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I. B B e A e n n e 

Ycnex XBaHTOBOll aneKTPO.IlHHaMHKH B 05bHCHeHBH wnpoxoro xpyra ¢H3H'IeCXHX HBne

HHlt C.llenan ee BalKHeltWHU 3aB09B8HHeM penHTBBHCTCKOlt XBaHTOBOH TeOpHH. 0HS 6blna 

C03Aana paHbwe npyrnx xBaHTOBhiX noneBhiX Teopnlt n cnyJKnna Ann HBX npoo6paaoM. 

0AHBKO H CaMa KB8HTOB8SI 9U9KTPO.IlHHaMHXa CO BpeMeHH CBOero B03HHXHOB9HHS! npeTep-

nena ana'IHTellbHble H3Menennn. CoanBHHe Teopnn nepeH2P!i.HP.c!ll.ClJL.CYme<;::TBenno __ pacwn-

pnno o6nacTb ee npnMeHennlt. 

HapSIAy C 9THM COBepmeHCTBOBanach ¢opMYnBPOBK8 ee OCHOBHbiX ypaBHeHHH, XOTSI, 

paayMeeTCSI, anecb nporpecc 6hln Menee aaMeTea. PaBeHCTBO eynro MaCChi noxon ¢DT~~a 

.: __ :~~~~_!~~~~~-~~~~~o .. ()f!P.~Ae~~-H~ble TpyAHOCTH UpH XBaHTOBaHHH aneKTPOM81"HBTHOI"O 

nonSI. Bhlpa60Txa yno6noro n HBHO xoBapnaH'I:Horo cj>opMannaMa npononJKanacb BUUOTh 

no nenaBnero BpeMeHB. 

HaCTOSIWHil. 063op UOCB~~_!I3U())I{~HHIO OCHOBHhlX cj>Op!:fYnHpOBO~-~I_I!()BOH __ aneltTPD

AHH8MHXH. llpH 9TOM paCCMOTpeHHe orpaHH'IHBaeTCSI TOnhKO ypaBHeHHSIMB AUSI onepaTOpOB 

nonS! H He aaTparnBaeT ~-=--~~:X.! .. ~~~_<:>poB __ C:OCTOS!HHSI, cj>yHXUHH rpHH8 H T.A.~2 

OTMe'IaiOTCSI TPYAHOCTH C XBB_fi.'!'.2.!'~.'!~~-l'f .. YP.~~:~n.~. ~-~1!:5=!'enna H BBOAHTCSI pa3nOlKeHBe 

BeXTOp-nOTeHunana, XOTOpOe cnylKBT OCHOBOlt BCero AanhHeHWero H3nOlKeHHH.,..!!_r:_l_ll!_!J.~-_3 

paCCMaTPHB8eTCSI HaH6onee CTapan cj>OpMyUHpOBX8 aneKTPOAHHaMHXH - aneXTPOAHHaMHX~ 

B_KanB6pOBite H3Uy'IeHHSI. 3Ta nepBaSI cj>OpMYUHpOBXa aneXTPOAHH8MHXH 6blna C03A8Ha -- - - ''If/________ ~ /2/ . 
.llnpaxoM H ycoBepweHCTBOBaHa ranaeu6eproM H naynu • Ona. He y'l'paTnna CBOero 

-3ll8'1eHHH H B H8CTOID!le9 BpeMSI, 110 HeCKOnhKO Heyno6na H3-38 OTCyTCTBHSI HBHOif XOBa

pnaHTHOCTH yp8BHeHHJ!.~~6cyJKA8IOTC£ ¢opMYnHpOBXH anexTpOAHHBMHXH B TepMH

HaX HarrpHJKeHHOCTelt. 8 TaXKX ¢opMynupOBKaX HeT TpyAHOCTeA C Bhl60p0M nepeCTBHOBO'I

HbiX COOTHOWeHHlt, OAH8KO OHH TaKJKe Heyno6Hb10 ~ax KaX HMeiOT HenOK8nhHbiJ! BHA. rna-

~~eHa anexTpOAHH8MHKe C nonepe'IHOA KanK6pOBXOA BeKTOpOB COCTOSIHHSI0 XOTD

pan o6nanaeT RBHOH xoBapHaHTHOCThiO u nOTOMY ncnon:E.ayeTcn nan6onee wupoxo. Ona 

6blna C03A8H8 B 1932 r. <t>epMH/
3
/, KOTOpblH npeonohen TpyAHOCTb C TpaXTOBXOH ycnoBHSI 

nopenna B onepaTopHOM CMbiCne nyTeM uanoJKenun aToro ycnosnSI na BeXTOpbl cocToH-

nun. <t>opMYnHpOBKa 4>epMH HeOAHoxpaTHO HOABepranacb xpHT){xe u nepeCMOTpy. Tax, 

3 



14-61 
8 1949-1950 r.r. oonapyJKB:noeb, 'iTO nononnnTenbHoe yenosue 4>epMH npoTnsope'lnso • 

floene 3TOrO B 1950 r. rynTa/
7 / (eM, TSK)!{e/

8 /) npunan UOnOnHHTenbHOMY yenoBUIO KOp

peKTfiYIO <jlopMy, H0 'iTO O'lOHb eyweeTBeHH00 Bb!ReHnn, 'iTO <jJOpMYIIHPOBK8 4>epMH e HeOOXQ

llHMOCTbiO BeneT K aeonpeneneaaofi MeTpHKe B rnnhoepTOBOM npoeTpaaeTBe eoeTOSIHHfi, On-
/9/ 

aaxo u STOT <jlopManuaM nonsepreH KpHTHKe e 1958 r,, xorna Cyaaxasa yKaaan, 'iTO 

OH aeKoilapnauTeHx). 4>opManH3M rynTbl Obln yeosepweireTSOBSH H BMeeTe e TeM ynpoweu 
/10 11/ /12/: -

(rynTa • u Koauen n OrnMOTO ),n Tenepb aneKTponnaaMHKa e nonepe'laon Kanu-

6posz:oA seKTOpOB eoeTO!lHHR npHHHna 38B:OH'leHayro <jJOPMYo Paanen 2,3 rnashl 2 H paane

nbl 5,1....:5,6 n 5.10 rnasbi 5 ·npeneTasnHIOT nonabiil aaanna aToll eaMoA ynooaoA n aanoonee 

paenpocTpaneaaoA <jlopMYnnposxn. B 'laeTaocTn1 s n. 5.5 nony'leH npoeToil peuenT no-

eTpOeHHH B KOMnaKTHOil <jlopMe eOCT_OHHBil0 ·ynosneTBOpHIOlllBX yenoBUIO n_opeHU8:._4>epMH

rynTbl B npeueTaBneHHH B3aHMOlleileTBUH0 a B n, 5,6 H3y'leHO BnHHHUH 9TOrO yenOBUSI Ha 

MaTpH'lHble aneMeHTbl ·s -MaTpHubi, OnaospeMeaao nposeneao epasaeane naaaoil <jlopMynn-

posKH e <jlopMynnposKoil s z:annoposKe uany'leHnR, 3KsnsanenTHblfi auanna ypasaeauil s rail

aeuoeproseKOM npeneTasneHHU llaH B n,n, 5,2 H n, 5,3, 

CpeneTBOM, noasonHIOWHM esH38Tb paann'lHbie <jlopMynnposKH 11 noHSITb see xapaKTep-

Hble esoileTBa aneKTp0lliiH8MIIKH0 eny)!{HT eneuHanbHblfi 4-MepHblll 083He B p -npoeTpaa-

eTse, KOTOpbiil ssonnTCn s n,n, 2.2, On naeT reoMeTPH'leCKoe npeneTasneaHe xopowo na

seeTHOMY paano*eHHIO 4-seKTop-nOTenunana aa nonepe'lHbie, npononhayro 11 speMenuyro 

(eKannpayro) 'laeTH, 

B rnase 6 aaTpoayThl HeKOTophle sonpochl Teopun npeoopaaosaanil s rHnboepTOBOM 

npocTpaaCTse, B Ilpuno)!{eann 1 nposeneuo eonoeTasneune e Teopueil MaeeHsuoro seKTOp

aoro nom1, a B flpnnO)!{eHHH 2 H3nO)!{eB eTaphlfi ¢opManH:;JM .fiHpaKa, B · KOTOpOM aneKTPQ

MarBHTBOe none esonnTCn K uaoopy oeunnnRTopos, 

.naaublii ooaop, eeTeeTseuao, Be !l~HeTeH nollHblM, HanpnMep, He ooey}l<naroTeR 
/13/ 

aneKTpOllHBaMHKa B f3 -<jJOpManH3Me H enHBOpBaH lj!opMynHpOBKS aneKTpOAHHaMHKB 
/14/ . 

(eM, ), OnuaKo ooaop MO)!{eT Ob!Tb noneaeu n nnH noauMaBHH aTnx <jlopMynnposoK. 06-

cy)!{UaeMhle B 0030pe BOttpOCbl Talt HnH HHS'le 3aTparusanneb' He TOnbKO ,B *YPHanbHblX 
/15-22/ . . 

eTaTbHX, uo u s MOBorpa<jlnHX · • Mbl eTapanneb uanoJKB:Tb HX 6onee nonao, e enuuoil 

TO'lltH 3peBHH. 

x) 
Ha eaMOM uene, KSK UOKaaauo B § 6 rn. 5 CTapbiil. <jlopM8nH3M rynTbl KOBapHaHTeH, 

HO TOnbKO era KOBapnaHTBOCTb Be RBnSieTeR SIBHOil TO'lHO TSK )!{e,KaK B eny'lae KanuopOBKII 

H3nY'IeHHH (rn, 3), 

4 

Cj 
'!i 

I 

----
2. Ypasueuug Ma~~:esenna .Ana seKTop-nOTeuuuana aneKTPOMarHHTuoro nona . 

2~. TpyABOeTU C KBaBT6BaBUeM BeKTop-noTeHUHana 

I 

3neKTPOMiirBHTHoe none Mbi 6yAeM OllHCbiBSTb npH nOMOIIIH BeKTop-nOTeHUHana . '"- -
~T£.'111'!~03H'n'QI!BOe_nOJ1e _ ~-npn no Mown itupaKOBCKoro cnnn'opa 

Hblli narpauxmau Teopuu Ma~~:csenna MO)!{BO aanucaTb a- BHAe: 

t/J , TorAa. neXOA-

f(z) =-I' .FlO' FlO'+ jll. AIL -., (yi1 +·II) y 

rAe 

Fl"' =i1,.!Av -'i1v·A,. 

\ J,. = i e t/1 '>',. t/J • 

" 

( y i1 -·Y. i1 ) :· ,.. ,. _, 

a e - aapBA· aneKTP?Ba, Ha narpauJKB:aua ( 1 ) enenyxoT ypasneBHH 

11A.F.>v- ':'--'i v 

(oyi1+·11) t{J =-iey,.-
1 

Y, AIL 

'{1) 

(2) 

(3) 

(4 n) 

(5) 

narpaB*Hau (1) u ypasueBBH (4) u (5) oonanaiOT Kanuoposo'lHoli uusapuanTBOCTbro, 

T,e,UHBapnaBTBbl OTBOCHTenbBO npeoopa30BBHHil 
I 

··A,.• A'ri =·A,. +i1,..A(x), 
· leA(><) 

t/J•t/J'-=e Y, (6) . 
I 

c cosepweuuo npouaa,onhHbiMH ¢yHKnuBMH A{ll;) • TaKaH uusapnaTHOCTb ecTb .cpeneTso. 
- J 

npn uyneaoli Maece aeKTopnoro nons •A II. - HCKniO'lHTb y nero cnuu 0 · n ·naaaonuTb 
/23/ 

saa'nMoAelieTaosaTb TOnbKO enuuy 1 (eM, auanua aToro sonpoca s , ). 
\ . 

