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1. B II e ll e H B e 

B xaasTosoA Teopaa nons anexTpOABBaMB~ecxae csoAcTsa ~acTau nonaocTbW oupe­

AenswTCH RX 8D9ltTpOM8rHBTBhiMR «jjopMojl81tTOp8MB, ltOTOpb19 BBOASITC!I npB nap8MeTPB38UBR 

M&TpB~HhlX 8D9M8HTOB OnepaTopa TOll:&, 

Ha ocsose oiSmeA MeToABXH napaMaTpaaauaa MaTpB~biX aneMeHTOB noxanhBMX onepa­

Topos s AaaaoA paiSOTe noApoiSao paaoiSpaBM· cneACTBBH ycnosaA, aaJtRaAbiBaeMMX aa onepa­

Top TOKII apMHTOBOCTbiO, rpaAH9.11TaoA 1 P - B T -aaaapaaBTBOCT!IMB. 

~OpM«jj8JtTOphl OAB0~8CTB~BhlX M&TpB~BhlX Sn9M9.11TOB onep&TOpa TOK8 H9DOCp9ACTB9B­

HO Bhlp8lK9Bbl ~epe3 MYnbTBDOnbHhl9 SR9ltTpOM8rHBTBhl9 MOM98Thl ~8CTBUhl B BX Cp8AHB8 

2n -CT9D9HRhl9 paAHYCbl paCDp9A8D9RBA, 0Jta3MB89TCB, ~TO B OTRB~II9 OT KR8CCR~9CKOA 

SR9KTpOA8B8MBitB B KB8HTOBOII: TeopBB non!l BM99T CMbiCR rosopBTb 0 ll9DOM PHA9 SD9ltTpo­

M8rBHTHhlX B38BMOA9ACTBBA, K8lKil09 B3 ltOTOpbiX 0Dp9A9DB9TCB pacnp9A9R9HH9M CBoero 

'aapHAa', 3TO 06CTOBT9nbCTBO BM99T gcTO KB88TOB09 npOBCXOlKA9RH9, 

2, I1apaM9!J?B38nHB TOK8 

Ill B paiSOTe ISbma nony~eaa o6mas ojlopMYna ARB napaMeTpaaauaa MaTpB~HbiX sneMeH-

" /1/ 
TOB aeKTopaoro noxanbaoro onepaTopa II' • B o6oaaa~eaaax oaa aMeeT cneAyromaA 

BRA: .. .. 
<P' 1 1<' 1 j' 1 m'lla ( x) I P, ", j, m>,. 

1 j' .. 
=-1eliP(-K>."~·a_11(w) :£ D,.,(P',.;;). 

(2~r) "t-' II ,Ill' "'•"' 
(l) .. .. 

< q ' ·• ,. ' I t I q • ,. .. .. • 2' "IJ.-11 {3((1) - 2 , K,j,m> D~ (P.w) • .... 
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3Aec& <I I {3 (0)1 > - M8TpH'IBhiA 8116M6BT OnepaTopa TOit8 B 6peiiTOBCitOA CHCT&Me (o,c,) 

npH x,.. •0, a w.- cltopocTD nopeanesc1toro npeo6paaosaBH!I It seA. •af3 (w) - oohi'I-<, 

aa!l MaTpllna npeoopaaosaaa!l nopeHna. B 5.c. napaMeTpH3ana!l citangpaoA a seKTopaoll ... 

'ISCTell I!MeeT BB.Il: 

• • < II , .• -, II (0) I II .. 2'"'J til o -~,~e,j,m>~~= 
2 

• .., I 
L,ll 

L 4w L ~ I:IJ ·• 

(-i) -- q Y"' (o) < j m LM IJ'm'> • 
(2L+l)ll Uol Q 

O,L 

·¢, (q'l I( ,1<1, 
If 

1 , j'. , I I ("" I q . .. > <- ,K 1 ,·11 'UJ --,K ,J,m = 
2 I 2 

J+l4rr 
=e I a (-i) --< t"LMIJA> 

.J,A,L,II,I' lfl. (:;Lt-1)!1 

.<jmJAIJ'm'> qL Y* (1) ¢ 1'~'"' 
Lll q II 

( q,2 IC, IC
1

) • 

(2) 

(3) 

r.ne a I fl. - MaTpuna npeoopa3osaaa!l OT opToroaan&aoro 6a3HCa 1t JtSHOBH'IecKOMy. 

