX=r{,
2

( v) 

ff 

B Jiam,ueltweM 6yneT noKa3aHO, 'ITO BB81l8HHbl8 31l8Cb <jlyHKllHH V, t H 

npenem,HbIMH ycnOBHllMH (6). 

(16) 

(17) 

rf, coanana10T c 
2 

3aMeTHM, 'ITO I' = I' ( a ) H Y = Y ( (3 ) MOHOTOHHO BO3pacTa!OWH8 ~HKllHH, T_aK 

KaK ff (A) > G (,\) CnenoaaTem,ao, npeo6paaoaauue· OT napaMeTpOB a, f3 K napaMeTpaM 

/1,Y _B3aHMHOOllH03Ha'lHO. 

B1,1pa3HM Tenepb peweaue ( 15) qepe3 HOBhle napaMeTpbl I' I y H <jlyHKllHH, rf, ' if, • 1 2 

HeTpynuo auneTh1 'ITO 

if, (11)+rf, (v) =¢(a,/3)-..!. f tr(,\) dA 
1 2 2_00 

(18) 

ctiY;HKllHH 

3Ha'leHHll! 

V, H if, , xaK ~To cnenyeT 
2 

H3 ( 16), (17), HMelOT cneny10wue npenem,a1,rn 

1 

fim if, 
2 

(v) = 0 fim rf, 
1 

(11) = 0 

V➔ oo 
p. ➔-oo 

fim rf, (v) = fim rf, (µ) = rf, = - ..!. f 11 (,\) d A 
2 1 2 -oo 

Jl ➔ -00 11 ➔ 00 

TaK xax fim I' ( a ) = + .. lim v ( f3 ) = + .. 

fJ ➔:.-a➔+oo 

TaKHM o6pa3oM 
¢ = rf, (µ) + rf, (v) - ,f, • 

I 2 o 

7 

(19) 

(20) 



HaM OCT88TCSI Bblp83HTb u 

,/ 

H V K8K q>yHKUHH OT µ , V • nnsi 9TOrO npelK,1:18 
( 

acero 38M8THM, '!TO B COOTBeTCTBHH C onpe,1:1eneHH8M (16) II (17) ljlyHKUlfl! µ(a) H 'v(/3) 

aenH'IHHbl u,v, 38A8HHble q,opt.zynaMH (15)' MOlKHO npeACT8BHTb B cne,1:1y10meM BHAe: 

f3 

u =µ(a)+ 2. f [ G (,\) - H (,\) l, d,\ 2 __ 

v =v (/3) + .1.. f[G (,\) + H(,\)] ,d,\, 
2 a 

8 nepBOM H3 '9THX HHTer~anoa npOH3B8A8M 38MeHy nepeM8HHblX (1 = v(,\) 

,, = µ ( ,\) , TaK KaK cornaCHO ( 16) 11 ( I 7) 

.!!t:...: = i+ H(,\)- G(,\) 

d,\ 2 

~=l+ H(,\)+G(,\) 

d,\ 2 

TO 

v(f3) 
G (,\) - H(,\) 

u =µ<al+ J d" (1= V (,» 
2 + H (,\) + G (,\) 

v=v(f3)+f 
G (,\) + H (,\) . d 

(1 • (1=µ(,\). 

µ(a) 2 + H (,\) - G (,\) 

nnsi Bblp8lK8HIISI BenH'IHH, CTOSIIUHX IlOA HHTerpanaMH, (23), '18p83 

CS! (16) II (17) H Hal!AeM npoH3BOAHhl8 

d~= 
a'(,\) - IT(,\) 

u = µ(,\) 
du 2 + H (,\) - G (,\) 

~= 
B ',\)+IT(,\) 

u=v(,\). 