· /2/x) 
00bl'lH8H' llpOJleAypa KSHOHH'leeKOrO KBBHTOBBHBH eOCTOBT B Bblp8)!{eHUB nepeMeH-

nblx nona ua Mexaun'leCKOM H3b!Ke eonpB)!{euui.Ix KoopnuuaT q u HMnynbeos P , na 

ltOTOpble HaKnSAbiBBIOTCa nepeCTSHOBO'lUble COOTHOIIleBHa 

[q; q'J .. o. [p, P1 .,o, (q,pJ o=i 1. 

Ecnn B narpauJKB:ane (1) B.Ka'lecTBe KoopnunaT aneKTPOMarnuTuoro no~~ npuuHTb 

TO HM oynyT ltBHOHB'leCKB conpB)!{eHbl ~MIJYnbCbli 

n = 8 L(J) .,. ---
' 8 i1 4 All 

F 
,,4j1. 

x) /171 ; . · /16 18 24,25 26/ 
. CM,. T8lt)!{e • .fipyrne cnocoobl KB8HTOB8BBH CM, • • . , • 

5 

·, 

(7) 

•A (ll;), 
.II. 

(8) 



HenocpeAcTBeHHO~ EBAHTosaane cornacao (7); T.e. nococynnposllHI!e ·onaospeMeHHhiX (z0 -y0 ) 

nepeCTAaOBO'IHhiX COOTaomeHHil 

' 
[i,l' (~); -:,Av (y)] = 0, Il' 4jL (J'), iF Gf (y)] ..0, [·A (J'), F -(y)]~a a <; -"Y) 

" Gf !LV 
' 

[·A" (:z),t/J (y)] .. o, [:FI'V (x) t/J{y)]aO 

I t/J (:z), -t/J(y) J .. o, 

- /2 27/ 
_ aeB03MOJKHO 1 

1 IIOCEOJibltY 

lt/J <:z>, ~{y_) J .. r, a<; -Y 

II =:F .. o • 
' " 

(91'v) 

(lOv) 

(11) 

(12) 

B TO lKe BpeMil cpeAH ypasaeHHil (4) ReT -TSEOrO ypasaeHHR1 KOTOpOe II03BonHnO Obi !IpRMO 
- , 'x) 

Bb!p83HTb A, '18pe3 npyrae JtOOpAHaSThl H HMnyn&Cbl -- 1 Jt8lt1 aanpHMep, B cny'lae BGK-
i!" _ - - - xx) ( /17/ ) 

- Topaoro nona AI' Q.. aeaynesoil · Maccoil eM. , a TaxlKe flpnnolKeHHe 1 • TaxnM 

o6paaoM, ecnn aexonnTb aa ypaaaennil Maxc!!enna Ana aexTop-nOTeHIIBana, To ae ynaeTCR 

uaiiTH_OAHOBpeMeHHble nepeCTSHOBO'IHble COOTHOmeaag AIIR BCeX '18ThlpeX JtOMIIOHeHT,BGETOp

/2 27/ IIOT81IIUI81I8 •AI' 1 ('ITO CBR38HO C ~annopOBO'IHblM !IpOH:"BOIIOM •AI' ). floaTOMY 

aeOOXOilHM8 TS HnB Haag MOAHcjlHJt81lHR HCXOilHhiX ypaBHaHHile 

2.2. PaanolKeHHe aexTop-nOTeunnana 

' J 
B nam.aeilmeM aalKayro pom. 6yneT nrpaTb paa6neune aeKTop-noTeHilnana ua cocTaB-

n51iomne C oonee IIpHMbiM cjla3H'l8CKHM CMb1CnOM1 '18M KOMIIOaaHThl ·_Ap. r OTHOCHWHGCR 

_E,COBepWeHHO !IpOH3BOnbHOMf 083HCy. flepei!.QeM B P -npOCTpSRCTBO 

\ 

•AI'(P.? = f d'p e ·lpx -'AI'(>;). (13) 

4>BBH'IeCJtRil CMhiCII BM810T aeH30TpOIIable_ COCT11BniDoiiUl8 A p. {p) r opToroRSIIbHble ·K BGKTD

-py Pp.-

Pp. •Ap. (p) =0. 

HMeRHO R8H30TpOURble BGltTOphl AI' {p) 1 YllOBII8TBOpSIIOWB8 yC.I!OBHIO (14), OIIHChiB810T 

co'croaHHR nongpnaannn, oTBe'!aromne CIIHHY -1 a npn ap~Mene-iiono6noM HMnyn&ce 

(14) 

R !IpH H30TpOIIaOM. Anannaapyg (14), nenecooop83RO BB8CTH OS3HC, OllHHM H3 opTOB ltOTD

poro 6un : 6u _ RMnyn&c Pp. • flpn aTOM ayl!Wo oxaaTHTb cny'lail H30TpOIIBor,~ aexTopa pI' , 

x) Ha CSMOM nene, A' HCJtniO'IHTb MOlKHO, ecnn nonycTHTb nenoxam.nbi.e ouepannn. 
3TOT nyTb- BeneT lt cjlOpMfnHpOBJte B ltanROp0Blt8 B3ny'l8BHH1 ltOTOpag isyAeT OOCylKli.STbCH 

B cnenyJOmeA rnase. \ - · 
xx) - 2 

T.e. xorna » narpaal!<Baa (1) no6aanen '!nan -%m ·A,tAp.. 
i' 

6 

/ 

T8lt Jt8lt HMeaao T8EOil HMnyiibc COOTBGTCTByeT aany'la8Mb1M cjlOTOaaM. 0A_aaxo CHTYSIUIR 
-r 

C H30TpOIIabiM BeltT?JIOM PI' He COBCeM !IpHBbl'laaR. 
\ 

K mo5oMY (speMenn-nonooaoMf-, npocTpaacT»euuO-:~onooaoMy- ann aaoTponaoMY) 

' nopeH!IOBCltOMf. BGETOpy PI' -- BC~rAS MOJKHO IIOCTpOHTb JIBS- OpToroaan&abiX lt aeMY H · 

MGJKAY COCOA !IpOCTpSaCTBeHao-IIOilOOaLIX BGltTOpa J:l H J: -x) 

(I) o (I) em = o 
pe = e II' ( i,j = 1,2) • 

I 
Jlanee, noneaao OTMeTHTb, 'ITO 

a ) TpeTHil opToroaan&Hblil x 
(,r) 

PI'' 
d> e- a 

" 
~:iJ BGETOp 

" 
~ xx) 6yAeT 

" - - \ 
!IpOCTpSaCTBeaao-IIOAOOea, ecnH P -BpeMeaH-IIOAOOea; 

speMean-nonooea, ecnn P -npocTpaacTaeuuo-nonooeu; 
I 

l!aoTponea a xonnnHeapea· P , ecnn P -aaoTponeu. 

'-

{15) 

{j ) BcHJtHil BGETOp VI'- 1 OpToroaan&ablil- K H30Tp01IHOMY ,BeKTOpy _ PI' 1 nnaeiluo-

Bhlp8lK8eTCa 'lepe3 CSM STOT BGKTOp PI' H ABS HeH30TpOIIHbiX (npOCTp8HCTB8HHD-IIO.Q06-
- (I) 1 (2) XXX) 

ab!X) B8ltTOp81 OpToroaan&ahiX 8Mf ( e I' H e I' ) 

I v =a e 

" " 
+-b e 

2 
+·c p 

" " (16) 

Koa¢cjlnnneaT c He MOlKeT ohiTb_ cjlaKcapoaaa a ocTaeTCR cosepmeauo nponaaon&HbiM. 
' - - - /29/ -

npocTp8HCTBO BeKTOpOB Yp. -nosepXHOCTb xacaTenbaag K CBeTOBOMY KO!tycy • Tpex-
. ... ... r / 

-MepHaR MOlten& npOCTpaHCTB8 · TSKaX BeKTOpOB V = a e + C P · H30opalKeaa ad puc. 1. 

KorAa HMny!Ibc npo6era~ ace aaa'!eHHa aa cseTOBOM_xoayce,-rnnepnnocKocTb opToro

aam.aaa Jt H8-Mf1 BhiMeT88T IIOil!IpOCTp8P.CTB01 CO.QaplKSWee BCe !IpOCTpaaCTB8HHD-IIOil06-

able_ a naoTponaue BeE TOphi ( T.e. ace npocTpaHCTBO sue xoayca a caM Koayc). BayTpea7 -· 

• amt, 'ISCTb ,KOayca, COileplKSWSR BCe apeMeHH-IIOAOOable BeltTOpbl_ OCT88TCR COB~pWaHHO 

H838TpOayToil. 

Y ) HaT _HH OnHOro speMeHH-IIOilOOROrO BeETopa, OpToroaanbHOro K H30TpOIIHOMfr. 

a moooil aeKTop v.P. (16) eCTb naco npocTpaacTaelmo-nonooablli, naco naoTponablil 

( IIOCneARee TOJibltO npn a= b = 0 ) • -
I '. 

x) - , - --
Tax JtBE BCHEHli npocTpancTBenno-nonoonblil,speMeHH-nonooablil 

BGltTOp p MOJKHO npeoopa30B8Tb K BHilY ( 0, 0, P r P ) • -
, - a - ' 

ann H30TponahiA 

xx) c a> c IJ · r 2l 
• 3TOT '18TBepThlil B8ltTOp MOlKBO IIOCTpOHTb B _Bane ep. =Ep.v).,. eV e"A p p 

!IpH'I8M MOlKBO ·noJt838Tbr 'ITO Jtorna , B8KTOp PI'. H30TpOII8H, TO TSK IIOCTpOaHHhlil BeKTOp 
(~ -

e p. _=~Pp.• 

xxx) 3To 

'I 

/2H/ 
YTBaplKll.eBHe - 'laCTablil cny'!aA TeopeMhl, npnseneaaoA y 3ilaeaxapTa - • 

\ 
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~ 

i 

p H C, 1. 

' 
HTillt, XOTH·mo6oA BeltTOp. PI' MOlKHO ,nonommn. _TpoAxoA ppToroiUIJibHUX It ueuy 

n uelK.QY ~coo~;~A seJtTOpoB, no o'IJI suecTe cocTaBHT OpTorouam.nuA 6aanc 4-uepnoro 

I 
npOCTpaucTBa Tom.xo Tor.na, xor.na P11 nenaOTponen. Dpu !'!enaOTponnou P 11 .uu, o'le-

BH.IIHO, MOlKOM 38DHC8Tb ycnosne nonsOTu 6aanca B BH.Ile: 

a 
~ 

h•O 

(I) e,. (I) ·~=ll,.v • ev + p 2 
(17) 

O.nnaxo, ecnn P,. H30TpODeR, TO B YDOMHRYTY» TpOAxy BXO.IlHT OR caM. nosTOMY, 6aanc, 

co.neplK8lllnA naOTponault sexTOp, 'ae MolKeT 6bln. opTOroaam.auM. Y~ooauli neopTorouam.

Hblli 6a3HC, IqinrO,IlHUii Be TOm.ltO DpH H30TpODHOM1 RO T81tlK9 H npH Bp~MeRH-DO.Il~OHOM 
{l) ( ::1) 

una npocTpaaCTBeHHo-no.nooHOM BeXTope P,. , nony'laeTCn, ecnu .nonommn. e ·, e ,.. ,. ,. 
H PI' lt8XHM-nn6o H938BHCHMUM BpeueHH-DOllOOHUM B9ltTopOM D IL CO CBOACTBSMH: 

( n eu~ )=0 (i = 1,2) n
2
=-1· (18) 

CoOTHomeRHe non&OTU lVIH TllltOA 'leTBepXH BeXTOpoB aaDlimeTCHx) 

2 
'u> (1).- [p,.+{ap)n,.IP +(ap)n ] , 
e e +· v v - a n = u 

IL . v p:a +.(np) :a IL v I'V 
(19) ~ 

1=1 

x) /30/ ' 
Ero MOlKHO BHBecTH npHMO, H.llll JKe cnenys Mxmemo , npa6erJlYTb x. OpToroHa-

nnaanHK, ,B • peaym.TaTe 'lero Dony'IHM 4 B38HMHOOpTOroH8Jiblll>lll; B91tTOp8 et> ~ 'J ;> , 0,. H 

PIL + (ap) DIL , 8 TepMHH.BX T8XHX BeltTopoB COOTHOW9RH9 IIonHOTU (19), -ltlllt MU BH.IlHM1 Bl>l-

rnll.llHT TO'IRO T8lt lK91 ltlllt COOTROIIl9RH9 DOIIHOTI>I (17), ' 

8 

'-.. 

