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1. 8 a e A e s a e 

Ill 
8 paooTe noxa3aao, 'ITO pe3Aeneaae nepeMeHHbiX a ypaaaeass lllpeAHHrepa stam•eT-

CSI 3<jxj>exTHBHb!M M9TOAOM DOCTp09HHlt DOnHblX H860pOB ooepaTOpOB, I<OMMYTHpy!OOlHX C ra­

MHnbTOBHSHOM a Apyr c ApyroM. ( KoacTaHTbl pa3Aeneaast IIJIIlltiOTcst co6cTaesabiMH 3Ha'le­

HHstMH STHX onepaTopoa). 38Aa'la nocTpoessst nonHbiX aa6opoa Taxax onepaTopoa ao3aaxaeT 

ESE npH HCCnaAOB8BHH B03MOlKRblX CHCTeM C06CTB9HHblX ,PysE!IHA, THK H npa paCCMOTpeaaH 
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aonpoca 0 BbiClliHX CHMM9TpHS!X B KB8RTOBOI! M9XSHHK9 , 

HapHAY c nonHbiM pa3AenesaeM nepeMeBBbiX TaK aa3biBaeMoe P -pa3AeneHse ( 'IHCT­

HbiM cny'IHBM KOToporo HBnH9TClt nonaoe p83Aeneaae ) , TSEJKa A89T B03MOlKROCTb flOCTpo­

HTb AHaroaan&Hbl9 onepaTOpbl 0 COOTB9TCTBY!ODlH9 KBSHTOBblM 'IHCnaM, onpeAeneHHbiM HS TOll 

ana HHOI! CHCT9M9 C06CTB9HHbl!'.: ljlysxoal!, 0o9TOMY 6binO 6b! 9CT9CTB9RRO paCCMOTp9Tb cny­

'181!, 6onee o6mal! no cpaBR9RH!O CO CTHBAHPTHblM npH9MOM perneHBH KBSBTOBOM9XSRH'I9CEHX 

38AH'I, ocaoaaaaoM aa nonaoM pa3A&neaaa nepeMeaHbiX a ypaaseasa lllpeAHHrepa, - P -

pa3Aeneaae nepeMeHHblX. TaKBB 38AS'18 HRTepecs8 H noTOMy, 'ITO AnSI 8TOM8 BOAOPOA8 B 

HMnynbCHOM npeACTeBneHHH cymecTBy!OT 6 (AKCKp9TRblll cneKTp) ana 34 (senpepb!BHblll 

cnexTp) B03MOJKHblX aa6opOB KBBHTOBbiX 'IHCan, COOTB9TCTByiOOlHX CHCT9M8M KOOpAHBBT, B 

Ill 
KOTOpbiX pa3AenSIIOTCSI nepeMeHRbiB ypaaaesHSI a aMnyn&cHOM npocTpaacTae OpeAcTsa-

nSinoc& 38M8H'IHBblM sal!Ta asanor 9THX CHCT9M B KOOpAHHBTHOM npOCTpBHCTD9 H HCcneno­

B8Tb nonSI, Ana xoTopbiX nepeMeRHbie pa3nemnoTCSI, K coJKanessiO, a 3TOM cMbicne pe3yn&­

TaT paOO Tbl OTpHoBT9nbHbll! - B 3BKnHAOBOM npOCTpHHCTBe nep8M8RHb19 B ypaBH9RHH lllpe-

AHsrepa P - p83A9nSI !OTCB TOnbKO B TaX CHCT9M8X KOOpAHHST, KOTOpb!B AOnyCKH!OT non-

aoe pa3Aenease nepeMeHHbiX • 

8 nepaoA 'IHCTH pa6oTbi paccMaTpHBSIOTCSI o6mae aonpocbl P -pa3AenesaSI nepeMes-

Hb!X B ypaBHB'IHH lllpeAHHrepa B 

XOAHMbl9 H AOCTSTO'IHbi9 ycnOBH Sl 

H B BOnHOBOM ypaBH9HHH , 

D -MBpHOM pHMSHOBOM npOCTp8HCTB8, 0ony'I9Hbl H906-

p -p83AeneHHSl nepeMBHHblX B ypaBH9HHH lllpeAHHrepa 

8Topaa 'IBCTb pa60Tbi nocaamesa accneAOB8HHIO pa3A&neaaa nepeMBHHbiX a ypaasesss 
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lllpeAasrepa a ssaapaasTaoll ljlopMe, 8 p86oTe noK838Ho, 'ITO ypaaaeaae lllpeAHarep8 

npeACTSBHMO B HHBHpHHHTHOll ljlopMe o6o6measoro ypaaH9BHH lllpeAHHrepa B KOHij>OpMHO-aB­

KnHAOBOM npocTpaacTae, npH'IBM noTeanaan nponopnsosanes cxanSipsoll KpHBH3se SToro npo-
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CTp8HCTB8 H 8BTOM8THqecKH yaoBneTBOp~eT ycnOBHD paaaenSHH~ nepeMeHHhlX. nocneaaee 
/3/ 

nonoJKeaae B pa6oTe 6binO npaaeaeao 6ea ao~~:aaaTenbCTaa; Mhl ero aoKaJKeM HHJKe. 

