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§ I. B a e n e H H e 

Ill 
B pa6oTe 6bmO yKa3aHo, 'ITO anH peweHHH aana'l nsyx H Tpex HYKUOHOB npH MBITbiX 

9HeprHHX yno6HO HCnOrrb30B8Tb XOpOllJO H3BeCTHblll MeToa peweHHH HHTerparrbHbiX ypaBHeHHil

/2/ 
MeTOLl 6y6HOBa-fanepKHH8 • 3TO 06CTORTeiTbCTBO CBH38HO C TeM, 'ITO npH M8ITbiX 9 Hep-

rHHX noseaeHHe BOITHOBOil ~yHKUHH B o6rr8CTH nellCTBHH RaepHblX CHIT onpenerrHeTCSI B OCHOB

HOM H8ITH'!HeM LlBYX'IBCTH'IHOrO ypoBHSI (pearrbHOro HITH BHPTYBITbHOro) C He60ITbllJOil 9HeprH

ell, 8 9TOM crryqae BOUHOBBH ~yHKUHH B npenerrax noTeHUH8IT8 MeHReTCH LlOCTBTO'IHO nrrBBHO 

(no KpBilHell Mepe CHrrbHO He OCUHUrrHpyeT) H MOlKeT 6biTb XOpOllJO annpOKCHMHpOBBHB CTe

neHHbiM pH noM c He6orrbWHM 'IHCrroM qrreHoB. 

HHlKe 6yneT paccMOTpeHo npHMeHeHHe MeTona 6y6Hoaa-farrepKHHa K aanaqe nayx HyK

rroHoa, B38HMOaellCTBHe KOTOpblX OnHCbiBBeTCH HeKOTOpbiM ~eHOMeHOITOrH'IeCKHM U eHTp8UbHb!M 

noTeHUHBITOM, 8 aaHHOM crryqae MeTOLl 38KIT~'!BeTCH B paarrolKeHHH BOUHOBOfi ~yHKUHH B o6 -

IT8CTH nei!CTBHH noTeHUHBrra no nOITHOil CHCTeMe OpTOrOHBITbHbiX ~YHKUHI!, pBLlHBrrbHb!e 'IBCTH 

KOTOpb!X Bb!6Hpa~TCSI B BHae norrHHOMOB, OpTOrOHBITbHbiX C BeCOM, onpenerr<teMbiM p8J:lH8Ub

HOil aaBHCHMOCTb~ noTeHuHarra. TaKoll Bbi6op 6aaHCHbiX ~YHKUHil noaaorrReT n o n y'IHTb nnst 

BOITHOBOI! ~yHKUHH nei!TpOHB H BMniTHTYLlbl pacceHHHH npH6rrHlKeHHble Bb!palKeHHR, y'IHTbiBB~

mHe MBITOCTb panHyca B38HMOaei!CTBHH OTHOCHTerrbHO xapa KTepHCTH'IeCKHX paaMepoB CHCTe-

• 
Mblo 8 'IBCTHOCTH, Hyrreaoe npH6rrHlKeHHe COOTBeTCTByeT 38MeHe BOITHOBO li ~YHKUHH B o6rrac-

TH aellcTBHH noTeHUH8IT8 ee cpeaHHM 3HB'IeHHeM no 9TOH 06IT8CTH, npH'IeM peweHHe B H y rre

BOM npH6ITHlKeHHH MeTOLlB 6y6HOBa-farrepKHH8 TO)I{lleCTBeHHO COBnaa aeT C TO'!Hb!M peweHHeM 

ypaBHeHHH llJpeaHHrepa c HenoKarrbHbiM ~aKTOpHay~llJHMCH noTeHuHarroM .f!Mary'IH 
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• B o6 -

meM cnyqae npHMeHeHHe MeTona 6y6Hoaa-farrepKHHB B aanaqe nsyx HyKnOHOB aaeT nrrH nap

HOI! t -MBTpHUbl BHe 9HepreTH'IeCKOH noaepXHOC TH npH6 rrHlKeHHOe ~8KTOpH30B8HHOe BblpB 

lKeHHe, YllOBrreTBOpH!Omee He06XOJ:lHMbiM ycrrOBHHM CHMMe TpHH H YHHT8pHOCTH, 
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§ 2. flpH6JIRJKeHHOe BblpSlKeHRe ansi -MS"'PHUbl 

I. Bonaoea<~ <jlyHKUHR, onHCbiBBJOWBSI pacce<~ane aeyx HyKnoaoe, B3BHMoael!cTBHe KoTo-

pb!X xapaKTepH3yeTCSI UeHTpBIIbHbiM noTeHUHBJIOM, yaoeneTBOpSieT cneayJOWeMy HHTerpanb-

aoMy ypaeHeHHIO: 

'l'k {1) 

.... 
lkr 

,;<i -i'> 
V f .. -+ , e + ~{ dpdr -~---l(r')'l'-+{t') 

2rr) p~-Z k ' 

(I) • e 

.. 
rae - ·r1 { r l -noTeHUHan B38HM009ACTBHHt k - aaqaJibHbtl! HMnynbC CTBJIKHBBIO-

x/ 
WHXCSI HYKJIOHOB B c.u.M., z D E + 10 E 3HeprHR B C.U.M. 

flpeanonOlKHM, qTO <jlyHKUHSI I{ r) , onpeaen!IJOWS!I paaHBJibHYJO 3BBHCHMOCTb noTeHUH-

ana, aaaKonocTO!IHHa " qTo cywecTeyeT HHTerpan fd-:l{r) B ,aToM cnyqae eceraa MOJK-

HO noCTpOHTb nonHyJO CHCTeMy OpTOHOpMHpOBSHHhiX <jlyHKUHl! tP /l {?) , 

ycnOBH!IM OpTOrOHSJibHOCTH! 

yaoaneTBOp!I!OWHX 

ecnH ¢,. Cfl 

f dtl{r) ¢ {tl¢*, (r') • S ' ,. ,. P/l 

onpeaenHTb cneayJOWHM o6paaoM: 

¢ {1) .. tPfm>.. {;) ,. ,f Lt.\ {r)Yf., {r) 

rae Y f., -c<jlepHqecKne <jlyHKUHH, L f.\ {r) -opToroaanbHbie nonHHOMbi nop!laKa 

.\ { .\ • 0,1 , 2, ••• ) , anSI KOTOpbtX HMeiOT MeCTO COOTHOWeHH!I OpTOHOpMHpOBBHHOCTH! 