C DOMOmb>O STOrO COOTROW9HHH CpA3Y lKO DOny'I89TCSI RYlKROO RSM p83DOlKOHRe BOitTOp-

DOTeHllRSD8 

2 + [p,_. +(np)n,_.H (p ~ )+(nf}(n~>l· 
P 2 +"( n p )2 

(I) (I) 

efl ( e 
-n,_. ( n A) A = ~ 

fl 1=1 

Ecnn ssecTn cocTaBnH>Omyro 

= 

A~ 
(I) (I) 

e,_.(e A), '£ 
1=1 

TO MOlKHO 38DHC8Tb p83DOlKBHH9 B9ltTOp-DOT9HDH8D8 B BH.Ile: 

AI' 

HnH B 

= = 
[ p 

11 
+ ( np ) n,. ][ ( p A ) + ( np ) (n A )I · 

A' 

" 
+ 

X -Dp9llCT8BD9HHH 

P 2 +"( n p ) 2 

- niL ( n A 

AI' = lfl + 
((II' + Dl' (oo})[Qy+Dy (n a)) 

0 + (nil) 
2 

A11 -nfl(nA). 

A ). (20) 

(21) 

(22) 

(23) 

/6 31-33/ x) 
T&xoe pa3no>Keuue sexTop-uoTeunuana ucnom.aosanocb B nnTepaType MHOrHMR ' · 

nnn •A ~ XapSitTBpHbl CBOiiCTBS: 

a,. A',. =o n,. A~= 0 (24) 

Dpu qacTHOM Bhloope BeKTopa n I' B su.ne nIL = I 0, 0, 0, i 1 COOTHOWOHHSI (23) H (24) 

npnMyT san: 

-1 

. AI'= A'fl + llpm I'! 
\...-~~--···· 

ak A~ = o, 

a a m n An + 81'4 A 4 ~ 

·A'
4
=0 , (26) 

r,ne naTHHCKHB RHllOKCbl npo6era>OT TOnbKO 3HS'IOHRli 1, 2, 3, 8 I'!= ak ak -onepaTOp nan

naca. BenH'IIIHbl A: • an ·An H A 4 'ISCTO RS3b!BS>OT nonepe'IHOil, npo.nonbHOil (B Tpex

xx) 
MepHOM CMbiCDe) H BpeMOHHOit (CK8DHpHOil ) COCTSBDliiOIIlRMR AIL o 

x). Depexon K <j>opMyne (23) no.npaayMeBaeT, 'ITO npn scex 3Ha'leausx P ucnonb-

. " 3yeTCli OllliH ll TOT lKO BOKTOp Dl' H 'ITO BOKTOp nl' He 38BIICHT OT TO'IKll X,. o 8 CBSI-

311 c oeCKOH9'1Ho-BpeM9HHbll\.f <j>opMSnH3MOM ToMOHara/34/ paccMaTpRBSDll TSKX(Q. R BOKTOpbl 

n,. • 3SBIIClWlll9 OT TO'IKH/Sll. Taxoe oooomenue llOTpYllllO DpOH3BeCTH, HO Mbl oy.neM pac-

CMSTpHBSTb TODbKO DOCTOSI!lllhl9 BOitTOpbl D I' o 
211 

XX) .Mhl DpliMOIISIOM HlllK9 TepMHil 'speMeHHJ_H' COCTSBDSI>OillSH/ BMOCTO DOnee pac-

npocTpSIIOllllOro TepMllll8 'cKaDHpll8H' COCTSBDH>OWSH (B TpeXMOpllOM CMbiCne), pe3epsnpyH 

ll83BSHHe CKSDHpllSH COCT8BDHIOIIlSH H CKSDHpllbie <j>QTO!lbl llDH BOnll'lllllbl afl AI' ( '19Tb!pex

Mep110I'O CKSDHpS) II COOTDOTCTBYIOIIlllX ell CKSDHpllbiX KBSHTOB, 
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llpnaeneM npHMep npnMeHeHBS! COOTHOWGHBJ! nonHOTbl (17) B (19). llyCTb HMGGTCS! 

l!el!Tpallbnoe aeKTopnoe none A11 (:r); nOJ:t'IBHmomeecu ypaanenuto Knel!aa-ropnona 

.<0-
2 

m )A 11 -o. 

PemeHBe ypaaneauu Knel!lia-ropJ:tona M02KeT 6b1Tb npeJ:tCTaaneao B BBJ:te: 

A~ ( x ) 

.. 
dp 

= f .J a 
.(:br). 2po 

I • 
~ lpx -+ ·lpx 

la
11

(p)e. +·a~(p.)e 

rJ:te p 2 =- m 2 • a* ·=I a* I • a*2 • ·a* a • ia*o I' p. . 
a COXpaHSIIOnlBl!CSI 4-BMnyllhC nonS! Ap. 

OTBe'laiOII!Bl! 9TOM:y ypaBHGHHI00 aanBCbiBaGTCSI 

p =-i f 
- p T pf d X = f dP p a* c;) a

11
(p .. ). 

p p. 

_ Hano2KHM Tenepb aa A p. ycnoane nopenna 

a11 A11 - o. 
B COOTBGTCTBBB C KOTOpb!M 

' p a (; ) ="0, · 
p. p. p a* {;) =0 • 

. p. p. 

/ 

HcnOilh3)'SI COOTHOWGHBSI nonHOTbl (17) B. (19) H !tpBHHMaSI BO BHBMaHBe 9TH J:tOnonHBTGIIb

HbiG ycnOBBSI, BaXOJ:lBM0 COOTBGTCTBGHHO 

W w .. 3 w W 
P p= f dp p I .:t ( e a)( e a* ) - _l_ (p a) ( p a*) I= f. dp p I ( e a X e a* ) 
· P 1=1 m 2 . · P1=t' 

.. 2 !ll (ll [pa+(np)(na)][pa*+(np)(na*)] 
Pp =f dp p I :t (e aXe a*)+ -(na)(na*>l 

p 1=1 -m 2 +(np) 2 

2 

=f dp ( e!ll a)( e(l) a* ) + m ( n a)( n a* f I. 
(np) 2 2 

I pp 
I= I m 

06a Bblpa2KGHBSI noKa3biBaiOT0 'ITO .SBeprHSI GCTb C)'MMa BKnaJ:tOB OT TpGX CTenenel! CB06o

J:lbl, a He OT 'IGTblpeX, KaK B OTC)'TC?;'BHe _ycnOBHS! nopean:a. 

B Cny'lae m = 0 COOTBOWGHBG nonHOTbl B <j>opMe (17) HenpBMGHHMO, a COOTHOWe-

HHe nonnoThi B <j>opMe (18) J:taeT-

T.e. 

.. (I) 

P =f dp PI ( e 
p. pi= I 

{I)' 

a )( e ~·). 

sneprnu oKa3biBaeTCH cyMMol! BKnaAOB acero o·r ABYX cTenenel! cao6o]:lhl. K TaKoM:y· 

2KG BbiBOAY M02KHO npnl!TH H OTBOOI TGIIbHO MOMGHTa KOnH'IGCTBa ABH2KGHHSI. 3.THM HnniOCTPH-

10 

PJ:GTC51 TOT <j>axT, 'ITO 6eauaccoaoe aeKTopaoe none, noJ:t'IBBSIIO!Ileecu ycnoan10 nopeHIXa, 

OnHCbiB8eT TOIIbKO ABe CTeneBH CB060J:lbl0 ]:lBa CilBBOBbiX COCT051HHH. 

~KBaRTOBaSI sneKTpOAHBSMHKa B Kann6pOBKG H3nyqGBHSI 

(<Popuynnpoaxa llnpaxa ) 

Ill 
llepBOH cjlopM:ynHpOBKOII KBSHTOBOII sneKTpOABHal'.IHKH Mbl o6S13aHbl JlnpaKy • llepao-

Ha'lanbHaSI TpaKTOBKa JlnpaKOM nonS! nany'leHBSI KSK COBOK)'llHOCTH KBaHTOBbiX ocunnnHTopoB 
. /2/ 

(CM. llpnno2Kei!He 2) 6bina yCOBepmeHCTBOB8H8 ral!aea6eprOM li llaynn H nepeBGJ:lGH8 
~"'· :Uu.I:Jti.P-0.. 

H8 Sl3b1K KOMllOHGHT noJig. B <j>opM:ynBpOBKG 4>eyMII- KBBHTOBBnOCb nHWb nonepe'IHOG ( B Tpex-
r 

MepHOM CMbiCne) none uany'leHHSI Am, ocTaaaaweecst nocne BbiAeneHRH xy.iiOnoacxoro 

B38BMOJ:tel!CTBH51. 1llosTOMy Tene~ ~TY ~-OBKY_!l~j!.h!~8!Q'I,"~.clJ£Jl~Y.!!BPOBKOJl: 'sneKTpo

J:lliHSMHKB B Kann6pOBKG nany'leHRSI, BnH B KynOBODCKOl! K8nH6pOBKe. 
---~ 

~e]:l0CT8TK8MH sneKTPOAHH8MRKH B KanuopOBKG H3ny'leHHSI SIDnSIIOTCSI! 

1) pa3]:lGilbROG paCCMOTpeHHe nonepe'IHOrO H npOJ:lOIIbHOrO nonell: B OTnH'IHG OT TGOpHH 

~8KCBenna, rJ:te OHH paCCM8TpHBaiOTCSI KBK GJ:lHHoe nenoe0 

2) npHCYTCTBHG MrHOBGRHOrO KynOHOBCKOrO B38HMOJ:lGHCTBHR, TOrJ:ta KBK B TeOpHH 

~8KCBenna CKOpOCTb pacnpocTpaBGHR~ sneKTpOMarHHTBOrO B036Y2KAGHHR KOHG'IR8 R p8BB8. 

c; 
3) aeKoaapuanTHSSI ~_anacb OCHOBHLIX ypaaneaul!~ Ha caMOM J:tene, Teopuu KosapnanT-

' HB, RO HGSIBHO. B '18CTHOCTH, HCXOAR H3 ee 'neKOBapHaHTBb!X' ypaaHeHHil, M02KHO nony'laTb 

xoaapuanTnyro S -MaTpnn:y <Pel!nMana-Jlal!coaa. 

0J:tH8ltO y 9TOO <j>opMynupOBKH eCTb B82KHoe npeBM:y!IleCTBO nono2KHTellbnaH onpe-

]:lenenHOCTb MeTpHKH rnllb6epTOB8 npOCTp8BCTB8 COCTOSIHBil, TOrJ:t8 B K81t B 6onee pacnpo

CTpaHeHHOl! H YA06BOII cjlopM:ynBpOBKe C nonepe'IHOl! KSnR6pOBKOl! BeKTOpOB.COCTOSIBHSI (rna~ 

sa 5) npnxoJ:tHTC51 nMeTb neno c neonpeJ:tenennoA MeTpi'IKOli. 

llepell:neM K nony'leHHIO OCHOBHbiX ypaBif.':H!i~ •. ~. Kttm,i.~P.O.';\;':! .• lt.~-~~.e~HHSI. 

