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1. BaeaeHue 

PaccMoTpHM paccestHHe aonHbi cucTeMol! '18CTHU C lKeCTKO <f>HKCHpOB8HHbiM nono-

lKeHHeM B npo<;Tp8HCTBe. nyCTb B38HMOUellcTBHe K8lKUOl! H3 'f8CTHU C HaneTBIOIUel! BOnHOl! 

xapaxTepHayeTCS! HeKOTOpbiM c<f>epH'!eCKH-CHMMeTpH'!HbiM TIOTenuHanoM v, <I r -r, I) . 
'18 06 OTIHC8HHH T8KOI'O pacceS!HHS! CBOUHTCS! K peweHHIO ypaBHeHHS! llipeUHHrepa: 

C COOTBeTCTBYJOlllHMH rpaHH'lHbiMH YC1l0Bll5IMH. 

3aaa-

(I) 

B o6meM cnyqae pewHTb (I) O'feHb TpyaHo, Tax xax CHCTeMa noTeHuHanoa ~ V 
1 

He 

o6naaaeT c<f>epHqecxol! CHMMeTpHel! " nepeMeHHbie a (I) ne paaaensriOTcsr. 

MoJKHO, on.aaKo , O>KH.llBTh , liTO aaacPta CHnbHO yrrpocTHTCSI, ecnH o6nacTn: , a KOTOpbiX 

0Tlle1lbHbl9 IIOTeHUH81lbl OTnH1.fHbi OT Hynsr, He nepeceKBlOTCH. PacceSIHHe H8 KB>KaOM H3 no-

TeHUHAnOB B OTUenbHOCTH nerKO nony'!HTb, HCTIOnbaysr HX c<f>epH'!eCKyJO CHMMeTpHIO. A pac-

ces:~ane Ha CHcTeMe a aToM cnyqae caeaeTcH K rrocnen.oaaTeJTbHOMy MHoroxpaTHoMy pacces:r -

HHJO H8 OT.UenbHblX IIOTeHUH81l8X. 

B ttaCTHOM cnyqae , Koraa HY:>KHO yY:UTblBBTb TOnhKo -pacceSIHHe aa KB>K.llOM ua 

ueHTpoa, 6paxHep
1 11 

caen aaaaqy K peweHHIO CHCTeMbi anre6paHqecxHx ypaanenHl! ansr aMn-

nHTya paccenHHH. 

B aaHHOil pa6oTe <f>opManHaM 6paxHepa
1 11 

o6o6waeTcsr Ha cnyqali y'!eTa npoHaaonbHo-

ro •mcna napuHanbHbiX f -Bonn. npH 3TOM oxaaanocb yao6HbiM aocnonbaoaaTbCst Teopll -

eii paccesrnHsr <l>aaaeeaa
121

• 3ToMy nocasrweH BTopoil paaaen cTaTbH. 

B pa6oTe
131 

paccMoTpen cnyqal!, xoraa pacceHBAIOIUHe 'IBCTHUbi S!BnstiOTCst cno>KHbiMH 

" MoryT aoa6y>KJlaTbcsr. 6 onee npocTasr xapTHHA nonyqaeTcsr, ecnn c nolKHoll (cnoco6Hoil aoa-

6y>KaaTbCS!) SlBnlleTCS! ·TI8U8IOIUAS! 'IACTHU8. 3TOT Cn yqali p8CCMOTpeH B paaaene 3. 

2. PacceRHHe npocToA ttacTHUbi aa cucTeMe 38KpenneHHbiX ueHTpoe 

0I""p8HH'IHMCH Un H npOCTOTbl 38TIHCH CnyqaeM UByX pacceHBBIOIUIIX UeHTpOB. 06o6weJU<e 

Ha cnyqall ueHTpoa ne npencTaanneT oco6oll cnolKHOCTH. 

npn HCTIOnb30B8HHH <f>yHKUHll rpHH8 

3 
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( i • 1 , 2 ... n ) 

ypaBHeHHe UlpenHHrepa (I) B HHTe r p anbHOli ¢opMe 3B lii!CbtBaeTcSI Ta K: 

'l'(f') e'PI(tl -fgl (r",i'l[l: ., (i l )'l'(r"' ld;'. 

