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1. B a ·e a ~ H II e 

B nocne)lHee· BpeMB CII/IbllO B03pocna p01Ib KOMnaKTHh!X/l/ II HeKOMllaKTHh!X/
2

/ rpynn 

JlllHaMH'leCKoll CIIMMeTpHH · B Teop1111 aneMeHTapHhIX 'laCTIIU. B CBSI3H C 9THM llOBbICHnCSI 

IIHTepec K 113llecTiihIM 'Jlll.HaMH~OCKHM' ·cHMM8TpHJ;IM B KllaCCll'leCKOll II KBaHTOBOll MOXaHIIKe • 

.I 
B KBaHTOBOll MexaH11Ke IIMeeT CMh!CII roaopHTb O Tpex Tnnax rpynnhI ClIMMeTpHII. 

an,a onp~aeneHHoll .aaaa'l'.11: 

1. fpynnbl reoMeTpH'leCKOH CHMMeTpHII, KOTOPhie Henocpe)lCTBeHHO CBB3aHhl C CHMMeT

p11ei! <j,11anqecKoro npocTpaucTaa n apeMeHn, HanpnMep, rpynna TpexMepHhIX apamcrn11ii an>1 

moooll HepelISITIIBHCTCKOH aa)la'IH C ueHTpallbHO-CHMMeTpll'IHhIM noTeHuiialIOM. 

2. fpynna • )lllHaMH'IeCKOll' (. CKph!TOll'. • Bh!CWell') CIIMMeTpHH, KOTOpaS! B cnyqae • 

ec1111 Olla cymecTayeT, aaeT llO/IHOe om,cairne KBaHTOno-MeXaHH'IeCKOli Cl!CTeMhI, T.e. onpe

)le11>1eT ace KBaHTOBhie qncna, aupOJKJleHne auepreTH'IeCKIIX ypoauei! 11 cnilKTp aueprnll. 

BnepBhie TaKaH JlHHaM1l'IecKa>1 rpynna paccMaTp11aa11acb B paooTa~
141

, 'ITOoh1 061,>1cu11Tb 

'cny'Ialluoe' BhlpOJK)leHl!e aTOMa BO)l0p0)l8 no opoHTal!bHOMY MOMeHTy (B HepelISITIIBHCT-

CKOM cnyqae, T.e. npeue6pera>1 cnnH-opol!TallbHh!M B38HMO)lei!CTBlleM). 

3. B CBSl3H C none3HOCTblO HapyweHHh!X Cl!MMeTpHii )l/ISI K/Iaccn<j,11Kamm 9/IeMeHTapHhIX 

'IaCTllll II IIC~lle)loBaHirn l!X B3a!IMOJlellcTBIIH O'IeHb IIHTepeCHO pacCMOTpeTb II B KBaHTO-

BOii MexaHl!Ke 'rpymihl HeHHBapllaHTHOCTll'/B/, T.e. Ta.Irne, 'IBCTb aneMeHTOB KOTOph!X H,? 

KOMM)'TllpyeT C raMII/IbTOHl!8HOM 3a)la'In, a aellCTByeT KaK llOBhIWaIOl!llle II nOHl!JKa!Ol!llle' 

on.epaTophI aa BOIIHOBhie <j,yHKIIIIH ypoaaell. B Ka'IeCTBe 'rpynnhI ae11anapuaaTHOCT11' BbI011-

pa10T HeKOTOPYIO H8KOMnaKTHylO rpynny, coaepJKamy10 )lllHaMH'IeCKYIO rpynny B Ka'leCTBe 

llOJlrpynnhl. Bee aHepreTH'I8CKlle YPOBHII CHCT8Mbl BKIIa)lhIBalOTCB B TaKne npeJlCTaBIIOHIISI 

rpynnbI H8IIHBap11aTHOCTII, KOTOpbie CO)lepJKaT IIMeHHO Te npellCT8B/IeHIISI )ll!HaMH'IeCKOH 

noarpynnbI, KOTOph!e pea1111ay10TCB Ha BOIIHOBbIX q,yHKIIIIBX aTHX ypoaaell. Hanoonee ll3B8CT-

Hag rpynna TaKoro T11na - aTo rpynna .lle CnTTepa 0 ( 4, 1) )l/IB aTOM8 BOJlOPOll,a. 

B aToll paooTe Mb! OCTaHOBHMCB Ha rpynnax BToporo Tllna 

CHMMeTpnn. HaaecTHo
141

, 'ITO rpynnoll aTOMa BOllOPOlla BBIIBeTCB 

3 

rpynnax )ll!HaMll'IeCKOll 

0(4) Jl/IB Jll!CKpeTHoro 



' 

cneKTpa " rpynna nopemra O (3, 1) - )lng· cnnomaoro. KpoMe aT~Ma_ BOJJ.opo)la B n11Tepa

Type eme KCcnenoaaH rapMOHH'leCKHli ocunnm1Top c JJ.HHBMH'lecKoli rpynnoli SU(3) (KaK 
/7' /8/ - ' . ' 

B H30TpOnHOM , TaK H aHH30TponHOM C paunoHanbHblM _OTHOllleHIIeM 'lBCTOT cnyqae) • 

B ,maCC!I'l9CKOli MexaHHKe 3TH IlOTeHUHanbl o6na)lalOT TeM CBOliCTBOM, qTo BCe '<j,HHHTHbl8 

TpaeKTOpHH B Hli!X 3aMKffYTbI. 3aMeTH,:. ewe, 'ITO CIIMMeTpHH aTOMa .BOJJ.OPOJJ.a II 'rapMOHH-

~ecKoro OCUHOUIITOpa )lOTIYCKatoT o6o6meHHe Ha n -MepHblli cny'lali. 

Uenbto HBCT09Weli pa6qTbI gsngeTcg CHCTeMaTn'leCKHll: IlO)lXO)l' K Bonpocy O )lHHB-

. MH'leCKHX CHMMeTpngx B
0 

nepemITHBHCTCKOli KBBHTOBOli H KUBCCH'leCKOli MeXaHHKe, C TeM 

'lT06bl BblgCHHTb, KBKH8 B006me nOTeaunanbl MOryT o6na)laTb rpynnoli CHMMeTPHH, He 9BHO 

reoMeTpH'leCKOI'O npoHCXOlK)leHng. 