3.1. HcKnro'leane 3-npoJ:tonbnoll: n apeMenaoll cocTaanmomnx B Teopnn 

~aKcaenna 

r 
Ha ypaanennll ~aKcaenna M02KHO HCKniO'IHTb ·ace , cocTasnuromne, xpoMe ·AIL • 

llnu npOCTOTbl cnepaa BbJ6epeM aeKTOp 

COOTHOWGHHSI (25) H (26). 

n P. a BIIJ:te: n
11 

= I 0, 0, 0, i I n ncnOilbayeM 

--····-
PacCMoTpHM paaJ:tellbHO aaauMOJ:tellcTBHe c TpexMepno npoJ:tOllbHOll n TpexMepao . 

nonepe'IHOli 'laCTHMH TOKa. llnu sToro csepaeM ypaaaeHRe (.4. n) OAHH paa c onepaTo-. 
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I, 

poM 0
kn 

a. a ... 
!! 

a BTOpoll - C a a H BbinH!IIeM OTA9nbHO ypaaHeHlle . (4.4). 

a. a,. 
.< ~> ... - -!!-

a, a,. 
a F =-<~> - ---> i., 

fl ,.... "" !'t. 

a a :F .. fl ,.. .. 
a J,. 

a " 

; a,. F,..,_ =-· i ,. 

I 

(27) 

(28) 

(29) 

r . . 
B~.btX, 3aMeTHI\.~~~~Q!7) ....'!.J.~~)- .. ~Mec:Te aKBHaaneH~Hbt ypaaHeHHIIM (4.11). 

'1To6bl y6eAHTbCII n aToM, cneayeT yMHo>i<HTb (28) Ha <ll!'t. H cnolKHTb (27). Bo-nTOpbtX, 

H8 TOM 0CHOB8HHH, 'ITO 

a a F =a a .F +a a F =-a a :F . 
n fl fin n ~~ mn n ' '" 4 f' f14 ' 

38Klll0'18eM1 'ITO ypaBB9Hll9 (28) C y'leTOM 38KOH8 COXpaBeHHII TOK8 ' 

a J,.. =ll 
a,,.. 

(30) 

(31) 

>IBri>IeTCII cneacTaiieM ypaaHeHHR (29) 11 na paccMoTpeHHII MOlKeT ClbtTb HCKlliO'ieHo. OcTaa-
, , r . I 

IIIHeCII ypaBHeHHII (27) H (29) aanHCbiBBIOTCII 'lepe3 BeKTOp-nOTeHUH8ll CnenyiOIUHM o6p830M: 

a,. a.. < 0<~> ---.-->A .. =-~>.,. .. kn i\ 

!! A, -a,a.,. A,.=- J,. 

a, a .. 
~ 

BMecTe OHH s~anaaneHTHbl ypaaHe~miiM (4). Ha nonepe'IHOll 

i .. 

a" a .. > A .. ( 1l.,. .. --s-

(32) 

(33) 

t npOAOllb-

Jioll a, A It H BpeMeHHOll 'A 4 COCTBBllRIOIUHX aneKTpOMar"HIITHOr"O nong nocneAHIIe 2 He 

MoryT 6btTb 3BA8Hbl HeaanncttMox) 8 Ha>~anbHbtll Mo~eHT npeMeHH t 0 (T.e. Henb311 Heaa

BHCHMO 38A8Tb A 
4
( ; , t o), A (;, t o) 1 Ok 'A.,.(;,. to) H 0 k •Ak ( ~ t 0 )) , K8K 9TO DHAHO 

( I 

113 ypaBHe!IHII (33), HOC!IIIIer"O xapaKTep aononHHTenbHOr"O ycnODHII. 0AH8KO 113 ypaBHeHIUI 

(33)', MO;Ho HenoKBIIbHbtM; o6pa3oM Dblpa3HTb ·A 4 

A,= !!-
1ca, a" ·A"-i,>. . (34) 

Tenepb C nOMOlltbiO (34) MOlKHO HCKlliO"'IITb ~OMnOHeHTY A, H3 apyrux ypaaueHull u 

T9M CBMblM yMeHbiiiiiTb 'IHCnO H938BHCHMblX nep9M9HHbiXo flocne 3TOI'O OCT8IOTCII ypaBHeHHII 

x) , . ,. 
flpH H938BHCHMOM 38ll8HHH l/J ( :r, t J • 

12 

I 

/ 

1,, / 

/' 

a" a .. 0 (I) _,---)'A --CI>L 
kn ·fj, Jl aD 

a"a,. > i,. --!!- (35) 

(yo +·M )t/1 =iey., 1{1 A .. +ie•y4 l{l ~(o4 o"•A"-j' ), (~) 

9KBHBM9HTHbl9 HCXOAHbiM ypaBHBHH!IW (4), (5) • 

HaKoHen, nocne npeo6paaoaaHHSI 

1 • 
"' = eliP (ie A a" ·Ak ) "' ' (37) 

HCKJJIO'I8101119r"O H3 yp8BH9HHSI .QupaKa DpOAonbHYIO COCT8BnSIIOIIIYI01 B ypaBH9BH!IX llBHlK9HHSI 

OCT89TCII TOnhKO nonep9'1H09 none 

• a" a,. 
A =(I> -·--)A. 

It It.. !! .. (38) 

3.2. 0cBOBHbl9 yp8BH9BHSI B II:Bnn6pOBK9 H3ny'leHHSI 

T8li:HM o6pa30M. HM9IOT BH.Il: 

0 l.,. < ~> -l!-
1 a a > i kn Jr. n n (39) 

(yo+ M ).p' =ie Y. .p• A'_...!.£.._ y I.P • ,f!-
1
·j •J 

.. .. 2 ' . ' 
(40) 

flocneAHHil 'IlleR B (40) - KynOHODCII:09 B38HMOA9i!CTBHe, OCTBBWeeCII nocne HCKniO'IeHHSI 

. . x) 
BpeMeHHOH H DpO.IlOIIbHOil II:OMnOHeHT o 

K ypaBHeHHIIM (39) n (40) HylKHO ao6aanTb KaK onpe.neneHne 

ycnoaHe 

a A' =O • 
It k 

. 
A .,. aouonHHTellbHoe 

(41) 

YpanHeHHSI (39), (40) MOlKHO nony'IHTb H3 B8pH8UHOHHOr"O DpHHnHna, no.no6paa COOTBeT

CTBYIOIIIHII narpaHlKHBH 

• t •l -
.f =-%a,. Akafl A'k +A'.,.i~ ---;ri: l! J•,-.p•(yo+·M).p•. 

.nononHHTenbHOe ycnoane l41) .nonlKHo y'IHTblBBTbCSI OT.IlellbHo.B qa=HOCTH, .nnsr nony'leHHSI 

ypaBHeHHil ( 39) 1 ( 41) HYlKHO HCK8Tb ycnOBHbtll SII:CTpeMYM narpaHlKHaHa L = f d 4x .f (x) 

.fing 9TOI'O D COOTBeTCTBHH C MeTO.IlOM MHOlKHTenell'narpaHlKB ll068BHM II: narp8HlKeBOil 

nnOTHOCTH .f(x) 'lneH 

6e3ycnOBHblli MHHHMyM 

). 0
11 

A: l'll9 ). (X) - ~CnOMOr"8TellbH09 none, H 6y.neM HCKBTb 

BblpaJKeHHSI L'=Jd~x(.f '+loA'). BapbnpoaaHae nonell ·A"., H .. . 
). ll8eT, K8K ycnoaue MHHHMYM81. yp8BH9BHSI 

x) 
3anHCb B BRAe 8HTHKOMl'.fYT8TOp8 npao6peT8eT DpaBHIIbHblll .CMblCn nocne KB8HTOB8H 
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0 A•.,. = -1•,- a,A; a A·= o. 
"' m 

.lleliCTBYSI Ha nepBOO ypaBHOHBO onepaTOpOM ( lJ -/S. 1 a a ) , HCKniO'I89M BCilOMO 
nm n m 

raTellbaoe none A (x) n nony'taeM ypanueanst (39 J a ( 41). Ypanueuae nnst nonSI .P • 

HaXOJlHTCSI 06bi'IHblM nyTeM. 

_ .llo cux nop nee ypanueaust noHHMannCb KaK aeKnaHTOBaHHhle. Hcxonst 113 aToll nar-

paalKenoli nnOTHOCTH 0 C IlOMOinbiO nponenypbl K8HOHH'19CKOrO KB8HTOB8HIISI nony'laeM • OJlHQ

_BpeMeHHble ( Xo= Yo ) nepeCTaHOBO'IHble COOTHOineHIISI 

-[ Ar (x) 1 / (y ) I= 0 1 m n 

I .p• (X), 1/J r ( y) .f = 0, 

[ 1/J' ( X ) 1 · •A r ( y ) I= 0 1 
n 

r a A r . a, a" -+ -+ 
[J\ ... (x), --" .. (y})=(li .. .,- --> li(x-y) 
1 a y 

4 
!'!. 

I 1/J r ( X) 1 i r (y ) I = ·y 
4

li ( X - Y 

[..p r ( x) , ~ ( y ) ] = 0 
a Y- 4 

(42) 

-YpaBHeHIISI ( 39) - ( 40) II nepeCTaHOBO'IHbiO COOTHOmeHIIH ( 42) II COCT8Bli!IIOT cjJOpMYnllpOBKY 

KBHHTOBOli sneKTPOJliiH8MIIKH B KanllopOBKe 113ny'I9HHSI o 

0TM9THM, 'ITO B OTCyTCTBHe B38HMOJl9ilCTBBSI ( e = 0 ) nepeCTHHOBO'IHble COOTHOWe-

HBSI (42) CnOJlYIOinBM 00p830M pacnpOCTp8HSIIOTCSI H8 niOObiO BpeMeHa X 0 II Yo 

• • a -{of. (x) .P (y) l=i(-·y-+U).\ 1,dx-y) 
· a x (43) 

[.A', ( x), A ( y ) ] . = i ( limn 
a .. a. n ----x- ) llo ( x- y), 

rne 

/l M( X) 

lpx 

(2rr) a f e 
(44) 

2 2 ' li (p +M )<.(p 0 )dp. 

CoOTnoweanSI, CTOstmne B nocnenueli CTpoKe ( 42 J, ocTaiOTCSI .6ea H3Meaeallst. 

3.3. 'KonapllaHTHast' aanucb ypasaeuull s Kann6posKe 113ny'teaast 

YpasueaiiSI ( 39) - ( 41 ) MOlKHO, IICnollhsyg np0113BOllbHbili nonolKIITellhHbill 
- /31-33i 

' JlOOHblll B9KT0p n p. , 38IlBCaTb cjlopMallbHO KOBap118HTHO 

speMeHn-no-

n,.O ·-<n a> a,. 
0 A: =-j~ . 

. 0, lv (45) 
0+(na.)

2 

r • r i e 1· 
(ya +l.I)I{J =·yi'I{J ·Ap. +-

2
-nl'yP. if> +(narfvl: (46) 

'}.'A'IL=O, n,.·A'p. = 0 
(47) 

14 

Bblson s'l'oll 6onee o6mell cjlopMbl ypasnen11ll 6yneT npocTo non'l'opealleM Toro, 'ITO .ttena

nocb .B npeJlhlnymeM naparpacjle. ByneM HCXOJlBTb ua o6mero pa;3nolKeHHSJ (23) H cnepaeM 

ypaBHOBHH ( 4) C 

l Pp.+:np. (na)][ov + n v(na) 
li -·--------~ 

p.v 0+ < n a > 2 
+·n,.nv, av+:nv(n a) 

Torna, sMec.To (27), (28) n (29), nony'IHM 

·o ·A·,. -J,.- niL 0 - ( n a ) a,. ( n j) 

0 + (n a )2 

(nana., F..vnv) =-1iJ J +(na )(nj) I 
r r- p. p. -

a,. Fp.v "v = -·n j_ , 

nv • 

(48) 

(49) 

(50) 

rne ypasueane (49) c_1yqeToM aaxona coxpaaeanB Toxa ecTb cnencTsBe ypanaeanB (50). 

