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A b s t r a c t. 

Dispersion relation~ }or some inelastic processes are. pr~y~d, by the .Bog0l~bov! s method 

using also the Jost-Lehmann-Dyson integral representation_for causal commutators. 

' l-•, ~ ; 

The dispersion relations method was first suggested'in quantum field theory b;:r 

. M~~.Goldberger Ill in- 1955. Dispers;on .rel~h-~ns provi~e .'-~ c'eit~iD. ~~iiu'ection bet~'een the 

rea,-1 and imaginary parts of the scattering amplitude. This ·connection leads to the relation 

between the quantities which: are di~ectly measurable in' the scattering experime~ts ~ i.n ex-
- ' , ' . ~ 

perimentalcheck of dispersion relations provide a.· straightforward'y~ri:fi~aii~n-~r indica-
., ' . . . ; 

•' - • •• ' ' ' ' '·.\ ' :"~~; ' ~ ; -: -' -1 • ._, .: - : ' 

tion on a possible violation of the most basic principles of the physical theory, if only 
f :: • ~~. : ~ •• 

it were clearly demonstrated that dispersion relations a~e. unambiguos consequences -~f the.:. 

se principles. In this:?onne~tion ~tri~t proofs of any pcis~ible di;~ersion r~l~tion~ '0-rc 

of great inter~st~ .The dispersion relations method is '-b~~icaiiy r~lated to the analyticaiY 
:- ~ .. -.~ . . ·. :· 

properties of the scattering amplitudes which are in. general generalized functions·*· It 

was quite difficult .to explore the analiticity properties >oi 'the' scattering amplitudes and 
I -~ .' . - ".•· , ~ ~-

for some time the dispersion relations had no strict mathematical foundation • . ~ . ·.·-. ,.__, ' .. -" .. ;,,: .. -,, ··:· ,:.;·· ·;. ' ... ·· . -~_ .. ; ' .. ;',·~ ,~ .. ::.~ 

In 1956 Bogoltibov** developed a method which allowed to prove ,the dispersion relnticns . ~ \,· - . . . •. ~ . .... . ·. 
strictly basing upon the theory of generaii:z;ed functions and.::that:of tile' '!unctions, of several 

complex variables. In this way he proved (see1 4 1, ~athematical Appendi~)--the . .i-'-nucleon 

dispersion relations_ for momentum transfer 
:.; :~ ,:,. 

where .A1 and r ·- '"., 

are nucleon and pion masses respectively~--·' 
L 

At the same time K. Symanzik*** found out a proof of dispersion r~lations for ~ -o. 
"~ --~· ' ': .:. ~ ', . ·, : - .· . ~ : ·. '', 

This. case is importantly much simpler· due.\o the--~bsence of the- so-:-called nonobservable ! ' , . r . , . ,. . .. 
:- -." .. ·" ·• ~-

region. 

The Bogolubov' s ll!ethod was· furt~er :-improved··~~~~-d,~;j'eio~~d in p~;~~l !?!'~her~· the upper 
------------------------------ -~- ""''-~ .. ,. ··-¥- ' . . ' ' ':-'• ~-·· . • . :~. :~···~~~.:;:~;· ..... 

\ ' 

* We call generalized function any linear continuous functional over the S-svacc of 
L. Schwartzl21 or,

1
that is the.same, of theoclasses,C(p,q,n) introduc~d,by W.N.Bogolubov 

(see, for instance Jl) •. · · 
**Report at the International conference of Phys.-theor. in Seattle, u.s~A.·I~Teptem

ber, 195,6); see also' the book by ~.N;:Bogoltibov, B~V~ Medvedev :and,M.l( •. Polivanov. · ~ ; 
*** Rep~rt at the international ;confereMe of Phys~Theor~·'fn·seattle; U.S~A' •. (Septem-

ber, 1956). ,, ,_. .. ,- .. · ·. · · 

\,.; 
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~ . . ~ 

limit for d in the case of meson-nuoleon.scattering was extended up to 2~ • Soon t~e 

same result was obtained in paper by H .J. B~emermann, R. Oehme and J .G .• Tai~or 161 • The .me- . 

th~d of 161is based on th!l ~~nstruc tion of the envelope of holomorpb.Y (see, for 1nstance,l 71 
ch. IV) :for special domains·called semitubes. 

-Using the.results otl 51 v.s. Vladimirov in1 8 1 was able to increase the upper limit 

for A~ up-to·2,56JL.l. (assuming..ll-7')• At·last-~ecently using the Dyson·integral re

presentation for causal commutators H. Lehmanl 91 .obtained the estimation 
. -. ' . .-

t._ . .r. . . ' .1.P + l!_fl. i_~ .i. i.~·. "'· A<A. ·-=2ou~- .,.... ~ . 
u llo-4t,:.: ., -~ . ··- .... • 

/ vt{-. :fl1E. Mj 
( • · ~~ol • 

(0.1) 

The dispersion relations for the processes l-6 (see. below) were proved in-papers1 8 114 ' 20 I, 

We shall obtain here a-proof of dispersion relations-for the processes l-6 using the 

B~golubov 1 s method1 415l and the integral representation of Jo~t~~e~nn-Dyson1 22 ,10 1. 
. - . ' . ' ~ 

The momentum transfer interval wili be extended. 

r. Nu~leon Comp;o~-:e~~ect(f.,.F'-f~f') .. (M. Gell~~~nn, M.L. Goldb~rger and w.E.Thir

ringl111; N.N~ Bogolubov,· D.V.Shi;kovl121; T. Akiba and I. SatollJI). For this process 
"· . ' 

the parameters ~ and 
. . . '7,* have the values; 

. . 0 . 

)J.:~=.t:J -~·-~ -o. 
The upper limit :r~r the m~mentum ·transfer A.l. is calculated by (l-~17) arid is equal to 

~ = (!_M't/') ( 'K ./.'JJf/pf ,.;).1.}_ Jl ~~ .1 O.t .r. • 
Llm.-~ 4.Jl(J,i";;'J" . . · : I .· -' .. f' (0.2) 

·. . . ' . ~ - ' ' I 
2. The.bremsstrahlung of r-quanta in .electron-nucleon scattering (fre-ilp+~+d-) 

(A.A. Log~novl 5 1). 

_ fi• ~-.t J _ e_;•.; r•< o .J, 5 ~~.o ;_· 

J. . -· .){ .. .:r-r· . r~~i") ~;,. (.tAl+/')" . .· .• ~-. . 

Lt/IL4x == J!'l-- ! · · : -2(-l.IA+-y«Jz + . .yffT ~~~rz:" _ 1 + co.J) 

+ •'.J.+ .JJGt.Jt+,MJ. · . r-:=r• .,u (.J.M?/'.-t"• j· . . . . . . . 

. Y·- {r~M~.yJ~. .'.i-r ~~~ f~J& . J..Mr.,. . .·· 'r: z-o~-4r.r.; 
~ ' ~ --~ -c~ -~,.-- • C "• •- .. : • -~. • ' • • 

when 1:•<-~f : .6.-4~ ,is_giv~n-:_bY_1'!~_jl.l~2_: The~-~~lculations lead to. the follodng 

results: 

1-r"/r -.J.. -J. -.3 -i' -S" -t: .,..1· -.I' -~ -.to -:lo 
~~-.X· JA!J . ~Jo ·tl;. 4;-t.! .5;.1~ 6,1fo ~'" 1,33 1,11 ~1.J t.z~.t3 }l.. . 

