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J. B B e A e H H e 

B HSCTOSIIII88 Bp8Mll npH H3Y'I~HHB cneACTBBA H3 SU(3) 
HHBapHSHTHOCTB WHpOKO 

BCIIonb3Y8TCSI KBapKOB~A ~OpMSnB3M1 B KOTOpOM OKT8T npeACTSBnSieTCSI T8H~OpOM C ABYMSI 

BHA8KC8MH, AeKanneT - T8H30pOM C Tp8MSI BII.Q8KC8MB, 8 AnSI OIIHCSHHSI npeACT&BneBBSI 27 Tpe­

!SyeTCSI yJKe '18T~pe BHA8KCa. 3TO 0'18Hh yAO!SHO B cny'l88 HH3WHX npeACT&Bn&HBII, I')AHaKO, 

CT8HOBBTCSI H8CKonbKO rpOM03AKHM H3-3a o!SanaSI HHA8KCOB y~e AnSI MynbTBnneTOB 10 R 

27. B rpynne spameaaA ana B rpynne nopeana AnSI onacaaaSI nenoro cnaaa 'la•e acnonb­

ayJOT ae CIIHBOPB~A ( COOTB8TCTBylOWBA KB8PKOBOMY ) , a B8KTOpBbiA ~OpManaaM. noAO!SRO 

npeACTaBneHBH D(p,q) C p=q(mod3) , COOTB8TCTBylOWB8 
aToMy, B rpynne SU (3) 
aenOMY aapHAY R ranepaapStAy, MOlKRO OIIRC~BaTb B "BeKTopHOM; BOCbMBpH'IBOM ~pMana3-
M8o TorAa OKT8T~ npeACTaBnlllOTCH senR'IRBaMR C OABRM BRA8KCOM, npo!SeraJOmRM 8 3Ra'le­

BBA, a 10-nneT~ B 27-nneT~ - T8B30paMB TOnbKO C ABYMH BBA8KCaMB0 'ITO II03BOnHeT 

paccTaBBTb RX Ha waxMaTBOA A0CK80 T.e. H30!5pa3HTb llX nnOCKBMil MaTpBDaMil 8 x8, no­

AO!SBO TOMY, Kalt OKTeT B KBapKOBOM IIOAXOA8 B30!Spa~So<lT MSTpHaeA 3 X 3. B aaCTOHW8A 

CTaTb& .nocTp08B8 COOTB8TCTBY10W851 CBCT8M8 M&TpRD p83M8pBOCTK 8 x8 H HCCn8AOB8R8 

HX anre!Spa. 3&0AH0 ycTaaosneB pHA COOTBOW8HBA (!SonbWBRCTBO 83 KOTOp~X Mbl Be BCTp8• 

• PaasBB&eMSSI anre!Sps noneaas 
'l&nH B nBT8P8TYP8) Anll CTpyKTypB~X KOBCT&BT SU (3) 

npH a&anaae CTpyKTYP 8MIInBTYA B B38BMOA8ACTBHII1 8 T8K~8 DpB Bbi'IBCneHBH C8'18HBII 

nponeccos c y'ISCTH8M 10-H 27-~JneTOB. B npano~eBBH llpHBeA8Rbl ~opMyn~ AnSI npOH3B8A8-

HBA M&TpHD, wnypbl R CBSI3B M8~AY '18Tblp8XOJtT8TBbiMB SMIInBTYASMB TBII8 TO~A8CTB 

cl>apaa. 

2. MaTpun~ f, a d, 

B CT8BA8PTBOM, KBSpKOBOM IIOAXOA8 K rpynne SU (3) 
ocaosoA cny~T 3 x3 MST-

pBDbl A a , onpeAemiJOWBe npeo!SpaaosaaBH Jtsapxos a, TeM caM~M, nJO!Soro npeAcTasne-

/1/ 
BHII aToll rpynn~. Cornacao renn-Masay • aTH M8TpHDbl IIOA'IHBSilOTCSI nepeCTSBOBO'IB~M 

COOTHOW8HHIIM 
( 1) [ A a , A b] - 2 if abc A c 

3 

~ 



), • ),b) = ..L 8 + 2d ), 
a 3 ab abc c {2) 