Ypa~aeane (50) MOJKHO aanucaTb s cjlopMe. 

) 

£0.+ (na )~ ].(n·A) =(na)[aA +(niJ)(aA)]-'nj, (51) 

KOTOpaB Il03BOliH9T . Bblp83BTb ( aenOK81lbBO) · speMeHayio COCT8BliSIIOinYIO n ; A 'lepea npo-

llOilhfiYIO a A + ( na)(n A) H n j 

2 ·1 

n A = [ 0. +:( n a) ] I ( na )[a ·A + ( niJ Hn A)] -·n j I . (52) 

Ecnu ncxniO'IHTb c noMOillbiO (52) nA us ypasneBBB .llnp~xa (5),,To saTeM c noMOillbiO 

Kanu6poso'taoro npeoopaaonaHBB 

.,.··=exp(i~ ·A p.) of. i (53) 

(o6o6meaue (37)) BCKniO'IaeTCH u nponollhBHSI cocTaBnSIIOmast. B pesyllbTaTe Taxoro' nepe

xona' K xanu6posxe B311Y'J9HHB ypanuennst nsulKeHBH u npHHBMaeT 'xosapu_aH'I'Bbill' BHJl 

(45)- (47). 

nepecTaBOBO'IBble COOTBOW9HBH ·TaKlK9 BeTpyJlHO 3allHC8Tb .. KOB8pBHHTHO'. 

7 
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3.4. nopeBR-RHBSpRaHTHOCTb 

CucTeMa ypaBHeHHA {45)- {47) llOpellll-RHBSpHaHTHS1 B9CMOTpSI Ha TO, 'ITO B ypSBHe-

HHSI BXOART UOC~pOHHHA BeKTOp 

. BOCTbiO B3SITb B Ka'leCTB9 Dl' 

D I'· 0 nopellll-HHBSpHSHTBOCTb rapaBTRpyeTCSI. B03MO>K-
. x) . 

ll1050A BpeMeHH-UOA06BhiA BeKTOp 1 u, 9CllH UOHSA05HTCSI! 

OT ASHHOro BeKTOpa_ Dl' nepeATH It lli050MY ApyroMY BpeMeHH-nOA05BOMY BeKTopy 

Ar A'r 
YcTaBOBRM CB~b MeJKAY COOTBeTCTBYIO~HMH ' I' H ' 1'. • 

n' • 

" 
CnepBa c noMolllbJO {52) HCKllJO'IHM R3 (23-,, KSK u BCJOAy, n A 

y 2 ·1 

A I' =·A I' - [ 0 + ( n a ) ] I a [a A + ( n a)( uA )] + n ( nj ) I . 
" . " 

{54)-

Bxo.itmnast CIOAS npOAOn&Ba!l COCTSBllSIIOntSSI 0 A + ( n ii) { n •A) Be onpeAellsteTCSI ypaBHe

HH!IMR ~SKCBellllS .(AllSI Bee y BSC Be UOlJY'lHllOCb BHKSKOrO ypaBHeHHSI ABH>KeHR!I), TSK 'ITO 

Mhl Mo>KeM ee Bhl5upaTb KaK yroAHO. Peaym.TaT AeliCTBHSI ua Bee onepaTopa .llMaM5epa 

MO>KBQ C UOMOillbiO (51) 38UHC8Tb · KSK 

Olii·A +(nii)Cn•A)]=[0 +(nil)
2 

]iiA -(nil{nj} • (55) 

H
1 

ClleAOBSTenbBO, npOAOnbHYIO 'lSCTb MOJKHO npeACTSBHTb B BRAe: 

. • . ·1 2 
ii•A +(niiHa·A}=[iiA +(nil}{n·A)] 0 +0 {[0+(na} ](iiA)-(nii)(liJ}I, (S6) 

rAe [(I-A + (niJ){JiA))_.,- TS 'ISCTb npOAOnbHOli COCTSBllSIJOnteli, KOTOpS!I SIBHSieTC!I pem~BHeM 
OABopOAHOrO ypSBBeHHB JlanaM5epa : 

0 [ii·A +(a ii) (nA)]o=O. 

nocne no.itcTasoBKB (56) Bhlpa>Keuue {54) Allst 
. 

•A 

" 
npHHHMSeT BRA: 

I •1 

•A'.,=•A., -[0 +(nil) 2 f 1
lii., [iJoA +(nii){n•A )] 0+[P -Q ii (nii}}(nj)J.-0"

1 
ii (ii•A). 

. .. . .. . .. " " " 
• 

(57) 

(58) 

0TCJOA8 nony'laeM .RCKOMYIO CBB3b Me>KAy COCTSBllSIIOntRMH 

nl' u . n'jl 

·A 
. 
" 

H . A';. • COOTB9TCTBYIOntBMH 

r r 2 •I • 1 . 
A' .=A +{0 +·(nil) ] Iii [cJA +(ncJ)C:n·A)]o+[n -0 c1.,(nc1)]{nj)l-

l' " • " . " .. 
(59) 

• . . 2 ·1 . • 1 

-10+(n"a).].lcJ,.[c1·A +(n'il Hn'·A)lo+[n~ -0 a,.<n'.J)](n':i)l. 

·B STO COOTHOmeBRe, KSK Mhl Bllll.HM1 BOmllH TOnbKO npOAOnbBhle CQCTSBll!IJOntHe CB050AHOro 
I . - - -

ypa~BeHH!I JlanaM5epa1 KOTOphle MOryT 5b1Tb 38li8Bhl npOH3BOnbHO. B TO >Ke BpeMSI . . . 

'x) B ~~~eCTBe Taxoro-BeKTopa ~o>KHo Bhl5paT& BeKTop 

noAo5aoli noBepXHoc-rt/3 11, Ba xOTOpoii aaA,:JOTCB ua'lan&sble 

nym.c TO~ HllH unoii Ba'lam.uoii ullH KOHe'IBOli 'ISCTHUhl/331. 

'I \ 
16. 

/j 

BOpMSllH K npOCTpSHCTBeBHD

ASHHble. Jlpyroii Bbi60p - 4-RM-

\/ 
I 

0 A'; =O•A" + n,.O - a,..cna> (n{)- n·,.o -ar(n"a) (n'-{). 

r 0 + ( n a ) 0 +: ( n'-a ) 

(60) 

CneAoBaTem.ao, ypaBueHBe (45) HHBapuaHTBO OTHOCHTem.ao npeo6paaoB5HRB (59). Raxoueu, 

C UOMOillbiO KSJIH5pOBO'IHOrO npeo6pa30BSHHH 

1/J •." =-exp De< a,. + n~- (n' a) 
0+ (n'c1 ) 2 

·a,.+- n,.( n a) 
0 +: ( n a )2 

npoBepueTCSI BBBSpRSHTHOCTb ypaBB9BRH JlnpSKS ~). 

) A I'] . .p (61) 

0rMeTHM, 'ITO npeo5pa30BaHBe (59) MO>KBO CAellSTb 5onee onpeAeneHHbiM1 KOBKp9TR-

3HpOBSB npOAOllbHble 'lSCTR TeM RllH RBbiM 'lSCTHbiM cnoco5oM. TaK KSK OBH AOHlKBhl llRWb 

UOA'lRHSITbC!I ypaBH9BRIO JlanaM5epa, a B OCTSnbHOM npOR3BOllbHbl1 TO MO)!{H01 BanpHMep, 
r 

KOBKpeTH3HpOBSTb RX nyTeM 3SM9Hbl B HRX- AI' Ba TY 'lSCTb ·AI' 1 ltOTOpaSI UOA'IHBSI9T-

CSI CB060AHOMY ypaBHeBHJOJlanaM5epa 

0 • ·A,.o = 0 (62) 

Torna npeo6paaoBaHRe (59) npHMeT cneAyromHii 'ISCTBhlii BRA: 

, 2 ·I ·I · 
A' =·A'+[ 0 +(n c1)] [nl' -0 a,.(na)](nj)-

1' " . cas> 
2 ·I . r ' ·I 

-[0+(n'c1)] (a
11

(n'-a)(n'-A ) 0 +[n~-Q ill'(n"a)].(n'-j). 

llpeo6pa30BSHHe (61) npH STOM nepeiiAeT B 

¢' • = exp I ie [ 0 
2 ·1 r 

+ ( n • -a ) ] , ( n 'a ) ( n • •A ' ) 
0 

I 1/J (64) 

• HT~K, Tenep& B npeo6pasoBaHHH BXOAHT TOHbKO AI' , uo ue AI' • 

KoBapHSHTBOCTb ypaBBeHHA (45)-(47) Be BBllH9TCH SIBHOA, TSK KSK npH npeo6pa30BS-

HHHX nopeHUS BeKTOp Dl' H3M9HBeTCSI H nepeXOART B 

BCerAa MOlKHO BOCCTSHOBHTb nepBOHS'lSllbBhlii BRA B9KTOpa 

n~ • 0ABSKO B aoBoA CHCTeMe 

n I' ( uanpHMep, nl' = · ( O,O,O,i) ) 

C UOMOntbiO UOAXOAHntHX npeo6pa30BSHRA (59) R '(61). B STOll CBB3R llenecoo6pa3BO B 

KS'IeCTBe 'RCTHHHhiX' onepaTOpOB npeo6pa30BSHHSI nopeHUS Bb!5pSTb onepSTOpbl 1 BKlliO'lSI0-

/35/ 
mue H STO AOUOHBHT9llbB09 npeo5pa30BSBRe • 

llpeACTSBll9HBe B3SHMOA9HCTBUH B KSllH6pOBK9 R3Jiy'leBHB o5cylKA&eTCSI B U.n. 5.4 H 

5.8. 
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4. 3neKTPOAHHSMHK8 HS Sl3hlK9 nanp~eBBOCTeil 

/2/ 
fail3ea6epr n llaynM nepBhlMH nhlTannc& npeoAoneTb ytta3aBBhle B rn. 3 aeAOCTaT-

·xa ~opMynnpOBKH 9H9KTpOAHBSMBKH B ttann6pOBKe H3Hy~9BHH nyTeM aenocpeACTB9BBOrO KB8ft

T<!B8HHH.yp8BH9BHil MaKCBenna (4). Oan o6paTBnH BBHMSBH91 ~TO XOTH H Be YASeTCH BailTH 

_nepeCTSHOBO~Hhl9 COOTHOII19BHH MelKny BCeMH KOMUOB9HTSMH BeKTOp-UOT9HllHSHS ·AI' 1 OA

BSKO C UOMOIIlblO KSHOHII~eCK.OrO KBSHTOBSHIIH MOlKBO nony~IITb nepeCTSBOBO~Bhle COOTBOIIle

HIIH·MelKAY Be38BHCHmiiMII OT Kann6pOBKII KOMUOBeBTSMII TeB30pa aneKTpOMarBIITBOrO nona. 

Ecnn HCKfllO~HTb A .4 H3 ~JICHa KSBOHH~eCKHX nepeMeBBhlX1 a AHH OCTSHbBhlX npHBHTb 

nepeCTSHOBO~Hhl9 COOTHOIIleHIIH ( 9m n)(m, n=1,2,3) 
1 TO H3 HHX cneAyeT 

"v a 
[F (x), F~_(y)]=l8-

p.v .. ,.. .v. a x. 
p 

-t" _a_ +·8¥ ...!.. 
4P a x A 4JL a x v 

~ a 1 8 < ~ -y -8 --
4V a X Jl (65) 

JlV 
8>.p =·8 8 -·8 8 

JLA vp JLP VA 
Xo-= Yo • 

nnn CB060llHhlX ypasaeBHli MattCBe/UUl ( e = 0 ) nertto 38UHC8Tb nepeCTSHOBO~hle COOTBOIIle

/24/ 
HIIH C H106hiMII (Be paBBhlMH) BpeMeBSMH _X0 H Y 0 

[ Fl'v (x ), F>.p(y)]= -i(8JlAav)p-·81'PaVaA +~~JlaA-·~_fl'aP)·llo(x-y ) 1 

rAe ~yBKllHH /), o onpeAeneaa ~OpMYBOii (44) c M=O. llpn 

c (65). 