·--- ~-- . - ---- -* As to the meal'liiigoi-fhe parameters fj. and 7" see the main theorem. ' 
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• J, Electron-positron pair·. photoproduction on the nucleons; CfJ+/~p!.+e+-~:e)(A~!'__•Logu-
nov 115 I) • . '· : 

where mt is the electron mass •. The upper-lirni t for t";" follows from· (1. 5). > , •. 

-c;r .. 0 ~.zs- C?.-' O~'JS' ~~0 :.t.s .20 _;.o 

.0";,..,. .;o..z .!,l't ,.t,66' 2 f6 i. !/.1 . 
. 

p£; . • I.:·. • ..e,~s-. .. ~.tS" . 

i • 

. 4, Meson photoproduction on the nucleons' (p+r~f'r'.7f' ) (A.A: Loguno·v· and. B.M.Ste-

panovl161, A~A~-Logunov,- L.D. Solovyev and_ A.~. Tavkhel1dzei 17 1,_E< ~orinaldesi_ll~l, G.Chew, 

M.L. G.oldbe~ger, F. Low andy, Nambull9l). ·-· 

~ .=.2~ ~ =:J > ~o=O ~ Z'.to=~.Z.; 

t .u I¢+ I.!.JJ • t) ~~ .1, 11 ,l.t_ .II (.JJI~;- 3. 0 Lt ,t; 
6 -ax= "";; .~ (.. 7'1' f.:J.Jl{-2./,17) LJ. +y.J + ~(.;{,(~f· ,.. . , ~ . ' 

(0.4) 

5. :J( -meson production in electron.:..nucleon collisions .(f+e~/'~e'+.F' )C~.o\~Lo~~_:' 
novll5l,·s. Fubin1,_ y. Nambu and v. wataghin1 21 1).-'.' '. · .,·\ ' · .. ··. ·. · 

if r·~-Jf'.z . If 't'o<_f<z A!4~is given by Eq,(l>l2)~·, The calculations yield the following 

results: 

'Cj',u.t. -J. -.z -.3 -Lt -S" -(; ·. -'I -e·· .. - <J.o ...O..!J -.!lo 
.o~ .. x. 

~1J '1,36 . ~!J.r 5;5.t 6,0'1 
: 

~J-4 '7,oJ 
!'"' 1Jif ·. ~9f' 8,3,9 f.t, :it . ' -

6. Electron-positron pair production by · $"-mesons Cf+~~J"_,.f!+.,.e-) (A.A. Logunovl 15 ~ 
. L 

~=J) ~ ... .t .. 'C.t.o~.t.) . (-!~) "ro=~o<.lJ~?.t.· 

6!u follows from (0.5): 

'i'r ·o ~.?.s- '?,.? ~1.r L,O .t .r -~,q .. . I 
A~x 

li"- .3, olf '.t,tr· ~' 6.) .J, f.r ·~-vj ·~sJ .f. OJ' 
/ 
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Processes '2-6 are the simplest examples of inelast~.c processes. For meson-nucleon 

scattering (~=J;.=~ z;•=t~:=tt.t ) _the obtS:iiled value of .a,!"" coincides .wit-h that obta

ined by H. Lehmann in 191. (Eq.(O.l)). In processes 1 and 4 the_ values cif ..a:!, • .lC. obtail!-ed 
- . 1241 here coincide with the corresponding ones, calculated by R. Cherne and J.G.Taylor • 

As to process 5 our resuits coincide with the corresponding ones of paper1 24 1 only if . . 

r">-'-. 1~-t .U~f!·_ ... _ r'; .... I .. v~~~ 
·When ro<r' the results of1 24 1 are not ~orrect as by cc:-ic.ulating ..a!<l'.r by (1.12) another 

. . 
possibiiity in Eq.(l.l2) -was not taken_ into e:ccount (see the proof of the auxiliary theo-

rem). 

As follows from the main theorem the anti-hermitian part of the scattering amplitude 

for any fixed -t~ /f.J.tyaJ . and 'Z"41 o 
ses (t7) with the boundary 

·.e 
is a holomorphic function in .0 inside the ellip-

·. Cl.ll,= Jl r J3 c.;, d +lC 4c·n /' ()t{, J' <.!is-' 
. . .) 

and the foci at 

v?.:t f(9'~(tJ'i:+~, 1.r.rt#r+r;_"J 

if '§-·~ft.t. _*.The functionsA, B, c and ff'_~ are de~ermined by_Eq. (1.8)- (1.10). If 

· t> J(.urJ we may introduce the new_ variabie cose .. by the .equation 

. . :t ( t!l=-A) · . · 
~ 8=-;::::::======-· 

. -l~"{t, 'l:'-t-r;_•) r"_(t, T:'+r::c•J • • 

Note that for real values this cosine is that of the angle between the momenta of the -

initial and final,nucleons. 

Then the anti-hermitian part of the amplitude will be an analytical function of Cos9 

holomorphic inside the. elipse ~iththe . .t'oc-1 at.±"r and with ~he.bounda;y . 

. · cos e = !O~cJ+l t/:tJI:..~.4tn J', o~ d< .:&SC 
(0~6) 

where 

tflJ= o2J3 
I r~tt/t'+~ ·;r,z.rt~ r+~ •J 

* If one of. 5".'~_r.l , the foci may lie on the emaginary axis~ 

l 
~I 

.I 
I 
j 

ll 
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Therefore it can be expanded in terms of Legendre pcilynom1alsl 9 ~ 24 , 25 1 and this ex

pansion converges inside the ellipse (O,G), The coefficients of this expansion are deter~ 
. . 

mined by the values of the anti;..hermitian part by ..;; 1 ~Cos. e ~ 1. The obtained expansion, 

in particular, converges also for all real ~~· from the interval: 

.A!ut < 6z. < 6'!.q~ · 
This circumstance allows to express the ariti.:.hermitian par·t ·:in the nlln;..observal>ie ':re;.. 

-· 
gion contained in the dispersion relations by the. values from the i>lJis~cal region; 

§ 1. Main Theorem 

;- ,•~ I 

. In this section we shall state the main theorem .which iS: an extension and ~e~erali;.; 

zation, of the cor~esponding Bogolubov•s theorem cli4! Math~baticiai ~ppendi~: :se~ als~,,~ 
6.81). . :-: l· . • 

,, t. .. i "'~ ·:~ ' ' • '{ ' 

This theorem provides the proof ~f· dispersion rela~ion~·· for all mentioned above pro-

cesses (see pap~rs1 14 , 20 1) ~nd.leads, at the sam~ tini~, .tci'"~o~e ~nalyt1~~~ piolier~ies of 
-.._) j ' :. ~· • . . • ••• 

the scattering amplitude as a function of energy and. m~meritum transfer~ The obtained re.;.. 
' . ,, " 

perties of the scattering amplitude are proved according to the g;enerai prin_ciples of the 
. •,·' ' 

quantum field theory such as causality, spe~tral ~onditions and cci.varianc~, 

Main theorem. Let the four genera:Uzed· function of four 4-vecto~s 

be given which are invariant under the transformatio!_l~ _o£ inhcinioge;~~U:~."orthochronotis 
Lorent;?, group. suppose that thes.e ~en~r~~Ii~~·.;~nctio~s.'sa:t:is:t/th~'·f~:ho~ing conditions: 

9;'l.==O if x..t.:~ :x-.3:· 

g:"ta.::::.O if x.L~.~. 