BaeJleM MaTpHUbi f b H d b paaMepHOCTH 8 x8 cneJly!OWHM o6pa30M: 

rb = II t abc II • db= II d abc II • 
(3) 

r11e a - BOMep CTpOKH, a C - HOM9p CTO.Il6ua, Ha nepeCe'laHHH KOTOpbiX CTOBT 3.119M9H­

/1/ 
Tbl f abc B d abc • C DOMOWbiO Ta6.11HU fenn-MaHHa Jl.IIB CTpyKTYPHbiX KOHCTaHT 

f H d 
1 

nerKO BOCDpOH3B9CTH 3TH MaTpHUbl B HBHOM BBJl9 ( CM. npH.IlOlK9HH9 1) • 
abc abc 
Ko9~~uuueHThl fabc a6con!OTBO aBTHCHMM9TpH~Hhl, a d· 

abc 
a6CO.IIIOTBO CHMM9TpB~Bhl 

OTBOCHT9n&HO nepeCTaHOBOK HHJl9KCOB. 0TCIOJla B ~aCTHOCTH C.ll9JlY9T, ~TO 

r11e 

f -- f a a d - d • a a 

oaua~aeT Tpascnonnpoaaue. .nanee, TOJKJleCTBa Hxo6a Jl.IIH f abc 

B M8TpH~HOll ~OpMe 3aDHChlBaiOTCH 

[ fa ' f b I • f abc f 
c 

[I , db I = [ d , f b I = f b d a a a c c 

d a f b + db fa • fa db + f b d a a d abc f c • 

BalKII)'lll pan& llnH Jlan&nellwero arpa!OT coOTuowesnH 

• (( d , db I + d b d >.1 = .!.. < 8 . 8 b" + 8 
a a c c 1 3 at J aj 

8 + 8 8 
bl ab ij 

2 
(fb f - d db + d b d + _L 8 b > .. = - /Jb a a a c c 3 a IJ 3 j 

8 
ai 

ASTHCSMM9Tp.H~S8H S CHMM9TpS~SaH ~aCTH DOC.Il9JlS9rO HM910T BHJl: 

< l t , f b I + l d , db I ) = - ..1.. < 8 8 a a ij 3 ai bj 
- 8 8 ) 

aj bi 

<I f , t 1-1 d , d I + ~ 8 + 2d d > = _2_( 8 8 + 8 8 . >. 
a b a b 3 ab abc c ij 3 al bj aj bi 

{4) 

/1/ 
u dabc 

{5) 

{B) 

(B') 

{7) 

{8) 

{8') 

{8") 

CoOTSOW9HB9 {7) 3KBHBa.lleSTSO TOlKJl9CTBY /
2 / B KBapKOBOM ~OpMa.llH3M9 M9lKJlY 

YSHTapShlMB HHBapnasTaMH, DOCTpOeSSblMH H3 '19Tblp9X OKT9TOB. 8 MaTpH'IHOll ~OpMe npa­

BaH 'laCTb {8) eCTb MaTpHU8, y KOTopOll OT.IlH~eH OT synB TOnbKO OJlHH 3.1l9M9ST sa nepe-

C9'19HHH a -II CTpOKH c b -M cTo6uoM. TaxsM o6pa3oM, ~opMyna (8) 11aeT npeJl-

CTaB.Il9SH8 nJ060ll H3 DO.IlSOll CHCT9Mhl B4-X TaKHX 8 x8 MaTpHU qepe3 

4 

f a d H 1 • 
a 

''" :"> 

>,.;"' 

" 

·~ 

~; 

_,A,.. 

HM81lBO B &TOll CB113H COOTBOW9Hil8 {8) nocnylKBT BlllK8 OCSOBOII .ll.IIB nonyqeHilB COOTilOme­

DB DO.IlHOTbl • .nanee, COOTilOWGBHll {8') H {8 ") .ll810T Dp8.1lCT8B.Il8Sil8 llnll asTBCBMM8TpH'I• 

BOll B CBMM8TpH'IHOI MaTpiiJl, COOTB8TCTB9HH01 y KOTOpb!X OT.IlH'IHbl OT II)' .liB .llHmb 2 aiieMes­

T8 H8 nep&C9'19HHil 8 •II CTpOKH C b •M CTon6nciM ll b -I CTpOKH C a •M CTO.Il61lOM0 

Ecna B ljlopMyne {7) nepeaecTn qnea .!.. 8 b 8 a neay10 qacTb paseacTaa, To MW 
3 • ij . . 