.. ~f 

Jr~ drl{r)r Lt.\ {r)Lf.\' {r) • SA.\' 
0 

(2) 

(3) 

(4) 

/2/ 
Cneay!l M eToay 6 y6aoaa -fanepKHHa , 6yaeM HCKaTb eonaoay10 <jlyHKUHJO a BHae p!laa no 

<~>,.= 

"'-+ {;} • 
I Cu ¢ {-;}, ,. ,.. ,. 

Koa<jl<jJHuHeHTbi KOToporo onpeaenHJOTC!I, cornacao ( 2), cneayiOWHM o6paaoM: 

ells Jdtl{rl</>~(;')'l't{t). 

x/HcnOJib3yeTC!I CHCTeMa eaHHHU, B KOTOpOl! I> - M·l , M - Macca ayKnoaa. 

4 

(5) 

(6) 

J, 
I 

j 

EcnH e (6) noacTaBRTb 

nyqHTb anSI KOs<jl<jJHuHeHTOB 

I [S ' 
' P/l ,. 

rae 

"',. { 

B/Jil 

nerKO BHaeTb, qTO npH on 

TH aeACTBHH noTeHUHana. ~ 

ae ( 3), TBK KSK npH He oc 

MeHReTcR nocTaToqao rrnas 

nonHHOMOB. Bae o6nacTH c 

noMOWbJO ypaaaeHH!I ( I). 

npeacTBBJieHHH BOJIHOByJO <jJ 

"'-+ {p k. 

rae 

t{; • k 

C ToqHOCTbiO ao KOHCTSHT> 

t -MaTpHUbl H yaoanE 

-+ -+ 
t { p • k • z} 

rae 

B BbipSlKeHRH ( 10) MOJKHo 

an !I -MaTpHUhl c neay 

t{;.t 



TIOHOB, B3SHMOneACTBHe KOTO-

IeT cnenyiOmeMy HHTerpanb-

(I) 

bHblA HMnynbC CTBTIKHBBIO

x/ 
c.u.M. 

tnbHyiO 38BHCHMOCTb TIOTeHUH-

8 .aToM cnyqae acerna MOll<-

'p. <?>. ynoaneTBOpS!IOil!HX 

(2) 

(3) 

nonHHOMbt nopS!nKa 

IOpMHpOB8HHOCTH! 

(4) 

0 <!JyHKUHIO B BHne pHna TIO 

(5) 

:RM o6pa 3 oM: 

(6) 

l - Mac ca HyKnoHa . 

EcnH a (6) noncTBBHTb 'P ;<r>l a BHne npaaoA qacTH ypaaHeHHH ( 1), T o n erKo no-

nyqHTb nnH Koa<j><JJHUHeHTOB e p. CHCTeM y TIHH eAHbiX anre6paHq ecKHX YPBBHeHHA: 

rne 

.... 
.... .... f k r J dr f(r) ¢• (r )e 

ll 

(7) 

(8) 

(9) 

nerKO BHneTb, qTo npH Onpene neHHH cp. 
pa3nolKeHHe (5) HcnonhayeTcH TOnbKO a o 6 nac -

TH neACTBI!SI TIOTeHuHana . 3To 06CTOHTenbCT BO onpaanbiBSeT Bbi6op 6a3H C HbiX <!JyHKUHtl B BH

ne (3), TBK KBK npH He OqeHb 6onbillHX 3HeprHHX BOnHOBSSI <!JyHKUHSI B npenenax TIOTCHUHana 

M eHHeTCSI noCTSTOqHO nnaBHO H MOJKe T 6o!Tb XOpOillO annpOKCHMHpOBBHS He6onbillHM qHCnOM 

nonHHOMoa. B He o6nacTR netlcTBHH noTeHuua"a aonHoBaH <jJyHKURH nonJKHa onpenenS!TbCH c 

noMOil!biO ypaaHeHHS! (I). B qacTHOCTH, H3 3Toro ypaaHeHRS! cne nyeT, qTo a HMnynbC HOM 

npenCTBBneHRH BOnHOByiO <!JyHKUHIO MOlKHO 3/;lTIHCSTb B cne nyiOil!eM BRae: 

.. 3 .. .. ... t (;. k. z ) 
"'; (p)- (2rr) 8(p -k) + 

p - Z 

rne 

( 10) 

C TOqHOCTbiO no KOHCT8HTbl t (p,t, z) 
coananae T c o6biqHbiM ~npenenenHeM na p Hotl 

rne 

I -M8TpliU bl H ynoaneTBOpS!eT H3BeCTHOMy HHTerpanbHOMy ypaaHeHHIO : 

.... 
-t pr 

f(pl~Jd-;e f(r) . 

B BbipaJKeHHR ( 10) MOJKHO aoc nonb30BaTbCS! an" 'I' it (-;) 

-M8TpHU bl c nenyiOUiee npH6nHJKeHHOe <jJa KTOpH30B8HHOe Bblp8)!(eHHe : 

!(;,;, z)- v 
4rr 

I M*., (p)c., (k,Z), 
p. r r 

(II) 

( 12) 



KOTOpOe MOlKHO pacnpOCTp8HHTb H8 npOH3BOilbHble 3H8'1eHHS! KOMnneKCHOrO napaMeTpa, BXOOS!

tUero a ypaaHeHHe ( 11 ). E c nH a xaqecTae 6a3HCHbiX <jJyHKUHil Bbi6paHbi <jJyHKUHH ( 3), TO cor

nacHo cooT HO meHHS!M ( 6) -( 9) Bbipa :xeHHe ( 12) nerxo npeo6pa3yeTcl! x BHoy: .... 
... ... pk 

t(p,k,Z) s f(2f + l)tf (p,k, Z)Pf(pr), ( 13) 

rne 

t f ( p , k , Z ) • V t M fA ( p) c fA ( k , Z ) , ( 14) 

M fA (p) ~ 
"" f 
Jr~ drf(r)r Lf>. (r)j t(pr) ( 15) 

j f ( pr ) c<!>epH'Ie~xaH <jJyHKU HS! 6eccenll . Ko3<j><jJHuHeHTbi cfA (k , Z) a ( 14) yooa-

neTBOpS!IOT c n eOyiOIUHM CHCT e M8M llHHellHbiX anre6p8H'IeCKHX y p8 BHeHHil: 

t_[ li ,\,\ ' - Bf, ,\,\ , ( Z ) l c fA , (k, Z ) • M fA ( k) , ( 16) 

roe 

B f ,\,\! z) • 2 V J"' ~ M fA (p) M fA , ( p ) 
• -- P dp --r-----

" n p2 - z 
(17) 