,g:-4-'Z. == 0 if ~.1. ~ .:lj 

~"l=O if X..t ~ .X.3 

or· 
... - "· 

.or :~~~t) 

or.· ·~i·~; 
or' . ~ol.~ xt .. · 

\ ~ 
,.-..J. 

\ 

Assume further that their Fourier-transforms ~· (p~~:::,J+J.:, .. .. 

f:F;;·(~, ... ,x+)exfl{li~+·:·.+fit:r;,)c/.lj_.;~~xf =(.t~+[0+:;·:·t;jJi}t:P~,'..:;)~J. 
defined, evidently, on a manifold 

'/'.i + f{+ f,J + /'t = 0 . 

sa~isfy the conditions 

(1.1) 

(1.2) 



.ffr. = g;j 
_:.) ...... 

:F.:t-=. ~4 
.-..J 

i.:.~·==o .' 

~ 
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if }'/'< {..11-f/).t. 

. if fi~<{Ait;r).1.. 

if {Ji-'"IJ)l-< (~f/").z. 

., 

We assume that V >.1 , .AI~ ~J:'/ >a .J J-.L,2. . 
. I,~t. _z::o, be any' fixed numbers with.~ the property 
.. · .... '.J' .. .. . ,. . . . . . . '·· . .. '· . 

and ~..e.<; Ji f<:.:.. ·_. .I= ~~a.; 
. and fi.t.~tf.t~.t. .; t.'=: ~ .. <:e.; 

or ftoi-/Jc<_.;:y' ,:./==- z ... a:.. 

··. '.'· t·· /.. :u-!~7~ :l. i ··. (.!~f)'-'.>(}))<~s:~-~-·' ' .· . 
hUll ( t f" -- -.;(1 ..,. J.l > 0 J::: ., .z 
; ~t L;t.t.-(..11-1-.u-J:~J~' ' .) .,.., • 

t~£(.Jiy·') / . "/ . ' . 

(l.J) 

(1.4) 

(1.5) 

Then it is possible to construct the generalized function 9'~,.:l.t,···.~!S-; -1:) of the' 

real variable t with the propcrt~es:. · 

.. 1) cp[~.1~···,~i ,j: . i~ holomorphio with re~pect to the variables 

:t=-(2.t,:!.l.,···, :ls-) in a certain domain Dt • The domain ~ ,· t i! i. (..Uy<)J. 

contain~ all the points S of the form 

; :i.t.=.A.l~, ~-..u~ ·~:a r+ S:" ... : ·2=.,::. f-+ ~ "'_, .z;. ~...: -Y.dL (1.6) 
. . .. :· ,'. ... . . ,· . " ., .2. . 
where r is any number less or. equal to 0 and ~ takes any, complex. numbers from the 

•' 

ellipse 

:.A{t_,rrJ:+JJ(~.,'C"")~J" +l C(t_,i:j~..,d"·; C$..J'< .:J~ 
. ' 

(1.7) 

with 

. . ' (r.'!..c:;.t. .f .l..t.: - ") - '=1. '-{ · .Att.,-rJ= ¥r.tfi,'l:'+t;"J+¥Cf ,-t,r+(~ . _· Be- .. ' 

.; 

.JJI~Ji:J:::-1 7f{t,~;_, rt-r:,_:Jf(-t .. ~ .. r~~/ -; . 

. . '~ lr'tt/.J. ,T~:_~o;;-_rtt_.r ~r;.oi/r,__r;_t,-J.t..,...,--h-"" -~--"J-'-:...-r-,.r-.~-... z-:-. +--~-,;-:: 
C{t,"t")= f 'f{t,11.~ 't"+~1yJ't~J:t/t:·+~o.J-r ~rtJ r~z;~J + 

(1.8) 

+ 1'fi~JrL, ~+~OJ(rt'~J.(, r+t;oJ-y""ft:_, z-+~"'J ; 

: rtt)r:J=ft+ ~;;;.eM~ j 

(1.9) 
,, 

~, 

lj'(t,",()= 

/;
-.,- - · . · (.t.«t-~J.t.(r)"'o.:c:) : . .. · . · ( . _ 4t .tt. } . . 
(p {t/t)+ L . ,._. ;,.r.,- f/ ·· ... 'l:'i!-J/< ..£(7 vtf+..U-Q ' 
I .. ' Lt-t.-(-4~ "d/./ . / . '/ '. I . ' (1.~0) 

{!_.u:lo/- + ! ·(.u • .uy;!,:j(.tt-.«7')!.-c 'I· r.c.f'(.tiy-J;~J. 
~t: 't Yl ( . . .. . . . 

..... ; 
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In' particular, if the ine_qual~t! a!,,< ~.: ... .x *.is. fulfilled Ll.r.. __ from the .interval 

ll!. .. ,. < .1~<~~~~ .·. > ~ • 

, ' . , .~ 'r,' ,·" (1.11) 

belongs to all the domains ~ , • In Eq. (1.11) 

(l~l2) 

6!;n = ?nctx . [.itt,r)-.!81-t-~rJ]. 
t~Jr.u~J . 

. 't":SO 

2) o/(2.1~···· S!,s; t-)-= 0 if ' t.< f:t--t{~). 
J) F?r real (Pl' P2, P 

1
P 

4 
) from the manifold (l.2)'. fo;;_.: which the values . 

·.~. :' . 

:tJ.=iJ.~ ~.t'=A.fl.~ :l3 .. h ~ ~~-"'A~.) 2.r,o::=fl?i.+JaJ~ 

belong to the domain. ~ .. wh~re -t;l/r;?L~/Jf the represemtation 

§f(fi_,u·,f¥}= Cf[ fl~flt~h~ftz.~(A~~)i; f.(r&~~f~ J 
' . -- ' . ..._ .... 

takes place if 

. ',. 
Let .us note some special cases of this theorem important for the applications. 

1. Let _ ..• 
.2.~f;·!i 3 .) -)'/"#;_ ::/'l .: ·;;;·i;o~~z.-· · · -~ .:;,. · (1.14) 

and 

_, I . ~-J;;I" "· 7 
~!/<=the experimental-radio of-the nucleon mass;to that ~meson::( M_= 6.71r)· 

Then . ~;.lll = 0 (see the· interpretation at the end ·of, Sect • J) and,, consequently, · 

it is possible to change the interval· for tl:t.. in (1.11) into 

0< 
.11.2...- AJ! • .• ,, ' ""' ~ -" "'"':It" . . - ' ' ' ; ' 

2. If the minimum in Eq •.. (1.12) is realized at· · .. t = jrvt~r) :and· 

.,...o · .t .t ..U-ti' 
~· ;!. ~ J'j -r v~~,;~tt-r 

the :expression' for tl~et~ may be- simplified and becomes:•· 

-----------------
* It leads .ag11oin to some . restrict ions on the numbers r)"; 't'" --#· 

JJ ? ~/; 

(1.15) 

. ~.~. 