2 • 06!llHe BODpOChl 

PaccMOTpHM a npocTpaacTae R n , n > 2 , onpeaenReMoM ae!llecTBeHHhlM naael!HhlM 

3Jl9M8HTOM 

~ I I 
d a • a 11 dx dx 

rae a 11 -OCHOBHOJ! T9H30p DpOCTJ18HCTDa B DO HHA9KC8M 

MHpoaaaae, o6o6!lleaaoe ypaaaeaae lllpeAaarepa 

3A9Cb ll.~ 

F[u] "' ll.~ u + (E-V)u • 0 . 

/4/ 
-BTOpOl! AH<I>¢ep8HllH8nbHbil! D8p8MeTp 6enbTp8MB 

II ~ I 1 k k 
ll.~ u - a (a u/ax ax -r., au;ax ) • 

k u 

(2.1) 

H DpOBOAHTCR CyM-

(2.2) 

r., -cHMBOnbi KpacTo<l>¢en~ 2-ro poAa, BenaqRHbl • ODP9A9n.IIIOTCR DpH DOMOillH 

ypaaaeaal! a 1k a
11 -ll~ ; l , k • l, ... n • ByaeM roaopHTh, qTo ypaaaeaae (2.2) AonycxaeT 

p -p83A8D8HH9 nepeMeHHbiX B CHCT8Me KOOpAHH8T ( X I 0 

eT peweHR~ B ~OpMe npoH3B9A9HRR 

u -

1 1 2 ~ 11 a. 
u (x ) u ( x ) ••• u (x 

P(x , x~ , ••• x 0
) 

x2 
X D ) 0 8CnR ORO RMe-

(2.3) 

rAe P(x) -10 -anonae onpeAeneuaa~ ~yaxua~, a u 
1 

( x 
1 

) -mo6oe peweaae o6btKaoaeaaoro 

AB#epeanaanbaoro ypaaaeaa~ BToporo nop~AI<a 

~ 

F 1 (u] • d u + L ( I d u ~(d ) 1 X ,u,_) = 0 
x dx• (2.4) 

no I -Toll aeaaaacaMol! nepeMeaaol!. Ecna P(x) -npoaaaeAeaae aaua 

1 1 2 2 11 Q 

P ( x ) • P ( x ) P (x ) ••• P (x ) , (2.5) 

TO Mbl MO>KeM CllenaTb P • 1 , BKmoqaa P 
1 

(x 
1 

) B u 
1 

(x 
1 

) • B :;rroM cnyqae ypaaaeaae 

( 2.2) uonycxaeT nonaoe paaAeneaae nepeMeHHbtX. 

I . Mbt 6yneM paccMaTpBB8Th B npocTpaacTae Rn CHCT9Mhl I<OOpARH8T (X I ~ , x 

X ) , .O.n~ XOTOpb!X KOOpUHR8TBbl8 DOB9pXBOCTR OpTOrOH8DbRbl 0 T.e. DRH8l!Hb19 3Jl9M8H-

Thl BBU8 
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2 I 2 
ds ~ a tt ( dx ) • 

3TO He npHBOl:tHT K orpBHH'teHHJO 06!llHOCTH, T,K, OpTOrOHBITbHOCTb KOOpl:tHHBTHbiX CHCTeM ae­

nocpel:tCTB9HHO BbtTeKaeT H3 ycnoBHll (2,3) pa3neneaall nepeMeHHbtX s ypasaeHHH (2,2).Dou-

cTasxs B ( 2,2) <jlyHKUHJO B BHl:t9 ( 2,3) 0 nony'tHM 

~ lj + .._a 
I.J~I 

l"j 

l: 
k, f,l c I 

Pacc MoTpHM BblpB>Keeue BHLIB 

n u k (x k ) D a It I n u k (x k) lj I I 
F[u]-::.:k•::.:1 ___ l: F 1 [a ]=k=l [l: a (u )1u l'-

p 1-1 ur P I,J-1 

Ill 

OH O o6p8lll89TCll B Hynb an11 mo6btX peweHHA u 1 (x 
1 

) 06btKHOB9HHbiX llH<fJ<jlepeHUHBITb-

n ~o•x y paaueaaA ( 2,4), Bonee Toro, paaeacTBO eynJO aonJKHO 6btTb TOJKUeCTBOM no ¢yaKUHliM 

u I (xI ) H HX npOH3BOl!HbiM, TBK KBIC B npOTHBHOM Cnyqae Mbl MOrnH 6bt p8CCM8TpHB8Tb 

ero KBK yp8BH9HH9 nepBOrO noplll!KB OTHOCHT9ITbHO KHKOA -nH60 <!JyHKUHH o
1 

(xI) , nOUC-

T 8Bl:B BM9 CTO OCT8ITbHbiX <jlyHKUHA ITpOH3BOnbHble peweHHH COOTBeTCT3YJOITlHX 

o6blKHOB9HHhtX na.p<jlepeKIIHBnbHhtX ypaaaeaaA. Qqeaauao, 'ITO ypaaeeaue nepaoro noplll:tKB ae 

MOJK9T YllOBIT9TBOpliTbCll BC9MH peWeHHliMH ypBBH9HHll 2-ro nOplll!K8 0 'ITO npOTHBOp9'tHT on-

peneneaHJO ycnoBHll 

BB no u 1 H (o 1 
) ' 

II . noKaJKeM, 'ITO 

P -paaueneHHll nepeMeHHblx. CneucTBHeM TOJKuecTaeaaocTn paaeacT­

stBnHeTcH, B qaCTHOCTH, yCnOBHe atJ ""' 0, i ,f.. j . 