Dony'lllM 8W8 O.llHO Dp9JlCT8Bll8lUI9 Jlnll T8KOII CHMM9TpH~soll MaTpHDhl. liCK.IliO'IBII OTCIO.Il& 

H 113 {8') &Ty M8TpBJlYt saXO.Illl~ COOTHOWaUa: 

3ld ,d 1-lf ,f 1-28 
a b a b ab 

<SiopMyllbl {5), (B) H {9) COCT8BlllllOT OCSOBY anre6pb1 M8TpHil 

npB Bbl'IIICll9SilliX Y.ll06HO DOnb30B8TbCll COOTHOW9HHliMH 

f f -- 3 a a 

fd•df-0 
a a a a 

d d - ~. 
a a 3 

{9) 

f H d 
a li 

"" 
{10) 

{11) 

{12) 

nepsoa H3 BHX MOlKSO BbiB9CTH H3 { 1), Y'IHThlBaB, 'ITO ), ), • ~ H ), ), ), =-h. 
a a 3 a b a ]li 

8Topoa 9CTb C.ll8.1lCTBH9 DOllHOll 8CHMM9TpBH H CBMM8TpHH I:03~H9BTOB f b H d • 
a c abc 

CoOTHOW9Hil9 {12) CllaJlyeT R3 {9) H {10). Ky6H'IIIbl8 COOTHOW811Hll Jl.IIB MaTpiiU f H J1 
a a• 

a TUlK8 Wnypbl npOH3B8Jl9SBll 3TIIX MaTpHil npHB8Jl8Sbl B npallOlK9HHH. 

3. nollll8ll CHCT9M8 MaTpHil 8 x8, OCIIOBaSH8B Sa MaTpHUaX 

.nononBHM MaTp.Hu~ 1, fa • 

r 
( 8 II da 

Jl9M MaTpHilbl cab 8
ab 

8 +. 
•ab 

d a JlO DOlliiOJI CHCT9Mhl MaTpHU 8 x8, JlllB 'lero BBa­

t onpe.llene••e KOTOpblx JlaaTCB 8 Ta6n•ue 1. 

II 

1. 

• 
3. 

4. 

5. 

6. 

Ta6nalla 

. ............................................................................................ . 
fa ............................................................................................... . 

d ••••••·•·•···•·····••···•···•••·····•••····••••·••·••··••••······••••·•···•·•••·····•·•··•·••••• a 

c -lHf ,fb 1+2..8b+_! d d 
ab • 8 a 10 abc c 

e b • f d - d f + ~ ( 5[ f , fbi+ 9 [ d , db)) 
a abab6 a a. 

I , 
a+ •- f db+ d f + _ ( 5 [ f , fbI+ 9 [ d , d ]) 
ab • a b 6 a a b 

5 

... 
"IRena H938BHCB­

Mb1X MaTpHU 

8 

8 

27 

10 

10 

(13) 

(14) 

(15) 

-· 



MaTpHUbi 1 d H cab 
3pMHTOBbl, MaTpHUbl f 8HTH3pMHTOBbl, 8 MaTpHUhl 

•8 a 

H apMHTOBO COUplllKaHhl APYI' t:tpyry, npa 3TOM M8TpHUbl d B C 

CHMMeTpH'IHhl, H cpet:tH HHX 36 H8388HCHMbiX, M8TpHUbl f , e H e + aHTH-
a ab ab 

+ 
e 

ab a ab e 
ab 

CHMM8TpH'IHbl, npH'18M H83aBHCHMbiX 28, 4acno He3aBHCHMblX MaTpHU MOlKHO llOAC'IHTaTb 

nyTeM asansaa aononssTenbHhiX ycnoeali. Tax, MaTpHUbi cab yaoeneTeopuiDT ycno-

BHSIM: 

d c = o. 
abc be 

0 (16) c = c 
ba ab 

c 
a a 

3t:teCb BCBI'O 28 + 1 + 8 • 37 ycnOBHII, CBHt:teTeDbCTBYIDWBX, 'ITO TODbKO 27 MaTpHU 

cab naaellso aeaaeacaMbi, MaTpHnhl e 
ab 

+ 
B e 

ab 
yaoeneTBOPHIDT aononaaTenbHhiM 

ycnOBHHM: 

a) e = - e ' 
b)f e -0. c) ( u ) e •-2ie 

ba ab abc be ab cd cd ab 
(17) 