(1.16) 
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.);{ .2f'~l;!_~o- 0!t;:::J0~:;_;:i - .2.Ut!f./(J;.~~'L.z.")(J;_"-f!~c;_Oj ' . X 

.tJ! .. % =..u7 Lt _, ~r.,~,~-p--J.~. _,. -:1. Y~;;.r~.ut-r-r.ycJf<.u~~'l.Y9 
. . . (1.17) 

f 0.-(f-~-~--:, ,~~-:-::1.-:-;:(J.-'.J,I-.,~--~-:t,e_r)_(.-:-';!JI-~)-:-;~;:t;::-. ~~~'JJ;{IJ.I+~-J;j~) (.!-«0. _;.;,~") . ·. 
x'.1+'j+ .~.. • #} '.1+ · · 

(J;./!.~-) 'tt..urJ -<vttr (J;.~ ~ t;/ "{J,~~).t. ..?..u~ • 

For process~s 1.:..6 when 'Z""~ -~r.t the minimum 

t = 1/2./ (M + f'- ) and, consequently, 6-t,.,.,..lt: 

leads us to Eqs. (0.1)-(0.5). 

J. If 

in (1.11) is realized in fact at. the point 

is calculB.ted according to Eq. (1.17). This 

v_y_y t::• .,....., -· -~~ y.t~L Jlf;-M 
0 1. -,4 -u J J. "''"..t - '- · ' '" ..... -u 1 ;AI.f;M-1'/' 

it is easy to see. that ~!_,.,._ = 0. In this case Eq. (1.12.) is considerably simplified 

61.. ~ ~ne'n. 11-.l(t:.J,r;'/z-")=mc'n. . · [1.,. ..u!t;•j~ n.~-.1. (-UiyM-)~.(d'7t!. c-·y 
max I , L<..r; -9t:"/ ~ -r 

i~J.[.titj4 taff.Ji-p") . · . ./t6?..(..t17-J7JL . 
. (1.18) 

In case of meson-nucleon scattering and Compton effect the minimum in (1.18) is · 

~ealized at the point t=-jf.U!/') .that leads us to Eqs •. (0.1) a~d (0.2). In case of equal. 

·masses (M = f'·i {=2 ~ 'C 0=j<.z ) the minimum in (1.18) is realized at the point· t=-ff .M.j 

it gives Ll1. =..t..t< pointed out in1 6 1 • 
. '"ax 

§ 2. Auxiliary Theorem 

The proof of the main theorem is based on a theorem about the analytical properties · 

of the ·:retarded and advanced amplitudes. In this· section an auxiliary theorem is proved. 

This theorem is of interest_. by itself~. 

·Theorem. Let two generalized functions Fr(x) and Fa(x), x = (x
0

, xl' x2 , xJ) be 

-given which vanish outside the advanced and retarded light.cones.respectively 

~ {xJ=o '/ .r~ o j · .1.; (.xJ- o '/ :x~o. 

Let besides their Fourier 

domain at:"' {o)) 

(OJ . . . -

transforms F j (f) .J f""(f-,f'~,fo.,f.J) .J j=- t:~ a. 

C,/(J') : . t- Vt~J'~~: <fJo<~ ~ +IT~r~yJ-r. 
I 

Assume further that 

(2 .1) 

coincide in the 

(2.2) 
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:U?:. ".AI;/'-)?~o /f';>1. >j>C: · (2.J) 

Then there exists an ana.l~tical func~_ion cji:l<../' of -~he four complex variables. 
. . ' 

t<~{K~,I<:L, ~~1<3J =~+cj=(?·+"f~~F+l{), 
' < • ~ ' - • • ' _;; '. ~ ••• , ' • ~ •• ' ; • 

which is holomorphic i~ a domain t;t- (t!) .. Th,e ,domain "t' (J'l . is a set of the points k 

satisfying the following conditions: either 

· or bY: 

(2.4) 

~/t·~fll)=-- ~~:. e+t'--t/t-..z(1ty' +/td-/<>j3J,_ < j <- if ; .. t-j;"S/.:. -e; . 
\ 

(2.5) 

(2.6) 

where 

. ',' ~ ' . : . ,...., '~ . . . , . . . :· . 

The function. 'f(J(.} is s~~htbat .for aii .. reaFk'= p from the domain (2.2) 

. d= vl!-f/+J/' I= d!;t-t11: .. 
. ' - . . ·, 

·.Proof.' In papers by'R. Jost and H. Leh~annl 22 1 ,·and F.J. DysonllOI an integral re

presentation of causal commutators was found.Applying the Dyson thE!orem to.our case we 

·get ... 

,f(fJ-,i(f} =1~{~~-Uo) rfu/ (p-u)<-_}~U ~· ": 

where a generalized function !f(tt'.) ),.l.j vanishes out~id._e the domain . 

fU. /+till~ t > J;,. m •1 o, fit;P -'-Itt+ v.J"-' 6"'; J7 :.,f(t-t;.f'- i?i:J. . < 2 
• 
8 
l 

By (2.1) the functions j[(~e) and :t:{IC) are holomorphic in the domains '/o>Jf/ 
. and ~;<-jff re~pectively _a~d the weak limits 

,.--J ~ 

:;:; (f+t)J~ g; {f) 

~~o.) t";>f;l 
) 

3{rjJ+'; J 4 kiP1. 
j.-> 0 .) j~ <-/j,~l 

hold. Let· us fix a real vector f ·.and consider the.funct1ons.YKc,JJand, i[r~< .. J!/which 
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are holomorphic with. respect to J<rJ=f,t-lj., in the upper and lower planes respectively. 

These functions are bounded polynomially in the domains j"~b and j."~-d respectively. 

(by each d?O ). From-the proof of lemma I in1 2JI it follows that the degre/"of the majo-. . . . ) 

rant polynomial· does not depend on j! a~d J' but .only on a class c r~ ;1; ~) to which the 

functions ~ belong. Taking into account the properties of the functions !Jf (K .. ,f) and 

applyi~g the Cauchy theorem by . 7.,;. o we get ·the expression 

'0- ......._ --.. . ' 

;::;:: _.. _ {K .. -l..41/~+j.Ji (~ji/-~(S._,J: 0/. . ; {Ko-l~) :J ';) :1.7; (~j?!j 
::J:. (K .. ,f'l-.?. . IJ+.I. S -t L.., .1 ,· r,.~:J 

. t '.1(, r~-K .. J(s-iJ/J . .1=0 ·. . • 17::. s= l._.v" 
-""' - - :. ~ ' -

(2.10) 

where n is a sufficiently-large natural number (in. any case not less than m ) and N is 

an arbitrary positive -number. 

Taking into account the rep~esentation (2.7) and making simple calculations one can 

get from (2.10) 

'7"" IL (K. • •'') .J . ') ,_,. .L ..:r.:{l<. 7/) = "') o-t.vv ;r(d.i(.• .r _..1 (1<.,-l.A/' 
t . If L-J I .T" ~o/V .,/ -j- X 

- .J-o J. : 1 .2.7(l · . 
. . . . . . (2.ll) 

f
jKo-Uo-yA'--+(/!;ti)f_ll._ .,-,·fi(A~(f''"P..UJ£} ,,.:_ fk,.-14+/J~(f''"P..uJL} [~o_,_'.Af-./AL'"(!'"!.uJy""- • 

" . CIJ{U ~,_·ofztof).t. 
· ~ {).~'rt""'P:..iAJ;_j{K.-tt .. )~{f'..._z;J~.AJ[f~ .. -t.¥).,_-{ 1'-_u/"=- ),111

'"
1 :c · -. . · ' · .I' ~- _" . . 