'"I 
(Ia) 

rne 'I' 1(;' .) 

2 

Olii!Cb!BaeT pac ceHHHe '!BCTI!Ubl HB Olli!HO'!HOM u eHTpe C 3HeprHell E a leo / 2p. . 

/ 2/ 
Kax 11 s 3a_ua'!e Tpex Ten (eM. pa6oTy <Pa uneesa ) , 3 uec b y u o6Ho rr epellTH K 

MaTpHue, onpeuenReMoll MBTPH'!HhiM a neMeHTOM 

rue 

-a/2 
'Po •(2rr) e 

.... 
lkr 

t•I 
1•1 

(I) 
t 

t -('Po 'I !tv I 'P l ' 

3anHWeM B BHne cyMMbl 

(I) 
t • ('1'0 • v1 'l'l . 

'YMHO~HM' cneBa ypaBHeHHe (Ia) unH 
(I) 

1,2 ••• n 

CHCTeMy ypaBHeHHli UnH I 

Ha ('Po • vi I · D o n yqaeM 

( 1) - _ lql't - - I;"; 1 -

-l(k '-k ' ).1 (2) - - -l(k" -ki-;2 
1 1 (It ' ; It ' ') e t (It " -i It J e 

(lt';lt)e •t 1 (1t';lt)e -2p.fdlt" 
It " -It 2 - iy 

<2> - _ 1 .. 2 _ _ loii. 
t (It' ;It )e • 12 (lt';lt)e 

(1) 

1• 1 

t - ' -' · l(k ~ ' 5> 
-2p.fdlt " 2 (It ;It ')e 2 

It" 2 -It -iy 

tQ;t (~) t;;r2 
+ t e q •It-It ' . 

(1) - - -l(k -~;.! 
(k "; lt)e 

(2) 

(3) 

3uech r
1 

-KOOpllHHBTB I -TOrO ueHTpa, t
1 

- 8MllnHTYll8 pacceSIHIISI Ha OTuenbHO 

B3SITOM I ~ TOM liOTeHUHBne B CIICTeMe KOOplli!HBT C ueHTpOM B ueHTpe llOTeHUHBn a . 

.~; 
4Ja30BWe MHO~TenH THliB e I B03HIIK8IDT 113-3 8 CllBIIra ueHTpa COOTBeTC TBYIDWe -

ro liOTeHUHBna OTHOCI!TenbHO HB'!ana KOOpllHHBT ( e M, Dp11no~eH11e 1). 

PaccMoTpHM rrepsoe 113 ypaBHeHIIli ( 2). !lnR yno6cTBa n o MeCTHM HB'Iano KoopnHHaT 

B TOqKy lt , T.e. ft •0 
.. 

i r2 -rt • r21 •-ru• r2 11Mee M: 

C1l - - -- <2> 1c'k " ki .. 
t (It'; It) • t (k';k) -2p.f It (lt ' ;lt " )t (k" ;k)e - '12 dlt " 

lt " --lt--iy 

Bocnonh3yeMCH cnenyiOWHMH pa3no~eHHHMH ! 

(I) - - (I) .. It' 
t (lt' , ltl • I t, ,(ltlY , ,(T'l 

Jlwl Ja wt Jt.Mt 

4 

(4 ) 

j 



] 

(5) 

47r l: (i) j (k"r1olYa (~)Y* (~ \ 
fm f • <.m k" fm r 1 ~ 

CneayeT noaqepKHyTh, 'ITO aMnnHTyaa pacc <>SIHHSI Ha Oil HOM ueHTpe t 1 (k ; k1
) 38BHCHT nHIUh 

(I)- -

OT yrna M8lKJlY k H k ' , B TO Bp8MSI K8K oonee CUOlKH8SI aMnnHTyJla t (k '; k) , Y'IHTbl-

B8lOlU8R HBnHqHe D.pyroro ueHTpa, 38BHCHT OT 83HMYT81IbHbiX yrllOB k H k' o 

noUCT8BHM ( 5) B ( 4) H npOHHTerpHpyeM no dk" (CM, npHUOlK8HH8 2, a T8KlK8 

A.C. llaBbtllOB ,"TeopHll aTOM Horo llJlpa", <i>opMyna (E,4)): 