Mb! 3)leCb orpaHH'lHMcg JJ.ByMepHbIM nnOCKHM cnyqaeM. Ey)leM pa60T8Tb npeHMYme

CTB8HHO anre6pan'leCKHM MeTO)lOM, T.e. 6yJJ.eM HCKaTb B KBBHTOBOM CO)''lae noTel!UHBTibI, 

)lng KOTOpbIX cymeCTByeT aa6op onepaTopoB, KOMMYTHpytomnx C raMHllbTOHHaHoM' ll o6pa

aytolllHX anre6py nn. Ilpn aTOM MbI orpaHH'lHMCH nnHell:HbIMH JJ.Hq,q,epeaunan&HblMH onel?a

TopaMH He Bblllle BToporo IlOPSUIKa. K Knaccn'leCKOli MeXBHHKe Mb! nepeli)leM no npnnunny 

COOTB9TCTBHR. 
\ 

llaCTb peayn&TaTOB )lBHHOli pa60Tbl 6bina npeJJ.BapnTenbHO ony6nHKOBaHa B 
191 

2. nnnell:n&ie_ JJ.H1pq,epenunanbH&1e onepaTop&1, KOMMyTnpy10mne c 

C raMHTibTOHHal!OM 

M&1 HmeM raMnllhTOHHBH H = -½ t. + V (XI , X 
2

) 
a2 a• 

, r)le t. = -- + ___ - onepaTop 
a x2 iJ X 2 . 

nannaca n V ( x 
1 

, x 
2 

) - noTenunan, )lng KOToporo cymeCTByeT iteKHH atl6op mrneliHbIX 

JJ.n¢¢epeaunam,a&1x onepaTopoa L I ne BbI!lle BTOporo nopgJJ.Ka, KOMMYTHpy1omnx c · H 

[ H , Li]= 0. (1) 

3ao)lHO Mb! nali)leM n HHTerpanbt )lBHlKeHlrn L. 
I )lng COOTBeTCTBytomnx IlOTeHilHanoB. 

0TMeTIIM, BO-nepBbIX, 'ITO onepaTOpbl nepaoro nopSUIKa B Ka'leCTBe 

K 'lHCTO reoMeTpH'leCKHM CHMMeTpHgM. neliCTBHTenbHO, ecnH 

L'=¢
1
(x

1
,x

2
)P/¢

2
(x

1
,x

2
)p

2
+¢/x

1 
,x

2
), 

Li npHBO,Jl.gT 

(2) 

I')le p = _a_ , i = 1,2 n ¢ 
I a X I 

cf, , q, - npOH3BOnhHbie q,yHKUHII, 
2 a 

To ycnoBne (1) 

npHBOJJ.HT K bncTeMe npocTbtX" JJ.nq,¢epenuHanhHbtX ypaaaeinnll: )lng ¢ 
1 

9 • 9 II 
2 8 

V 

Pe!llag nx, nony'laeM 

4 

i' 
I 
l 

f 

I. 

"" .. 

·1 

' 2 ' 

V = V ( ½ a ( x + x 2) +. b x + ex\ 
I 2 I /5 

L'= a( X :!'1 - xrJ+ cpt,.-bp2, 
. (3) 

I')le a, b,. ', - npoH3BOTibHbie IlOCTogHHbie. Mbl Bll)lHM, 'ITO HHTerpan )lBHlKeHHg L' 

9BTI_sieTCg BblpalKeHlleM pOTaUIIOHHOli IITIH TpaHCTI9llHOHHOli CKMMeTpHH 3aJJ.a'lII ( V -npOII3-

BOTibHag <jiyHKUII~ yKa3aHH?I'O apryMeHTa). 

nanee paCCMOTPHM H~Tepecy10mnli Hae cnyqali onepaTopOB BTOporo IlOPHUKa: 

L = ¢ p2+ ¢ p ~ ¢ p p + ¢ p + ¢ p + ¢ • 
II 22 312 41 52 6 (4) 

r.tte, ¢'
1 

, i = 1 , ... ,6 · npoH3BOllbHble ¢ymi:unn X l H X 2 • 

Ycnoane [H,L ],.o 'npllBO)lHT K CHCTeMe 10 yp,laHeHHli )lng 7 HeH3BeCTHblX ¢1 
II ·v ( TaK KaK KOMMyTaTop [H. L ] 9BTI!IeTCSI onepaTopoM nopg)lKa II Mb! )lOTilKHbl npnpaB-

HS!Tb eyn10 Koa¢¢nuneHTbl npn scex CTenem1x p 
I 

n p 2 ): 

a¢1 ·= o 
axl 

- a¢2 a¢a=o -+--
ax, ax 2 

!..±..a+ _!,j_ I= 0 !..!b= 0 a,,
1 

,1:s,
2 ax 

2 

t.¢ +2 a¢•=o 
1 ax I 

t. ¢+2~0 t. ¢ + 2_!_±«+ 2..i:b.. = 0 
2 ax 2 3 ax2 ax, 

'-

½t. ¢ + o 'Po 
4 -~ 

ax 

av av 
+2¢ -+¢ -=0 

'ax, • 3 ax2 I 

a2v 
½t.¢0 + ¢ a2v +¢ ~ 

1 ax 2 2ax 2 
+¢ -~ 

8ax,ax 2 1 2 

lfa (5) .n (6) nony'laeM 

,¢
1
=ax:-2b x2 +d 

2 
¢=ax+2cx+e 

2 I 1 

¢
3
=-2( ax 

1
-c)x

2
+ 2b x 

1
+ f 

½ t. ¢1 

+ ¢ av 
4 -

ax 
I 

a¢6 · av av 
l---+2¢--+¢--=0 

ax 2ax aax 
2 2 1 

+¢ 
5 
~ ":' 0 
ax2 

¢
4
=-ax/ gxih 

¢5= - ax 2- gxl+ 1< 

rne a , b , c d · , e, f, g, h, k - npona BOnhHble noCTOSIHHble. 

5 

(5) 

(6)-

(7) 

(8) 

(9) 



-( 

Y'IBTblBSSl (9), HeTpYAHO y6eABTbCSl, 'ITO ypasHeHBSl (7) a (8) COBM0CTBMbl TOJlbKO 

npa ycnosaa: 
av av 

( b - k + g x,) -- + ( - c - h - g x
2

) -- = 0. 
ax2, axt 

HTaK, /lll60 a) V(x x ) HBnneTCSl qiymmaell apryMeHTa ½ g( x 2 + x 2)+ (b-k)x+{Ci-h)x , 
I 2 t 2 I 2 

T.e. o6naAaeT reoMeTpB'lecKoll CBMMeTpaeil, na6o 

/3) k=b h=-c g=O. 

TorAa BHTerpan ABBlK0HBSl L 3SilBCblBS0-r<?Sl B BBAe: 

2 2 2 L=al,I +b(p
1

M +Mp
1
)+c(p

2
M +Mp

2
)+dp

1
+epl 

(10) 

+ f p p + ¢( X • X ) • 
. I 2 I 2 

rAe M=x
1
p

2
-xl

1 
H cf,(x,x) 

I 2 
IIpOB3BOnbHSil qJyHKilHil. 

PacCMOTpHM CHa'lana 60Jiee HHTepeCBblll cny'lall {3 ). 