The integral in (2.ll) may be treated as a result of action.of the functional (gene

ralized fun-~tion) 'f . on the corresponding function from a suitable class C (Z.. .jJ 'd (if n. 

is sufficiently large). . ; 

It follows f;om (2.ll) that.the function j{{K·~fJ may be analytically extended on 
~ \ - ::::;:: . 

complex values of ? . The corresponding function .7z ( IC} is holomorphic for those k 
. . . -.,l< .r.t 

_which satisfy inequalities:. fj· . ..-v. and 

( . .Z. ( -P ..,,L t2. J . K0 -'Zio}- IC-'U/ -A ":f 0 

· {l.K:ll"f-(~~UJ?:.j.IL-I:o _· 
for all ( "ll~ A L. ) from the domain (2.8). 

(2.12) 

As N is an arb_itrari positive number and domain (2.12) monotonously decreases with the 

decrease of N one can pass to the limit in (2.12) as N __, o<> • Thus the points k for 

which inequality 

(K'.,- u,.).l:... ( K-iiJ~-.A~-=f~J. 
(2.13) 

holds for all Ju,),~) from (2~8) belong to the domain of holomorphy of the function Jr (lcj. 

From condition (2.13) it follows immediately that the points k for which 7-.t.>o belong 
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to the domain of holomorphy. Therefore we can restrict our consideration only by those 
. . ' 

points k for which - fj.!.~ 0 • The latter are contained owing to (2 .lJ) in a domain deter-

. mined by the following condition: 

· k{(Ko-U
0
)1.- (~e""!.ur--.Az_j = {f-U}-l._'j-.t._)/·< o 

(2.14) 
for all {ll> A1

) from (2. 8). 

In order to simplify th~ condition (2.14) we assume, for example, ·th~t :/_t~ .JI~t-j'/· 

Taking into account (2.8) we can write (2.14) in the form: 

where tf is a continous function of its arguments (see Fig •. 1), 

( f,-Uo)-.t.:.. (Jl/-lill).(.- ~ .t 'f r~~i !0) E I I 

. . 

/fu., lit/)= (f.-q:j--(Jj?'l-fu~l)~ 'J~fr-J! 1~-~.f'- i?J!- ,y• (u., til;} l'/l' . 
. . . . . : '' . ' ,~ 

·A. I ill ·· 
I 
I 
I 

t :9) 

Fig. 1. 

The equations of the curves FFfi 'gr, and CG are 

(2.15) 
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-t_ (u.,till)~ .ittj-t-V(e+ZI,Jz._ a~ =o; 

#tu.,, 1U'i) =JJt- Vf-f:-~t.J.~,- it~= o, 

!J {u .. , lit:);:; l.t (u .. ,f'k"""/)-h_ (u"Jt'k-"/)=o 
· .. 

respectively • The equation of the curve ( Q . tak_e_s a form 

2./J tu/ == Yr"~t-Z:../3~/A~ '11-1,ZJ --& < u, ~ .::f1 r J cr J 4-t · - - .,.-.::-
(2.16) 

Noticing that 

/{-tJo)== (p.,t-il·-f~ Jf-_ (""f/i.::. J_/ftJoJ=:(t.-t:J.z._t~.f:_7 ~ rr_-?. 
• " ' ·' ' ' • ; ,. :·: • -. ~ +. .,., •• • "; " • ' 

i 

one can see from (2.15) that in case tj,-.t~o the-domain of holomorphy con~ains only those 

the i~-equ~litie~ (2.4) or, that'is the same,. the ;inequalities points k which fulfil 

(2 .2). 
It is clear that the fu~ction ;f does not take its maximum ~nside the domain I 

or inside the line g:f% • It follows from (2.2) that the--maximum may be only at the 

boundary of the domains I and III. 
as it is linear The function / does not take its maximum inside JI/F or §.!1) 

there; as the function / increases to the right from the line AB and to the ·left from 
. ' ' . . ' . 

the line CD its·maximum cannot also be attained inside these lines. 

Now prove thil.t the function·\/ does not-assume its maximum at the points A or 

n. Indeed, considering-for in~t13.nce the point A we have by (2.2) 

InA~ j, ~,1/u•J{tt-~o}f}/- -=:--j,-t:+t,/;t.t.-t-{.UyJZ. )>0, 
O!.f'-1. · , · ~110::.-~ _ • 

Hence it follows that in some neigh?ourhood of A there exists always a direction along 

which the function / increases. Now prove that along the curve Fe; -the derivative of 

/ with respect to U, is posi_tive while along the. curve <fbi' this derivative is 

negative. Indeed, taking as an example th~ cu7ve J't; we have due to (2.2) 

{=(t,-u"J~zz.- jiit-/fi~-u.).~,-(~-tit;/'J;._j:, Air- t~ u .. ~ 1f ; 
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Here we took into account only those pa. ;.'which due to Eq •. (2.2) s,atisfy th.e i~equali-, 

ty 

~(2 .17) 

From thE! above .statements one can conclude thS.t" ~he function I ·may take its maxi

mum eHher on· the otri-ve BC or on the lin~ . CQ. o.nly~ on· the ourve BC we have 

/ = (fo~u .. fl:..(;fl-)·+ "u,)~ J~ ~ (..i! -I"/ -;.t.("CZ<,) ~~ 

.£21=-. i-b,-/~~'+{obt:•)·lft· ... :z. ?1(, I ' !' I , . "/ f 7i;; . 

. ' ' . 
Hence it follows that if theinequality 

is-fulfilled the maximum of f 

. '(2.18) 

is reali~ed · on· the line :Be and is equaf t~ ~ (fi/1)~,_J. 
which by (2.15) lead~ to the inequality(2.6). 

Taking into account. (2~16) on th~ curve CG we obtain 

If p ·satisfies Eq. (2.2) (and consequ~nt1y (2.17)). so 
'' ~ -

I 

... 
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Therefore if ·Eq. (2.1.8) is no.t fulfilledthe_maximum of/ is certainly obtained on the 

curve_·CG and ~qUI:qs_ti{foJk1)-1::nue to (2_:~5) this ·leads to inequ~ut;y (2.5)~ . 

Now prove thii.t'when lj':;.O ·.i.ne~~aiities (2.5)-(2.6) foll~w from inequalities (2._4)or, 

that is the same, from those (2.2). 

To see this it is sufficient to notice that ·inequaliti (2.5) when tj=·o, may be 

written in the form 

[rt.+t~'-f~[.uy/j[rt-~9~jJ-~(r_1 >o 
o( t./:. /~~+/?!~ r~. 

Thus.it'is proved that the domain ~(tf} contains all poi~t~_of the domain (;/(J-). 