AMnnHTyoa pacceHHHS! F ( k', k-+ ) CBSI3UH8 C t -MaTpHuell ( 10) cneoyiOillHM o6pa3oM: 

... ... .... 2 2 
F(k ', k) • t(k',k,E+iO) j k' sk -E, 

OTKyoa 0 115! napUH8/lbHOil 8MnnHTY0L>I F f ( k) cornacHo (13) H (14), cneoyeT : 

~ 
F (k) • VI. M fA (k)cfA (k,k + iO) . 

f >. 
( 18) 

2. J'I3BeCTHO, 'ITO I -M8TpHU8 , HB/lHIOIUE.HCS! pellleHHeM ypaaHeHHH ( 11), yOOB/le TB0-

/4/ 
pS!eT ycnOBHHM CHMMeTpHH H YHHT8pHOCTH , KOTOpble OilS! napUHB/lbHbiX KOMnOHeHT HMeiOT 

cneoyiOIIlHil BHO : 
I f ( p , k , Z) a If ( k, p , Z * ) 

( 19) 

t f(p,k,s + iO)-tf(p,k,s-iO) = 

6 

~' 

nerxo noxa3BTb, 'ITO npHoJ 

HOIIJeHHS!M (19) H (20). ile 

oyiOIUeMy paaeHcTay: 

I. 
A 

KOTOpoe MOlKHO nony'IHTb > 

cornacHo (17) B 
f,,\,\ ' 

yo• 

4ToDbi noxa3aTb c npaaeam 

nonbayeMCH H3BeCTHbiM npt 

pr 
• roe p oaaaqaeT rnaBH• 

Toroa H3 ( 16 ) H (21) c ne 

roe 

I. (11 ,\,\). • ).,a ) 
A' 

I.(ll,\,\-(s)hA 
A' 

ll ,\,\ ,(.) ~ 

Y!3 ycnOBHH ( 20) H Bblp8lK 

I. M fA ( P) h 
A 

+hA(p ,s) 

cnpaseonHBOCTb xoToporo 

3. B onHo Ball <jJyHxuHo 

n e TBOpHeT OOHOPOOHOMY HI 



lneKCHoro napa MeTpa, axo.a.R-

6p8 Hbl <!JyHKUI!l! (3), TO Cor-

'· ( 13) 

( 14) 

( 15) 

.\ ( k , z l 
BHeHHll: 

B ( 14 ) yllOB-

(16) 

( 17) 

li ( 10) c n eayJOIIIHM o6pa3oM : 

) 11 ( 14), en en yeT : 

( 18) 

ypaBHeHI!st (I I) , yaoeneTBO -

•UHBnbHbiX KOMJlOHeHT HMeJOT 

( 19) 

(20) 

nerKO nOK838Tb, 'ITO npH6nHlKeHHOe Bblp8lKe HHe ( 14) l:tnst If ( p, k, z) yaoeneTBOp5IeT COOT

HOIIIeHH51M ( 19) H (20). fleliCTBl!TenbHO, ycnOBI!e ( 19) COBMeCTHO C ( 14) npiiBOill!T K c n e -

llYIOIIIeMy paeeHCTBy: 

KOTOpOe MOlKHO nonyqHTb HenocpellCTBeHHO 113 Cl!C T eMbi ypaeneHHll ( 16) , ecnl! y'ieCTb , 'ITO 

corn acHo ( 17) 8 
f, M ' 

y noeneTeopsteT ycnoBH51M : 

1.JTo6bi llOK838Tb cnpaeennHBOCTb COO THOIIIeHI!SI ( 20) llMI npH6nHJKeHHOH 

nonh3yeMCSI H3BeCTHbiM npellC T llBn eHHeM CHHryn51pHbiX <jJyHKUIIH : 

t - M8TpHUbl 1 BOC-

p - • ±. 10 
• P~ + i1rS(p

2 
- s ) 

p - • 

• r ne p 03H8'18eT rnaBHOe 3H8 'ieHHe, H,KpOMe TOr0, 38llll llleM c f.\ (p ,s ± 10) B BHD.e: 

c f.\ ( p , • ± iO l • a ,1. ( p , s l ± ib .\ ( p , s l . (21) 

Torna 113 (16) H (2 1) c n eayeT, '<TO 

(22) 

rne .. 

Yl3 ycnOBif51 (20) H Bblp8lKeHHll ( 14) H (2 1) BbiTeKaeT CneLtYJOUlee paBeHCTBO : 

+ b A (p,s) b,~_ , (k,s)- i [a,~_ (p,s)b A,(k,s l-a,~_ , (k, s) b A (p,s) II .' 

cnpaeennHBOCTh KOToporo n e rKo ycTaHOBI!Th c noMOUlhJO ypaBHe iiHll ( 22). 

3. B o nHoeast <!JyHKUHst 'I'd (r l CBSI38HH Or O S - coc T051Hl!st aayx HyKnOHOB ynoe-

neTBOpsteT 0/lHOpOilHOMy l!HTerpan hHOMY ypaBHeH H JO: 

7 



.;(;_--;,, 
V ..... e 

'I' (r) • ~fdpdr' "+a" 
d (2fT) p 

f( r ') '11 d ( r') 
( 23) 

rne a 
2 

- 3HeprHH CB5!3H ueliTpoHa. Ecn11 pa3nOJKHTb 'I'd (r) no 6a3HCHblM <)JyHKUH5!M 

(3) c = 0, To nnH onpeneneHHH xo~HuHeHTOB pa3noJKeHHH c 0A BMeCTO ( 16) 

nony'IHTC5! OllHOpOUH85! C HCTeMa nHHe11HblX anre6p8H'!eCKHX ypaBHeHHll: 

2 
:£ [8M,- Bo.M'(-a 
A' 

2 
) l COA (-a ) - 0 . (24) 

3Ta cHcTeMa ypaBHeHHA HMeeT neTpHBHa.'IbHOe peweHHe, ecnH ee onpenenHTenb posen Hymo: 

.. 2 

IBM,- Bo.M' (-a ll• 0 ( 25) 

Ycnoswe (25) MOJKHO paccMaTpHBaTb KaK ypasnenMe nnH co6cTBeHHoro 3Ha'!eHH5! 
2 

a 3To 

yCnOBHe npHBO.llHT T8K )f{e K fl05IBileHHlO ITOil10C8 ITpH Z • - Q ~ B 5 -KOMITOHeHTe 

MaTpHUbl ( 14). 113 ypaBHeHH5! ( 23) nerKO nony'IHTb 0 no aHanorHH C BblBOilOM BbipaJKeHH5! 