Hcnonb3YSI CEIOll~TBa xapaKTepHCTBK ABqi,jlepeH!lHSnbHblX onepaTopos,ranep60JIH~ecxoro 

THIIa, HeTpyAHO /IOKS3STb cne11y10my10 TeopeMY: 

YpasaeHne [-¾A+V, L]~o pernaeTCil 11nsi nro6oro onepaTopa L EIBAS (10) H cy-

mecTsyeT opToroHanbHSSl CHCTeMa KOOPABHST ( \, q 2) (CEISl3SHHSil C /18KapTOEICKOll KOB,j)OpM

HbIM rrpeo6pa30BSHHeM), B KOTOpoll HMeeM 

1 a2 a2 

H=-½ A+ V= ------l-½C--+--=->+V(q )+V (q )] 
a( q ) + b( q ) a q 21 a q 2 I I 2 2 

I 2 2 

(11) 

2 2 

a(q,)+b(q2) 

1 a a 
L= ____ [b( q

2
)1-½-+ V

1
(q )!-a(q}l-½-+V (q )} 1 

aq 2 { , a 2 2 '.I 
I q 2 

(12) 

V(x ,x )= l [V (q)+V (q )) • 
I 2 a(q~+.b(q

2
) I I 2 2 

(13) 

raMBnb;OHHSH ( 11) COOTB8TCTByeT ABHSMH'l0CKOfi CHCTeMe TBIIS nnysannn, KOTOpaSl 
/11/ 

pemaeTCSl B KBSIIPSTYpax. CneeyeT OTM8TBTb, 'ITO B OTnB'IBe OT, HanpBMep, 3/18Cb HH-

KSKHX npeAilOJlOlK0HBll O pa311eneBHH nepeMeHBblX B ypaBHeHHB lllpeABHrepa (raMBnbTORa-. 

.Hxo6a ) He AenaeTCSl, a, Hao6opOT, IIOKS3blBa0TCH, .'ITO KBSAPSTH'IHblll HHTerpan _ABBlK0Hllil L 

MOlKeT CymeCTBOBaTb TOJlbKO TOrAa, KOr11a cymeCTByeT CBCT0Ma KOOpABHST (q
1
, q j , B 

KOTopoll nepeMeHHble pa3AenIDOTCSl. 

HaM Beo6xo11BMO HallTH KOBKpeTHblll EIHA KOOp/lBHaT ( qi. q 2) H qiyHKitKll a ( q I), b (q .}·_ 

nnn ·sToro BOCilOnb3yeMCSl cneeyIOIIIHM o6cTOSITenbCTBOM. l,{3 ( 10) BIUUIO, 'ITO onepaTOp 

6 

( 
I 

i 

\ . 

• f 

, \ . 

:,.r ., 
l: 
i' 

!· ~·· 

-:' 

. D=L-¢,(_xJ:.x2~ SlBnSIE;TCSl CBMMeTpK'IHblM ·nonKHOMOM s,:oporo nopSIAKa B reHepaTopax .. 
. . · . . - . /12/ -

rpynnhl ABKlKeHllsr esxnBAOsoll nnocKOCTK E 2 • B pa6oTe ~hliio noxaaaao, "ITO c 

IlOMOlllbl<> np'eo6pa30B~HBSI IlOA06K_Sl: H naaellB~ll ll:OM6HHalliH C onepaTopoM /';: MOlKHo' see 

Taxne onepaTopbl c.secTH .K 'leTbtpeM OCBOBHbtM TanaM: 

.-.2· 2 
. a) P - p 
·. I 2 

.. \~ M2:. 

c) p
1 

M +Mp 

d)M2+_L2(p2-p2). 
2 I 2 

(14) 

·'. HeTpyAHO EIHAeTb,. 'ITO ,ecna qiyHll:IlKSl V SlBnSleTCSl pelII~J!H0M ypasBeHHSl (1), TO oa'a 

,y11osneTscpnei H ypasHeHHIO [ H , >. L +µHJ = 0, rAe >. , µ - . npoH3BOJibHbie noCTOlIHHbte, . ' . . . . -

n 'ITO npn npeo6paaosaann noAo6nn (T.e. npa nepexoAe x HOBblM 11exapTOBb!M KOppAHHaTaM) 
... He MeHSleTCSl H perneHne OCTaeTCi! pemeHHeM. CneAosaTenbHO, MOlKRO orpaHH'IHTbCil 

' . 
- onepaTopaMK. D· BHAa (14). 

.PacCMOTJ)HM OT/lellbHble cny'laK: . 

·a) IlycTb i. = p2·_ p2+ ¢,( xi' x
2
). 

I 2 , 

TorAa K3 ycnoBKSI [ H,L]=O nony'laeM: 

~ =-2_!_'!__ 
ax ax 

I 

a¢ =+ 2!..:!.. 

ax 2, ax2 

H, cneAoBaTenbHo, 

· 2 · 2 a. 
-½c_i.L + _!_.i_ )-_a_v_ ~ 

ax 2 ax 2 ax 2 
a2v =0 
~ 

t 2 I 2 

V = f( X 1> + g ( X 2) 

·-· 2 2 · 
L

0
= p 

1
-p

2
- 2f(x 

1
)+ 2 g( x

2
). 

b ) IlyCTb 
2 

L = M + ¢, ( x 1, x2 ) • Ha ycnosnsi ( 1) nony'laeM: 

a 2 av av 
E-=-2x --+2x 1 x

2
--

axt 2 ax, ax2 

a <p = - 2 x 2 !..!:_ + 2 x x a V • a;- 1ax2 I 2ax 
2 I 

7 

·. 

(15). 

(16) 

(17) 



Hs ycJIOBBR BenpBBOneqBBOCTB.3TBX ypaBHeHBil nonyqaeM 

( x2 
2 

- x2 
I 

iv 
)--
ax ax 

I 2 

a-av a'¾ av. · av , · 
+xx(-----)+3x---3x --=0. 

I 2 a x2 , a x2 ~ a X I a X. 
I 2 ' I • 

{18) 

/13/ , 
c;TaH,tlaJ)THbIM MeTOt(OM MO:>KHO npBBeCTB nocnenee ypaBHeHBe lt KaHOHBqeCKOMY 

BBtcy. Pemasr ypaBHQHBSI JlnSI xap'aKTepBCTHlt, nonyqaeM clj,epnqecJtyIO CBC,:T8MY ltOOpt!BBBT 

x
1
= e• i:os cf,, r.