P -p83UeneHH9 nepeM9HHblX B yp8BH9HHH ( 2,2) 3KBIYB8IT9HTHO 

nonaoMy paaueneHHIO nepeMOHHhtX B ypaaaeHHH 
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- k -
F[ul•6~ u +P (E-V)u •0 , 

rne 6~ onpenenea sa npocTpaacTBe R. 

·k 
aiJ =- p aiJ ' 

D 

, OCHOBHOA T9H30p KOTOporo 

• Ita a=T 

v- v +I ~P- _a __ < Jo aP > 
·-1 . 1 . ax 1 ~~. 

V p all 

(2.8) 

(2.7) 

(2.8) 

neAcTBHT9DbRO, 9CDH ypaBR9BH9 (2,2) llODyCK89T P -paaneneaae nepeMeBabtX B CHCTeMe 

)(00pllHH8T ( X I , X ~ , •• • X 
0 

) npOCTp8HCTB8 R n 0 T , e, HM&eT pell!OBBH B BBll9 ( 2,3), 

TO, O~eBHllHO, qTQ yp8BH9HHe 

F'[u)•PF[P-
1

u)• 0 
(2.9) 

6yneT RM9Tb p9lll9HHH B BHll9 u (x) • u I (xI ) u ~ (x 2 ) ... u"(xJ, rna u I (X I ) YllOBD9TBOpH~T TOM 

JKe o6btKaoseaabtM na<PIPepeanaanbHhiM ypasueoBHM ( 2,4), T.e. nonycxaeT nonaoe paaneneaae 

nepeMeHBhiX. 

nepeDHlll9M yp8BB9BK9 ( 2.2) B BKll9 

lj I 
F [ u ) • 8 "'J + b u1 + cu • 0 , 

(2.2') 

a 'a' 2 1 , .• ,, u 1 
Pile U l • Of' X , U IJ •J U ax ar ; a a a , b R C HBnSIJOTCSI 38.Q8HHbiMH <J>yHJt-

UHHMH oT x • Torna ypasaeaae {2.9) npaMeT cneny~mall san: 

-9 9 ll I ll I tj lj 
F '[u)" e F[e u 1•8 u 11 +(b +2a 91 )u; +(c +b 9

1 
+a 1\

1 
+a 9t 9l )u • 0, (2.10) 

rne 0-6Cx>= P(x), 9
1

• a9/ax 1 9u - a2 
9/ax 1 a.' • OnpenenBM BODII'IHHbi 

cneny~mBM o6paaoM: 

1 I kf I 
a•b+arkf 

{2.11) 

QqeBHllHO, 'ITO y ypaBBOHBH { 2,2') BC9 a
1 

• 0 I 

I I kf I kfr I 
a c b +a rkf =-a kf - 0. (2.12) 

nna ypaBBOBISI { 2,10) HMeeM ( a ,lj • 8 ll ) 
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I I lf I ko I 
• ' = h- +•- r;{ = b - + • < rke = 

I II kf I 1 II II 
~ b +2• /JI +• rkf =• +2a /JI =2• /JI (2.13) 

PaccMoTpHM Tenepb ypaaaeaae, nonyqeaaoe yMHOJKeHHeM neaotl "!BCTR ypaaaean!l 

(2,10) HB HeKOTOpyro <f>yHKUH!O OT 

(2.14) 

0TMe"!8!1 K09<jJ<f>HUHeHTbl npeo6p830B8HHOrO ypaBHeHH!I 'lepTofl, 6y}leM HMeTb <f>opMyDbl; 

a'IJ e ~Ball I ~o b 1 ~o -
= b' 

~· c = e c (2.15) 

0"leBHJlHO, 'ITO 

~o 
"II • e .;1 (2.16) 

H 8CCOUHHpOB8HHOe C yp8BH9HH9M ( 2,14) DpOCT;>8HCTBO onpeJlen!leTC!I DHH9f!Hb!M 3D9M9HTOM 

(2.17) 

Mbl MOJKeM Bbi'IHCDHTb B9DH'IHHbl ;;-I llD!I ypaBHeHH.R ( 2.14), BOCDO.,b30B8BlliHCb cne!lyro-

/4/ 
IUHM COOTHOlli9HH9M MelKJly CHMBOD8MH KpHCTo<f><f>en.R 2-ro pOllS npocTpaHCTB, OCHOBHbl9 

T9H30pb! KOTOpblX CB!I38.tbl M9lK/lY co6ofl <f>opMynotl ( 2.16) > 

(2.18) 

rile , 113 Bblp8JKeHHfl ( 2,15) H ( 2.18) nony"'HM 

, k b' k r, k .JI 
a = + IJ a 

-kf-
+ •• /J f l = 

(2.19) 
~o k _kf-

• e [;;' + ( o -2) a /J f J 

Bbi6epeM MHOJKHTenb B yp8BHeHHH ( 2.14) TSK, 'IT06b! 'IDel!bl 3TOrO ypaB-

HeHH.R, COJlepJKamae npoH3BOilHbie nepnoro H BToporo nop.RJlKa HMena BH/l A~ u , rlle 

onepaTop A~ onpe!leneH HB npOCTp8HI7:TBe C OCHOBHbiM T9H30pOM ( 2,16) • nocKODbKy 3TO 

npOCTp8HCTBO onpenen.ReTC.R KBK p83 T8KHM o6p830M, "'T06b! KOa<f><fJHUH9HTbl DpH BTOpblX 