B. aaweM cny'lae, Kor.na M&TpH'IBhlll aneMeHT ( 1) aenaaroaanea no MaccaM, Tpe6o­

saaue apMHTOBOCTH onepaTopa TOit8 npBBO.IlHT It yCIIOBH!IM Jlll!l K&lKJlOI'O tjJopM:cjlaltTOpa: 

rne 

1-1' --
¢ ,( q 8, I( • ,,:') ... ( -1) ¢•, ( q2, ·1(·, o:)y'~. 

II It- 2J'+1 

3aKOB COXpaaeHH!I TOJta .ll8eT COOTHOWeBBe 

L 8 I, L ·I, L 2 ( -1 ) V·- "L (' 2 L + 1) I ¢ , - q ¢ I,L +I, L )( 
3 u u· 

X 
V (L+ 1) /L 

(2L+1)(2L + 3) 

o.t,. 
=-·1 q o "'u' • 

q
0
E/-f +>< • 2 -/{'+~<a, 

4 

(4) 

(5) 

.·· ... :,I 

' ·' ·~!' 
·'\• 

·~~·~: 

·. j~~-{ ,11 

'J:~~.~ f. 

)5~( I 

l· 
l!f .. ' 

,:J 
·;~~ 

',;t 
.~~ 

;,··r 
;•'\ 

p - HBB8pH8BTBOCTb onepaTopa TOJta H8Kn&.llh1B88T .llODGnBHT811bBh18 yCIIOBH!I H8 tjJOpM­

tjJaXTOphl: 

O,L :1 
¢ , (q ,IC ,1<'·)•0 

u 

tP I,Lt;ttLq2, IC 'K')"' 0 
u' 

I,L,L 1 
"' , ( q • •I( • I(') .. 0 

II 

L • 2n+ 1 

L • 2n+ 1 

L • 2a. 

Tpe5osaaae T -uasapaaBTBOCTB npaso.llBT 1t paseacTsaM:: 

.1. O,L( 2 ,, L+f•l' 

.,. , q • •I( • I( 1 .. ( -l) 
II 

j2J+ 1 </>O,L ( q 1,1C'·, 1C) 

2J'+l .... 

I, L+ i.o L L+ 1-1 ' f'?i":7 
tP, -{ q2, •IC ,IC'),.( -1) V ~J± . .1_ 

l,L+:tL 
¢ , - ~ q a, IC ',·~< ) 
II' u ~~~ 

L+J.I, 
tP I,L,L ( ~~, IC 

1 
IC') •( -1) 

u' 
J 2j+ 1 tP I,L,L ( q2,IC,fiC) • 

~'+'1 l't 

(8) 

(7) 

J13 HpBB6.li8BBhlX tjJOpJdYII Cll&nyaT, 'ITO 0Tit83 OT T -HBB8pH8HTHOCTH OCT8MfleT ljlopM• 

tjJaKTOphl Be.llB&rOHallbBOrO M8TpH'IBOrO 8118M6BTA onepaTOpa TOJt8 JtOMHII81tCBhiMB 1 BHhlMII 

cnosaMB , 'IBCIIO tjJopMtjJaltTopoa YllB&HB&eTCSl, TaJt, .llllll CJtansrpBhiX '18CTHII ( J• j' c 0 
/2/ ' 

BO 1< Y, 1<' ) tjJopNtjJaltTOp 'CM8W8HHOrO 3aplllla' H C81138HBhlll C BBM COOTHOID8.11.B8M (8 

"cMOW&BHhlll MSrBBTHhlll MOBODGnb U po.na• D0ny'I810T MBBMhl8 llo5&BXB, a y CDHBOpBhlX 

'I&CTBII .no~sJty nony'laeT J:POM:e Toro B tjJopM:tjJaltTop 'cMemaaaoro MarBBTaoro MOMeBTa 

I po.na'x), 3TB 11o6asu 6yeyT OTBeTCTBeBBhi 38 pacna.llhl c aapyweBBeM T -aasapBaBTHo­

/2/ 
CTH COOTB6TCTBYIOWBX '18CTHII ( CM, 1 aanpBMep, ) , 

x) 
CMhiCII TepMBHOB 6yll&T HCeH B3 .llallbBellwero. 
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8, cllopM!IJaX'I'Opbi B MfllbTBDo.IIB 

4>0pMcpaKTOpbl. OIIBO'l8CTB'lBOro M8TpB'IBOrO 9Jl&M&BT8 OD&paTopa TOJ:8 GC'J'&CTB&BBHM iJ 

o6pa30M CBSI3biB810TCII C t.JYIIbTBDOIIbBbiMB MOM&BT8MB '18CTBIXH, ./liUI 9TOro B3M&BIIM BOpMB• 

pOBKY ~OpM~8XTOpOB B (2) II (S): 

O,L ll 
f ( q] 

O,L ( 2 " ) ... I . > 
¢ q,K, <jjLO JJ II 

¢ I,L,~ ( q ~." , ") .. 