The similar treatments (with the corresponding simplifications) lead to the same do-

main Gt ( r . ) for the ?,ase . .!.f.~ ,A(.,._,. -t f/':. . . 
Repeating similar cciAsid~ratio~s for. the functio~ ;r;_ we get an analitical function 

~ (k) _ _which is h'olomorphic i~ the ~omain t:{:{;) .. ~ut as it has just beim. proved the 

domain t;t (I') itself cont.a}.ns -~lf points. ~f ~t-0{tf) together with their ·'(complex) neighb~ 
hoods. Hence_ the cons;ructed functions .if. (k) ar.e ho\omorphic ~n. some compl:~. neighbour-· 

hood of the domain t;.,_ {J") • But for real p from t~e. domairi f;/(J") these" funct.~ons coinci

de as generalized-functions and therefore due to their. holomorphy property they coincide 
~ -. . 

at each .. point •. Hence the functions 7j(ir.),j=z,a define ·in fac.t a single analytical_ functioncp(tc) 

·which is holomorphic ·in the domain ;.,.(rJ and coincide~· with the fun~ti~ns -~ at 

the real points k = p from the domain ~"(OJ ·• The theorem is l>x:oved completely. 

Note·a, consequence useful for applications. It. was stated in the course of proving 
,'., - •'' ' ' .-. i '" 'i '•' v' ' : • • 

the theorel!l• Under the conditions of the theorem the ·function. if (k) is holomorphic in a 

complex neighboUrhood .of the do~ain ~0(r) . :rhe s~ated·r~sul~ wa~ f.irst ,obtaine~ ~Y. · 

N .N·. Bogolubov ( I 4 1 , r.tathematica~ ap~endix, ,theo~em ~) ;: ~urther th~~ re~ult ~as 
proved by other methods in :papers1~2 • 5 • 6 1._rnL6 1 t~eorems.~f this.type were called. the 

. . ~ ' .. : ~ - ' - - . ' .. ' .. 

"edge of the wedge" theorems; 

",_ .. -, § J. · Pr~~f of th~ main Theorem ,· 

The proof of· the main theorem is similar to that of theorems II and III· in paper1 51. 

Instead. of theorem I froml 5 1 we use here the auxiliary .theo~em proved in Sec. 2. Prelim1-

narily we shall briefly state those parts' of th~ ;~oofwhich to some'extent imitate the 

correspondi~g considerations in pS.per 1.~ l.:. . .·.. ·· ., · , 

.. As the generalized functions ~{~_,~ .. ,:r,.) are invaria·nt ~~er tran~lations they can be 

treated as generalized functions of ' four-vectors, eq. 

!J~=X-1.-XJ 1 .Y.t= ~-~ 1 ~ = ~-~+~-.2S-. 

" 



Thez:efore ,_ we .obtain :t:unctions 

9J• (~,'lt,~)= 9J:i·(~-~~~-~}.?}-~+-!j:.~J=%-~ (~; ... .; ~--i.; ·. o.~l). · 

·.f. ~ ' ~ '.· ·': . ~ ·~ '· ·, ; . ~. ·: \ . ( ·• .. ' 

4- ...... . ' 

9j·{~~i 1.z., ~} =.2 . r{t; .{j-Lr~;; ""~;:-1J.. ~J-:~.1: Fg_ -$3 ) 

where ./~ = t if }= '!- and )..t: =-a.> :i.i J'=- 't. ;;· 

TaklLng 

/.t"'~+1JJ/.t.=-~-; ... /.J=~:-!Z..: ~J,=f:.t.-; 
we get 

(J~J)'' 

a doma1n where 
;.,:~ .: ~.~ 

q <o I'Jo , 
' :. 

i.e. outside the future ligh~ cone. Therefore and- due to. the Lorentz. inva:rian?Y of_ t~e. 
',_ ' ' ' 

functions 'P£; one can always ohoose a"coord~nate .sy~~em 1:n; s.uch a W.~Y that::v:ec._t,or;,.,J 

would .be equal to 
;j 

iJ =(~oJ. (J.5) 

In this coordinate system the genera~ized functions ~.(~.1"; l..t, .!::.,.;,' wil~ be :':.rit~~n ~n .. 

the form 1;(tt.~,~.8. j t:J • Thus we obtain fo.ur generalized f~nctions'~/~~~;~,?cii 9 

- variables(I.L.,£;'1.t./ff.:~j.J ':'hie~ d~e to (l.l), (l.J),_(l~~) and-,(?~-:P:CJ·5,),_P,oss.e_ss t.he · 

following properties: 

1 •. ht. =0 if 

lttt. =0 if 

4.=-o .. if 

)1 ;6 0 or 

or 

or ;/,p_~O, 

or ~ i::. 0.. 

J. It,;· =0 1 /.~J"=' ~.) tl_ ; if 

. -:;. 

(J.6) 

. ;~' '';' .. ) . 
... . ~" 

. ·' 

(J.7) 

0·8) 

(J.9) 
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4. T_!e funoti~s 1;1~,~{~) are invariant under space rotations and reflections of 

yeo~ors l.t. an~ 1,r. • · ,-..J 

,.!e ;ma;r oonolud.'e duEl. t~ (J.6) ~nd (J.7) that for two pairs of f~otions 4.(~_~, !; -t) 

anci ~; (f,!, ~~) t;) (!=~.;the conditions; of .the S:ux~liar;r. theorem are fulfilled .with respeoi;. to 

t~e, va;_;abJ..e _<h ~ Us~l'lg t}lis theorem· we ,obta.in two fun_ctions 

,..., '- . \ 93· (k'-~:~'k.jt} J J::-t~a.; 
(J.10) 

''' ,· ... "' ' 

:Wh~~ll ~e ~~10DIOJ:'Ph.to w!~~ ;-espect to t}le v~iabJ,e 1c1 in the domain ~ (ti1) and are ge

~EI:t"~Hize~ ~i~h rEI~1lec.t t~ the va~ia~qes, (1~,-t:) · .. B,. cJ.6), (J.a)· and (J.9) the fUI1ctions 

(~ .10) ~atiaf;r ~ilEiw t~e oon.ditions· of t_}le a.~~l!llrY· ~he~rEim with _respect to variablE~ 1.t . 
A~pl;r-~ng agai~ this theorem to the. functions (J.10) we get the function ~~,'rt1Vwhioh is 

h.~~omor~hio.in_ tMdoDia.in~{/iJ~'¥{J.i)~;t~·;-esJ?eCt. ~a, va~i~b1es(k1 , K2) ~nd is generali

z.ed with re~pect ~~ th~-;ea.Y-var~~~l~ ~~-Here_we, __ ~v-~_~sed_ the ~artog's theorem (see 

. e.g.l7,1, oh._ VII).whioh s~atEI~.; ~{~ fliJ1C?tionf(.r1,.7,c,.~.~,i~j~1~-h~iomorph1o in each variab-· 

1e wh_en otliers are_ f~xed th:e.n ~t is holC!morphic wi~h. respect. to the variables (X:t.,~.t•···;, ~~). 
· .. The ~btaine,~ f~lloti~n tfj'(~,lr.c.yt} for real.(kl'k2)=(q1 ,q2) from the dolll8.1n t;;(J;:)xq;(J"-t) 

coincides with the f~otions f(f~ q •-t) ·· · . . ' · ··· . ·· · . · : · · 
•.. . . . . . •. " ' .. ~ ' I I" J. . . . • .· ......,.~ . . . . ' . . ; 

·Now we make use. the invarianoe conditions und.er space rotations and reflectio~s. Due 

t.o t~ese oo~d~t;o~~: the f~~~uo11 _fr~~iAl·d~pends on (k1 ,k2) onl;r -o,. means or five va-

r~ables 

u . ~ --1>..(.· ~L · ,_ ._ 
~~.t•i ~o 1, K~ :~. k.t, ~ )('4.. ~>.· '. 

qne. inr:L3: in.troduo'~ 1!-n eq,u~valen~. sys,t,Eini of· va.r~al)bs ~--~~~~.t_,.:.; *}instead of them taking 

) 
. .l.. ~.c. ':1 / .. . ·)' .I. ~~- .. . . .z ~.t. 

