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MHorne aa11aqn MaTeMaTnqeeKoii q,n3.HKH ( KBaHTOBOH MexaHHKH, Teopnn aneKTpOMarHe
/1/ 

TH3Ma H T,A,,eM, ) npHBOA!IT K ypaBHeHH!IM AJI!I e<j,eponAaJihHhlX q,yHKUHii: 

( 1) 

d 2 dY 2 2 2 
-0-lj )_+[1< (l-lj l+.\-~]YaO. 
dlj dlj 1-lj 

( la) 

311eeh 1<
2 

-aa11aHHbtii napaMeTp, .\ -eooeTBeHHoe aHa'!eHHe aa11aqn IllTypMa-nnyBnnm1 
xi 

llJI!I ypaBHeHII!I (la) Ha HHTepBaJie /-1,1/ • 

O0lllHe· eBoiieTBa q,yHKUHii X(,) H Y(lj) IlOJIY'!HTh llOBOJihHO npoeTO, TaK KaK K ypaB

HeHHSIM ( 1) H ( la) npnMeHHMa oomag TeopHS! nn<J,<j,epeHuHaJihHblX ypaBHeHHii BTOporo no

pS!nKa, KOTOpbIM,. B qaeTHOeTH, YllOB,IeTBOpS!!OT Bee H3BeeTHbte eneuq,yHKUHH, OnnaKo, ue-
• • x~ 

eMOTpSI Ha TaKylO 0/IH30eTh K enen<PyHKUH!IM , pemeHH!I ypaBHeHHii ( 1) H (la) eme .He 

nonaJIH B 9TOT pa3pS!ll, TTpH'IHHOii aTOMY SIBJISleTeSI oenHoeTh HHTerpanhHblX.eooTHOllleHHii, 

eoneplKall!llX q,yHK)lHH X(,) H Y(lj) , a TaKlKe OTeyTeTBH9 11ml HHX He'!epilbtBa!Ollll!X Ta0-

/2/ 
/IIIU, ( ilalKe H8/IH'!He 00/lhlllUX IlO O0'beMy T80/IHU <l>JI8MMepa , 8 T8KlKe L!y, CTp9TTOH8 H 

/3/ 
np, He pemaeT aTy aanaqy BnonHe), 

8To, B eBO!O O'!epenh, eBSl3aHO e TeM, 'ITO He eymeeTByeT enHHoro BblpalKeHHSI 11/l!I 

qepea '!HeJio nyneii q,yHKUHH Y(lj) BO Beel! oonaeTH H3MeHeHH!I K
2 

x/ l1Horna q,yHKUHH xc,1 H Y(lj) H83blB8lOT TaKlKe 'panHaJihHoii' H 'yrnoBoii' qae

Th!O peweHHSI ypaaHeHHSI reJihMrOJibll8 dip + ]c 
2 ip • 0 

(Io) 
B e<j,epoHnaJihHblX KOOpllHHaTax. B '<IaeTHOeTH, ypaBHeHH!I ( 1) H ( la) aanHeaHbl B BblTS!Hy

Tb\X 9/IJIHileOHllaJihHhlX KOOpllHHaTax: 

2 R2 2 
IC -Tic 

R -paeeTO!IHHe 
q,oKyeoB no TO'!KH 

, •1 +•2 • 
• -R--' 

MelKny <J,oKyeaMI! 
Hll0/l!OlleHH!I, 

KOOPAHH8THOro 9JI/IHileOHl18 ,, •1••2 -paeeTO!IHHSI OT 

xx/ 2 
HanpHMep, npH K = 0 ypaBHenne (la) nepexonHT B ypaBHeHHe 1111!1 npHeoenn-

HeHHblX IlOJIHHOMOB nelK8Hllp8, 
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UHfi 

B 3THX ycnOBHllX oco6eHHO B8)KH0 HM0Tb paanH'IHbl0 npH6nH)K0HHbl0 q,opMynbI nnll 'PYHK
/1/ X (e) , Y(7J) H co6CTB0HHOro 3H8'10HHll ). • TaKII0 Bblp8)1{0HHll llpHB0Ll0HbI n· KHIIre 

nnll npenenbHbIX cny'laen ,ell ➔ O , ",ell ➔ .. /4/ ll 
, a TBK)Ke B pa6oTe , nplI ,c ➔ 0., >. ..... 