2
= e• sin cf, 

1 
n ltOTOpoli ypaBHQHBe (18) pemaeTCsI npOCTO. IlonyqaeM 

V = 
f(a) +g(cf,) 

2a 
e 

L =M
2
-2g(cf, ),. 

s 

.(19) 

Cnyqau c) u d) BnonHe auanoruqabl, no TµeoyIOT rpoM03AKl!X n1,1qucnelllili, B pe-

3yllbTaTe ItOTOpbIX nonyqaeTcsr: 

C ) ,Un,i Hl!BapnaHTa Tuna L = p M +Mp + ¢( X , X ) K00pAHll8THbie Kpl!BJ,Ie. 
/ I I t 2 

2 } , IIapaoOJIBqecKOI!: CIICT8Mbl KOOp)lllH8T X =½((::f x ~ ( oyllyT xapaKT8pllCTl!K8MB COOTBQT-
1 I 2 I 2 

CTByromero ypaBll8llllsI llllH llOT8HilBBna •. 

nonyqaeM • 

V = 
f(( ,.) + g(( 2) 

e 2 e 2 
I+ 2 

L=pM+Mp+ f(,; 1 )(:-g(()"2 
P ,t l - 2 \. I 

e 2 + e 2 
I 2 

2 f 2 
d) AHaJiornqHo l!lrnapnaHT L = M + ..!:_{p2-p ~+ ¢ ( X , .X ) 

2 I 2 I 2 

CKOli CHCTeMe KOOPAHHBT x 1f ch p cosu I x 
2
=f sh p sin u 

f(u)+g(p) 
V 

cos 2u -ch 2 p 

(20) 

npHBOABT It 9JIJIHIITHqe

lI IIOJiy,IaeM 

(21) 

2 f 2 2 2 ( ch2 p + sh 2p) f(u·) + (cos 2 o-- - sin 2u) i!.p) 
L = M + -(p -p 2 )-f 

E 2 1 2' 
cos 2 u - ch 2 p 

8 

\\ 
I 
I 
1 

. (1 
[', 

~ 

·! 
if 
;( 
,r 

,. 

. '~) 

;t~t 
1' 

J 
. \' 

• I, ,,, 
;_ 1.'1 

,,· 

, .. 1. 

/ 

TaitHM o6pa30M,·Mbl BBAIIM, qTo ItB8Ap8TBqHblil BHTerpan t(BBlKQHl!sI cymecT/'YeT 
·"·' . 

Tor11a II TO/IbKO TOrAa, KOrAa noTeHllBBJI 11onycxaeT pa3A8J18HBe nepeMeHHbIX B OAHOH 1!3 
' ' . . - . -.' . . -

'TeX qeTblpex CHCTQM JtOOPllBHBT, B ,xoTOpblX pa3)l8llHIOTCH nepeMeHHbie_ B ypanHeHHil re/IbM-

• 
·roJlblla lla IIJIOCKOCTB. 

3. Il0Ten11nanbl c ABYMH uuaapuaHTaMn 

MbI XOTBM paCCMOTpeTb, llOTeHIIHBJIJ,l, 06na11aromue rpynnoli-nH; llOCKOJlbKY Hae HHTe

pecyIDT CHCT8Mbl C BbipOlKA8HHblMB auepreTuqeCKBMB ypOBHHMll, Mb! llOJilKHJ,I _HCKaTb Hea6e-

. JIQBCKl!e rpylIIIJ,I Bbl~e, qeM _OAHOII8paM8TPl!qecKHe. Cne11oaaTeJibHO, HQOOXOAHMO HBIITB 
\ / < ' / ' • 

IIOT0HllBaJibl, 06na11aromHe ABYMH HJIB 6onee HHBBpHaHTaMH H o6pa30B8Tb B3 3TIIX HHBapHaH-

TOB anre6py. 

Hs npe111,111ymero•naparpalj,a BbITeKaeT, qTo ABa He3aBHCHMbIX onepaTopa THIIa ( 4) 

cymecTnyroT B TOM cnyqae, ecnn nOTemrnan V ( x 
1

, :,,:
2

) 11onycxaeT pas11eneHHe nepeMeH

HbIX ~ ABYX CHCTeMaX KOOpAHH8T (HJIH pa3Horo TBIIa, HJIH OAHHaKOBOro, HO CllBIIHYTbIX HJIH 

. nonepHyTbIX_OTHOCHTellbHO Apyr Apyra). 

PaCCMOT~llM cuaqana napbl CHCTeM KOOPAIIHBT, 'B ltOTOpblX neHTpbI H OCH CODMemeu1,1. 

1 )' Ae1:apTOBCKHH H IIOll51PHblil HHBapHaHTbl • 

MbI AOJilKHbl HaliTII IIOT8Hllll8JI, KOTOpblli: MOlKHO 381IHC8Tb B BH)le: 

r11e x = r cos cf, 
I 

Pewasr aTo 

V ( X 1' X 2> = f ( XI),+ g ( x2) = a ( r) + 
b(¢) 

---, 
r 

,x=rsincf,, r=e• .Hs (22) cne11yeT 
2 

__ a_2 _ r2 [ £ c r cos ct, l + g ( r sin ¢ l l = o . 
ax dcf, 

ypaaueHIIe, nonyqaeM 

~ /3 V(x ,x )=a(x +x2)+-'+ 
I 2 1 ~ ·x 2 

/3 . 
h= ar 2+ ..!..(___:__i_ + ~). 

x2 r 2 cos2¢ sin2¢ 
I 2 

(22) 

(23) 

· 311ecb H AaJlbwe a ·, f3 'y , ... - IIPOH3BOJlbHble IIOCTOHHHbie. OcTaJlbHhle ·cnyqau Anyx 

HHTerpaJIOB MOlKHO paCCMOTpeTb BIIOllHe aHBJIOrH'IHO. B pesyJibT8Te IIOJIY'laeTCSI: 

2) ,UeKapTOBCKllH H napa6oJIH'l8CKHH IIHBapnaHTbI: 

V(x
1
,x

2
)= a(4x2+x2)+,ffx+ Y _ a (,;~+(J+!<t'-e)+y(t+...LJ 

1 2 1 ~- 1 2 : t2 • 

2 e2 + e 2 

3) nong:pHblli H napa6oJIH'l8CKHli HHBapHal!TbI 

V ( X ' X ) = ~ + _l_( --1!...L + --1!.J__ ) = 
1 2 2 r 4 r 2 cos 2.:f!.. sin 2..!2_ 

2 2 

9 

I 2 

{J f3 .. 
_1+ __ 2+a 

e ~ e2 

l: 2+ e 2 
; 1 2 

(24) 

(25) 



. 4)- .n~.a ·, nap~5onH'leeKHX .HHaapHaHTa, eoOTB_eTCTB3'.IOl!llle. /lBYM. B3allMHO nepneuanKy

.llBpllhlM ~apaf>o.llH'leeKHM eHCTeMaM: 

V(x
1
,xJ"'.. a +f3,e,+f3l. 

e 2 
+ e •· I . 2 

a 
--+· 
2r · 

" ,'· i+{3 . cf, . 
I' 

1
COS 2 

0
SID 7 , . 

y2r 
(26) 

Henocpe/leTBeBBhlM Bhl'llleneBHeM MOlKBO y5e/lHTbeB, 'ITO oeTaiu.Bh!e KOM5HH8lll!H 

xoop/lHHaTHhlX eneTeM, B 'l:aeTBOCTHi npoH3BO.llblro noaep1ryThlX H. e/lBUJryTh1X,. Ire AaroT 1ro- ' 

BbIX noTesnuanon. 