+ + 
b)f e+ =0, ) e + = 21 e + a) e =- e ' 

c) ( u 
ba ab abc be ab cd cd ab 

(18) 

rae ( u ab ) cd - aneMeHT MaTpHnb: 

u =f d -d f 
ab a b a b 

(Hl) 

CO CBOHCTB8MH 

u =- u 
ab ba 

(u ) =-(u ) 
ab cd cd ab 

(u ) (u ) u =-4u 
ab cd cd ef ef ab 

(20) 

MaTpHUhi eab H 
e + MOlKHO Bb!pa3HTb 'lepe3 U b 
~ a 

e = u + _i_ (u ) u , 
ab ab 2 ab cd cd 

e+ =-u + _i_(u ) u 
ab ab 2 ab cd cd 

(21) 

CoOTsoweaau (20) a (21) noa~;~omtiDT 6ea Tpyaa npoeepHTb (17c) a (18c). Beaay 

AOUODHHTBDbHblX ycnOBHII (17) B (18) cpet:tH MaTpHU e H e + HM89TCH TOnbKO DO 
ab ab ··;.,. 

10 OHHeilHO H838BHCHMblX, 

Paa6aesae 64 MaTpan (8x8) aa 1 , f , d , c , e a e + aaanorH'IHO 
a a ab ab eb 

pa36HeHHID 16 M8TpHU (4x4) H8 t:tHpaKOBCKHB MaTpHUhl 1 , y , y y t q H y · p. p. 5 p.v 5 

3TH llHTb CeMeiiCTB t:tHp8KOBCKHX M8TpHU B38HMHo-OpTOI'OH8nbHbl 1 T,e, Wnyphl npOH3B9t:IBHHII M8T-

pau aa paa)lb!X ceMellcTB ol5pawaroTCSI B synb, B TO'IBOCTH Tax lKe eaaaMao-opToroaanbHhl 

CeMellCTB8 fa ' d a ' c ab 
aTOM BBHAY aeapMHTOBOCTH MaTpHU 

H B onpeaeneso xax 

+ 
e a e , 'ITO BHAHO H3 T86DHUhl 2. npa 

ab + ab 
e a e cxanHpaoe npoaaae.aesae M8Tpau A 

ab ab 

( A, B ) = Sp ( A+ B ) • (22) 

6 

j ~ 1, 

.f 
.. 
( 

) 

I ... 

I 
l 
I 
I 

. 
' 

~ 
d .,. ! 

...t...o. 

Ta6naua 2 Sp(A+B). 

1 8 

fa 0 38 
ac 

d 0 0 _j_ 0 
. 

a 3 ac 

cab 
0 0 0 ( cab ) cd 

e 0 0 0 0 4i(e ) 
ab ab cd 

+ 0 0 0 0 0 41 (e +) e 
eb ab cd 

~ 
+ 

1 f d ccd e e c c cd cd 

0rMeTHM, 'ITO 

( cab ) cd • ( c cd ) ab ' 
+ 

( e ab ) cd = ( e cd ) ab • f' 

Paana'IRhle npoaaae.aeaHSI MaTpau paano~Mhl no nony'leaaoll nonaoll cacTeMe, 

HanpHMep, 

f f =- _3_ 8 +..!. f f -i.d d +c 
a b 8 ab 2 abc c lO abc c ab 

f d -...!.. d f + _ 1_ f d +_1_(e -e+ 
a b 2 . abc, c 2 abc c 4 ab ab 

5 
d d - -

a b 24 
8 
ab 

~ f f -~d d 
18 abc c 10 abc c 

1 
+ -3-Cab + 

+_1 (u ) 
12 ab cd 

( e - e + 
cd cd 

) . 

7 

). 

(28) 

(24) 

(25) 

(28). 