UpOH3BOilHblX ypaBH9HH!I ( 2,14) COBD8/l8DH C COOTB9TCTBYIOIUHMH K03<P<!>HUHeHT8MH B Bblp8-
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JKaHHH am• onepaTopa 6 2 ,onpeaeneaaoro aa MeTpH!Ce ( 2.17), ocTaeTCst noTpe6oBHTh, 
-I -1 -kf I 

'<T06bl BCe BenH'<HHbl a ;;; 0 , nel!CTBHTenhHO, B aTOM Cny'<Ha b • -a r kf 

H coaepJKamae npouasoaHbie qneabi ypasaeaaa ( 2.14) aanawyTCH B saae 6. 2 u , rae 

onepaTop 6.
2 

onpeaenea aa MeTpHKe (2.17), noacTHBHB B BbtpaJKeaua (2.19) senH'<HHbi 

, k 
a H3 

-k 
( 2.13) H nonoJKHB a = 0 , nony'<HM cneayiOmyiO cncTaMy ypaaaeaul! anst onpe-

aeneaHH ljlyaKIIHH B(x) : 
kj 28 - kJ - kj 

2 a 8 J a (n-2) e a 8 J a (n-2) a 11, 

nocneaaHH sceraa paapewnMa 

i(x) a _
2_ /i (x) +cons!. 

n- 2 
(2.20) 

TaKHM o6paaoM, npu 
-28 -.~2/ipk 

e • e • 
4 

k•i1=2, ypaaaeaae (2.14) HMaeT 1 rne 

cneayiOmHl! saa 

- -IJ - I - kf k lj lj I k 
F[u)•a u1J -r;.f a u 1 +P (E-V+a 111, +a Iii OJ +b 8 1 la•~u+P (E-V)u•O 

rae onepaTop A 2 

4 
k= --­

n - 2 

onpeaenea 88 npOCTpHHCTBe C OCHOBHWM TeH30poM 

·k 
a lJ - p •u 

(2.u') 

(2. 17') 

npaBeaeM BenH'<HRY v K BHay, KOTOpblll B aanhael!WeM 6yaeT am< HHC yao6Hb!M 

2 2 
I J IJ I II P1 p II p 1 I pI 

y. V-a 8 -a 81 /iJ -b 81 =V-a (-=r-~)-a -+ b ,.-
IJ p p p r 

II 2 JJ rIP II 2P a JJ 1 
= V + _•_ (P - ~) - a JJ I = V + _a - ( pll - PI (_I + -n-rJJ ) ) . 

p II p p p P a 

3aech acnonh3oBHao ycnosae opToroaanhHOCTB a"- o; i ,j -1 •... n • i .{j; P1 - aP/ax
1 

• 

npeanonaraeTcH cyMMHpoBHHHe. Ha ,Pop-2 I 2 
P11 • a P/ax , 

/4/ 
Myn ( 15, 7) pa6oThl 

no HHaaXCHM H 

aeTpyaao nony'<HTh cneay10mee BbtpaJKeaae 

I .IJ I 

, •• .....-rr- r JJ 

a ,;-; 
a;r'• 

"II 

(2.21) 
all ./ --=a <v• v· a.r &j""j""" > 

r.ae a -det\a 1f \ H •u - ~ acnen.cTBHe opToroaalibuocTR IoopD.HBaTahlx 
a 

nosepxaocTell. noacTaBnHH BbipaJKeaae ( 2.21) B npeabtaymee, nony'<HM 

8 



I 
i 

v w V +~-' P11 - P1 [~!_- ~- -~ •. -L~-~-Jll a v + i !:_ }_ ( Y~ ~ ). 
p p r. "'. •u lalya a.• p •u a. (2.22) 

11TaK, yTaeplKli9HHe, c¢opMynapoaaaao9 B aaqan9 nyaxTa II , liOKa3aHo ( <j>opMynbl ( 2.14), 

(2.17') H (2.22)). 

Ill PaccMoTpHM nonao9 pa3ll9n9HH9 n9p9M9HHhiX B ypaBH9HHH ( 2.6) 

k k -
F [u] = ~~ u + (P E -P V ) o • 

3KBHBHD9HTHOM ypaBH9HHIO ( 2. 2 ). 

F [o]• 0 1 

- k 
F [ u ] s P F'[ u] (2.2) 

Ecna ypaBH9HII9 ( 2.2) nonycxa9T P -pa3li9D9HH9 n9p9M9HHhiX a CHCT9M9 xoopliHHaT 

( X I , X~ , ... X n , T,9, HM99T p9W9HHH B BH/:19 ( 2,3), TO <j>yHKilHH 0 a IT u 1 (xI ) 
1=1 

(r~:~c u
1 

(x
1 

) -n106o9 p9W9HH9 Tex JK9 o6biKHOB9BHhiX na<lxJ>ep9HilH8nbHbiX ypaBH9HHll ( 2.4), 