II 

I,L,.J 
f (qlj 

<jj Jll .jj > 

(8) 

Tpeoosaase apMBTOBOCTB onepaTopa Toxa Tenepb nenaeT ~opM~TopH neACTBBTellbBHMB, 

YcnoBIISI COXpaa&BIIH TOK8 DpiiBOIIBT X COOTBOm&BBIO M&lK.Ily cjlopMcpaJ:TopaMB! 

fio&TOMY 

l,.J-1, J 
= qa f I,J+I,J &i 

J 
·I 

[ ( 2}+ 1)( 2J +3)] • 

<_l_, K,j,m'~ 1(
1
)(0)1-. ,·K,j,m>=4rre 

2 ~ 2 I 
J+l 

(-!) 

<JmJAI Jm';, I <1~ JMIJA > 

< jj J 0 I j j > ( 2J + 1) II 

+ 
J+l 

q 
J + 111 I J A > Y* 

J= I 

J + l,J,Jc 
q Y* ( 11 ) f ( q2) + 

J)l Q 

[ < lp 
(2} + 3)11 J+l,M 

(; ) + 
Q 

+jJ + 1 
J 

<1" J-111 IJA> Y• 
J -1, M 

(
.. l,J+t,J 
a q) ] t < q~ I . 

(9) 

(10) 

cllopM~aKTOpbi f
0
'tqt) B fl,L,L(q)) DpH q~• 0 onpeltenHIOT COOTBeTCTB8BBO L-

" 
llOIIbHble aneKTpll'l&CKBe Q L II OOhl'IHhi& M8rHHTBble MOM&BTbi 

pona): 

"I 
Jr L (MarBBTBhl& MOM&BThl 

6 

/1. 

.. 
< +• " ,j , m' I QL.,I -4- •", j 'm> • 

•f d\ zLy (:)<II (z) I>• 
LM x 0 

a .. < j m L Ill j m';> 
·B (q) Q , 

<jjLOI jp . L 

O,L 
QL• e f (0), 

.. .. 
< _q_ , " , j , m '~ i ~., I - ....!L. , ,.. , J , m > -

2 2 

=I I 
M',f.l 

.. (I) 

f d 1x x L Y LM ( II)< I I (x) I > < l,t L M' I Lll > • 
~ 

=Ba(q) <jmLMIJm';> 

< jj L 0 I jj > 

~'; 1 "' e f o,L,L(O) • 
L 

I 
lll~,. 

(11) 

(lla) 

(12) 

(12a) 

4>opM<jlaKTOpbl f I, L+1,L ( q 2) npH q 2,. 0 SIBnHIOTC !I L -noiibHhiMB MarBHTBhiMB 

MOM&HTI!IMH II 

=I 
M~p 

ponax) '1!{
11 

• 
L • 

.. < Q A 

2' "' j • m'·l lit II LM 
- q ~·"•j,m >• 

3 L+l .. (I) 
f d·z x Y* , (n )<I I., (x)I><IpL+lii1LM> = 

L+t,M . X ... 

a .. 
- 0 ( q 

< jm Llll jm'> II 
"11 

L 
<jj L 0 I jj > 

,.11 I,L+l,L 
111Lsef (0), 

(18) 

(lSa) 

x) B pa60Te131 nonymeaa aeTO'IBOCTb npH napaMeTpH38UHH snexTpoMarHHTBOA 

sepmHHht, 'ITO npuseno K nOTepe ceMeilcTBa MarHHTBbiX MYIIbTHDo.lleA II pona. 
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CpeAiille 3Ha'leHHH 2 n -cTeneuu&rx paAII)"COB pacnpeAeJieHHH aneKTPH'IeCKoro M)"llbTR· 

nona 3anHW)"TCJI B BRAe: 

< q 
~2~. 

~.. ~ 
K ,j,m'lr 1---,IC ,j,m > • 

LM 2 

ID+L 
'< X Y* (it ) < I I ( ][ ) I > = 

LM x 0 

=o•(q) <im LM lie:'> 

<jjLOIJi > 
(2n+l)l r2n 

L 

o.L 2 r2D=.!..[£ (q) 
L nl 

(D) 

1 
q=O 

CooTaeTCTayrornue <jlOpM}'nhr AnH MaruHTH&rx M)"nhTHnonelt HAeHTH'IHhr npuaeAeaaolt: 

(14) 

(Hn) 

< q 
2 .... I; .. 