,d" 2 + H(,\) +G(,\) 

t/, II 
1 

Bocnonb30B8BlllHCb BbrpalKeHHSIMH {13) II (14), nonyqaeM OKOH'laTenbHO 

u=µ(a) 
V(/3) ,2 
I ,r, (,,) d" 

V =v(/3) +f 
µ(a) 

2 

,f,'
2

(u·) d" 
I 

8 

(21) 

, a BO BTOpOM 

(22) 

(23) 

t/, 
2 

BOCnonb3yeM-

(24) 

(25) 

,':'.;, 

. :1 

:) 
'.I 
t; 

l 
1, 

J 

t .. 
rl 

. t 
r 

[1, 

. ~ 
I) 

. ·I: ,, 

I 

L i-: 
(1 

.. !l 

1[' I , , 
11. 

' \' 

_/ ,:_\11\ 
-1 
'): 

! 
':,:1 I I 

·1 
1 l1 

'~ 
'/' 
,,I 

,, 
f 

TaKIIM o6pa30M, Mb[ nony'!HnH pemerme ypaBH8HHSI (8) B HOBOM napaMeTpll'l8CKOM 

'npeACTaaneHHH 

'<p = ,f, (µ) + tf, '(v) - tf, 
I 2 0 

u=µ_ 

V 

I ,t, '2(,,) fo 
2 ' 

2 
V = V + I ,f,, (,,) d u • 

, µ I 

(26) 

Tenepb yJKe HeTpyAHO AOK838Tb, '!TO 9TO pellleH11e y,1:1oaneTBOpS1eT npe,1:1enbHblM ycnOBIISIM (6). 

B caMoM ,1:1ene, ecnH u ➔ -

T8nbHO,' 

' TOH µ.-+oo I a V CT8HOBHTCSI paBHblM ';, • Cne,1:1oaa-

fim <f, = ,f, 
2 

(v) , 
(27) 

u ➔ oo 

Ecna JKe v ➔ - - , T0° H 11 -+-oo ' a µ . CTilHOBHTCSI paBHbIM u CneuoaaTenhH01 

fim <f, =¢
1 

(u). 
v ➔-oo 

TaKHM o6pa3oM, 38,1:18'18 0 paccesiHHH ABYX nnOCKHX BOnH B HenHHel!Hol! Me30AHH8MHKe 

Tana BopHa-HHq,enbUa pemeHa. 

nocMOTPHM, BO '!TO nepeXOUHT' Hame pemeHHe npH U ➔ - 00 ff npH V ➔ -

B o60HX 9THX cny'laSIX t = ~➔ - • O'1eBHUHO, Kor,1:1a u ➔ - -

2 
a V CT8HOBHTCSI paBHhlM' V - H, , rue 

H 

CneuoaaTenbH01 

I 
T ,f,' 2

(u) M 
I 

, TO H p. ➔ - oo 

(28) 

(29) 

fim <p = ,f, 2 ( v - H 
1

) - t/, 
2 

( - - ) • (30) 
U ➔-00 

Korua v ➔- TO H V ➔ oo a µ CT8HOBHTCSI paBHblM u+ H 2 
, r,1:1e 

00 2 
H = I ,f,' (,,) M • 

2 2 

(31) 

CneuoaaTenbHo, 

fim cf, = ,f, I ( u + H 
2

) - tf, I ( 00 ) • (32) 

v ➔-

TaKHM o6pa30M, nae nnoCKHe aonHLr Ha t = - - B peaynbTaTe CTOnKHOBeHHSI upyr C UPY-;-

ror . nepeXOUSIT npH t = oo 

apryMeHT8MH. BenH'IHHbl 

TOJKe B nae nnoCKHE! BOnHbl Toll JKe q>OpMbl, HO co CUBHHYTbIMH_ 

HI H -H 
2 

, Ha KOTOphle npoHCXOUHT CUBHr apryMeHTOB; paBHbl 

HMnynf:>CaM, COOTBeTCTBeHHO, nepaol! H BTopol! BOnHbl. nellCTBHTenbHO, cornaCHO K8HOHH'ie

CKOMy onpeueneHHIO nnoTHOCTb sHeprHH nong c narpaHJKHSHOM ( 1 ) paaHa 

9 
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-, \ . 