( )2) BOnHOBYIO !jlyHKUH!O neilTpOH8 B HMnynbCHO¥ npellCTBaneHHH: 

N 2 
'I'd (p) • ~ :£ cOA (-a )MOA (p) 

p +a A (26) 

t -

rne N - HOpMMpOBO'!HaSI KOHcTaHTa . BbipaJKeJme ( 26) <)JaKTH'IeCKH npeucTa BnHeT co6oll 

npH6nHJKenHe no cTeneHHM a • o , rne r O - pallHYC B38HMOUellCTBil5! 0 TaK KaK H3 on-

peneneHHSI (15) MfA (p) H H3 C BOliCTB OpToroHanbHblX nonHHOMOB L fA (r) c ne.nyeT, ttTo 

B paanoJKeHHH M 0 A ( p) no cTeneHHM p H8HHH31118H C TeHeHb 6y.neT He MeHbll1e, qeM 

A , a B BO.'IHOBOll !jlyHKUHH nellTpOHa CyWeCTBeHHbl HMilynbCbl nopHilKa a . AnanorM'I-

HO npH 

no (kr 0) 

k ;: a 
D 

rne 

Bb!paJKeHHe ( 18.) ll.'ISI aMnnHTYilbl pacceSIHH5! CnpaBell.'IHBO C TO'IHOCTblO 

D -MaKCHManbHblll nop5!1lOK HCI10nb3yeMblX llOnHHOMOB, npH k < a 

llOBe)leHHe BO.'IHOBOA !jlyHK UliH OllpenenHeTC5! B OCHOBHOM HanH'!HeM 6nH3KOrO ypOBHSI, H B 

3TOM cnyqae, KaK H lln5! C B5!38HHOrO COCT0 5!HH5! 0 n apaMeTpOM pa3nOJKeHHSI 6yneT ar O • 

4. PaccMOTpHM 6onee nonpo6Ho peweHHe aana 'IH nayx HyKnOHOB B 5 -COCTOHHHH B 

HynesoM npn6nHJKeHHH MeTona 6y6Hosa-ranepKHHa, B 3 TOM cnyqae B paanoJKeHHH ( 5) nc

nonb3yeTCH TOnbKO onHa 6aancHaSI ¢YHK!lHSI ( 3) c f • A ~ 0 • 3To oaHa'!aeT, 'ITO s o6nac

TH neACTBHSI noTeHUHana BOnHOB8SI <)JyHKUHSI annpOKCHMHpyeTCSI KOHCTBHTOll - CpellHHM 3Ha -

'!eHHeM ¢yHKUHH no o6nacTH noTeHuHana. Cornac.Ho BbipaJKeHHSIM ( 14) , ( 16) H (26), s -

KOMITOHeHT8 t - MaTpHUb l H BOnHOBaSI <)JyHKUHSI neliTpOHa B HyneBOM n pH6n HJKeHHH HMeiOT 

COOTBeTCTBeHHO cnenyiOWHll BHil (HHileKC f = 0 HH JKe yKa3b!BaTbCSI He 6yneT): 

8 

.I 

rn e 

Boo 

N 

a H3 y cnoBHH (25) cnenyeT 

PeweHHe B HyneooM npH6nH: 

HbiM peweHHeM 3ana'IH nsy~ 

<)JaKTOpH3ylOUlHMC5! llOTeHUMa; 

g ( p ) g (p ' ) 
131

• Taxoe c 

'Ill <)JopManbHO MOJKHO pace M 

HMilynbCHOM npenCTBBneHHH 

JKeHHblM <)JaKTOpH30BaHHblM 

pa.'IbHblX ypaBHeHHl! H3BeCTH 

6y6HOBa-fanepKHH8 H MeTOL 

JKe npn6nHJKeHHOMy peweHH• 

Tb10 BKillOttHTellbHO .llO ttlleH 

B b !paJKeHHSIX ( 14) H ( 26) Bl 

H MeHbl1le, no 3 TOMy H3 Bbf~ 

HHSI ll,llH t -M8TpHU bf H f 

D.nH 3TOrO 38MeTHM, qTO C 

ilanee 1101lCT8BHM B BblpaJKE 

( I 5) H npoHHTerpHpyeM no 



(23) 

no 683HCHblM ¢yHKUH!IM 

!H!I COA BMeCTO ( 16) 

(24) 

onpeaennTenb paaeH Hynro: 

( 25) 

2 
a 3To 

B S -KOMnOHeHTe t -

H C BblBOllOM BbtpaJKeHH!I 

I • (26) 

ecKH npeacTaBn!leT co6oA 

MO.Oetl:CTBHR 1 T8K KBK ll3 on -

MOB Lf>.(r) cnea.yeT, l.ITO 

eHb 6yaeT He MeHbrne, qeM 

nopHaKa a . 

cnpaaeanHBO C TOqHOCTbiD 

: nonHHOMOB, npH k < a 

M 6nH3KOrO ypOBH!I, H B 

3noJKeHH!I 6yaeT ar 0 • 

10HOB B S - COCTOSIHHH B 

tae B pa3noJKeHHH ( 5) nc-

3To 03HaqaeT, qTo a o6nac-

OHCTaHTOH - cpe.UHHM 3H8-

( 14), ( 16) H (26), s -
yneBOM npH6AHJKeHHH HMeiDT 

8TbC!I He 6yaeT): 

I 

M0 (p)M 0 (k) 
t(p,k,Zl. v _____ _ 

1 - B 00 (Z) 

Mo (pl 
'II d (p) • N ---r--r 

p +a 

Boo (Z) • 
2V 

1T 
f 

2 

f 
2 M o (p) 

p dp 2 2 2 
( P +a ) 

8 H3 ycnOBH!I (25) cneayeT COOTHOllieHHe: 

2 

1 ~ 2V M o (p) 