:l,t.--:-{t.:-t_o+-6-c ~-t.·.) ~=t:~o~~,-~ _,_{3:::>.(~0-f:}-~ :1 
. . : ' " . ( . . ·' . .. . - (J~ll) 

~- ( J.. . .I. ~.L ,y r-· ~.)· .. .t. ~ -) ~ . 
. 

- ' 1\~ --1:) .. -k. .. _, .,c;,.,- A'",. __ ,.,. . - [· M. - }(! ... , 
:/D ·· · .: :.t ..1 ..,_. _.D · ... D · ... ".£ · . ;.(. • 

' '· •. . . f ' : ' " ' ~ - • • •• ' /" ' . • ' • ·, 

Therefore 

Cf[~, k.t_ji:},= tp{2~,2.r_,.;.; ~;-t} .. .. •\, - ·:-
(J~l2) 

From (J.ll) we get 

.. K _.r.L..:!.J:. ~ __ .iir.-~t (·;!' ~-)-t. _·':I -_+··r-~-~-.l!.s~:.i!~·~ 
'.t' ... _ . . . - -:-- . ".L-"· .. ==-. -'.1"· , .. · . 

0, ~# 1 0 .1ft- .) . • . .· :l. •. . .. . .1ft . . . . ·.. .·• . ... .. . . . .. . .· .) 

, ;J:i. t.~. it~+-2'_,_ r· -~-~-.!~.-., ·.t.. k.-i>'.i.~Jt.. ~.e;_.~~ .... -(2!_,_-~, r~ 
l'f.t - ;- . ~ +. ~-t: "{(; ~ . :(..:='Go- --r + . ~-& / • 

.·(J.lJ) 

" . 
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Thus in' order to prove the main theorem it. is sufficient· owing to (1.6) to- sho;w that' 

for arbitrary numbers t, 'G and A.t.. f'r~m intervals ti!~ ... r-,<o and f'rom ellipse (1.7) 

respe?tively there exists at least one c~mplex point (kl'k2~ satisfying 'the equations 

(J.l4) 

. It follows .from (J.l4) that the real and imagiriary parts of the compl~x ·ve-ctors 

i§=Jf+t'77 are orthog~n~l, )JJj=oJj=~~'.l.: · -· · 
Hence the equations (J.l4) m~v·be written in the form 

(J.l5) 

(J.lbJ 

where the numbers /!i. and ~ J./=:IJ.t. are cosines of' 't;~te angles between the corresponding 
vectors, 

' . . . . 

J!t~+~fi -t<t~~ ~~/f,·~+~.f.-~-op~f/!l/~~ /JJ·/~ .t.~.'/~-1~-Lj )=~~ ; __ -
(J.l7) 

Excluding the values JZ:f :from (J.l6) we get owing to (J.l') the r8lat1on 

4Lf=rt~/~·+;.·;.,.rr-t:~r:-.+~ ~-:r~ yz._:t.Jt:IJ/11)'.~: +.2/fi~,Y~ "+ ~' .... __ 
x{j{~rYt/l:-r-c;_o; I~Tfi.'"Jt:I/J.~;.t>~~rz-+~"J Ji+.2t:JJfll,&~!rft:.?:+'l;_/ Ji· ; 

(J.l8) 

• 
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we' use ·now the aweiliary theorem 'fr-om' sec.2. First we shall find"out the conditions that 