H 
¢,2 

yl +¢2+¢2+¢2-¢2 
- X y Z: f 

+ v 1+ ¢ 2 + ¢ 2+ ¢ 2_ ¢ _ 2 '- 1, 
X y z t (33) 

·a llllOTH0CTb HMllYllbCa aToro nong paBHa 

Gk=-- ef, ef,k (34) 

yl + ¢2 + <p 2 + <p 2 _ ef, 2 
X y Z f 

8 'ISCTH0CTH, AIISI llllOCKOH B0IIHbl (3) nonyqaeM )lllSI anepr1111 II IIMllyllbca TSKH9 JKS-Bb!pa-

JKeHHSI, KSK II B llHHeliH0M cnyqae. no_narag ef, = ,f, l ( x-t) • HSX0AHM H=i/,' 2 , G" = ,f,' 2, Gy=G~; 
y • 1 1 

nonarag ¢=!/, (x+t) , HSX0)lllM H=i/,'
2

, G"=-,f,'
2

, G = G = 0 , 'ITO II A0KS3bIBaeT 
2 2 2 

C)lellaHH0e Bb!We YTBeplKASHHe 0 ae1111'1HHaX (29) II (31). np11 JKSIISHIIII npouecc CT0IIKH0Be-

HHS! M0lKH0 paccMaTpllBSTb B CIICTeMe uenTpa 1111epu1111, r)le Hr= H 2• 

§ 3. 

. nonyqeHHOS HSMII peweHH9 (26) 0KS3bIBaeTCSI, B006me r0B0pSI, MHOr03HS'IH0li qiyHK-

u11ell OT U , V 

rAe 

l-1CKIIIO'l8SI II 

neil:CTBIITSllbH0, paCCM0TpHM 38BIICIIM0CTh U , V 

u =·µ- B (¥); 

A ( fl ) = f tf,' 2<_a) &7 , 
fl I 

V = II +A(µ)\. 

II 

B(v) =f ,f,'2(a) d a 
2 

113 ypaBHSHHli (35), nony'IHM ypaBH9Hli9 

fl= u + B ( v -A (µ. )) , 

OT /l, v 

(35) 

(36) 

(37) 

onpeAellSIIOWee - ,, - KSK «jiyHKUIIIO OT u, V • npaBaSI 'ISCTb 9T0r0 ypaBHSHIISI - M0HOT0H-

HO B03pac:Ta10mag «jiyHKUIISI OT fl , TaK KSK ee np0ll3B0)lHSSI paBHa 

,f,'
2
(v-A(µ.)),f,'\µ)> 0. 

2 I -

(38) 

TaK KaK 

0 ::_A(µ)::_ H , 
(39) 

TO 

u+B(v) <·u+B(v-A(µ))<u+B(v+ Hr_)• (40) 

C11e)lOB8T8,;bHO, ace K0PHII ypaBH9HIISI (37) lleJKaT B npeuenax (40). l-13 coo6palKeHHll 

Henpepb!BH0CTII 0'19BllllH0, 'ITO 'IIICII0 9TIIX K0pHeli H9'19TH0. 

Ecna no acex T0'IKax 

,f,' 2(µ),f,''(v) < 1, 
I 2 -

10 

(41) 

.,,_ 

I 

TO BMeeTCSI BCero 0)lllH K0peHb ypaBHSHHSI 

«jiyHKUHell OT u;v • 

(37) 11 pewea11e (26) RBIISISTCSI 0AH03HS'IHOll 

MoJKno 11an11caTb np1161111JKe1111oe awpaJKeH11e Allll peweHHSI B cneAy10meM BHAe: 

¢ =i/,
1 

(u+B(v))+,f,
2
(v-A(u)). 