,.1 f .. ;- -lkr1 ~ 
-2il•yohl: (i) AJM(.l.:iM~fm)t 1J(k)tJ M (k)Yf (. .. ::) o 

JM~ M~fm ~ ~ m '12 

k' (l) 

• y JM ( k') h f ( u 12) 0 

YMHOlKHM ( 6) Ha Y* ~') H npoHHTerpHpyeM no yrnaM BeKTopa k' 
JtMtT 

AHanorH'IHO nonyqaeM JlUSI BToporo ypaBH8HHSI B (2) : 

(6) 

(8) 

CHcTeMa ypaBHeHHA (7),(8) nonHOCThiD onHCbtBaeT paccellHHe Ha aayx ueHTpax, ecnH 

H3BeCTHbl 8MII1IHTY/J.bl p8CCeHHHSI t I H8 OTJJ.ellbHbiX IIOTeHUH8118X. 

B qacTHOM cnyqae, ecnH paccellHHeM c MoMeHTOM f> 1 H8 K8lKJlOM U8HTpe MOlKHO 

= 0 npu J <: 2 

38HHblX ypaBH8HHA J]fill 

H8HHA THna ( 7). 

(I) (I) 

ttMt; 'oo 

), CH CT8M8 (7), (8) CB8J]8TCSI K CHCTeMe 'l8TbtpeX CBll-
(~) (~) 

;ttM
2 

• too llnH n ueHTpOB nonyqaeM n -ypaB-

5 



non Hall I -MaTpHUa B flpOH3BOnbHO~ CHCTeMe KOOpaHHaT HMeeT BHa: 

- - (I) - - -l(k'-k);l 
1(k '; k) a ~ 1 (k';k)e 

(9) 

C P.qe HHe pacce!IHH!I Ha cHcTeMe • - aaKperrneHHhiX ueHTpoB orrpeaen!leTc!l Bbtpa>Ke-

HHeM: 

rae 
~ 

A~-·"1'1. 

~ 

do = IAI dOk" ' 
(10) 

3. P acce!IHHe cno>KHoi! qacTHUhi 

EcnH pacceHsaeMbte qacTHU bt cnoco6Hbt soa6y>KaaTbC!I H KHHeTn q ecKa!l a HeprH!I Harre -

TBIOI.IlHX C nO >KHbiX "18CTHU llOCTB T OliH8 llnR HX peanbHOrO B036y.>K.lleHHSI , TO pacceRHHe H8 

oTaenbHOM noTe HUH a ne 6yaeT xapaKTepHaoBaTbC!I He oaHofi aMnnu Tyaon A , 8 M8TpH-

uei! Atk yqHTbiBa iOWetl BCe B03MO>KHbie BHyTpeHHHe rrepexoabi B CHO>KHOtl qacTHUe. 

OrpaHHqHMC!I q acTHbiM c n yqaeM , Koraa HY>KHO yqHTbiBBTb TOnbKO asa BHyTpeHHHX 

COCTOSIHHR C n O>KH OH YBCTHUbl ,npH'IeM CYLU8CTB8HHO nHWb s-p8CC8SIHJl8 HB. X:B.)f(.ll,QM: UeHTpe H 

p8CC8HB810IU8H C HCT8M8 COCTOHT H3 .llBYX ITOT8HUHanoa. 