Pa3nOlK9HRSI CRMMeTpR'IHblX R aRTRCRM'-'eTpR'IRblX MaTpRil C llBYMB OTnR'IHbiMR OT 

aynB sneMeHTaMB 3anRCb1BaJOTC$1 

+ 8 
1 6 + 2 c 8 8 8 c (48 +- d d 

ai bj aj bi · ab 5 abc c ab ij 
(27) 

8 8 -8 8 = [- 1..t f -+(u ) ( e - e+ ) ] 
ai bj aj bi 3 abc c ab cd cd cd ij 

(28) 

0TM9TRM TaKlKe, 'ITO 

d f f =-f d f =-f f d --.!d '. 
abc b c abc b c abc b c 2 a 

(29) 

f fb f = 3/2 f 
abc c a 

(29') 

ToT ~KT, 'ITO MaTPRil&l 
+ 

1, fa • d a • cab • e ab B e ab 

o€Spa3y.IOT nonBylO CBCT9My. 1 BblpalKa9TCSI COOTBOW9BH9M nonHOTbl 

8 24 
8 .. 8k.- -<t > .. (f >._. +-<d >. (d >. + 

11 < 3 a 11 a n 5 a tj a k< 
(30) 

+S(c..g )ij (cab\t +f(eab\t (eab \e +t<<b\j(eab \e = 88it 8Jk 

HnH, TO/IbKO 'lepe3 B9W9CTB9HHbl9 MaTpHUbl 

81. 8,~ - .!< f ).. (f ),_. + 24 (d )ij (d > •• + 
1 111 3 a 11 a "' 5 a a Kt 

(30') 

+ 8 ( c ) ( c ) - 2 ( u b ) ( u >..= 8 8 ,. 8 • 
ab ij ab kt a ij ab KL i< jk 

CooTHoweaae nonHOTbl cnenyeT H3 (8) c acno/Ib30BaHHeM (26) H (27)x). C ero noMoWb!O 

MOlKHO Hai!TH TOlKil9CTBa llnB '19Tblp8XOKT9TBblX aMnnRTyll THna TOlKil9CTB cllapna (eM, nps­

nolKeHBe 2). 

x) npa &TOM yno€Sso pacnacaTb (8) a aanexcax, npencTaBHTb a neaol! 'laCTH 'lneabl, 
coneplKawae d , B sane [ d , d. ].b , a 'lnea c CHMBonaMH Kpoaexepa - B sane 

a I ' 
1 

H nanee 3aMeHHTb KOMMyTaTOp C nOMOWblO (26), a 88+88-88 
ab ij al bj ai bj 

8 8 + 8 8 
ab ij al bj 

- C nOMOWblO (27), 

8 

;' 

., 

'.'_···.:l' 
,. 

I! 
lrJ 
1 
l 
I 
-~ 

'l 
4 ' I 

;l I.' 
,: 

l 
) 

J 

j 
.' 

'1 

'""""~ 

4. PaanoJKeaae npaMoro npoaaaeneaas nayx OKTeTOB 

C llOMOWblO Sal!JleBHbiX MaTpHn MOlKHO npOR3B9CTH pa3nOlK9HRe npBMOrO UpOR3B&Il&­

RRH llBYX OKTeTOB 8 @8 • 1 (I} 8 (t} 8 0 27@ 10 {±) 10 * • nycTb llBa CTOn6na (1 X 8) 

tP R 'I - CYTb BOnHOBble <Py.axnaa nayx oxTeToa SU(3) , npeo6pa3ylOWRecs no aaxosy 

8"'- '''b fb"' T.e. 8<f>=w f ¢. 
a b abc c (31) 

HcxoMoe paanoJKeaae nony'laeTcs, ecna o€SpaaosaTb R3 'I R ¢ 15anaael!a&le KOMI5Raa-

naa c MaTpanaMH 1 f 
a 

~ 1¢ = ~ ¢ 

-'lfa¢ a 

-ljC </> 
ab 

'I e cf> 
ab 

- + 'I e cf> 
ab 

d 
a 

c 
ab ' 

CHHrneT 

; d </> - OKT&Tbl 
a 

27-nneT 

10-nneT 

• 10-nneT 

e R 
+ 

e 
ab ,ab 

( 0 ( 0,0) 

0 (1,1) 

0 (2,2) 

0(3,0) 