'ITO a <!>yaxnaa o
1

(x
1

) B (2.3))6yllyT, 0'19BHilHO, p9W9HHHMH ypaaH9HH!I (2.6), T.9. noc­

n91lH99 ~:~onycKa9T nonao9 pa3li9D9HH9 n9peM9HHhiX. C ~:~pyroll cTopoHhi, 9cnn ypaBH9HH9 

( 2.6) ~:~onycKa9T nonao9 pa3li9D9HH9 nep9M9RHhiX, T.9. HM99T 

TO ypaBH9HH9 ( 2.2) HM99T peW9HH!I u (x) = P ITu
1 

(x
1 

), rne u1 

1•1 

p9w9HH!I a aa1:19 u (x) -ITu
1 

(x
1 

) • 
1=1 

(xI ) YllOBD9TBOp!!IOT T9M 

JK9 pa3li9D9HHhiM ypaBH9HH!IM, TaKHM o6pa3oM 
1
BM9CTO P -pa31l9neaa!l n9p9M9HHbiX a 

ypaBl!9HHH ( 2.2) MOJKI!O p8CCM8TpHB6Tb DORH09 p63li9D9HH9 n9p9M9HHblX B 3KBHBHR9HTHOM 

9My ypaBH9HHH ( 2.6). 

H9o6xOliHMhl9 a nocTaTO'IHbi2 ycnoBH!I nonaoro pa3li9R9HH!I n9p9M9HHbiX a ypaaa9HHH 

( 2.6) n9rKo nony'IHTb, acnonb3y!l 9ro aHanornJO c ypaBH9HH9M lllpenaarepa. Kax H3B9CTac{
51 

ypaBH9HH9 llJp91lHHrepa liODyCK89T B CHCT9M9 KOOpllHHST ( X I , X~ , • •• x npOCTpHHCTBH 

Rn ds~= a 11 (dxt )~ rronHoe paa.neneaHe nepeMeHHbiX B TOM H TonbKO B TOM cnyttae, 
I t I 

ecnacym9CTBYJOT .~ <j>yHKnnll ¢ 11 =¢ 11 (x) n 2n <l>YHKilHll f 1 -f1 (x ),)(
1
=)(

1
(x ), 

YllOBR9TBOp!I!OlllHX ycnOBB!IM 

lj 

o:O , i, j = 1 , ... n (A) 

(B) 

<P - n 1 
Va tal~~ 

<P = det 1¢11 I (C) 
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-I 
rne I~¢ >11 -onpenenuTenb, o6paTHbiA onpenenHTemo I11TeKKenH I ¢ 11 I . 
a•Ila 11 1•1 

Ypasaeaae (2,2) npencTaBHMO B ~opMe 

n -1 
F [u 1 c I (if> ) 11 F1 [u 1 • 0 , 

1•1 

a paaneneHHbl9 ypaBH9HHSI HM9IOT BH/l 

F (u] ~ 1 a (I au ) (: 
I - r;- .....---r I -:-r- + "- a I if> II + v ) u • 0 

• ox . a. 1-1 ""1 • 

i m 1 ,2 1 •• · D 

(2.23) 

(2.24) 

rne a I • E , a 2 , .• • a n - KOHCTaHTbl paaneneHHSI ( CYIII&CTB&HHO, 'ITO paRr MaTpRnbl 

llaF I /aal 11 paBeH n ), 

YpaBH9HHe (2.6) BM&CTO nOCTOSIHHOII conep>KHT npoR3B&Jl9HRe pk E . no3TOMy,ecnu 

BMecTo onpenenuTenH lilTeKKenH I¢ 11 I Mbl sseneM onpenenuTenb, aneMeHThl KoToporo 

-k 

p "'11 "'12 ... "''· 
I.P,I I· 

-k "' p "'21 22 "'2· (2.25) 

p-k "'·' "'·2 "'·· 

rne if> •if>u (xI) , TO, paccMaTpHBaSI ypaBH&HHO (2,6) <j>opManbHO KaK ypaBH&HHe llipe/lHH-
11 

repa, Mbl nony'IHM H906XO/lHMbl9 H /lOCTaTO'IHbl& ycnOBHSI paaneneHHSI B ROM nepeMeHHbiX B 

BUlle ycnOBHA (A),(B),(C), B KOTOpbiX B&nH'IHHbl if> II 3aM&H9Hbl Ha ¢ 11 R3 (2,25), 

PaaneneHHbie ypasaeHHH 6ynyT uMeTb sun: 

F I ( u ]a .L h ( II fT) +(a I if> II + X I ) u • 
11 ox· a • 

• 1 a a. , k - k 
"'fj"dx'(ll ~)+(EP p "'II+ Ia,.Pu+x,> 'u- 1 a (I au) 

• 1-2 "a;r , ~ (2.26) 

+(a 1 ¢ 11 +x 1> u -o, a 1 •PkE, a 1 •a 1 , j•2, ... n, 

/~ I 
T,e, 38BHCSIT TOnbKO OT 0/lHOtl nepeMeHHOA. 113BeCTHO , 'ITO Tpe6oBBHHe ¢ 11 •¢ 11 ( x 

( T,e, <jlyaKnuu ¢> 11 non>KHhi 6biTb aneMeHTaMH onpenenuTenH lliTeKK&nH) o6ycnosneao 

TOM, 'IT06bl KBlK/l bltl qneH CyMMbl no B ypaBH&HHH ( 2,24) 38BHCen TOnbKO OT x 1 