4. Peweuue Knaeeu'leeKIIX II KBaHTOBhIX ~a_Il_lr131111!\ /lBH)KeHIIB /l.llll 

noTeHIIHanon· e ABYMB 11unapuaaTaM11 

HeTpy/lHO Bll/leTb, '!:TO epe/lH ll0Te1rn11anon _!23)-(26) eo/lep)KaTeB 11,pauee 113neeT-. 

Hhle nOTeHn11anhl, o5naAalOl!lll8 Bh!ewel! ellMMeTpHel! - xynoJrOBeKul! n0Te1rnuan ll rapMOHII-_ 

qeeK11l! oe1111nnBTop • .llpyr11x neu-rpa.llbHO-ellMM8Tpll'IHhIX nOTeun11anon . epe/lll .imx HeT. lf3.:. 
/11 / . ' . ·.·· . ·,, .· .· . . ' . -, . . ' . ·. - -

neeTHO ; 'ITO xynoJrOBCKIIJ!. 'llOTeBllllan II rapMOHB'leeK11l! oen11n~HTOP _o5n_aAa_roT :reM . enol!-- -

eTBOM, '!:TO B 1r11x nee ,PIIHIITHh!e xnaeell'l:eeKue TpaeKTop11u 38MKJryThl. 3Aeeb-·MhI. noia)KeM, 

'ITO Taxoe CBOJ!.eTBo Tllllll'IHO · II ·/l.llll Bal!;teu11,hlx 'IlOT8H11H8.llOB. tlanee paeCMOTpllM peuieu11e ·, 

·,ypaBBeHHB lIJpe/lllBrepa II BhipO)KJleHHe aBepreTll'leeKHX ypOBHeJ! •. 
. . 

PaeeMOTpllM nOTeH11Hanh1 no OTll!'.llblrOCTII 

1) V ( x , x ) = a ( x 2 
-,. ~• ) +' ~ 

I 2 I 2 · · X 2 
+~· 2 • 

X 
2 

Pewag Knacc11qeeKll8 ypaBHeBIIB /lBll)KeHIISI, nonyqaeM TpaeKTOpllll B. Bll/le:. 

2 
X = 

I 
~+/K 
· 2 a • 4a • 

A sin < Js;t + <>. 
a 

rile i = 1,2 11 E · + E = E - nomiasi: alrepr11si. HeTpY/lHO Bll/l0Tb: 'ITO npu a> 0 , f3 > 0 
1 2 , . · I 

(27) 

nee Tpa0KTOpHH BB.llSIIOTeSI ,PIIBHT~hJMII .II 38MKJryThIMII KpllBhlMII 'IOTBepToro nopH/lKa. ITp11 

{3 = {3=0 nony'l:aeM 113OTpOIlHhll! rapMOlrB'l:eeKHJ! octlHnng;op .11' Tpaex:Top1111, ecTeCTBeHHO; Bbl:-. 
J 2 . . 

po)KAaIOTcsi n ann11nchl. 

Pa3/l0.llllB nepeMeHHhle B ypanHeHIIII llipeAHBrepa B /leKapTOBhJX KOOPllllHaTax, nony~ 

·'laeM ABB ypaBHeHll.11 THna 

.rile E=E+E, 
I 2 

t;- --- ---~ 

2 2. X -~ +2(El-a I 
d .• 

X l 

"'= "',"' •. 1i ,; m .,,1. 

10 

f31 ,)tf,=0, 
--- .. 1· x• 

I 

a > 0. 

(28) 

.\ .. 

l 

r.ite 

HopMHpOB8BH8SI BO.llHOBaSI ,pyHKUIISI, onueh!B8l0l!l8SI eBSl38HH08-COCTOBHlle~ 
11Me0T ·BB/l: 

++ 
tf,--:--

•j :tv, 
(x

1

,x
2

)=y2a'II 
0
,!(2a) 

l=I r ( D t- v' +•t) 
1- I 

~x•li:!:_V :!:v, 
e 2 Ii IL 

I n 
(y"i,. xt) • 

(29) 

I 
D1D2 

V '=· 1' fl+ 8/3 ° 
[ "12V •' 

Lv (z)' - nonnuoMhl nareppa, H /l.llSI a1tepr1111 IIMeeM: 
n . 

++ 
E--= _E

1
+ E

2
='2/2a ( ntn

2 
+1)+y2a(;!-.v1 tv2 )-. 

l13 llOBe/leHIISI npu X =0 
I 

Bh!TeKaeT, 'ITO easraaHHhle COCTOSIJllU{ eymecTBYlOT 'npu 

·COOTBOTCTBY-
i= 1,2 f3, >-1/8 .llanee, np11 -1/8 $. {31'S,_3/8 KB)KJlOMY n =n

1
+ n

3 

IOT 'leThlpe ypODHSI, TaK KBK Jry)KHO Y'lllThIBBTb o6a 3Ha'l:K8 nepo/l V I n V. • BhlpO)!{Jt0-

Hlle K8)KJlOro H3 KOTOpbIX paBHO d = n + 1 • flp11 -1/8 $, {3 r<3/8, f3?3l8 B.1111 {3> 3/8, 1/8.S,{3 <3/8 I 2 

v
1 

llllll V
0 

COOTBOTCTBeHHO) •. 
J!:8)1(/lOMY n eooTBeTCTBYIOT /lBB ypoaui (3H8K :!:;_ nepe/l 

' ' 
npn {3

1 
> 3/8 nopeA v 

1 
• u v2 

sRaK + , T.e. K8JKAOMY 

, r.ite j=0, ½, 1, 3/2 1 CTenellb BhipO)!{JteHHSI d = n + 1= 2j + 1 

neex BenpHBO/lllMhIX npeAcTannennl! rpynnhl 
S0(2) • Ilpn 

n nony'l:aeM pewen11e Jl.llH rapMOHll'lecKoro ocnunnBTopa. 

2) TIOTenn11an V ( x , x) -a( 4 x 2+ x•) + f3 x+..2'... • 
• • I 2 1 2 1 x2 

2 

.llnsi KnaeeH'IOCKIIX TpaeJtTOpllJ! nony'l:aeM: 

·x =-- + b+_p_- sin(y8a t+C 1) 
f3 j • -

I 8a 2a 64a2 

• J? jE 2 
-x = ~ + --• - L sin ( y 8 a t + C ) , 

• 2a 4a• a 2 

D eoOTBeTeTBY0T O/lllft ypoaellb. 