Ono 6yAeT TeM T0'IHee, 'ISM MeHbwe BepXHSISI rpallb np0ll3B9)l9HIISI 
2 

tf,' 2(p ),f,' (v) 
· 1 2 

(42) 

Ec1111 JKe yc11oa11e (41) 11apywaeTcS1, TO ypaane1111e (37) Mo)l(eT 11MeTb 3 a1111 6ollbwe 

K0pHeli. no!lCT8B1ISISI 0/lllH 113 9TIIX KOpHeli BO BT0poe 113 paBSHCTB (35), H~XOAIIM II 

a 3aTeM,_ cor,11ac110 (26), 11 ¢' • 

np11 Hapywe111111 YC110BIISI (41) SIK0611aH npeo6pa30B8HIISI 

a (u,v) 

a<,,,.,> 
2 

= 1- if,' (µ) "', 2(.,) 
I 2 

He B93)l9 OTIIll'ISH OT nyng. Ec1111 SIK00118H (43) paaen ay1110, TO 

111160 

l - tf, ~ (µ) ,f,' (v) = 0 , 
I 2 

111160 

1 + ,f,; (µ) ,f,; (v) = 0 • 

(43) 

(44) 

(45) 

nocMOTpHM, 'ISM xapaKTepHbl C00TB8TCTBy10m11e T0'IKII noaepXH0CTII (26) B npocTpaHCTBe 

<p, U, V • CocTaBHM ypaBHSHIISI llll0CK0CTH,KaCaTellbH0il: K STOil: noaepXH0CTH. Mb! 

nonyqaeM napaMeTpH'l9CKH9 ypaaneHHSI KaCaTellbH0ll UII0CK0CTH, AH«jiqiepenu11pyg qiyHKllllll 

(26): 

0Tc10Aa _nonyqaeM 

/ 

def,= ,f,; (µ) d fl + ,f, ',(v) d v 

2 
du = dµ - ,f,; (v) d ," 

dv =dv-,f,'
2
(µ)dµ 

1 

[ 1 - tf,' (fl) ,f,' (11) ) def, ;,,, tf,' (µ) du + ,f,' (v) d v • 
1 2 I 2 

(46) 

(47) 

TaKHM .o6pa30M, B KSlK!l0il: T0'IKe noaepXH0CTII (26) cymeCTByeT KaCaTellbHaSl'nnocK0CTb; 

B T0'IKSX (44) ·oua CT8H0BIITCSI napa1111911bHOll OCH ¢ • HaM 0CTaeTCSI Bh!SICHIITb ee 

- - ~/ 
nonoJKeHHe B T0'IKSX (45). K'!K 6b!ll0 ll0K838H0 B pa6oTe • ypaBHeHHe (8) aanengeT 

npocTpaHCTB0 ¢, u ' V CTpyKTypoll npocTpaHCTBa MHHKOBCKoro C MeTpllK0li 
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d s 
2 = dt 

2
- dx 2- def, 

2= - def, 2 
- du dv (48) 

CKansipHoe npoaaaeJJ.eHHe aeKTopoa I def, , du , dv I I Ncf,., N , N I' 
u y 

H paBHO 

- N def, -..l N du - _l_N dv 
cf, 2 • 2 u > (49) 

TaK 'ITO nnoCKOCTb (47) opToroHanbHa K BeKTOpy 

N cf, = [ \ii;: (/l) tf,'
2 

(v) - 1] , N = ..1_ if,' ( v) 
u 2 2 

N =~tf,'(µ) 
• 2 I 

(50) 

,CKansipHb!ll KBaJJ.paT aeKTOpa (50) paBeH 

2 
( N , N ) = - [ 1 + tf,' (µ) tf,' (Y.) ] < 0 • 

1 r - (51) 

EcnH ( N, N)<0 , TO nnOCKOCTb (47) 'nepeCeKaeT H3OTponHblll KOHyc 

dcf, 2+ dudv =0 (52) 

no JJ.BYM npS!MblMi B 3THX TO'IKaX peweHHe (26) rHnepoOllH'leCKOe. EcnH JKe ( N,N) = o, 
'ITO BblnonHSleTCSI KaK paa a TO'IKaX (45), TO nnOCKOCTb (47) KacaeTCSI H30TpOnHoro KOHy

ca (52) H peweHHe (26) CTaHOBHTCSI napa6onH'leCKHM. 