H 'IT06bi MHHOpbt aneMeHTOB nepsoro cTon6na onpenenuTenH I¢> 11 I He 38BHcenH OT s: 
j 

Qqesunao, 'ITO s cnyqae ypasaeauH (2,6) onpenenuTenb li,1 (2,25) ynosneTsopHeT 3THM 

Tpe6osaHHHM. TaKHM o6paaoM 1nnH nonaoro paaneneHHH nepeM&HHbiX B ypasaeauu 
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B CHCTeMe KoopaHHBT ( x
1 

,x 
D -~- 12 

·•• X ) , do c 811 (dx ) H900XOaHMO H aOCTBTO'IHO cyru&CTBOBB-

!lHe n 
2 

<jlyHKUH l! cp 11 = cp 11 (xI ) H 2n <jlyHKUHll f1 • f 1 (x
1
),X 1 •x1 (x

1
),TBKHX,'ITO 

(2.27) 

(2.28) 

(2.29) 

- · I 
rae I ( ¢ 11 ) I -<>npeaenaTeJib, oopaTHbtl! onpenenaTemo I ¢ 11 I , nocTpoeaaoMy cornacao 

<jlopMyne ( 2.25) • 

3. HeooxoaHMble a nocTaTo'IBbte ycnoaast P -paaneneaast nepeMeaa~x 

a ypaaaeaaa Wpenaarepa 

B~paaaM BeiiH'IHHbl, oTaocstmaec st K onpenenaTenJO l¢11 

Tenst illTeKKenst I ¢ 11 I • Ha (2.25) HM&eM: 

qepea 3JieMeHTbl onpenena-

(3.1 ) 

k - 1 
• p (cp ) II (3.2) 

(3.3) 

Ocaosao l! TeB3op npocTpaHcTBa R. , aa MeTpaKe KOToporo onpenenea onepaTop 6. 2 

yp8BH9HH!t ( 2.6) 0 CB!t38H C OCHOBH~M TeH30pOM llpOCTpBHCTBB R 0 0 B KOTOpoM M~ pac-

cMaTpHBBeM ypaBaeaae Wpenaarepa ( 2.2), <jlopMynaMH ( 2. 7) 

• k 4 == D"'="T . (2.7) 

Ecna y pasaeane ( 2.6) a cacTeMe KoopnaaaT ( x 1 . x 
2 

, .. . x npocTpaBCTBa R • (co-
--;---2 - 1 2 

OTBeTCTByJOWHll JIHHe l!HbiA 3/I&MeHT d s = a II ( dx ) ) nonycKaeT nonaoe paaneneane ne-

peMeHHbtX, TO ypa saeaae ( 2.2) nonycKaeT P -paaneneaae nepeMeHBbiX a cHCTeMe Koop-

naaaT ( x 1 , x 2 ... x • ) npocTpaacTBa R. ( cooTBeTcTyJOrual! nsaeABbiA 3neMeBT 

d s 2 =a 11 (dx 1 )
2 

. pk a 11 (dx 1 l
2 

=Pkds 2 ). HcnoJib3YH <jlopMyllbi (3.1)-(3.3), (2.7),aansweM yc-

IIOBBst (2.27), (2.28) B (2.29) B T9pMHB8X OCHOBHOro TeH30p8 npOCTp8HCTB8 R 0 

-u k 11 --1 k -1 
a • P a • (cp \I • P (cp ) 11 i • 1, ... n 

II 



0Txyna: 

rne V 

k- ~ --1 I a lr. -1 I 
P V • (t/J \ 1 )( 1 (x ) •I P (t/J \1 )(1 (x ) , ·- ·-· k(o-3) 

.... --y--
¢ _P tP - p tP 

vr - p -¥- ..;. - ;;-: 

all • <¢·1 )II . •'' -o ' 
D -1 I 

V -1~1(¢ )II )(I (x ) 

P3t/J 
--- n­v;- ·-~ ,, 

3 • 

- P <P n I 
y.-- ~-1 Tl 

i,j •I , ... n , i,O: j , 

Jl89TCSI <j>opMynol! (2.8). Bocnonb30B8BillHCb ycnOBH9M (3.6), nony'IIIM: 

-I 

v- v +.!.... i ~ ~ <ff_ a P > • v + L i <¢ \ 1 a (1
1 

aP > 
p 1•1 v• ax p ... a;r pl•l -r;- R" TxT 

YpaaneKHe (2.2) a cHcTeMe xoopnHKBT 
I 3 " 

(X , X , .,, X ) npOCTp8KCTB8 

(3.4) 

(3.5) 

(3.6) 

R. c 

nHKellKhtM sneMeKTOM da
3

- a 11 dx
1 

dx1 nonycxaeT P -pasneneKHe nepeMenKwx a 

TOM H TOnbKO B TOM cnyqae, ecnH cymecTBYIDT <j>yKKUHSI P (x) ,0:0, n
3 

<j>yHKUIIII 

t/J 11 -¢11 (x 1 ) H 2n <j>yKKIIHII 11 (x 1 ),)( 1 (x 1 ), TBKHX 1'1TO: 

8 11. (.1.-1) II 
'+" u·• 

• -1 

•0, l+i, i ,j• l, ... n 

v + ~ I ~!_.2.!_1 
p 1•1 '• 

-I 

a ap 0 
-1 1 

-a-' < '• -;-r > B I < <P > x < • 
X ax t~:~l 11 t 

p3 ¢ 

~ 

. 
- n 1 I• I.-;-

(Ai 

(B) 

(C ) 

rne ¢ • del I ¢ 11 I , a I<¢ >, 1 I - onpenenHTen&, o6paTHbitl onpenenHTeniO ll!TexxenR. 