.conna}laeT c pa3MepHOCTHMH 

{3={3=0 
1 2 

HMO0M v=v= ½ 
t 2 

(30) 

rile ·E = E / E 2 • npu a> 01 y> 0 n nro5oM {3 nee Tp80KTOpllll ,PUHHTHhl H 3aMK-

nyThlo 

B' KBaHTOBOM cny'lae, pa3,lt0.llllB nepeMeHHhJe B ypanHeHllll lIJpe/lHHrepa B /l8K8pTOBhlX. 

KOOp/lHHaTax, nonyqaeM O/lHO ypaaueirne Tllna (28) u O/lHO /l.llH eMemeuuoro rapMOHH'leeKoro 

ocunnnBTopa. B peay.llbTaTe HMeeM: 

+ · vs 2-!!'.j -v2iii.x+Li
2 

tf,- ( x , x ) = (~ ) ( 2a ) ,.!!.JI.!. 1 e 
1 

sa 
n

1
n

2
. I 2 "2 n/ t'1r(o 2+v +1) 

r;:; 2 -v~ 2 2 

( ,-;;:-c f3 
• H ( y (Sa) ( x + - )) e 

nt I Sa 

11 

!i+V 

X 
2 

V r:- 2 
L (y2a x-), 

n2 2 

(31) 



r11e 

; ' . ' 

v =:!:½v l+y 

+ ' f3 2 
E-=2.j"i;;fn +n+l+½v-_] 

1 2 -32(a) 3/2 

CTeneHb BblpO)l{l\8HIIH 31\8Cb 
, r11e n= n 1 + n2 , a o6nacTH.:.1/8:::_y< 3/8 

acer11a "> 0 • ITpn f3 = y := 0 nony'l'.aeM annao-

d = n+ 1 

'IlICIIO ypoaaeil YIIBBHBaeTCH, nJ)H. y::_3/8 

Tponnhiil rapMOHn'l'.ecKnil ocunnnHTop c OTHOlllenneM 'IaCTOT 2: 1. Bh1po_)l{llenne onHTi. onncb!-

B88TCH BCeMn npeACTaBnennHMH SU (2). 

3) IToTenunan 

V ( X 1•-X 2) 
a+ 

/3i f32· n+ :R 
c2 ,.. 2 

. ,; I + ,; 2 

Knaccn'l'.eCKne TpaeKTopHn nerKo naliTH, pellla51 ypaanenng faMnilhToaa-HKo6n. · ITony
'laeM: 

l = - -1'.L + /~ + ~ sin ( 2 y- 2E r + µ ) , 1 
2 E1 E 4E2 1 (33) 

r11e ;-

nponas·onbnh1e nocTo51HHhle. ITpn E<O 

nonyqaeM B Ka'leCTBe TpaeKTOpnil 38MKHYTh,e Kpnahie 'l'.8TBepToro IlOP51llKa (a n~oC.KOCT~ 
, x; y ). 

• napaMeTp n y - y ,;, C ;-
- I 2 I /L -µ = C 

I 2 2 

'188M 11B8 
Paa11enHB nepeMeHHhle a ypasnennn lllpe11nnrepa a napa6onH'l'.eCKnx Koopl\HHaTax, 

ypaBHeHIIH THna (28): 01\HBKO 9Heprn51 BXOI\HT KBK Koa¢¢nUH8HT npu l;I •. 
nony-

. 2 

Cne11osaTenbno, npn E<O 
cymeCTBYIOT CBH3aHHh!e COCTOlIHH51! 

+ + + + 
,µ- - = <;:- - vTT 

n n n n 1 2 
I 2 1 2 

+ V +v ·v-~1; 2+t:2) 
f;- lf-2e 2 I "2 

I 2 

+vi 
L- (✓-2E 0 e

1
) 

D1 

L-t!'2 <NE I; 2) ' 
D 2 

2 

(34) 

r11e "1 = ½y 1+ 8{31 

nnH 9Heprim IIMeeM: 
n 3HaKn npn BOIIHOBoli ¢YHKUIIII OTHOC51TC51 K Bb16opy 3HaKa npn " '" • 

++ 
E--= 

2 
2a 

[2(n + n )+v +v +2] 2 

, 1 2 - 1- 2 

fPOM031\KHli HOPMHPOBO'IHhlli Koa¢¢nunenT 

3HBKOB 31\8Cb COBrra11aeT co CKa3aHHhlM B 

++ 
c;-;. BbIIlliChIBaTb 

1 2 

1). B 'IBCTHOCTH, npn 

12 

He 6y11eM. 

-1/8 < f3 /3/8 

I 2 

( 35) 

Bb16op 

, i = 1,2 

ffYlKHO Y'IHTbIBBTb BCe '18Tblpe 3HaKa. C y'l'.eTOM 9TOro npn {31 = /3.2= 0 ~onyqaeM 

¢opMyny EanbMepa. B o6meM cny'lae cTeneHh sbIpolK11enn51 yposneli pasna d = n ·+ 1 , T.e. 
. . \ 

peamrnyIOTC51 BCe nenpIIBOIIHMhl8 npe11cTaBn8HHH SU(2) • O11HaKO npH f:3t {3 ;' 0 .COBOKyn-

HOCTb pellleHHH (34) nepeXOI\HT B~OROBCtrne. pellI8HHH 
. . •y.U...C./;2+1;2) • • 
,t, • = C ; 2 1 2 

H (J-SE I; ) H (;/-SE I; ) ( ) 
mtm2 mlm2 ml 1 m2 . ~ 38 

n Tpe6yH 011noana'llioc~h sonnoBhIX ¢yaKunli, KaK ¢YHKUHli OT x, y nonytiaeM, "ITO m 
1
+ m 

2 

'18THO, cneA0BaTenhH0; B 9T0M cny'l'.ae peannayIOTCH TOJll,K0 npencTaaneHH51 paaMepHOCTH 

d= 2 n+ 1 • T.e. HeIIpHB0IIHMbl8 npe11cTaBil8HH51 0 (3). 

,;° 2+ f; 2 
4) IToTeaunan V(x

1
,xJ.= a +{311;1+f3,f;. 

I 2 

IToTenunan .npeTepnesaeT CKB'l'.0K BIIOI!b IIHHHII Y = 0, x ~ 0 • PacCMOTpenne OITHTb 

y1106aee scero nposo11nTh B napa6onH'18CKHX Koop11nnaTax. Knaccn'leCKHe ipaeKTopnn rrony

'l'.aEiM, pellla51 ypaBHenne faMHI!bTOHa--HKo6n, B BHl\e: 

f3 j 2 f; = __ I + _t!..i._ 
1 2E 4E2 

y 
--l

E 
sin ( J -2 E r + µ 

I (37) 

(o6oana'l'.eHHSI Te lKe; 'ITO H s (33) ). ITpn E < 0 9TO snnnnc B nnocKoCTH ( I; , I; ) n aaM-
1 2 

KayTast KpnBaH 'l'.8TBepToro nopHAKa B nnocKOCTH ( x, Y ) • 

P8lll8HH8 ypaBHBHHH lllpe11nHrepa CBOI\HTCH B napa6onn'I8CKHX KOopmrnaTax K rapMo-

HH'l8CK0MY ocunnnHTopy. 