/5/ 
B pa6oTe Ilp1IB0Ll0Hbl 8CHMilTOTII'l0CKII0 «popMynbI Llnll «pyHKUHfi X(e) II Y(7J) C 6onbWHM 

/6/ 
'IHcnoM aynell n • 8To np1I6n1I)KeH1Ie cooTBeTcTnyeT MeTony BKE II npHBOLlHT K cneny-

10meMy peaynbTaTy (n nanbuellweM paccMoTplIM TOnbKO ypanae111Ie (la)): 

'I 
Y(7J) • C cos ( f Q ('J) d7J 'I' f) 

y(l-7Jll)Q(7J) +a 

B o6nacTH, rne Qll (7J) > o; 

'I 
Y(7J) a C 

-2 y-=(=l =_ ::;'I ";=)=Q=(='J )=-
exp 1-J:/JQ (7Jll d7J I 

:;:• 

ll 
B o6nacTII, rne Q (7J) < O 

ll ll >. 
Q (7J) •/( ·+ 1-'J" 

mll 

!l-7J•la 

(2) 

(al 

(4) 

4>opMynbl (2)H (3) nplIM0HIIMbI BnanH OT 'TO'l0K OCTBHOBKH' ~ a ~ T.e. Kopuell ypaBH0HHll 

Q a (7J) -o , ne)KaIIllIX B HHTepnane [ -1, I l. 

B nauuoll aaMeTKe MbI nony'IHM TpauneuneHTnoe ypanueuHe, Ha KOToporo MO)KHO onpe-
ll /2,3/ 

nenHTb npH6nH)K0HHbI0 3H8'10HHll >.->.n,n+m (,c) (cM. ) npH n~>l • T.e. B Toll 

o6naCTH 3Ha'l0HHl1, rne COCTBBneuHe Ta6nHn B0CbM8 38TPYLlHIITenbHO. 8TH 'ycnoBHll KBBHT0-
/6/ 

naumr', cooTBeTCTBy10mHe MeTony BKE , HMeroT B1In: 

rne 

H011Hll 

a 

f 0(7J) d7J • 11(n + ¾), 
-a (5) 

D - 'IHCno uynell q,yHKUIIH Y(7J) a - M0HbWHl1 nonO)KHTenbHblll Kopeub ypaB-

Q(7J) - 0 (a< l) . 

OpocToe Bbl'ldCneuHe npHBOLlHT K peaynbTaTy: 

2,c 2 ➔ 2 ➔ 2 ➔~ 2 
_fb E(l:)-0-a )[IC(l:)-(b -l)Il(a ,l:)Jl•11(n+¾). (6) 

➔ ➔ b ➔ • nix/ 
3necb E(I:) , IC(I:), Il(a2 ,l) - nonabre ann1InTH'l8CKHe 1111Terpanbr, onpeneneHubre n , 

l :l :l ll Ii 
a= [l +~(>.-y>. +4m ,c )] , 

2,c 

l :l ll ll Ii 
b • [ l + ;;-r (.\ + y>. + 4m ,c )] , 

2,c 

I: •a/b . 

xi /8/ 
OpH nonb30BaHHH cnpaBO'IHIIKOM PbI)KHKa II fpanwTellua cnenyeT HM0Tb. B BIILlY, 

'ITO npHHllToe TaM onpeneneHIIe annHnTII'10CKoro HHTerpana 3-ro pona 0(¢,n,l) ue con
nanaeT c onpeneneaueM Eepna 11 4>punMeua171 nm1 0(¢, all , I: ) • B 'IBCTHOCTH 1 noaToMy 

q>opMynbr 3. I 67, np1IneneHHble n181, uenepnbr: B uux aeo6xonuMo nponenaTb aaMeuy 
D ➔ - D • a 2 

• 

4 

HopMIIpOBKa q,yHKUIIfi Bbl'IHCnlleTCll CTOnb )1{0 npocTo. Ilnll <PYHKUHH_ (2) HaXOllHM: 