Mb! MOlKeM 3aKnlO'IHTb, TaKHM o6pa30M, 'ITO B cny'lae HenHHellHoro ypaBHeHHSI B JJ.aH- / 

HOil npocTpaHCTBeHHo-nepeMeHHOll TO'IKe MOlKeT cyweCTBOBaTb HeCKOnbKO 3Ha'leHHll nonsi. 

3TO He yKnaJJ.bJBaeTQSI B coapeMeHHHbJe npeJJ.CTaaneHHSI O lpH3H'leCKOM· none, 
_; . 

§ 4. 

nnsi ·oonbwell HarnS!JlHOCTH npouecca CTOnKHOBeHHSI pacCMOTpHM cnyqall, KOrJJ.a naJJ.aJO

WHe BOllHbl orpaHH'leHbl B 'npocTpSHCTBe. TTpHMeM, 'ITO tf, (x) paaHa Hynro BHe HHTepaana 
- 1 

-f·<x<0 , a tf, 
2 

(x) - BHe HHTepaana 0< x < 1 • 

PaaeHCTBO WHPHH 3THX BOnH He orpaHH'IHBaeT OOWHOCTH 3a}la'IH BBHJlY npOD3BOnbH0-

tf, 2 B 3THX HHTepaanax. 3aMeTHM, 'ITO H npoH3BOJlHbJe 3TDX q,yHK-CTH q,yHKllHA 

UBI! tf,' (x) 
1 

l{,l H 

if,' (x) 
2 

TaKJKe paBHbl Hynro BHe COOTBeTCTBYIOWHX HHTepaanoa, PaCCMOTPHM 

JlllSI 3THX q,yHKUHll Hawe peweHHe (26). 

PaaoobeM nnOCKOCTb /l V Ha JJ.eBDTb o6nacTell, KaK noKa38HO Ha pHC, 1, H 

noCMOTPHM, KSK aanHCb!BaeTCH peweHHe (26) nnsi KalKJloll o6naCTH. B o6naCTSIX • II • 
III IV peweHHe paBHO Hynro, T,e. na}la!OIUHX H paccellHHbIX BOllH HeT. 
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I 

,,,,.·,, 

I i I) µ>0; v>1 u=µ-~2; V=Y ¢=0 

I' <-1 
.. II) v> 1 u=µ-H 2 v=v+H

1 ¢=0 

ill) µ<:f v<0 '1=/L v=v+H
1 ¢=0 

IV) µ>0 v<0 u=M V=,V ¢=0, 
B o6nacTH V pacnpOCTpaHlleTCSI naJJ.aro111all BOnHa "', (µ) , a a o6naCTH 

mall aonua "1/v) JJ.ellCTBHTenbUO, 

v). - l<µ< 0; v<0; u=µ ;. 
0 2 

V=V + f if,' (a)da; 
. I • 

/L 

cf,(µ,v)=</, (µ)= if, (u) 
1 1 

V v9 /L.> 0 ; 0< V < 1 ; 
2 

u=µ-f ,t,'/a)du; v=v; cf,;.</, (v) ="1 (v). 
0 

I 1 

B o6naCTllX VII H VIII pacnpocTpaHlllOTCll BOllHbl nocne pacceSIHHll, 

I. 