,µ 

B peaynhTaTe nMeeM: 
112+11~ 

e -~ H ( '1 Ji H n (11 {i) • =C 
0 f2 

n1 I 
2 

2 D D 
1 2 

r11e 11 =~-2E ce -ln 
. I I 2E 

n 11nH sneprnn nony'l'.aeM ypasaenne 

2( n
1
+ n

2
) + 2 = -

{32+{32 
I 2 

2Ey-2E 
- ___J£__. 

y-2E 

(38) 

(39) 

BblpOlKl\eHne 31\8Cb OII51Tb COOTBeTCTBY8T paaMepHOCTHM BC8X npe11cTaBneanli SU (2) 

d = n + 1 H npn f3 1 f3 
2 
= 0 rronyqaeM npe11cTaBneHHH 0(3) (11syMepHblH KYIIOHOBCKnli 

noTenunan). 

Ha 'BblllleH3IIOJKeHHOro BbITeKaeT, 'ITO B KBSHT0B0MexaHH'IeCK0M cnyqae paCCMOTpeHne 

BCeX Hali11eHHbIX IIOT8HUH8II0B CB0I\HTCH K peIJieHIIIO o6o6meHHOro ypaBH8HHH I\IIH rapMO-

HH'l'.8CK0ro OCUHliIIHT0pa B pa3I!H'l'.Hb!X C!!CTeMax K00pl\HHaT! 

d 2 
( __ + a + b q 2 + _c_ ) ,µ ( ~-) = 0 • 

d q 2 q 2 

13 

"(40) 



! 

TTpll sTOM nocTOlIHHbie a , b C )lI!lI pa3IIll'IHbIX IIOTeHIIllaIIOB CBSI38Hbl no pas-

ROMY C 3Hepr11eii 11, cneAOBaTem,ao, . rrorryqaeM pa3IIll'IHbie q,opMyIIbl AillI 3HepreTH'IeCKIIX ' 

ypoaaeii. B 'IaCTHOCTII, ypaaaeHHe AillI AByMepaoro 8TOMa BOAOPOll8 B napa6on:H'IeCKIIX 

KOOpAIIHaTaX CBOllllTCSI K ypaaHeHHIO AillI. o6bi'IHOro rapMOHll'IeCKOro OCUIIIIIISITOpa. 

5. Arrre6pa JI11 I10Teau11a11oa C llHH8MH'Ie<:KOli rpypnol!: CKMMeTpllll 

MbI HalllIIH IIOTeHnHarrhl, 0611aAalODWe AB)'MSI KB8llP8Tll'IHblMH-. IIHTerpanaMll llBH)KeHIISI, 

II 113 HHX II IIX KOMMyTaTopoa MO)KHO 6bl110 6hl aerrocpellCTBeHHO IIOCTPOIITb anre6py. TTpn 
, / ? ' , 

3TOM, O11aaKo, BO3HIIK8IOT TPYAHOCTII, T8K KaK anre6py He y11aeTCSI rrpOCTblM cnoco6oM 
, I 

3aMKBYTb (arrpoqeM, 3TO 06cTOlITe1ll,CTBo·xapaKTepHO y)Ke llllSI aHll3OTpOIIHOro rapMOHll'Ie-
/ . /8/ -

CKoro OCl111IIIISITOpa ). 

3AeCb Mb! rrp116eraeM K H8CKO1U,KO IIHOMY crroco6y f CTafl.)lapTHOMy AllSI BC ex HaiiAeHH;,IX 

rr0Tean11anoa. ByAeM nom,soaaTbCSI MeT0AaM11· BTOpH'IHoro KBBHToaaHHlI, T.e. nocTpOIIM 

H8Klle onepaTOpbl po)l{AeHIISI II YHH'ITO)K8HHSI KBaHTOB SHeprllH II H3 HIIX IIOCTpOHM am•e6py 
I 

JI11 rpyIIIIbl SU (2) • Mb! 3HaeM, 'ITO Hy)KHO IICK8Tb IIM8HHO STY a11re6py, TaK K8K Mbl 

HCCIIeAOBallll saepreTH'IeCKlle ypOBHll H 3H8eM, 'ITO c~eneHb IIX BblpO)KlleHHSI connaAaeT KaK. 

pa3 C pa3MepHOCTSIMH npe)lCTaaneaiiii SU(2) • 

PaccMOTpHM IIO)lpo6aee nOTeH11na11 (23). HeTpy/lHO y6eARTbClI, 'ITO onepaTopbl 

b =-¼ 
I 

[ a 1 a 2 c 2 f31 1 
2x - + - - + y'la. X + 1- 2 -- -- ] 

1 ax y'Ja. ax 2 
I y'ia. x2 

I, I I 

a 1 
+ t[ 2x-+-=-a 

2 b =-¼ - 1 ax y'la xi 
I I 

a• f3 1 ] r;, 2 -2-1 --. X -l X 
+ I ~ L 

o6na)la_lOT Tpe5yeMblMII CBOHCTB8MH 

b t/, = J n ( n + Y 1) t/, n - ~n 
1 n l n2 1 l, 1 2 

<t{, =J(n+l)(n+v+l)t{, 
1 n t 

2 
1 1 1 n 

1 
+ ,n 

2 

+ 

i = 1,2 

(41) 

(42) 

(aHanorH'IHbie q,opMyIIbI 

onepaTOpbI 

IIOII}"l:a!OTCSI /VISI b 2 H b 2 )_ • .Uanee aaeAeM )lHaroHam,Hbie 

" + 
n

1 
= ½ I [ b

1 
, b

1 
] - ½ ~

1 
- 1 I, (43) 

14 

t 
! 
t 

' ! 
! 

l 
I 
}' 
I 

\ 

AIISI KOTOpbIX, n t/, = n t/, 
-.... 1 n n l n n 

I 2 - I 2 ., 

• (aHarrorH'IHO AIISI n 
2 

) . 
C IIX IIOMOIIlblO IIOCTµOIIM onepaTOPhl 

L,= n•- n I 
2 

- 1 ;_ + 
L =_b, b .--r,;--)(n" +v + 1) 
_+ y(n

1
+v

1 
_2 2 

L - b+ b --;====l==== 
- 1 2 JA A 

y(n + v +lXn + v) 
1 1 2 2 

ll9fiCTBYIOlllll9 Ha co6cTB9HHbl0 q,yHKIIIIII raMIIIIbTORRaHa CII9AYIOlllllM o6pa3oM: 

Lat/,nt•= 

L+1/ln
1
n

2 

L_t/, n 
1
n

2 

n - n 
J_ltµ 

2 n n 
I 2 

=,ln(n+l)t{, 
t 2 n

1
- t, n +I 

2 

= T( n +l ) n 21/l n + 1. 
\/1 t - 1 - n -1 

2 

(44) 

(45) 

·n+n n-n 
nonO)Kl{B _f = ~ , m = --½-' , nonyqaeM KaHOHR'IeCKYIO <j,opMy MaTpR'IHblX sne-

M9HTOB IIHq,IIHHTe311M8IlbHblX onepaTOpOB SU(2) Tip11 3TOM L 3 coana)laeT C Oll-

HIIM 113 HaliAeHHb!X HHTerpaIIOB Tnna ( 4) AIISI AaHHOrO IIOTeHIIIISIIa II onepaTOpbl L • L 
• ' - + 

TaK)Ke_ T9CHO CB~38Hbl C HaiiAeHHblMII. HHTerpanaMH. 