Xcr Yo (66) cosnaAaeT 

(66) 

· CymeCTByeT MBOrO pa60T1 B KOTOphlX SBTOphl TSK lK91 KaK fali3ea6epr H flaynn, 

CTP9MHTCH npeononeTb TPYllBOCTII C KBSBTOB8BH9M ypaBB9BHil MaKCBenna nyTeM IICnOn&3o

B8BHH TOHbKO K8HH6pOBO~BD-HHB8pHaBTHhlX B9HH~IIH1 BanpBM9p1 aanpa lK9HBOCTeil no • 

na'20,26,35- 43/ ). 

B xa~eCTBe npnMepa ~opMYnnposox aneKTPOAHHaMIIKH B TepMnnax·aanpalKeaaocTeil 

/41/ 
Mhl npHBeneM ~OpMYBHpOBKY faMMepa H fyAa • 

4.1. <!>op!.lynnposKa faMMepa n fyna 

. /41/ . . 
faMMep H fy4 npennolKHHH ~OpMynHpOBKY KBSHTOBOli anettTpOAHHSMHKH1 B KOTOpOli 

A9fiCTBHT9HbBO ~Hrypnpy10T TOHbKO aanpalKeHHOCTH 9H9KTpOMSrBHTBOrO nona, H Be BXOllBT 

D9KTOp-UOT9BllHSH A~ • nna ee nony~eBHH B HCXOABhlX ypaBBeHHHX \4.v) H (5) 113 ~ncna 

MHOrO~HCBeHBhiX npeo6pa30BSHIIJi1 npnMeHHBIIlUXCH npH nony~eHHII ~OPMYHHpOBKH nnpaK8 1 

(67) 
ffYlKHO npnsecTn nnw& CABO npeo6pa3osanne (37) 

.!. I efXI (\ Ak r 
~ =· e . t/J • 
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TorAa ypasnennn (4.v) H (5) nepennmyTCH 

aJL:FJLv =-· i e 1/J r ·Yv 1.p r 

(ya+.M) .p•=ieyl' l/1 
I 

AI' 

I 
rAe A JL- xpaTJtbe o6o3aa~enne cneAyromnx nenoxan&BhiX Bhlpa)Keanli 

llnH 

, -• a.. a 
A = A -a ·ll a A =- (a A -a •A ) = -• F 

JL " JL k k ll k JL " k ll kJL 

I a. 
·A =It ' -- H,. m mkn !J. 

A' 
4 

= -~ i 
a. 
~Ek. 

(68) 

(69) 

(70) 

(71) 

(72) 

t{To6ht soo6111e ae ynoMnaaT& o noTennnanax, ypasaeana ( 68) H (69) aylKBo AononBHTb 

ycnOBH!IMH 1/ 
aiL :FI'v = 0 

:F 
11' 

F 
JlV 

:Fpv =~t,_iv>.p :F>.p. 

C yp8BH9HHHMH (68)- (74) COBM9CTHMhl CH9llY10ll1H9 OllHOBpeMeBBhl9 nepeCTSBOBO~Bhle 

COOTHOII19BH,H. x): 

:E + i H ( X). . :E +:i H ( y)] = 0 
m/' m n n 

I a ,. 
:E m + i Hm(x) 1 · :E,.-iH,. (y)]=2t,;.,.k _ 8 (x -y 

a xk 

I,Pr (x ) 1 .p• (y) I =0 

.p•(x), .p •(y) I =y4l1 <; -y 

[1/Jr (x). Em + i H m ( Y) ] = [ .P r ( X) 1 ' Em - i H m ("y) ] 

r -1 a .. .. 
=-el/1 (x)ll --8 (x-y) 

a X m 

t' a =e .p•(x) T,T ~ 
1 

~,· X -y ,. 

(73) 

(74) 

(751 

Oan cornacyroTCH c nepecTaaoso~BhlMH cooTBOIIleBHHMH ( 42). KoM6naannn H3 aanpa)Keaaoc...: 

:Em+i Hm n .Em -iHm 
BhiCTyU810T 3AeCb KSK JtSBOBH~eCKH ConpHlK9HBhl9 B9HH~l1Bhl. 

x) 
ITepBhte nsa TolKnecTBeBBhi c (65). 

1e 
.• 



B sToll cjlopMynnpoaxe xynouoacxoe aaanMonellcTane ue B1>111eneuo,. n, nellcTaHTeru.uo, 

npncyTcTayiOT Toru.xo uanpSVKennocTn. B nell ne npnxonnTCH o<SpamaTbCH It necjlii3B'IeCJtoll 
. I 

:ueonpeneneHHOll M9TpH1t9o BMeCTe C T9M OHB, Jt8Jt II cjlOpMYIIIIpOBJta nupaxa, De 06118!189T 

SIBBOii KOBSpBBBTHOCTbiO. CymeCTByiOT II KOB8pB8BTHb19 cjlopMynupOBJtB B .TepMBBBX B8npiDK9B• 
' . /42,43/. 0 ' . ,_ 

BOCTH • !1B8lt0 OBH B9HOK81IbBbl 1 npB'I9M B9 TOilbKO npOCTp8HCTB9BB01 Jtalt 't"'PMY-

nnpOBKS faMMepa' n fyna, no TBJtlKe u no apeMenu. 

5. Ka8HTOB8H 3119K!p011HH8Mlllt8 C nonepe'IBOll Kanu6pOBJtOJI B9KTopoa COCTORBBH 

(popMYnDpoaxa $epMH) 

5.1. Teopi!H C 4-Mst copTBMH· KBSHTOB 
'I 

{6e3 nononuuTen&uoro ycnoanst)l_ 

/ 

'1To6bi ua<SelKaTb yxaaannwx a rn. 3 uenocTaTKOB cjlopMynupoaxu a xann<Spoaxe uany- · 

qennn, nonolKnM a ocnoay sneKTponnuaMnxn ne npencTaanstromnll TpynnocTell nnn xauonll-
1 x) 

'19CKOrO KB8HTOB8HHH narpaHlKUSH 

. ' I 
f ( x) =- Y.. ap. •A., cJP. ·A.,. +ip.Ap. - op (ycJ +·1.1 ) op ,(76) 

H, CII9!10BST91IbH00 ypaBH9HH!I 

0 A,.=- iv (77 v) 

. '(ya+~l)o/J e' Yp. .p ·A 
(78) 

p. 

Kanounqecxoe xnanToaaune Teopnu c narpanlKnaHOM (76) naeT cnenyromne onuoapeMeBBble 
' \ I 

( Xo= Yo) nepeCT8HOBO'IIIb19 COOTHOW9HHH 

I,P(x).· lfo(y) 1=0 

[ ;Ap. ( X ) ... A,.( y ) ] = () 

[ .1/J ( x ) , A,.( y ) ] . = 0 

I .P < x >, .P < y > I = r, ll < ; - ; > 

[ •A p. ( x), 

(.op( X), 

a ·Av .. .. 
(y}]=ll a (x-y) 

p.v a Y, 

a·A"(y) ].=0. 
a Y, 

(79) 

I 

x) C Il91Ibl0 H36aDHTbCH OT TPY11HOCT9ii K 118rp8HlKHBHY (1) noflaBIISIIIH 'IH9H +1/2• 
(cJP. :A~) 2 (eM. 121). Taxoll narpau>Knau paauoneuen narpanJKnany (76), TBK /KaK OTIIH'IaeT

cn OT (76) nnw& ua nuaepreunDIO. 
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B caofloABOM cnyqae ( e = 0 ) 

pacnpOCTpasSDOTCH ua ni06ble 

3TH nepeCT8BOBO'IHbl9 COOTBOW9BHH CB9!1YIOillBM Oflpa30M · 

I"' (X). 

X o B Yo • 

iJ 
,P(y) l=i(-y-+:11 

iJ X 

[ .A p. ( X) •• A ,.(y ) ] = 1 llp.v 1\ i X - y ) • 

1\ w< x- Y 

5.2. CpanneBBe c cjlopMYIIIIpOBJtoli a ltllmi<Spoaxe uanyqesiln 

(80) 

(81) 

nnn CpABH9HHH C ypaB B9HBHMB B lt8HIIOpOBJt9 B3ny'19BBH oflpaTIIMCil It p831IOlK9HHIO 

(23)· B cjlopMe (25) u nponaaeAeM cnenyiOillBB npeo6pa30B8BBSC 

. Jl. ilkila il ( ) . 
· 1. neliCTBySI OH9p8TOp8MB "'ta-·~ B D B8 ypaBH9HH9 77. D B BblllliCblBSH 

OTI191lbBO ypaBB9BH9 (77 .4) 1 38HBW9M ypaBB9HBH IVIH Tp9XMapBbiX nonepe'IBOii1 npOAOilbBOii 

B Bp9M9HBOii COCTSBIIHIOIIlBX B91tTClp-llOT9HilH81Iao 

2. YpaaneBBe AIISI npOAOilbnoli 'ISCTB aaMeHBM ypanueHBeM 

0 a,.·Ap.=O 

(YpaBB9HH9 AilS npOAOIIbBOii COCT8BIIHIO!ll91i 

0 iJ D ·AD = -· iJD j D (82) 

MOlKBO HOny'IBTb
1 

ltOMOBHBpyH STO yp8BB9BB9 C yp8BB9BB9M (77.4) B 38XOBOM COXp8B9BBH 

TOit8 ilj£ jfl=O). 

3.' PaapeWBM yp8BB9BB9 (77 .4) OTBOCBT9llbBO A, 

1 ~ 
A 4 = T < - a, ·A 4 _ i 4 > (83) 

1 -a (-il4 ii,.·A,.+J4 a .. •A .. -j4 ) 

B HOI1CT8BHM STO Bup8lK9BB9 ,[IIIII •A 
4 

B .yp8BB9BB9 nllpaJta (78). 

4. C HOMOillbiO JtaiiHfipOBO'IiiOrO npeo(5pa30B8HHH (37) BCJtiiiO'IBU H3 yp8BH9BBSI napa.:. 

Jt8 I:IPOAOllbHyiO COCTSBIIHIOillYIO J a •A a • 

TorAa nOnyqnM cnCTeMY ypanneBBii 

O·A· =-· J • + a.a .. J• 
- • ·fi • 

ak·A~ =0 

ie · • 1 •· • 1 
- ·y .I .P , ~J I '- i e Y. t/1 - iJ a.,•A., 2 ~ li 4 4 1\ ,,... ,.... (ya.+:M) .P"=ie Y., .p• A",.-

0 a,.. ·A,. =O. 
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(84) 

(85) 

(86) 

(87) 



XoTll npOAOllbHSSl H BpeMeHHSll COCTSBn!llOmHe HCJUIIO'I:eHbl, HO OT HHX OCTanCSI ClleA - a •A o 
' p. p. 

CKSIISipHSSI COCTSBIISIIOmaSI. 

YpasHeHHe (87) 03HS'I:SeT1 'ITO CKSIISipH}'IO COCTSBIIlllOmyiO a p. AJl MO)KHQ paCCMa~ 

pHBSTb KSK HeKOTOpOe CB060AHOO none X) • Bbi'IHCnHN OAHOBpeMeHRble nepeCTSHOBO'I:Hble COOT

HOWeHHSI AIISI 9TOrO "nonSI" 

- aA 
[ ..::....:..:.J! (:z),- ~(y)}=O 

a :.:,. ay, 

[ -a A .. < > a a A, (y)' [ a A.. a a-AD < A,A . >l 0 ....---r x, - -- .. = -:-----.r:: ,~ --+ -u 4 - J, ~ 
ax,.' ay, ay,- ax,. ayD a Y, 

a2 
[~ (x). ay,2 -a :.:,. 

a~(y)l=[.iLA.u, -6 ~(y)]=o 
ay11 a:zll ay,· 

-•••••••n•--••oooooooooooooooooooooo .... oooooooooou .. oooooooo .... u .. onuoooo .. ooouoo ................................ ooooooooooo•• 

[~(:z), 
a xll 

aD 

a YA ••• -ayA 
I D 

aA 11 (y)]=0 

a"~~ 

........................................ --···:--······-········--······-----······--··-··--····-······-... -·-········ 

a, TSKHM o6pa30M1 lliiSl III06b1X BpeMeH % 0 H Yo 

~(x), 
a :.:,. 

aA11 (y)] .. o. 
a Y11 

(88.0) 

(88.1) -

(88.2) 

(88. n) 

(88) 

KoMM']TSTOpbl (88.2) ••• (88. n ) ••• cnenyiOT H3 (88.0), (88.1) H ypaBHeHHSI (87). 