0(0,3) ' 

llel!CTBHTen&so, aa (31) cpaay lKe cneAyeT, 'ITO 15anaael!aas xoMI5asanas ;, cf> 

HHBllpHaHT1 a C y'I&TOM CTpyKTypHbiX COOTBOW&HRII (5) R (6) 1 'ITO ~ f cf> R ;; d cf> 
a • , 

npeo15paayeTcs caoBa no aa~~:oay oxTeTa (31). OcTa/Ibable 15anaaellable xiM15Raanax ·npeo6-

paayl0Tca xa11: BOCbMRPR'IBblll Teaaop BToporo paara 

8
v ..... (f d vdb +fb dv d). ab c ac c a 

(32) 

Oaa OTna'lalOTCR MelKJlY co6oll llOnonaaTen&HbiMR ycnosRBMR, cneny_IOWBMR B3 ( 16), ( 17) 

H ( 18), 

5. Myn&TanneTbl 27, 10 R 10 B BOCbMHpH'IHOM ~OpManH3M9 

BOCbMBpH'IHblll ~OpManR3M ynol5ea T8M1 'ITO B HeM 27-, 10- B 10-nneTbl OnHCbiBaJOT-

CH T9R30paMR BTOporo pa&ra V ab 1 R nOSTOMy. ORR npellCTaBRMbl B BHil9 nnOCKRX 

MaTpRn 8 X 8, 3TH T8H30pbl, Ol5nanaa OllBHM H T9M ll<8 38KOHOM npeol5p830BaBRR (32) t 

0TnR'I8JOTCH llOnonHHT9nbHbiMB yCnOBRHMRX): 

x) B xaapxosoM ~opManaaMe 27-nneT, xax aaaecTao, on&cblsaeTcs TeaaopoM 'leT-
sepToro paara .piJ c nononRBTen&BbiMH ycnoBRBMH 

kl .pJi • .piJ = .p ij , .pit 
a 1 0- a 10* -nneTbl - Teaaopl'Ma 3-~o paarllf .p ijk "' 
BB&M nonaoll CBMMeTpHH no ijk 

aO 

¢1jk c nononaaTen&BbiMR ycno-

9 



• - J,..._. -~·· ·' 

21 - nneT onpe11enseTCs IIOnonHRTen&HbiMH ycnoBHBMR 

V=V ,V=O, 
ab ba aa 

d v =0' 
abc be 
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Sp ( f f d d ) E -.1.8 8 +_1.(8 8 +8 8 ) +.if f +t d d 
a b c d 3 ab cd 6 ac bd ad be 12 abe ecd - abe ecd 

Sp (f d f d ) =- +< 8 8 + 8 8 + 8 8 ) +..3... d d 
a b c d " ab cd ac bd ad be 2 ace ebd 

Sp ( f d d d ) = .l.( f d + d f ) -l..d f 
a b c d 12 abe ecd abe ecd 3 ace ebd • 

npu BblqHcneHRHX wnhoa CyWeCTB&HHO HCD01Ib3YIOTCH CBOACTBB CBMM9TpHR MBTpRqHblX 

sneMeHTOB ( f ) • f B ( d ) = d 
a mn man a mn man 

DO BCBM Tp9M RHll9KC8M H ¢opMy-

nbl rn. 2 H npunolKeHBSI 2. HanpHMep, 

Sp ( f f f ) • ..!_ Sp ([ f , f ] f ) •, 
2
1 f Sp ( f f ) • - _l_ f 

a b c 2 a b c . abe e c 2 abc 
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r 

ll.. 

\/' 

+ 8e • .2lJ' +3F' + ..!!.o'+.!... e·.- ~ lb'- ..2..lb' 
- 8 25 5 80 80 

v 
+ 8/j, • 20 J' + 32i [(DF)'-(FD)']- !2lo•-32 e' + 2li>'+ 2li>' 
- 5 3 

t 8/j, ~ 20 J'- 32 i [(DF)'-(FD)'] - 192o•-]!. e•+ 2li>'+ 
5 3 

.., 
2li> • • 

rAe nmoo B .neaol! '18CTR CTOBT A.IIH CT8TBCTRII:B 6ooe-311BJUTeABa0 8 MBIIYC - A.IIH CT8TB­

CTBII:B cl>epMB-.nBp8K8. 

npa DO.Ily'I8BBB STBX T0~8CTB0 npB BM'IRC.IleBBB mnypoB B B ApyrBX C.IIY'I851X DO.II83Hhl 

COOTHOW8BBSI0 npBB8A8BBhl8 B T815nBll8 8. 
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