Cll = ,cb 

i'<1:> ~ 
/lnll q,yHKUIIII ( In) np11 HOpMHpOBKe Ha 8 (1:-:_I:'): 

ll 
N • 4,c 

11R 
• ,cb 
K(k) 2rr 

YpaBHeHHe (6) Ilp1IM0HHMO IlpH nro6bIX /(ll • B npe1tenbHbIX cny'lallx /(ll ➔ O H /(ll ➔ .. 
II3 aero nerKO nony'IHTb Bblpa)K0H1Ill llllll xi 

, Hcnonb->. HanplIMep, B cnyqae m • 0 

ayll CBOfiCTBa annllilTII'10CKHX HHTerpanoB 

,ell ➔ 0 npH 

➔ ➔ /91 
E(I: ) , IC(I:) , nony'11IM: 

ll 
npH JC ➔ eo 

' ll l ll l ,c 
>. • (n +¾) -y-,c + "ar(n+¾l" 

>. •-,ell +,c(2n +l)-!..(2n+l)ll __ 1_(2n+i)3 

8 64 ,c 

(7) 

(8) 

:l_aMeTHM, 'ITO XOTll npH BbIBOll0 ypaBHeHHll (6) npe1tnonaranocb BbmOnHeHIIe ycnoBHll n>>l. 
0/lHaKO nony'leHHbre Bblp8)1{01!Hll (7) H (8) llBIOT xopowee npH6nH)K01!He llnll >. BllnOTb 

xx/ • ( /10/ • 
llO n •l . 8To o6mee CBOHCTBO MeTolla BKE CM, TaK)Ke , r1te 1ta110 .aaanorH'IHOe 

peweHH0 ypaBH0HHfi ( f ) IlpH I( ll < 0 ) • 

0TMeTHM TaK)Ke cne1tyromee: npH 'IHcneunoM pewenHH ypanae11ul1 (I) u (la), uanpu
/2/ 

Mep C IlOMOIIlbIO nenHbIX llpo6el1 • ypaBH0HII0 (6) M0)1{0T cny)KIITb HCTO'IHIIKOM XOpOWHX 

Ha'lanbHblX npH6nH)K0HHl1. 

8 38Knroqeuue XO'IY Bblp831ITb npH3HaTenbHOCTb c.c. fepwTel111y 38 IlOCTOllHHbill CTH

Mynupyromull HHTepec H . o6cy)KlleHHll. 

x/ 2 . • 
0TM0THM, 'ITO B cnyqae m =0 I: onpe1tenlleTCll no-pa3HOMy', B 38BIICHMOCTH OT 

3HaKa >. • A IIM0HH0 1 TaK KaK 

ll >.-J>.J • a • l + ---r,rr- 2 l >.+ J>.J 
b = +~ 

TO IlpH >.> 0 I 

a npH >.<0: 
1:

2 /(2 +.\ ----,,,-xx/ K 
ll · To'1Hb1e q,opMynb1 llnll >. 

l:ll a Kll 
~ll--

K +>. 

Ill 
HM0IOT BH/l : 

npH 

npH 

,c ➔ O 

2 
K ➔ oo 

ll 4 2 ll 
>.=n(n+ll-~[1- l J+_K_[ n (n-1) 

2 (2n-1)(2n +3) 2 (2n-3)(2n-1) 8 (2n +l) 

>.=-,ell +,c(2n+l l-{-[(2n+l )
2 

+ 5]-_l _[(2n +l)ll + 11 ](2n + l). 
- 64,c 

ll ll 
(n+l) (n+2) j 

(2n+l)(2n+3)8(2n+S)·• 

noll'10pKHeM, OllH8KO 'ITO B q,opMynbI (2) H (3) Hy)KHO IlOllCTannllTb ue 3TH Bb!pa)Ke
HHll, a 'Meuee TO'IHbie' (7) H (8), T.K. HM0HHO"OHH o6ecne'IHB8IOT npaBIInbHOe Il0B01l0HHe 
acHMilTOTII'10CKHX peweHHfi npH 'I ➔ ±. l H 'J ➔ 0 ( cM/51 ). 
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