VI naJJ.aro- , 

VI~ •. - 1 < /1 < 0 ; v> 1; 0 ,..2 ; 
u=µ-H; v=v-+J</, (a)da 7¢=</, (µ)=</, (u+H ) 

2 1 1 1 2 
µ 

V 

VII~ µ<-1; 0< v< 1; u = µ - f </,' ta)da ; v = v + H 
1
• cf,=</, (v) = </, ( v-H ) • 

2 IJ 2 2 I 0 

HaH60nbWHll HHTepec npeJJ.CTaBnsieT o6naCTb 

naJJ.alOIUHX BOnH. B. 3TOll o6naCTH HMeeM 

IX , r}le npoHCXOJJ.HT B3aHMOJJ.ellCTBHe JlBYX 

1x)-1<µ<0; ()(v<l; 
V 2 

u=µ-f if,' (a)da; 
0 2 

B aToll o6nacTH npHC)'TCTBYIOT o6e aonHbI 

palKalQTCll. 

0 2 
V=V+f </,' (a)da• 

1 I 
µ 

1/l H 
1 

tf, ~ µ H 
2 

cf, = tf, (p) + </, (v) -_ </, • 
1 2 . 0 

V llBHO 'lepea u V He Bbl-

PaccMoTpHM Tenepb KapTHHY paccesiaHsi a nepeMeHHblx u, v (cM. pHc. 2), Bo-

0Oll8CTell llllOCKOCTH u V • 

ceMb nepBbIX o6nacTell nnoCKOCTH µ • V OTO6palKalOTCSI Ha COOTBeTCTBYIOIUHe BOCeMb 

i) u>- H 2 ; V > 1; ¢=0 

II) u<-1-H
2 v>l +H

1
; ¢=0 

m) u<- 1 v<H 
1 ¢=0 

'vJ n> 0; v< 0 ¢ =0 
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O6naCTH nana1011mx aonH orpaHH'leHbl cneny10111aMH 
· 0 2 . v) - 1< u<O. ; v<J "'i' (u) du 

u 

\ V 2 
O<v<l; 

ycnOBHSIMH 

cf,= ,f, (u} 
r. 

VI'J u > - J ,f,' (u) du ; 

O6na_CTH ·paccesiHHbl,!> a&nH 

cf,=,f, (v). 
2 

0 

vu.) - 1 - H < u < - H · 2 2 ' 
v-H 1 

v>l +Jr/,; lu) du; 

,u+H2 

c/>=,f,J. (u+ H
2
) 

cf,= ,f,~ ( v - H
1

) • vm:'\ u<-1- f ,µ-'-tu) du; 
/ 0 2 

PeaynbT~! pacceSIHHSI aneCb HailOMHHaeT 

v< 1+ H; 
J. 

xapTHHY coynapeHHSI non npS!MbIM yrnoM ABYX 

:en
1 

xorna nocne coynapeHHSI OHH nponom1<a10T neTeTb B npeiImeM HanpaaneHHH, HO cMe-

H , a BTopoi! - Ha 
,2 111a10TCSI nepneHAHKYIIS!pH0°CBOeMy ABHJKeHHIO nepaoe Ha BSIIH'IHHY 

BSIIH'IHHY H l I T.e. Ha aenH'IHHY HMnynbca ynapsi10111ero Tena_. 

O6naCTb B3aHMOA9HCTBHSI IX BblpaJKaeTCSI qepea· /l • V HI KaK yJKe yKa3bIBanocb, 
, ~- 2 

q,yHKUHSI cf, MOJKST 6bITb H90Ah03Ha'IHOH ',j,yHKUHeii U V • EcnH ,f,' "') .,,,_ (v)< 1, . i n 
TO o6naCTb IX nnoCKOCTH /l • v· OT06paJKaeTCSI OAH03Ha'IHO Ha o6naCTb IX IllIOCKO-

CTH U , V B npOTHBHOM cnyqae o6naCTb IX MOJKeT OTo6pa3HTbCSI Ha 60nbWYIO 

o6naCTb ··nnocKOCTH u,v .. 

B aax1110qeHue aBTOpbI BbipaJKaIOT 6naronapHoCTb n.11. Enoxirnueay aa noneaHoe 

o6cyJKA9HHe 3aTpOHyTblX 3A9Cb BOnpocoB. 
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