1T P + a 

(27) 

(28) 

(29) 

(30) 

(3 1) 

PeweHne a HyneBoM npH6nHJKeHnn MeToaa 6y6Hoaa-ranepKHHa (27)-(31) coanaaaeT c Toq-

HblM peweHHeM 38ll8't!H llBYX HYKIIOHOB 1 B38HMOOeHCTBliC KOTOpblX OITHCbiB8eTCSI HellOK8llbH biM 

¢aKTOpH3yiDWHMC!I noTeHUH8nOM HMaryqn, HMeiDWHM B HMnynbCHOM npeacTaBneHHH BHll 

/3/ 
g ( p) g (p' ) • TaKoe coanaaeHHe o6'b!ICH!IeTC!I TeM, qTo aaeaeHne noTeHuHana HMary-

qH ¢opManbHO MOJKHO paccMaTpHBaTb KAK npH6nnJKeHHoe perneHHe ypaBHeHn !l WpeaHHrepa a 

nMnynbCHOM npeacTaaneHHH nyTeM 38MeHbt noKanbHoro noTeHuHana f (I;- ; • l l npn6nH-

JKeHHblM ¢aKTOpH30B8HHblM BbtpaJKeHHeM g(p) g( p ') • B TO JKe apeM~ H3 To?opnH HHTer-

panbHb!X ypaBHeHHl! H3BeCTH0 0 qTo npH COOTBeTCTByiDWeM Bbt6ope 683HCHblX ¢yHKUHii MeTOll 

6y6HOB8-fanepKHH8 H MeTOll npH6nH~.eHHOA ¢aKTOpH38UHH !!llp8 npHBOll!IT K OllHOMy H TOMy 

/5/ 
JKe npH6nHJKeHHOMY perneHHro • PeweHHe B HyneBoM npn6nHJKeHHH cnpaaeanHBO c TOqHoc -

TblO BKIIIOl.{HTellbHO .QO qneHOB1 llMHeHHbiX ITO p8.0HyCy B38HM:>neACTBHR r O , TBK K BK B 

BbtpaJKeHH!IX ( )4) H ( 26) BKA8ll qneHOB C A > 1 npH pr 0 < 1 
2 

6yaeT nopHaKa ( pr 0 ) 

H MeHbllie, no3TOMY H3 BbtpaJKeHHH ( 27) -( 31) MOJKHO nerKO nonyqHTb H3BeCTHbte pa3nOJKe

/6/ 
HH!I lln!l t -M8TpHUbl H BOAI!OBOii ¢yHKUHH aeilTpOH8 B AHHel!HOM npH6nHJKeHHH no r 0 

2 
DnSI 3Toro aaMeTHM, ttTO c TOttHOCTbiO .no qneHOB nopsrnKa r 0 HMeeM: 

(32) 

llanee nOUCT8BHM B BbtpaJKeHH!I ( 29) .-( 3)) B !IBHOM BHlle M O (p) cornacHo onpeaeneHnro 

(I 5) H npoHHTerpnpyeM no p . nocne 3Toro nerKo nonyqHTb c neayrowHe pa3nOJKeHn!l: 

9 



rne 

a 
VLo ! - I 

B (E + !0) • __ (1 1 + _ yE Ia - _Ela + ... ) • 
00 2 2 6 

~ 

a 
Lo 
--<~I _a 1 

16 rra a T a + · · · l , 

a a 
VLo a 1 + ~I a - ... l • I. __ (lt-ra 6 

2 

1 0 • f rdrl(r) fr ' dr' l(r ' l[(r +r')" -lr-r ' I 
0 0 

Ecn11 Tenepb aocno'lb3 0BBTbCSI BblpalKeHIISIMII ( 32) - ( 35) 11 paanolKeHIIeM unSI 

pacceRHI!SI 
1 a a 

k ctg 8 • I- ( k, k , k + !0) + lk • - ..!.. + ~ r 
0 

k - ••• , 

(33) 

(34) 

(35) 

S -4>aabi 

rne a - nni!H8 pacceSIHIISI, TO nnSI TpllnneTHOA t -MaTpiiUbl II BOnHOBOli cj>yHKUIIII nell-

TpoHa MOlKHO nonyqi!Tb c neny!OIUIIe BblpalKeHIIH, cnpasenni!Bble B niiHeliHoM np116n11lKeHIIII no r0 

t(p,k,E +10) • -(a+iv'Ef+~•o<a'+ E) 

IJI d (p) • 2y2rra (I +~ar 0 ) -;;,-----,:r 
P a+ a 

(36) 

(37) 

5. CymecTBeHHbJM MOMeHTOM B npiiMeHeHIIII MeTana 6y6Hoaa -fanepKHHa SIBnSieTCSI aon
/2/ 

poe o era cxonHMOCTII. B noKB3bJBaeTcSI, qTo 3TOT MeTon npiiMeHIITenbHO K IIHTerpanb-

HbiM ypaBHeHIISIM SIBflSieTCSI CXOllSilUIIMCSI npoueCCOM, ecnll S!!lp8 IIHTerpanbHblX ypaBHeHIItl 

KB8llp8TIIqHO IIHTerpHpye Mbl II onpeneneHbl B npOCTpaHCTBe KB8Up8THqHQ IIHTerpllpyeMbiX 

cj>yHKUIIli. npoCTBSI 38MeH8 cj>y HKUIIII V f IJI • IJI' B ypaBHeHI!ll ( I) II COOTBeTCTBy!OIUee nepe-

onpenene1111e yf ~p • ~~ 68311CHbtX cj>yHKUIIli He 113 MeHSIT nonyqeHHblX BbtWe peweHIIli, npH-

qeM B 3TOM cnyqae ycnOBHe KBaupaTIIqHoA IIHTerpllpyeMOCTII Slllpa 

eMoro BbtpalKe HIIeM 
~ •itc:_;,, 

IC(;, -:·) • [f(r)f(r'll fdp _"---,.----
pa - Z 

6yneT BbtnonHeHo, ecn11 6yneT orpa aHqea c neny!Otllll ll HHTerpan: 
a 

- f d:dp' lf(p-p'll 
(pa-Z)( p' z• l 

10 

.. 
IC ( r , ;+ ' ) , onpenenSI-

3TOT I!HTerpan MOlKeT 6b1Tb 

o6paaoM: 

T. e . orpaHHqeHo , ecnH 

ycn oamo: 

B 3TOM cnyqae np1!6nHlKeHHO 

pS!UK8 np116nl!lKeHIISI D K 1 

fd;f(r) I 'I' .. (;: 
k 

JlnSI t - M8Tp11Ubl COrnaCHC 

H8nHC8Th: 

rne 

It 

M.( _ V _)
2 fc 

41T 

npHqeM M .. o npH n ... o. 

lmZ .;. 3To 

lm Z .. 0 T8K KBK 

npepblBHOli cj>yHKUI!eil napaMe 

§ 3. 