31!39HX8pTOM 6bin8 

3 

171 
nonyqeaa cnenyiOmaR <jlopMa ycnoaul! (A) 

atnla 11 J alnla 11 JiJinl~~t 1 1 atnJa 11 
ax' ax k - --a;r- -a;r- + _a:._.~.:._ 

a1n 1'"11 I + Jln l•ul ~~~~. o. k f. j, 
axk --~ a.• 

i,j,k•l, ... D 

H IIOX838HO, 'ITO , TBX KBX llflSI illT9KKeneBCKOI! MeTpHKH ( T.e. JlflSI MeTpHKH, yJloBneTBOpSliO-

mel! ycnoBHBM (A) ) TeKsop PII'I'<H R 11 paaea 

3 a
3 

<tn~>. 
R 11 • r a;rTxT I ¢ I 

TO ycnoaae Po6epTcoKa ( C l 

P~ (x~ ... P: (x 
0

)) npHKHM89T BHil 

nonKoro pasneneKHB nepeMeK&hiX ( T.e. 

R11 • 0 , i ,0: j, l,j • I , .. . n • 

(3.7) 

I I 
P (x) = P1 ( x 

norapH<I>MHPYB H llH<I><!>epeBIIHpyB <j>opMyny ( C l , nony'IHM c y'leToM ( 3. 7): 
3 3 

.;..~- R 11 (l,j•l, ... n , i,O:j) . 
a. a. 

(C') 

12 
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TaKBR <jlopMa ycnoBHR (C) n03aonReT cpa3y cnenaT& cnenyiOntHi! BbiBOA. Tax KaK 

AITH npOCTpaHCT8 3l!HlllT9iiHa ( K KOTOpblM '· B 'laCTHOCTH 70THOCHTCH npOCTpaHCTB8 llOCTOHHHOi! 
/4/ 

KpHBII3Hbl) cnpaBeAITHBO cnenyiOntee COOTHOlll9HH9 ; 

(3.8) 

rne R ~a II R II a R II T9H30p PH'I'IH , TO acnencTBHe ycnoBHil opToroaanbaoc-

TH (A) a
11 

• 0, i ~ j HM99M 

B aTOM cnyqae cHcTeMa na.P.PepeanHanbHbrX ypaaaeaHi! ( C ' l 

p ( s ) • p {s I , ... s n) ) HMeeT nHlllb pellleHH!I BHAB 

p ( x) -= ii P 1 
(xI ) 

tal J 

H Mbl Mo>KeM caenaTb p a 1, BKniO'IHB pi (s 1 ) B u I (s I). 

(3.9) 

( onpeuenRIOiliBR <I>YHKUR!I 

HTaK, s npocTpaacTaax 

3i!umTeAaa, B TOM 'IRene B npocTpBHCTBax nocToHaaol! KpHBII3Hbl, ypaaaeHHe WpenHarepa 

p - pa3A9nHMO nHlllb B T9X CHCT9MaX KOOpAHHBT, B KOTOpbiX ORO pa3nenHMO ITOnHOCTbiO. 

4. '-IaCTHble cnyqaa. Ypaaaeaue nannaca H BOnHOBoe ypasaeaHe 

p -pa3neneHH9 nepeMeHHblX B ypaBH9HHH nannaca B 3-MepHOM ITpOCTpaHCTBe ITOC­
/ 8/ 

TO!IHHOI! KpHBH3Hbl ( K -1 0) 6bmO paccMoTpeao WyMOM • nonyqeaabre pe3ynbT8Tbl aaa-

norH'IHbr - ypaaaeHHe n annaca p -pa.aoenReTCSI B Tex >Ke CHCTeM8X KOOpllHH8T 1 B KO-

Topb!X oao norrycKaeT nonHoe pa3nene1111e nepeueaablx. 3axnanoBO npocTpaacTBO s aToM 

CMblCIT9 npeACTaBnHeT co6oi! HCKITIO'I~HHe. llap6y llOK838IT7 'ITO P -pa3neneaHe nepe-

M9HHblX B yp8BB9HHH nannaca B 9BKnHAOBOM npOCTpaHCTBe B o6nteM crryqae He CBOAHTCH It 

nonHoMy pa3neneaHIO nepeMeHHbiX. 