0rMeTHM
1 

'iTO nony'l:eHHbie nepecTSHOBO'I:Hble COOTHOWeHHSI CBOilCTBeHHbl c -'IHCIIOBo-

MY CKansrpHOMY 1101110. 

KOMMYTHpyeT c senH'IHHSMH A = A -~ !_ ~ 
m m /). ax a X 

m D 

xx) 
H 

BenH'IHHS a,. A Jl 

r • 1 a A 1/J = exp [-ie/!o. __ n] 1/J 
a:.:,. 

• B caMOM 11ene, 

[ • a-A., a A a 1 a-A a A. 
A (:z), -(y)]=[•A ,-"'l-[----..!!,-"']=0 

m ayll •· m ay, a:zm /). a:zD a.%11 
(89.0) 

[A' (:z),._i_ aAv ] .. o (89.1) 

m ay, ayll 
.............................................................. 3 .................................................................................................... .. 
[A' (:z), an 2_y] .. O (f19.n) 

m a yA ••• a y A a :.: 11 
I D ....................................................................................................................................................................... 

x) 
1231 

AHaiiH3 CBOilCTB onepaTopa afl AJL B 9TOM nyHKTe 3SHMCTBOBSH H3 BTOpOll: pa6o-

Tbl • 
XX) a,. AJL KOMMyTHpyeT TSK)Ke H C 'l:eTBepTOil: KOMfSHHSUUell: aToro THIIS A4 -a, f!' 0;, A• 

He HMeiOmell:, OAHSKO, OTHOWeHHSI K A '
4 1 TSK KSK 110 onpeneneHHIO K 4=0 (cM.(25) B (26)'), 
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[ ·A'm (:z), .a:y·A11 (y)] ,.0 

Ll < :z), ..u.....&L (y)] = 0 
a Yll 

(89) 

(90.0) 

iJ 
[ .,. (x ), ay, iJ All(y)] [ ·1-{-~ a Y, = e a,.D 

a A ·le I ri A . a a A ] O , .£... _2:] .1/J+ e "K"" a [ ~, -· - --"' = (90.1) 
ay ay ay, ayll 

' v 

............................................................................................................................................................................................... 
D a 

[ .,. (:z), ay •••• a YA 
AI 

a•AII]=O. 
a Y11 

(90. n) 

.............................................................................................................................................................................................. 
[ -.,· (:z),. a A (y) 1 .. o (90) 

II II 

KOMMYTSTOp~ (89.2) ••• (89. n) ••• H (90.2) ••• (90. n) ••• ClleAyiOT H3 (89.0) 1 (89.1) 

H (90.0) 1 (90.1), COOTBeTCTBeHH01 npH Y'l:eTe ypasueHHH (87). 

fiepeCTSHOBO'I:Hble COOTHOWeHHH (89) H (90) CBHAeTellhCTByiOT 0 TOM, 'ITO IIOIIB A• 

H "'. ueaasnCHMbl OT a,. A,. I 'ITO OTHOWeHHIO K HHM a,. AI' BbiCTynaeT KSK suemuee 

C ..; 'IHCIIOBOe none. 

0TMeTHM
1 

'ITO eCIIH K ypSBHeHHSIM (84)-(87) A06SBHTb ypaBHeHHH (82) H (83) B KS-

'IeCTBe onpene7IeHHll nponOllbHOil: aD A D n speMeHHOil A 4 'ISCTell:, TO OT ypasaeuull 

(84)- (87) MO)KHO BepH}'TbCH K HCXOAHbiM ypaBHeHHSIM (77) 1 (78). 

CncTeMa ypasueuull (84)-(86) oTnn'l:aeTCH OT ypasueunll (39)-(41) npucyTCTBHeM 

nnmuero 'l:neaa s (86). 3ToT ~neu - saanMo.[leil:cTsHe c noneM a A , no.!l'I:HHlllOmHMCSI 
Jl Jl 

CBOOOAHOMY ypaBHeHHIO (87) 1H1 KSK 6blll0 IIOKS3SH01 SIBIIHIOmeMycg C -'IHCIIOM B COO~ 

BeTCTByiOmeM rullb6epTOBOM npOCTPSHCTBe COCTOSIHHli. 

5.3. JlononunTellbHoe ycnosue 

Jlng Taro, 'IT06ht ypasueHHSI (84)- (86) nepewnu B ypasueaus (39)- (41 ), ueo6xonu

MO HSnO)KUTb ycnOBHe nopeuna 

a ·A =O. 
Jl Jl (91) 

Ouo ue npoTuaope'IHT ypasueHHHM, onuaKo npOTusope'I:HT npHHSITbiM nepecTaHOBO'I:HbiM coo~ 

HOmeuHeM (79), B KOTOpblX sumO COnep)KHTCH npellllOIIO)KeHHe 0 IIOIIHOif He3SBHCHMOCTU BCeX 

'l:eTbtpex KOMno;"eHT onepaTopa A Jl x). 
__ lt_) __________ _ 

B npuunune nepeCTSHOBO'I:Hble COOTHOmeHHll, COBMeCTHMbie c ycnosHeM nopeuna 
(nopeH!lOBCKSH KSnHopOBKa), MOryT 6b1Tb 3SIIHCSHbl. (cM/43/) B CBOOOAHOM cnyqae B BHne: 

[.A (:z), A (y)]=(ll -»)i~o(:z-y). 
Jl II JLV u 

• /43/ A.-
TaKHe llepeCTSHOBO'I:Rble COOTHOWeHHSI BBeneHbl B AIIH onepaTopa tAl'. P,..o·l a.,;F111' , 
H BeCb annapaT, pS3BHTblil: B f43/ C npyroll: llellbl01 O'l:eBHAHbiM oopa30M MO)KeT 6b1Tb HC
TOIIKOBSH KSK annapaT KBSHTOBOil: 9119KTpO.!lHHSMHKH B nopeHilOBOil: KSnH6posKe B npenCTSB- 0 

nenuu saauMonellcTBHSI. OnuaKo, KaK Mbi BRAHM, s oTnH'I:He OT oohi'IHbiX, aTH nepecTauo
BO'IHble COOTHOmeHHH HMSIOT HeiiOKSllbH}'IO <joopMy H He HMeiOT O.!lHOBpeMeHHOrO (x0 ,.y~ )npe-

nena. 
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... /3/ . 

..-epMH npeAIIOlKHII ll81tll8AhiB8Tb orpBHII'Ie!lHe ll8 B91tTOphl COCTOllllHSI 

a A 'I' ~o. ,.. ,.. (92) 

. /4-6/ 
0AH8lt0 BDOCIIQACTBUe OhiiiO ooaapy)KeHO, 'ITO STO ycnoaue npoTHBOpe'IHBO • Mbi npo-

UruilOCTPHPYeM STO B D. 5.5A HA npHMepe CBOOOlllloro cny'IAS. 

17 8 19/ 
B cospeMeuaol!. <jlopMe, :s:OTopyiO euy npHAAn fynTa ' ' · , orp8BH"'eHlie, OToupaJO-

mee <jlH3H"19Clt_He B91tTOpbi COCTOHBHH, BhlriiHAHT T8lt: 

a A<+> < > " = o 1.1 1.1 X t (93) 

rAe + 03B8'1aeT, 'ITO oepeTCSI DOIIO)KHTellbBo-'18CTOTH8Sl '18CTb a,.. •AI' • .nnsr BeKTopllbiX 

'18CTHil C HeHYl19BOi! MACCOi! STO ycnOBHe 03ll8'18ll0' obi, 'ITO B COCTOllllHSIX lf He COAep
/23/ 

)KUTCH CK8ll.!!plll>IX KBSHTOB • 0AH8KO DOCKOilbKY a,.. •AI' 3AeCh DOA'IHillleTCll CBOOOllllOM1 

ypasHeHHIO (87) C MSCCOII !IYilb, TO CIITY81lHSI OK83biB8eTCll oonee CIIO)KI(Oi! (CM. !lH)Ke). 

CK8ll.llpllble KB8HThl B COCTOHBHSIX 1p npHCYTCTBOB8Tb MOryT, OAHSKO, BOpM8 COCTommsr, 

coAep)K8Dlero xoTsr obi· OAIIR cxan.llpHhlil xsaHT, pasHa HynJO. KpoMe Toro, T8ltHe cocToST>-

BHll OpToroHallbHbi ApyrHM (<jlu3H'IQCKHM) COCTOllllHliM, yAOBIIeTDOpliiODlHM (93). noaTouy 

COCTOHBHll CO CK8llllpllbiMH KB8HT8MB ASIOT !1Yl19BOJ!.. Bltll8ll npu Bbi'IIICIIeHHU MSTpH'IJibiX ane

MeHTOB S -MSTPHilhl, H D09TOMy, ecnu B311Th npoeKilHIO ypasnenui! (84)- (86) Ita DOA

DpOCTPSHCTBO COCTOliHHil lf , ·yAOBIIeTsOpliiODlHX (93), TO IIHDlHHil 'lnea B (86) BhlllaASeT, 

H OHH npesp8Dl810TCSI B yp8BHeHHH (39)'-(41). 

TaKIIM oop830M, llOAllpOCTPaBCTBO COCTOllllHII 'I' B9AeT CaMOCTOSITellbBOe cymeCTBo-

BaRile. 

5.4. nepeXOA B DP9ACTaBII9HHe B3811MOAei!CTBHll 

Bbime Mhl oocylK.!lanu ypasHeHIIst Ansr onepaTopos Donll a rail3eu6eproscxoM npeACTas

neBIIII: B <jlopuyllllpOBlte 4>epMII-·yp8Bil9BHSI (77) II (78) B B K811110p01jlt9 113ny'leHHH - yp8BBe

HIIH (39)-(41) (unu (84)-(87) B (93) ). BeKTOphl COCTOHHBH B rail3eHoeproBCKOM npeACT8B

neBUB DOAqUHHIOTCSI ypaBHeBIIIO ABil)KQBUH 

rAe u· 

r 
a ~=O unu a'l'r(u) 

at au(~ 

/31/ 
lli008H npOCTp8HCTBeBBo-UOAOOH8ll UOBepXHOCTh 

=0 • (94) 

'18CTilbiM cnyqaeM KOTOpoll 

HBnHeTCH nosepxnocTh t = const • Tenep& Ml>I nepei!AeM B npeACTasneBHe B38UMOAeilcTBBH, 

B KOTopoM onepaTopbi DOnH Do oDpeAeneauJO nOA'IHHHJOTCH cnooollllbiM ypasueHHHM. Mbi o6-

·cyAHM nepeXOA B llBYX <jlopuynupOBitSX: B <jlopuyllllpOBKQ C nonepe'IHOII KSnHtlpOBKOi! aeKTo-
. ' 

pos cocToHBnsr u a.xanuoposxe u3ny'leHHH. 
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I· 

' ' ' ~ . . . .· 
1), <!>QJ!MYIIBpODita C noDepe'IBO!I KalllltlpODKOil B9KTOpOD COCTOsumst,_'.Bn'epnbie .nepeXOA 

:u3 r"ai!:;;eu5eproncKoro npeACTa~eHBH n npeACTaBneHHe B3BHMOAeilcTsHH obin ll~cneAOBAil ~-
. ' /31/ ' /19/ . ' ' ' . . . ' 

llinlllli'epOM , (CM. ·Talt)Ke ), npeoop830D8HHe H3 OllllOro npeACTaBneHBSI'n· Apyroe.-
I ! . 