OcHOBHo tl uenb!O pewe1 

CSI HeKOTOpblM cj>eHOMeHOnor: 

MelKny napaMeTpaMII noTeHu 

HilS! a a nnHHa pacceSIHH 

B Kaqec Tae npHMepa npHMe 

Bbr: 

np11qeM orpaHHqHMCSI TOflbK 

B KOTOpOil f3• 1 . JlnSI yno 

B aToM c nyqae f(r)- .-• 

c n enyeT 1 l.fTO OHH C TOttHOC· 



(33) 

(34) 

(35) 

l 0 

Jaano>KeHHeM nnSI S -<!>aabt 

opHUbl H BO/lHOBOl! <jlyHKUHH Jlel!

' B llHHeliHOM npH6/lHlKeHHH no r
0 

(36) 

(37) 

HOBa-fanepKHHB HB/lHeTCH BOn-

npHMeHHTellbHO K IIHTerpBilb

oa IIHTerpanbHbtX ypasHeHIIl! 

8Jlp8TII'IHO IIHTerpHpyeMbiX 

( I) H cooTBeTcTsytowee nepe

>nyqelfHbtx Bbtwe peweHIIll , np11-.. 
(( ( r ' ;> ' ) , onpeaenH-

an: 

3ToT III!Terpan MOlKeT 6btTb o ueHe H c noMOWbto HepaseHCTBa K owH-6 y H HKOBCK oro c n eaytoWIIM 

o6paaoM : 

Toe. o rpa HI!'IeHo, ecnH np11 ReZ>O lmZ lo 0 , a noTeHullan f (r) yaosneTBOpHeT 

ycnosnto: 

(38) 

B a TOM cnyqae np1161llllKeHHOe pewe1111e ypaBHeHHH (I) CXOJlHTCH n p H yBe/lH'IeHHH no-

p HJlKB npH61ll!lKeHHH n K TO'IHOMy peWeHHIO IJI .. 
k 

s cpeaHeM: 

-+ .. (n) ... 2 
fdr!(rl i iJI; ( r) -IJiii (rll .. 0, n -+ oo . 

LlnH t -Ma T p HUbl corn aCHO ( 10) Ha OC HOBBHHII HepaseHCTBa KowH-6yHHKOBCKOrO MOlKHO 

H8nHC8Tb! 

ltC p .. ,k, z l-
(n) ... ... 2 

(p,k,Zll ~ M 

rae 

, ecnH KOHe'IeH HHTerpan fd-; f ( r ) H ecnH npH Re Z > 0 

lmZ ~ 0 3TO YCilOBHe C XOJlHMOCTH HMeeT MeCTO H B npeaenbHOM cny~ae 

Im Z .. 0 T8K K8K t - MaTpHua, yaosneTBOpHtoWaH ypasHeHHto ( 11 ), HBnHeTcH He 

npepbiBHOll <jlyHKUHeil napaMeTpa z /4/ 

§ 3 . KoHKpeTHbtil npHMep: n o TeHullan IOKaBbt 

0CHOBHOH uenbto peweHHH 38Jla'III JlBYX HYKilOHOB 0 B3811MOJlel\cT91!e KOTOpbiX Oll H CbiB8eT -

CH HeKoTopbtM <jleHoMeHonorll~ecKHM noTeHUH a n oM U(r) , HBnHeTCSI yCT8HOBneHHe CBH3H 

MelKJlY napaMeTp8MH llOTeHUII8/l8 II T 8KH MH Be/lii'IHHBMII , K8K 3Hepi'11H C BH38HHOI'O COCTOH 

HHH a2 ani!HB pacceHHIIH , a<jl<jleKTIIBHblli p8JlllyC B3811M0Jlel!CTBIIH 
/7/ 

r o H T .Jl. 

B KaqecTse npi!Mepa npi!MeHeHIIH MeToaa 6y6Hosa - fanepKI!Ha paccMoTpiiM noTeHullan IOKa-

B bl ! 

-fJr 
U(r)•-V e 

fJr ( 39 ) 

5 -COC TOHHHeM H 6yll,e M H CflOnb30BBTb CHCTeMy e.ll HHHU, 

B KOTOpOii fJ• 1 o LlnH Yll06CTB8 6yJle M T B KlKe OllyCKBTb HHJleKC f • 0 o 

B a TOM c n yqae f(r) • .-• / r 11 113 ycnOBIIH (4) opToroHanbHOCTII noni!HOMOB L,1. (r) 
I /8/ 

CnenyeT, 'ITO OHH C TO'IHOC Tb iO UO KOHCT3f!T bl COB/l8Jl810T C llOili!HOMBMH Jlarrepa i\ (r) : 



-IS I 

L A ( r l • [A ! (A+ 1 )t] l\ (rl 

CornacHo (14) MA (p) Bbtpa>Ka!OTCSI c neay10WHM o6pa3oM : 

1 ~ oo -r 1 
M A (p) • - [AJ( A+ I )J] · f dre i'\ ( r) sinpr . 

p 0 

B '!BCTHOCTH, ans. rrepBbiX aayx rrpH6nH>KeHHli A - 0 ,1 HMeeM: 

2 

M ( p) • ::----7 
0 1 + p 

M (p) ~v2~ 
I (I+ p ) 

COOTBeTCBeHHO H3 Bbtpa>K e HHSI ( 17) c nenyeT: 

8
00 

( k
2

+i0) -
v 

2(1-ii<l 

• 
2 2 v ( 1 - 3 ik ) 

8
01 

(k + iO) = 8 10 (k +iOl~ 
8 

8
11 

(k
2 

+ iO)-

4y2(1- ik) 

2 
V(l-4ik- 5 k 

8(1- ik) 

2 2 
BM , (-a ) • BM,(k + iOl \ k • i a 

(40) 