Ill 
no aHaHO f'HH C pa6oT Oil npeaCTBBJIM nonHyiO BOHHOByiO <)>yHKUIIIO B cnyqae , ecnH 

IT8Jl8JOU1He lJ8CTHU bl H8XOLlRTCSI B OCHOB HOM COCTOfiHHH
1 

B BHlle: 

'l'o = e lko, 

10 
+F 

A 
• 

00 
+ FA • tko i•-;A I 

1• -7A I 
lk tl•-; A~ 10 

+ F B 

I'- ;A I 

00 
+ F 

e 
1•o lr-;ol 

B 
1;- ;-s I 

~·~ 1 •- •sl 
e ----,-
lr - ;:-s I 

+ (9) 

8 B cnyqae, ecnH IT8Q.810lltH 8 lJ8CTHUbl H8XO.llSJTCR B B036y>KJl.8HHOM COCTOSIHHH, B BHtte: 

"' lkl; u 1•1 lr- •A I lktf;->sl 
I • e + FA • + Fll e 

1;-_;A I 
B + 

1;:- _;:-B I ( 10) 

lko 1•-;-A I t•or;-_;- I 
+ F 10 e 10 e B 

A ~- - + FB 
r -r I ~- -A r- 'B I 

AMnnHTyaLI 
F a,{3 

A,B Bbtpa>KBIOTC!I qepea aMnnHTyaht laf3 pacce!IHH!I Ha oTaenbHbiX ueHT-

pax C DOMOUlb iO CHCTeMLI ypaBH e HJ!ti: 
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10 lklPA 
F!l 

tktlr8 _;A 1 
10 lko l;-8 - •:1 (It ) • F e I 10 {. + +loo FB • A B 

I' s - •A I 1;-B _,A I 

lk l rA lktl;s_ rAI 
10 1ko Irs _;A I Fll - Ill { e + Fll e l +lot FB A B 

Irs l; s _ ;-A I - r A 

AaanorH'IHhie ypaaaeHHSI nony'IBJOTCSI anSI ueaTpa B. 06o6meaHe aa c nyqal! 6onb111ero '!Hc na 

pacceHBaTenell TPHBHanbHO. 

PacceSIHHbl9 BOflHbl 6yayT HHTep<!>epHpOB8Tb M9lKilY co6ol! 11 0 ecnH CHCT9M8 pacc e HBa 

Tenel! HM99T npaBHflbHYJO CTpyKTypy ( HanpHMep, K8K B KpHCTBnne) , TO MOlKHO OlKHil8Tb , 

'ITO B H9KOTOpbiX H8np8Bfl9HHSIX 6yayT neTeTb '18CTHUbl npeHMYlll9CTB9HHO B OCHOBHOM COC 

TOSIHHH, B apyrax aanpaaneHHSIX, aao6opoT, - B aoa6ylKJleHHOM ( 6perr os c x oe pacceSIHHe) . 

B 311 Kfli0'19HHe Bblp8lK89M 6naroaapHOCTb n.r. 3acTaBeHKO, A . H. B aaiO, M . H. nonr o 

peuxoMy 11 B.r. 6apbiiiieBcKoMy aa noneaaoe o6cylKJleHae peaynbTBTos. 

nPHnO)KEHI1E 

noKS>KeM,,KaK MeH=eTCH BMIInHTY.llB pacCeSIHHSI HB OT.llenbHOM IIOTeHUHBne IIpH CllBHre 

IIOTeHUH8na H3 TO'tfKH r • 0 B TO'IKy t
1 

nycTb ueHTp noTeHuHana H8X01ll!TCSI B TO 'IKe ·7 : v {;.") - V { 1;-_;I I> . T orna ypaa ae-

HHe llnH 8MIInHTYllbl paccestHHSI t ( f , f) 6yaeT HM9Tb BHil ( CM. n a BblllOB, • Kaa HTO-

BaSI M9X8HHK8', 107.16): 

(n. t) 

B HMnynbCHOM npencTaaneaaa : 

(n. 2 ) 

ypasaeaae anSI 
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-4(k-k');-
't(k ,k'>-~ fd-;v<i;- -r1 J>• + 

(21r) 

+ 2 I' fd .. -4kr _ 11r. 'r - _ (2;)T re V<ir-r
1

J>J" l(k "k') 
L2 " 
L - k + iy 

d k" . 