.Unst T;,ro, "1'.T06bI 38MKHYTb anr-e6py. HaM nplllllIIOCb CAenaTb He coaceM CTpor11ii 

Illar, a HMeHHO. "". IIOAeIIIITb Ha KopeHb 113 onepaTopa. TioCKOilbKY 3TH orrepa'ropbl ARaro-.. 
H81ll,Hbl aa_ paCCM8TpllB8eMblX q,yHKIIIISIX, STO BIIOIIHe OCMblCIIeHHaSI onepaUlllI. Ec1111 6bl 

Mb! pacc~aTpHBarrn TOm,Ko onepaTopbI L 
3 

_ , b ~ b ~ 11 b: b 2 - 11 11x aenocpeACTBeH

Hbie KOMMyT811HOHHble COOTHOllleH11st, TO Mb! nony"l'.HIIH 6bl 6ecKoHe'IHYIO arrre6py. ~TO npo

SIBllSieTCSI,- a qacT_HOCTH, a TOM, 'ITO onepaTOpbl b; b ~ 11 b: b ~ -, XOTlI TOJKe npeo6-

pasyroT BOIIHOBbie q,yHK1111H OAHoro ypoamr MelKAY co6oil, HO npn 3TOM aapylllalOT IIX aop-

MIIPOBKY (T.e. ae MoryT cooTaeTcTaoaaTb yanTapaoMy npeACTaB11?a1110 KOMII~KTnoil rpynnb,) •• 

Anre6py AIii OCT81ll,Hb1X IIOTeHU118IIOB MOlKHO o6pa3OBaTb BIIOIIHe ana11or11'IHO, )leiiCTByH 

II nom,syl!Cb BblllleQTMe"l'.eHHOil aHarror11eii 
acerAa B COOTBeTCTBYIOllleM CIICTeMe KOOpllHHaT 

( -
MelKAY ypaaneHlllIMII llillI BOIIHOBblX q,yHKUIIH. 

6. 3 aKIIIO'I eHII e 

B pesym,TaTe aacTo!UIIel\ pa6oTbl aallneHbl "leTblpe TIIIIa IIQTeH~llaIIOB (23) - (26). 

06naiia-10m11e AHH8Mll'!eCKOH rpynrroii CHMMeTpllH. (C orpaHH'IeHIISIMH, cqiopMyIIHpOBIIHHblMII 

BO aaeAeHHII, OHR IIC'lepIIb!BIIIOT ace TaKHe nOTeHUllaIIbi). KaK II cneAOBIIIIO OlKIIA8Tb, ace 
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¢HHHTHhl8 KnaccuqecKHe TpaeKT0pHH_B HllX aaMKByThl II BC8 KBSHT0ahle CHCT8Mbl o5naAa!OT 

'cnyqal!Hb!M. Bhlp0}K.0.8HH8M aHepreTHqecKHX ypoaHell, Bo acex cnyqasrx· rpynnoll CHMM8Tpllll 

oxaaanac& _SU(2) (11n11 noxan&H0-1130Mop¢HaH ell 0(3) ). Taxas '0Aaooopaa11ocT&' 

ans aayMepHoro cnyqas anonHe ecTeCTBeHHli, IlOCK0n&Ky Mhl pacCMOTpenH Ton&X0 AIICKpeT-
l;, '. 

Hhlli cnexTp, ./111HaM11qec1<.aH rpynna T0rAa A0nlKBa 0hlTb X0MilliXTH0ll. II ace l<.0MIU:IKTHhle 

nonynpocThle rpynnhl JIii paHra 1 ·noxan&H0 1130Mop¢Hhl SU(2)' • C 3TOII T0'IKII ape-

HIIH oqeHb :lKenaTen&H0 paCCMOTpeTb TpeXMepHhlH cnyqaJi, KOTOpbili A0n:lKeH 0h!Tb 3Haql!T8Jlb

'HO oonee ooraThlM, (}qeallAHO, qTo orpaH11qaaasc& onepaTopaM11 He ahlwe aToporo nopsmxa, 

Mhl TepseM qaCTb peayn&TaT0B, Hanpl!Mep, SHll30TponHblli rapMOHllqeCKHli OCilllMSIT0p C pa

IlH0HSn&l!hlM OTHOWeHl!eM. qaCTOT, He paBHhlM 2: 1. 

OTMeTIIM eme, qTo ace paccMOTpeHl!e npoaoAHnoc& anreopa11.qecx11, Ha H3hlKe onepa

Topoa, K0MMyTHPYIOWHX C raMlln&T0HHaH0M II paCCMaTpllaaeMb!X KSK re1repaT0pb1 rpynnbl, 

CneAOBaTeJI&HO I Mb! noxa He B C0CTOHHllH OTBeTIITb Ha oqe!Ib cymecTB8HHbl8 BOnpocb1: 

1) B xaxoM npocTpaHCTae pean11ay10TCH HaltaeHHble AHHaMn:qecx11e CHMMeTpu11, T,e, 

xax MO:lKHO HaliTH anH Haw11x nOTeHnllanoa npocTpaHCTaa Tllna TpexMepuoro mapa B. 

qeThlpexMepH0M (HepenSITHBIICTCKOM) IIMnyn&CHOM npocTpaHCTBe <Poxa AJIH aT0Ma B0A0P0.118, 

2) KaK HCT0JIKOBaTb .11n:HaMaqecK11e CHMMeTpHH a xnaccuqecxoii M8XSHHKe II KSKIIM 

caoiicTaaM ¢aaoaoro npocTpaHCTBa oHn: coOTBeTCTByIOT, 

B aaxn10qeHHe Mb! XOTen11 Obi noonaroaapn:Th B, MaHJ:1pocoaa, 11ccne.11oaaawero no 

Haweii npoc&oe a caoeii AHnnoMHoll paoOTe Aal!2KeHHe a HaiiAeHHbIX nOTeHn11anax. 
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