(41) 

(42) 

Cas.3b aenH'!HH, xapHKTepH3Y!OWHX pacceSIHHe, c rrapaMeTpaMH rroTeHuHana MO>KHO rrony'!HTb, 

ecnH COllOCT8BHTb p83llO>KeHHe 8MllllHTYl\bl paCCeSIHHSI ( 18) ITO CTerreHS!M k C H3BeCT-

HbiM p83llO>KeHHeM -<jla3bl: 

-I 
k ctg 8 = F ( k) + ik ~ -

+ 1 2 
-r'ok 

Toraa ,Hcrronb3YH Bbtpa>Ke HHH ( 41) H ( 42) , nerKo rrony'lHTb anSI rrepBbJX aayx rrpH6nH>KeHHli 

cne!ly!OWHe BWpa>KeHHSI llllH llllHHW paCCeSIHHSI a H 3¢$eKTHBHOrO p8!1HYC8 

aoe rrpu6nH>KeHHe ( A = 0 ) 

v -2 

2V 

nepaoe rrpu6nH>KeHHe (A = 0, l ) 

'o 
4 + v 

v 

2 
32 - 20 v + v 

4V(8-V) 

r = 
0 

__ 1 __ ( 64-18V-3V
2 

+ ~(16 + V)]. 
V ( 8 -V) 

12 

r • 
0. Hyne-

(43) 

(44) 

CooT-BeTCTBeHHO H3 ( 24) -( 26 : 

TpOH8 H ypaBHeHHSI llllSI 

Hyneaoe rrpH6nH>KeHHe: 

a • 

lp d ( p 

' 
nepaoe rrpH6nH>KeHHe: 

lp d ( p) 

2 
V - 4V(5-+ 

rue 

No -

N
1 

• (1 + 

llnS! llOTeHUH8ll8 (3 9) 6 

paccei'IHHSI 3<jJ<jleKTHBI 

KHHa. Pe3ynbT8 T bi <I llll!OCTPHI' 

rny6HH bl rroTeHuHana V OT 

OTBeTCTBeHHO rpa<jJHKH 38BHCP. 

n -o,I,2,3 YK83blB810T 

MbiX nonHHOMOB ( 40). H a acE 

pa6oTb/ 
11

• B Ta6nHue I npH 

CTBy10wero Hyneaoli 3HeprHH 

I 
3 H8'!eHHe, B3SITOe H3 pa60Tbl 

B MeToae Ey6Hoaa-fan 

aonen. B § 2 6binH Bbt6paHbi 

BHile OpTOrOH8llbHblX llOllHHOIII 

na. J.•b puc. 1-3 H Ta6nHUbi 

'!11Cll8 llOllHHOMOB aaeT pe3yT 

cny>KaT OCHOBOli rrpH 8H8llH3e 

3TOli TO'!KH 3peHHSI MO>KHO C< 

uaeT uocTaTO'lHO xopoweA ex 
I 



eM: 

k ) 
--8 

ik) 

(40) 

(41) 

(42) 

i IIOTeHUHBna MO~HO nonyqHTb 1 

) CTeneHSIM k C H3 BeCT-

llnSI nepBbiX llBYX npH6nH)I(eHHI< 

IBHoro panHyca 

1 . 

r • 
0. H y ne-

(43) 

(44) 

CooT.BeTCTBeHHO H3 ( 24) -( 26) BbiTeKaiOT c nellY!OlllHe Bbipa)l(eHHSI llnSI BOnHOBOI< <i>YHKUHH net<-

Tp0H8 H ypBBHeHHSI llnSI a • 

Hynesoe npH6nH)I(BHHe: 

1p <I ( p) 

nepaoe npH6nH)I(eHHe: 

lp <I (.p) 

2 
v 4 V ( 5 + 12a + 9a 

2 
) + 32 (I + 

rue 

8 ~ 
N0 • [81111 (I + a) l , 

6at 

+ 3a 

. -
2a(l+Sa)t

2 

+ 
(I + la) 

2 
2(l+a) -V 

2 

{l + • ~P P+ 
1 

40+a) ] • 
1 + 3 a 

• a) • 0 , 

]~ 

(45) 

(46) 

2 lln!! nOTBHUllana ( 3 9) 6binH Bbi'IHCnBHbl 3Heprl!SI CBSI3H llBYX HyKnOHOB a , nnnHa 

paccestHHH a a <!><!>eKTHBHhiA panHyc r 0 nm1 p!!na npH6nH)I(BHHA MeTona Ey6Hoaa-ranep-

KHHa. PeaynbTaTbi ;InniOCTpHpyiOTCSI pHc. 1-3. Ha pHc. I H306p8)1(BHhl rpa<!>HKH 3aBHCHMOCTH 

r n y6HHbi noTeHuHana v OT a (B BllHHHUaX 3HeprHH h 
2 f3 2 

/M ) , a HB pHC , 2 H 3 - CO

OTBBTCTBeHHO rpa<!>HKH 3aBHCIIMOCTel< a H 'o (a ellHHHUaX l/ f3 ) OT V VlHilBKCbi 

D • 0,} ,2,3 YK83blB810T IIOpH.llOK llpH6nHJKeHHSI, T.e. M8KCHM8nhHbiA' nopstAOK HCIIOnb3ye-

M biX nonHHOMOB (40). Ha BCBX pHCyHKaX n yHKTHpHbiB nHHHH COOTBBTCTByiOT pe3ynbT8T8M 

171 
pa6oTbi • B Ta6nHue I npHBeneHbi TaK"'e aHa'!eHHSI rny6HHbi noTeHuHana V 0 , cooTaeT -

CTBYIOWBrO Hyneaol< 3HeprHH CBSI3H llBYX HyKnOHOB, npH'IBM B fi OCnBilHBM CTOn6ue yKa3aHO 

171 
3 Ha'!eHHe , B 3SITOB H3 pa60Tbl • 

§ 4. 3 a K n 10 'I e H H e 

B MeTone Ey6Hoaa-ranepKHHa Bbi6op 6aaHC H h ix <!>yHKuHA a nocT aTO 'IHOA cTenei!H npoHa

aoneH. B § 2 6binH B b i 6pallbi 6aaHCIIbie <I>YHKUHH ( 3) c npocToA panH a nbiiOA aaBHCHMOCTbiO a 