BaeaeM anH yao6cTBa 3anucu cneay~mue o6o3HaqeHHH: 

.. 
r- r 1 sp q~k-k'; q"ak " -k'. 

nepeUHllJeM ( n,3) B BHae: 

t(k ;k1e
10

•
1

- V(k,k-1 + 
-- tQ";-tA 

2J1. f V(k ,k'1e l(k ", k ' ) 

k 1 -k" +l:y 

(n.3) 

dk" (n.4) 

finH BMUnHTYUbl I( k ,k') pacCeHHHR H8 flOTeHUHane C ueHTpOM B Haqane KOopaHH8T 

ypaBHeHHe HMeeT BHU: 

I (k ,k') D V(k ,k') +21'f V(k ,k'1t(k", k1 dk" 

lr."-k""+iy 

CpaBHHBBH ( n.4) H ( n.s) 'nonyqaeM 

(n.s) 

- - - - -l~r1 
1(k ,k') c I (k.k 1o (n.6) 

nPYiflO:>KEHHE 2 

PaccMoTpHM HHTerpan: 

I•A 
JM 

CCI ,~ c:n ... 
(JIIMo; I'm) f k dk "1u (lr. ', k'1 \> (k ' \a )I :Ia "'l(k " ,lr.) 

k""-< 2 -iy 

x/ 

(n.7) 

Ko8<jl¢HuHeHT A JM ( J2 M • ; I'm ) OTnHlJeH OT HynR TOnbKO B TOM cny1.1ae 1 ec-

nH CYMMB J + f + J O -qeTHoe qucno. Toraa UOUbiHTerpanbHBH <jJyHKUHSI B ( n. 7) SIBnSieT-

CSI l.feTHOH OTHOCHTenbHO H 3MeHeHHSI 3H8K8 k. " • ilei!cTBl!TenbHO, cornacHo <jJopMynaM 

- J ·•k'r~ 
11J(k'k'1YJM (k1 • i (2J+l)f1 1 (r'r'1e i (k "r'1Y < -;-- )dr'dr" <n.s> 

xl 

A JM (J
0

M
0 

;fm)" {(2J o +1)(2f +I) 

4!r(2J + 1) 

8 

J JM r" 
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qeTHOCTb 
J 

pasHa (-1) t 8 qeTHOCTb 

( 11.9) 

pasHa 

8ocnorrb3Y9MCst '<9THOCTbJO nO)lblHTerparrbHOf'O BblpaJKeHIIst II pacrrpOCTpaHIIM IIHTerpllpO

Ba~r)e Ha BCIO BelUeCTBeHHyJO(I~Cbo 110Cl1'3 3TOf'O 3aMeHIIM no,ll HHT9f'p8.liOM j f (1: "r 1 ~) Ha 

h f (l:"ru ) • 110CKOlihKY hf • j +in a "f IIMeeT '<9THOCTb
0 

npOTIIBOnorrOJKHyJO 

j f , TaKast 3aMeHa aerrll'<IIHbi IIHTerpana He MeHsteT. Tenepb MOJKHO 3aMKHyTh nyTh IIH

TerpupoaaHIIst B BepXHel! rrorryn.,OCKOCTH Ayrol! 6eCKOHe'<HOf'O paA»yca. neno B TOM, '<TO COr-

liBCHO ypBBH9HIIJO lllist a KoopaHHBTHOM rrpeacTaaneHHH t = v-vgv MaTpllua 

t -o6pamaeTcst a nynh BHe o6nacT» B3ai!MOAeilcTBifst v1 c paAI!yCOM R 
1 

, a cne-

noaaTenbHo, ee ~yphe-o6pa3 t(l: ,k') He MoJKeT B03pacTaTb a aepxneil nonynnocKoc-
• 110CKOHhKY B paCCMaTpHBB9MOM crryqae BblliOHHS!eTCst ycno-

Bile 'u > R 1 + R ~ ( o6nacTII B3ai!MOJieilcTBI!SI c ueHTpaMII I 11 2 He nepeceKaJOTCSI), To 

h(l)(l:"r) o6ecneqiiT 3KCnOH9HUIIf>lihHOe cnB,llBHHe nOUblHTerpanbHOil ~YHKUIIII B aepXHeil 

nonynnoCKOCTII 11 IIHTerpan no Ayre 6y.lleT pe.aeH HynJO. 

HHTerpan no 3aMKHyToMy KOHTypy npocTo 6epeTCSI; 

( 11.10) 
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