P -pa3nemlHHe nepeMeBHbiX B aonaoBOM ypaaaeaHH B n -MepaoM paMaHOBOM 
/9/ 

npocTpascTBe paccMaTpHsanocb B pa6oTe • ABTOpbr orpaHH'llfnHCb opToroaan&HbiMH xo-

opAHHaTHb!MH CHCTeMaMH, 'ITO, KBK noKa3BHO Bblllle, He npHBOAHT K orpaHH'IeHHIO 06ntHOCTH, 

OAHHKO c<jlopMynHpoBaHHble B pa6oTe He06XOAHMbi9 H AOCT8TO'IHb19 ycnOBHH P -pa3nene-

Hl!H nepeM9HHbiX B BOITHOBOM ypaBH9HIIH ae !IBITHIOTC!I TO'IHbiMH, llei!CTBHTenbH00 TaK KaK 

sonaosoe ypasaeaHe npencTaanHeT co6oi! 'laCTBbii! cnyqai! ypasaeHHH Wpeuaarepa npH 

V • 0 , TO aeo6XOAHMb!9 H AOCT8TO'IHbl9 ycnoBHH P -pa3neneHHH nepeMeaabrX B aon-

uosoM ypassei!HB Te JKe, 'ITO nnH ypaaaesaH ( 2.2), T.e. ycnoBBH A, B a C npB v - o. 

a
11 

• 0, i-/j, l,j• 1,2 , . •• n (4.1) 
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-I 

..!_i~ 
P 1•1 11 

a • -1 I 
_1__ { I I --- ) = l; { </> )II )( I { X ) 

axl axl 1•1 
(4.2) 

2 
P <P - n 1 
~ 1~1 r. 

(4.3) 

/9/ 
YcnOBHH ( 4.1) H ( 4.3) COBRO.'l8!0T C COOTB9TCTBY!OWHMH ycnOBHHMH pa60Tbl , 8 BM9CTO 

/9/ 
(4.2) B pa6oTe npuaeneao cne!lyiOmee 

-I 

1 • < <P lu a aP 
_l; --- -- { 11 -,--.-) • const, 
p 1•1 1

1 
ax I ax 

KOTOpoe, KBK B8AHO H3 AOK838T9ITbCTB8 H906XOAHMOCTH H AOCTaTQqHOCTH ycnOBHA (A),(B) 

H (C), ae SIBnSieTCII npaBHnbHbiMo 

Me 

5. Paaneneaae nepeMeHHbiX B aasapHaHTHOM ypaBaeaaa lllpenaarepa 

/3/ 
B pa6oTe noKaaaao, qTo ypaBaeaue Wpenuarepa npencTaBHMo B HHBapaaaTaoA<jlop-

ll 2 u +[-~ + ~ R ]u -o, 
4 {n-1) 

(5.1) 

rne £l 2 onpenenea HB KOB<jlOpMH0-3BKnHAOBOM npocTp8BCTB9 C OCBOBHbiM T9H30pOM 

ds 
2 

• 2 IE- V I ds 
2 

, (5.2) 

rpynna ABH>KeauA KOToporo ecTb rpynna ypaaaeBHSI lllpenaarepa, a R -cKanS!pHaSI KpH-

BH3H8 3TOrO npocTp8HCTB8 0 B o6meM Cnyqae H9 ROCTOSIHHBSI. Mbl paCCMOTpHM nonaoe paa­

neneaae nepeMeHHbiX B ypaaaeaaR ( 5.1) B 3-MepaoM cnyqae. 

Paaneneaae nepeMeHHbiX B ypaaaeaaa lllpenaarepa B Koa<l>opMHO..-SBKnanoaoM npoc­
/10/ 

TpaacTBe 3-x aaMepeaaA accnenoaaao 3AaeaxapToM. B pa6oTe npuBeneHbi cnenyiOtnHe 

ITHTb <l>opM naaeftaoro aneM9HT8 AnSI CHCT9M KOOpAHHBT, B KOTOpbiX paanenSIIOTCSI nepeMeH-

able: 

•t.- 1 
((~ 

8 22={x
1

)
2
, •aa ~ '1 {x 

1 
) , (I) 

8 11= 1 ' 
2 I 2 2 2 

•u-~ {x l ·•aa-~ {x
1 l'7 {x ), {'!"••'!) (II ) 

2212a a21 
all • 1 , a22 • X 2 { X )~ {X ){ X - X ) , "a a • X a (x )~ ( x ) X ( IIJ ) 

x(xa-x
2 l: 
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rne 

rne 

rne Q a (x I ) • a 0 ( x I ) a +a I (xI ) ' + 

CxanHpaaH xpaeaaaa R nnH cny .. aee I- V COOTBBTCTBBHHO 6yJl8T 

& I I 
I ] + 2 ~ 1x ) + con at • R ( x ) 7 --;-r--

(I) 

(II) 

(Ill) 

R • }- a[e(x
1
)- •'l(x

3 
)] + -i- b (IV) 

R. 5 a(xl+x2 +xa )+ 3 b 
2 r (V) 

rne H - KORCT8HTbl. 

BenH'IHHbi R arpaiOT ponb noTeauaanoe B HHBBpHaHTHOM ypaeaeHHH lllpenaarepa 

(5.1). noXBlKBM, 'ITO T4XOii HHBHpHHHTHblli IIOT8HUHHn BCBr)lH YllOBnBTBOpHeT ycnOBH!O (8) 

rronaoro paaneneHHH rrepeMeHHblX B COOTB8TCTByiOUI8M ypHBHBHHH llJpe)lHHrepa 

D -1 l D · tt I 
R • I ( rp )

11 
)( 

1 
( x ) • I a )( 1 (x ) . 

1•1 1•1 
(15.8) 

Cny'laH ( I) - (Ill) O'IBBHJlHblo 8 cnyqae (IV ) HMBBM 

AaanorH'IHO nna cny'laH V 
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5 1 2 3 3 
3 

II 1 3 3 1 2 
R s Ta(x +x +x )+_b • I. ~[-~a(x )-_b(x )).(5.5) 

2 t•tQ 6 (x) < 
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