BHilB OpTOrOHanbHblX nonHHOMOB, BHil KOTOpblX Ollii03Ha'IHO OflpBilBil!lBTCSI <l>opMOI< noTBIIUHa

na. VIa pHc. 1-3 H Ta6nHUbi I BHiliiO, 'ITO B a ToM cnyqae HC n onbaosaHHe na)l(e 11e6onbworo 

'IHCna nonHHOMOB naeT peaynbTaThi, 6nH3KHe K peaynbTaTaM pa6oTh/
7 1

, KoTopbie o6bi'IHO 

cny)l(aT OCHOBOA npH a11anHae HyKnOH-HyKnOHHOrO B 3aHMOilB I<CTBHS1 npH ManbiX 3HeprHS1X. C 

3ToA TO'IKH 3peHHSI MO)I(HO C'IHTaTb, 'ITO a naHHOM c n y qae MeTOil Ey6Hosa-ranepKHHa o6na-

naeT llOCT8TQqHQ XOpoweA CXOllHMOCThiO. 
I 

13 



MeTOA 6y6HOB8-f8nepKHH8 B 38A8qe nayx Hyxn oHoB MO~Ho p8CCM8TpHB8T,b K8K Me -

TOA IIOCTpOeHHg ang A8HHOrO IIOT9HUH8n8 U( r ) HexoToporo Henox8nbHor o ~8KTOpHay~mero -

cg IIOT9HUH8n8, KOTOpblll COA9plKHT TO ~e C8M09 qHCnO 118p8M9TpOB, qTo H HCXOAHbll! 110-

TeHUH8n U ( r) . llei!CTBHTenbHO, ecnH H9110Cp9ACTB9HHO B yp8BHeHHH llJpeAHHrep8 B HMnynb-

CHOM 11p9LlCT8Bn9HHH nOK8nbHblll IIOT9HUH8n I (;- p') 38M9HH T b HenOK8nbHblM 

I(;, p') • '& M*l' (p)MI' (p') TO nerKO llpHliTH K peaynbT8T8M ( 12), (25) H (26). 06biq-

HO p8CCM8TpHB8~TCSI ~HOM9HOnOrHqeCKHe IIOT9HUH8nLI, COA9plK81UH9 AB8 118p8M9Tp8 - rny-

6HHY H p8AHyC, KOTOpbie Ollpeaeng~Tcg H3 cneay~WHX 3KC119pHM9HT8nbHblX BenHqHH: 3HeprHII 

CBSI3H A9HTpOH8 0 TpllllneTHOH II CHI{rneTHOll AnHll p8CC9SIHHSI, CI!HrneTHOrO 3<jxj>eKTHBHOrO 

p8Anyc8. lln11 HexoToporo nopgax8 npR6nHlKeHHg 118p8M9Tpbl IIOT9HUH8n8 MOryT 6b!Tb 

onpeneneHbi c noMOlllb~ rp8~HKOB, H3o6palKeHHbiX H8 pHc. 1-3. Torna H3 ( 13) H ( 14) c ne-

AY~T cooTBeTCTBy~mne npH6nHlKeHHbie Bbip8~eHHg ang -M8Tpi!Ubi BHe 3Hepre1'Hqecxoll no-

• 
BepXHOCTH, 4>8KTOpH30B8HHbl9 Bblp8lK9HHSI ( 13) -( 1 4) Ang t - M8TpHUbl MOlKHO H9110Cpea-

/9/ 
C TBeHHO Rcnonb30B8Tb B HHTerp8nbHbiX yp8BH9 HHSIX <ll8aaeeB8 nng Tpex HyKnOHOB. B 3TOM 

cnyq8e CHCT9M8 MHOrOMepHblX HHTerp8nbHb!X yp8BB9HHll <!JaaaeeB8 CBOAHTCg K CHCTeMe OAHO 

M9pHblX HHTerp8nbHblX yp8BH9HHli, pemeHHe KOTOpOll llpH HBnHqllH 3n9KTpOHHb!X BblqHCnHTenb -

HhiX MBUJHH snonae nocTyrrao. 

B 38Kn~qeHHe aBTop Bbipa~8eT 6naroaaHOCTb B. l1. <llypM8HY 11 11 . 11. lllenoHuea y 38 

BbiiTOnHeHHe qHcneHHbiX pacqeTOB. 

T a 6 n H u 8 

3HaqeHHg rny6HHbl IIOT9HUHana Y0 , COOTBeTCTBY~lllero HyneBoil 3HeprHH CBg3H, B 

3aBHCHMOCTH OT nopgnxa npH6nH~9HHg D , 3HaqeHH9 B IIOCneAH9M CTOn6ue B3SITO H3 pa6o 

/7/ 
Tbl 

D 0 2 3 

Yo 2 1,754 1,1'02 1,687 1,683 
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pH C, 1. 
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'1,0 

3,6 

3,2 

2.8 

2/f 

2,0 

(,6 
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MO~HO p8CCM8TpH B8 Tb K8K Me-

0~0 HenOK8!JbHO~O ~8KTOpH3YIDWe~o 

apaMeTpOB, 'ITO H HCXOllHbiH ll0 -

1 ypaBHeHnn WpeanH~epa B nMrrynb-

38 M9HHTb HenOKBnbHblM 

"!JbT8T8M (!2), ( 25) H (26). 06bl'l-

ooaep~a1une asa rrapaMeTpa - ~ny-

cnepHMeHT8!JbHbiX Be!JH'IHH : 3Hep~HH 

HH 1 CHHrneTHOrO ~eKTHBHOrO 

MeTpbl llOTeHUH8lJ8 MO~yT 6b1Tb 

1-3. To~aa na (13) H (14) c ne-

- MaTpHUbl BHe 3Hep~e1'H 'IeCKOii no-

t - M8TpHUbl MO~HO Herrocpe!l 
/9/ 

!Ba am• Tpex HyKnOHOB. B 3TOM 

8lllleeBa CBOUHTCg K CHCTeMe OllHO-

·anH qJI H 3 n 9KTpOHHbiX Bbll.fHCnHT9nb-

l>ypMaHy 11 11 . 11. WenoHuesy aa 

ue~o HynesoA 3Hep~HH eag an, B 

ocneaHeM cTon6ue B3gTo na pa6o-

3 

1,687 1,683 

' a 

lear , v. II , Paris , 1964. 

>II ~H3HKe. rVJ TTn, MocKBa, 1957. 
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