ILM 

i <jmLMIJm'> 
I --, .... >= e--=-~-

2 <jj LOI}i> 

l,L,L (D) ) 
(2n+1)1[f (qll)] ( 14a 

- qoc() nl 

.. 
' I .. < __,.... ••• p 
.1. IILM 

.. <imLMIJm':> 1- ...!, ... >= e -----
2 < ii L 0 I jj> 

(2n+ 1)![£ 
n! 

I,L+l,L if)) (D) 

(q q=O 

TaxHM o6paaoM, ant\)tTpOMarnuTHhre <jlopM<jlaxTOphr BhtpaJKaroTcH npHMo 'lepea 

nonu u HX cpeAHHe 2n -cTeneHBwe paAuycw pacnpeneneault. TaK, aneKTpH'IeCKHA 

<!JaKTop paaeu: 

O,L 
2 

ef (q )=QL+I. (-q2>D< ... 
L n = l 

8 

(14c) 

MynbTH• 

<jlopM-

(15) 

Tpe6o1!18HBe p -BHB8pB8BTI'OCTB A88T B Cll)""l88 OARO"l8CTB'IIIOrO M8TpB'IROrO 811ellleK'I'a 

onepaTopa TOK8 Te lKe ycnoaiiB (6). 

Tpe6oaaHBe T -II.BBapaaBT.BOCTB npBBOIXKT Teneplo x ycnoaa.lllll: 

o ... 
f (q 2 )-0 L=2n+·l 

l,L+l,L 
f -(q2)=0 

(16) 
L - 2n 

f l, L,L( q 2 ) = O L = 2n • 

1:13 <jlopM}'nY ( 16) BBAHO, 'ITO TOllbKO Mar.BHT.BYe M}'nbTBilonB U pona JIBJIIIIOTCB 

T -ae.BBaapuaHTBhiMB xapaKTepBCTBK8MB '18CTBUY. TaKBe M)"llbTBnonll MOryT BMIITb '18CTR­

Ilbl CO CilB.BOM j ~ 1 • 

4. cllopM!jlaKTOpW B aneKTpOM8r.B.BTBY8 53aBMOA&ICT!IBJI 

JiiHTep&CHYM .HBnlleTCH TO 06CTOJIT811bCTBO, 'ITO eCnB !I K118CCB'18CKOI &neKTpOABJia­

MUKe TOnhKO ABe <jlyHKUHB - nnOTBOCTB pacnpeAeneBBil 3apHA8 B TOK8 - D03!1011KDT Onp&A&­

nHTb BCe M)"nbTBnOnH CBCT8MY 1 HBnHIOIUB8CH npOCTO 'IBCnaMB 1 TO B KBaBTOBOII M8X8.BIIK8 

aneKTpOMarHHTHWe M)"nhTHnOnB ( M)"nbTBn011bHW8 <jlopM!jlaKTopb!) JIBJIHIOTCII B838BBCBMWMJI 

<jlyHKllBHMH B CaMB paanaraiOTCH B pHA no cpeAHBM 2n -c,TeneBHYM p8AIIfC8M pacnp8A'8-

neHBit ( 'cpeABeRyneaoil' paAK)"C pacnpeneneHBH o6bl'IBO B B83YBaiOT COOTB&TCTB)"IOIUBM 

M)"nbTHnoneM '18CTBilhl). iloaTOM)" B KB8HTOBOII aneKTpOIXKil8MBK9 BMeeT CMYCn rOBOpBTio 

0 pa:SnB'IIlbiX BBA8X M)"nbTHnOnhHWX aneKTpOMarBBTBhlX 538BMOA&IlCTBBil 1 K8li<IX08 R3 KOTophlX 

onpeAenHeTCH CBOBM pacnpeAeneHHeM '3apHA8" ( M)"nbTBnOnbHhiM <jlopM<jlaKTOpOM) • 'iacno 

BBAOB aneKTpOMarBBTHWX aaaHMOAellcTBBII pacTeT c yaenu'leBBeM cnuaa 'laCTB!lW. Heo6xo­

ABMO 3aMeTBTb, 'ITO cyrneCTBOB8HBe MHOrBX BBAOB an'eKTpOMarHBTHWX B3aBMOAeiiCTBBI .HB.Jlll­

eTCB 'IHCTO KBaHTOBYM a<jl<jleKTOM. npu nepeXOAe K KnaCCB'I8CKOM)" npeneny BhllKBB88T nBWio 

38pHAOBWil <jlopMcjl8KTOp, npB STOM ¢ypbe-o6pa3 nnOTBOCTB 3apHAa 

f O,() ( q 2 ), a ¢ypbe-o6paa nnOTBOCTH TOKa 6yneT paaeu Rynro. 
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