the ·points k .·.· sat1sfying· equat~cins_ (J~l5), · · 

~~~ f.ut~~-r·; ji ;,rlr~ r .. t~. r+Z'~], (J.l9) 

~ 

belong to . .the domain t;t-(I'J • In cj.19) . X is th~ real 'orth. orth6'gonalt'o the vector 

... - . f and f is such an arbitrary real_ vector .that* . 

filet~ [o) r (i) ,;+1:' ".J] ~ 7~. 
(J•20) 

In the considered case ~.t.:f: o. 
It,follows from (1.9) that_inequalities (2.4) for -points (J.l9)are always fulfilled 

'> ~ ·, . . • % •• ' • ' ' 

if t"<»<YJ'L • The conditions (2.5).and (2.6) beco~e respectively 

. /FI< ·lrf-(t/l"+c':J+ f.t..Ut~'J(r-j<ll:..e=.z.-~ = ~ f-t)z-+-c-V . r J _ 4t-~{.b~-J?)%. . ,(J.21) 

-- I _h!.c:-r:" ="I;:::~ ,b.,..~.,.J?t . 
·: ._.:, ' ~r -r I I' - v«r-~J« ) 

~{t)1:'+t:1s ~:f/'JI! _ _:·fc /f-tt~Ji~J~- c:~I?Zt~rJ~;z-o-< /;r!< 
··'· 

.. < (J'--;J&Jt+ :Ciftt:.,.~-pu)~r-z-·{pt...JIIrf~c=.r",. _.~(t.~~+z-:J (J.22), 

, - ~ ,, 1 < 
.lf 

.· ~. 1 

~ 
The function "it.{t/C) decreases monotonously with the increase of-t". Therefore the ine-

. ,. ~ •. !-•- ' ) 

quality 

notn. {{i+ .AI'-rJ':..'.A;..:; [.t.U~)(J?u.<-i::J 7 
tzjf.Py<) * . . . .. Jrt!.(.Up-J?f/"J>o 

. ' -~ ~ . 

(J.2J)_ 

provides the positivity of the expression under the root in (J.21). The function ~(rJ~) 
is negative for all 

'/ .. 4-c.l!. • ) 
t~ Jt..urJ ) rc-~?, ~-yu;_ v~~~~~rl 

------------------------------*When 'i:'>r~ the funct-ion r·'[c,'l:') may become negative. 
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Therefore there is in fact no restriction _on lPt from below in (.3.22).. . 

Let us consider in the .3-dimens:i.onal. space of variables ( t, 't";/f:""l. ) ·three surfaces. 
' . . 

/i1=11.t.{t~-z:.,.~J /J'""l-'lfL(~~~+'l-),~ /JJf.- ~ .Nt.e.,.p_ .,b!.c-.,.r-•. 
. . ·. vii~-}? .. ~e . 

By the construction (see the ~tlxiliary. theorem) __ these sl.trfao~; inte~aeot along a com~ 

mon curve the projection of which on the plan~ 1/'F=o is given by eqw.'tion 
. ..:; ' 

. or other performing . · . 

. . T+t"o-,r;.(J.t~-:- :;:_~) • .· 
Due to the above· stated c.o~~ition~ _(.3.21)-(.3.22) c&n, ~e rewritten in th.e fOrm: 

whe;re the continuous function 7' is defined by Eq~ •. (1~10). 

Thus, owing to, (.3 .20) and· (.3 .24); we have obtained. th~ following r'~~ult: all pointe 

(.3 .19) for which. enequality .. 

. . 
is fulfilled belong to the_dom&in -~ {J']. 

Now we shall derive the conditions which provide non-emptiness of the domain (.3.2') 

for all _cz.-~ o' and t~j(J.tpt).I~ can be easilY. seen that the inequalities 

"f~,{t~tY;r:+?:-J >o ,· -,~r~;r;'i-+r":J:..;, ~~ft-1 r+T-J >o : (.3•26) 

are neoes'sary and sufficient for :H:. 

It follows from (1.9) and (1.10) that the function 'f'. and Ji' decrease with the 

·increase' of ·rc: • It is evident for- the first expression'in (1.10). 'fo·the_ second one we 

have 

J( 'l:"-~.._(4~).1. 

Yft-t+;u~)!=_;.t(.tt--.Ai;--J~r 

if • T~~-0~-~;.~)-. 
''rhus .conditions ·c.3:26) can be rewritten ,.. 

yt.(tJI;T-) :>o; '"f.Lf~JJJroJ-jJ~(6_~i'- .> o. 
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However the latter.inequalit1es are provided by the condition (J.2J) •. 
~~-~-,.··-~ ~·~, ... ;· .. ,. '.. ~ .·' ,, ' . . 

. Thus the condition (J.2J) provides the non-emptiness _of the domain (3.2·5). Now make 
:·:·. ' ; '! -~--- ._, ,. . ;· ~· : ~ -. '·- ! ,;" , ; ·" ·. ,_ .. _, _j ' •• •• ,. • < • •• : • • • • • ·' •• ' • ,. 

use of just obtained result to the points k. satisfying condition (J,l5). Due to (J.25) 
. .:-, ··'. · .. •. . '·. . J . · ... ·. . . . 

these points belong to t~e domain ~{I;) X.~~ (I;_) only in that case when the inequalities 

111QX frJ.) et>.t.(t~ 'l:"+'l:="J 7 ~ il.z.< ~ tt r. · 'l:*+ 'r:"'). J·::,'_L ~·. . L .. J . J 'J IJ_ 1 ):"') ··' .) . ~ . , (J.27) 
.: ): ':" ' ', .., . ~ ' 

are fulfilled simultaneously. By the inequalities (1~5) ~he domain (~.27) is not empty. 

Due to what has been said above only those value~ of~~ C~iven ~0 )'·belong· to the 

domain of analiticity ~ of the function qo which may be represented i~ form (J.l8) at 

least ~y. one -~et of the _numbers f.iJ 1/;Jjfj/JJ;·j;:l~~:~~tis~y~n~ ·· t~~ in~qUalitle~. (J .17) and 

(J.27) r~~pe~tiv~iy'.\n;ord~r-to obtain.th~'b.oundar;}/or th~-c~rresp~nding domain it is 

evidently necessary to take in (J.l8) 

. , .. :-/1, ~t~-~;~-~ J,_~,~~::--~ ·:r~ 
". -;:-;·: ,. ; >" ··: .. 
· /P.; I= '1:1~) (h<r+~·<>J 

~ 4 : •• ' - 1 . ~ .• ~ 

(th~n conditions (J.l7) will be fulfilled by ofj'=_O)• Thus we get the ellipse· (1.7) • 

, .,.Prove now that the interval (1.11) belongs to all ellipses (1.7)• It.is clear that 

all ellipses (1.7) contain real A.t fr·~~ t~e: i~t~;val: . . . . . . ·. . 

, ~-~X _ .. r~(f;'C);~~(t/C)l_-<_ ~.1..< ~"Jr. . f.JI(t/l·}+JJf-t~!J}. 
. . t~ z(JJ-yuJ . . . . . . . . t;~ ~f.,((-yJ 

o:2s) 

f:'"~o ,;:·-::;.• ;·. ·. ;.; ) ·· ~:r~o. · ·· -.. · 
·>: We shall show that· the minimum 'of the right:-hand .side in (J •28) is ·realized· only by 
' . . . '. '.. . .· . '· ·. ' . ' .1 ' . 

·7:'= Q. To see this it is sufficient to establish that,byany fixedt (~,z{.Ufl')) the func-

tions ,::R :and 5!J ·increase ·:monotonously: when t (~0}: decreases;. But this': statement· follows 

immediately from· (1.8) and~from . the proper:ties of .the functions o/, If and 'l'~'f
2

proved above, 

.The main theorem is proved completely_. 
. t 0 

We shall prove that .:lmi":::.Oif th~. parameters tJ and !j satisfy relations (1.14). As 

f.:w.; f.A(t"'i:J~'f!Jtt'i-j]' 0 ,' -·:···~ .... ":. 
~-..,o L\. ~ . J. . . ·. • - . . , 

it is sufficient ·to estabiish the inequality .... 
"· 

for.all t~'f[.Uf7J a~d."iio. In~·qu!_l.lity (J;.29) will b~:-provi~ed if:.-.ye·prove,the:following 
.1/{t/l:)- .!JJ(t/C}-" 0 ·.'"· 

inequality , 

'f' (t, 'l-+1:,_ ") [ n f
1
J; 

1 
r;'T'f:j_ ")-'! '( Cj< +c;1 }r '/"{ fo 7:+ t:;_ ~'[r'ft,J;, 'L+ ~ ") -rt' t' ;z-,.:~ ")} + · 

+ .2. vnc,.-., e-+z;1-'r>Y;; i'+:o: ·)V;ri. ~;, i'.,r;_-'l-r·f~ "C+ ~· ~ ··~ 
..t .· . . '" ·' : .: ·: _; ., ..• · •.' 

)( r_t -t .. .uJ._,_r; .. 14+ dl-z--z;. .. _ 1 -.M.tl-:-.!U'!- /Zi .. _ z;~ J~.> L(l ~t /( ~. ~(;- /' }.~ 'c ".( ; , ~ '/ · ~ Q • 

(J.JO) 

" . 

. ~ .. 

l 
l 

I 

'!' .\ 
I 
r 

t 
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While proving the main theorem it has. been established that the functions~ yr 
.t .t ~ . . 

and 1-r decrease monotonously in ?:' • Owing to _?j 0~,/-l.r. the function CJ' is non-ne-

gative. Hence the left-hand side· of (J.JO) decreases monotonously in <C". Therefore it is 

sufficient to· establish inequality ·(J.JO) for. '11 = o. But then the restriction from below 

for ~· in (1.14) indicates that. the function "} ·must be ·calculated by th~ first formula 

(1.10). It is easy to verify that the function f.t(~J;zj increases nom?tonously in r for 
n-· . ... . . . 

t and £. under consideration. Therefore it is sufficient 1o prove the inequality (J.JO) 

for J1. = J;_ ::i,. • But then the left-hand· side of (J .JO) will be .~ symmetz::tcal function of 

l_L" and li" . Taking into account the monotony property in y" ~e conclude at last that 

it is sufficient to prove the inequality (J.JO) for. 

r=D ~,.Y,.:z. z::o=k..t. -.9 vl/-1:/' 11.:t~~o~_,q.t. J ... 
0
-l " :.z; I .) ..Af-.2 I . ~ -l / \. 

)1' . . 
By these values of the parameters the inequality (J.JO) becomes 

which· is verified directly. 

In conclusion the authors express their deep gratitude to N.N •. Bogolubov for inte

resting discussions and.remarks. 

The Russian variant of this paper was received by 
Publishing Department on November 1, 1959. 
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