. B'- r - ·1 D r 
·A,..(x) = S(t.•t 0 )·A,..(x) ·s (t.t.),. .t/J (x)=S(t.t 0 )r,/1 (x) S"

1 
(t.t 0 ) 

' . • ' ~95) 

rAe x.,=·t 

a r 
'l' ( t) =:s ( t, t o> 1p • 

, ocymecTDnHeTC_SI c noMOIIIl>IO onepaT.opa 

t 

S ( t, t 0 ) = T e:zp, I i J d4 
x j

8 
( x) •A B ( x) . . ,.. ,.. 

t. 

.. , 

(96) 

ltOTOphll!. OAHODpeMeRHO SIBIIHeTCSI 
/46 471 ' /19 211 

S -MBTPHitel!. 4>eliHM8Ha-.naAcoHa ' (cM1 TSitlKe · ·' . 

npeoC)pa30DBHBe YAO~BO npOH3BOAHT!o0 UCDOllb3YH COOTBOmellHSI 

S acf(x)S~I = aQB(x) ~[~ S•l 'QD(x)] (x.=t 

a:.:, ax, dx·, 

dS 

d x, 

rAe Q(x) - nroCSoA onepaTop. 

·I ·s. {, d~ j B (x) A8 (x), 
,.. ,.. 

(97) 

·, t: 

{98) 

npelK,!le ncero HeTPYABO yoeAHTbCSI, 'ITO B npeACTBBIIeHUH D3811MOAelicTBHSI llepeCTSIIOBO'IIlble 
" . ~~ ' - . ' ' . ' 

·COOTHOmeHHSI (79) COXpaHSIT CBOIO <jlopuy, a npll npOB3BOilbBhiX npeMeHaX X 0 II Y0 381IIl.;." 

myTCSI B nuAe (80), (81 ). HeTPyllllo .n!mee nposepiiTh, 'ITO ypasne!lHH AnSI oDepATopon. nonSI _ 

npuuyT DBA: 

0 •A: (x)=O, 
.- n 

( •y a+ M) t/J ( x )= 0, (99). 

a y~aBH9HBe ABB)KQUBSI Allll BeKTOpOD COCTOHBBSI (94) DepeJ!.AeT B 
-·~ 

a '1'
5

· < t> ...., B . B I B 
={ dx J (x) •A (x) 1f (t) 
' . ,.. ,.. (xo=t). (100) 

at 

npu npeo6pa30BallllB AOUOIIBBTellbBOro ycnonus' (98) Mbi BOCDOIIb31eMCH nepeCTSHOBO'IBbl,;m. 

COOTHOmellHSIMB! 
;··:J 

[ AB(+)(x), AB(+) (y)]=O 
,.. v ' . .. (101) '/, 

B(+) 
[AI' (~, 

·AB(~) (y)} ' .., l+) ( ) •1 { dp lp( x-y) 
~~ u ·ll x-y ==·- -- e 

v . ,..v . 2(211 )B p 0 cio2> 
<P~ =I -pI) 
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/ 

'\ 

( /8/ x) TorAH AOnonunTen&noe ycnoBne 93) nepe~eT B 

[(I,_. •Ai+h) - f.d u;· !+l ( x- x~} J,_. (x'}] .'1' (u};. 0, (103) 
u 

rAe du,_.- 4-BeKTOp ·An<jl<j>epemtHSllbHbiX aneMeHTOB DOBepXHOCTH 

da,_. --(-dx2 dx1 dJ.O, ·dx1 dx2 dJ.O, -d~1 dx2 dx0 , -idx 1 d:r, dx 3 )=+t~v~ dxv dx>. dxp • 

· To'IK8 x
1 

BCerAa ne:lKHT H~ noaepxaOCTH u· 1 Ha KOTOpoll 3SA8HO COCTOIUIHe 'l'(a): 
1 

a To.J• 

xa x - rAe yroAno. Ecnn ee THKlKe DOM9CTHTb na nosepxaocT!. u· , To TOrAa ycnosne 

(103) ynpOCTHTCg 

a •AB<+l ( x) 1'(uh• 0 " ,... 
wm: npa Bbt6ope . u B BH.tte t = const 

B(+) . 

al' •A,_. (x) 'I' (t) =0 

. npn · x na u 

( Xo = t ) • 

0TMeTHM nonyTno, 'ITo caCTeMa ypasHelUIA (99), · (100) a (103) (ana, 
II ..,.. . ·· . · . . /31/ 

(103 )) aHBBpHaHTHS OTHOCaTen&HO Kana6pOBO'IHbiX· npeo6pa30B8Hllll 

AI' .. ·A~ =·A f' +:<1,_. A (x)l 0A(x)=0 

I, 

1l .. 9'{t) =e·ifd:rl'jl'(x)A(x) 'f(t) = e ·Jd1J 4(x)A(x) 
" ( t) • 

( 103
1

) 

oosll > 

/ 
'ITO TO·JKe 

(104) 

(105) 

, B 
OnepaTop&t nona .P . B npeACTaBnelUia B38HMOAellcTBan nen&3H nOABepraTb Kana6poBO'lHbiM 

npeo6pa30B8HHJIM1 TaK Kalt STO H3Meaano 6bl COOTBeTCTBYIOIIlee ypaBHeHlle ABalK9HliS! ( ~9) • 

:.!) Kana6pOBK8 H3&,9HH!!• 'iTo6bl nepellTa lt npeACTaBneHliiO B38aMOA9llCTBaH B cey-· 

. 'lae Kann6posKH Himy'lellllg (K KOTOpoll Mbl nepemna B n. 5.2), noABepraeM rall3en6epros-

CJtae onepaTopbi •A'r n .p•r npeo6pa3oBanaiO 

•A'8 (x) =S (t,t.)·A•qx) ·s· 1 {t.tJ, 
m 

.pB(x)=S(t,t 0),P•r(x)S~ 1 (t.to>t (x
0
=t))(1061 

, r.tte Tenep& on epa Top S ( t. t J Bhl6epeM B <jlopMe 
. t 

s ( t, to) = T exil I i f d 'x [ jB (x)·A'B (x)-* jB(x)..!_j~(x) -JB(x)a _La ~A (x)Jl, (107) 
m m f·fj.f 4 4l!J.I'I' •o 

· x! Bne Bble aTo AononnnTen&aoe ycnoBne B npeACTasnennn B3aHMOAellcTBng nony'lHn lllBHBrep/31~ 0AHBKO OH HCXOAHn H3 ycnOBHH $epMH B nepBOH8'18rrbHOll <jlopMe (92) H Do-
STOMy npnmen x ycnoBniO:. 

8 
La •A 8 (x)-.J l\ 0 (x-x'}j 8 (x'·)d:r'-].1'. (a)i=O. 

" " " " u -

26 

-J 

i 

·1 i 
l 

~~ 

OTCIOAS 
.,, 

dS 1 .. - B B B · 1 B B . · 
--~ -J dx [ j .. (x)•A (x)-% j (x)~j (x) -j ·cx)..l.. a a •A (x)] 

d x
4 

m "' 4 fj. 4 . . ~ 'fj. 4 .1' I' . 
. ' ~. . . 

(108) 

,, 
Hcnom.3ya (97) n (108), HeTpYAHO y6en'ti>Cg, 'ITO- nepeC'tanosO'IHble coOTaomenna cox-· 

I . . . 

pusrr caoll anA (42), a ypasaelUin .(84) - .(86) npespaTSITCH B 

0 •B 
A. =0 • a •A•B =0 .. .. 

B 
(-ya +:II > .p =o • 

(109) 

I 
(110) 

,. ' .· . 
:3T~ H 9CTb yp8BB9HliSI .ttBHlKelUIH IUIH 0Il9p8.Top0B IlODg B Kann6pOBK9 H3DY'l9HliH B DpeA..:.

1 
. 

.c~aBneHllll B3aHMOAellc-i-BHH. YpasJ:!eane. ABHlK9Hli_SI ADH rall3ea6eprOBCKHX B9KT~pOB COC'tOSI-, 

HliH '(94) C Y'l9TOM (109) nepeXOAHT B 

.' / :·"·a.·=f .G. [J:(x)·.l= (x)-% J:(x) 1\
1 J:<x>-J~(x)-}a,a,_. •A,_.(x)].lf·~ 0~1) 

X' , 
K81t BHAHO 1!3 (111), onepaTop S(t.to) .B:BnneTCn S -MHTP,Hnell :a KanH6posJte R3f>"l~:-

Iilla.' 

'iTO K8C89TCH AOilonBHTenhHOrO ycnOBHH (93), TO OHO B I18HHOM Cny'lae ae H3MeHne-r"·. 
/8// '· ' ' . 

CH DpH D9p9XOAe B Dp911CT8Bn9BH9 B3aaMOA9liCTBaH 

(-i} 
'1< A,_. (x) 'f.s ( t) = 0 ( x 0 ,a t - n1o6ble) · (112) 

:3To· o6ycnosneao TeN, 'ITO onepaTop a,_. ·A,_. (x) .. (a, cneAoBaTen&no, a ero nonoJKHTen&/ao

n O'tpHil8T9n&Ho-'l8CTll'l~b19 'ISCTH) KOMMyTUpy9T CO BC9Mll onepaTopaMH1 BXOA.51IllaMll ~-

·s( t, t 
0 

) a,' ~eAoBaTen&ao, c S( t. to) , KBKOBbl 6bl BH 6blnH speMeua x 0 , t a · t o• 
. . ' " 

06p8Ill89T na•ce6S! BBHMB_HH9 TO, 'ITO B OTIIR'IH9 OT ycnOBHH (103 ) 3JJ9Ch Bp9M9H8 x..'n 
/ ' ' 

I• 

t COBepmeHHO H934BHCHMbi •. 
. ..... 

Eme . OAHO . 38M&'I8BH&/ no. DOBOJIY a,_. A I' • :3TOT onepaTop OTCYTCTByeT B H8CT0.51Ill9M 

ypa~aeHHn B'xaim'6ponxe nsny;elllln (36) n_ .;03BHK y aac B ypasaeHllll (86). KaK n'(86); 

ypasneHHB (107.),. (108) H (111) MOJKHO CDpOOIXHpOBSTb H8 IlOIJDpOCTP,SHCTBO COCTOHHllli1 ' . . .. 
YAOBnaTBOpHIOIIlHX ycnOBHIO (112) 1 T,e. paCCMSTP,HBSTh MaTP,H'lD~e sne~euT&t TOnhKO' MeJKAY 

TaKHMB COCTOHHIIBMH. TorAa C 'Y'l9TOM (112) STOT 'lneH OTOBCIOJIY :BbiDBAHeT. OnepaTop . 
\ . ' .... ""' . . . . . . ".·-- . ' . . ' 

·s(t.t 0 ) (107),·coOTaomeBHe (108) n ypasaeHBe.ABnlKeHIDJ (111) c onymeHHbiM 'lneHoM 
-1 1 ' • • ~, 

J4 If. a4 av •Av BM9CT9 C ypaBneBHHMH (109) H (110) ,cOC'taBnHIOT .annapaT DpeACTSBDeBHH 

B38HMOA9llCTBHSI ~ aneKTpOJJBHaMHKH B KanR6pOBK~ H3ny'leHHn. 
: ~ . 

HaTep9CH01 OCTSBSHCI> ~ paMKSX npeACTaBn&BHS! .B38HMOAellCTBHH1 IIepel!:TH OT KBDH-
"' . " ·.· . . 

6poBKH H3ny'leBHs x <jlopMynnpo:axe $epMH. Ecnn ishl npa s'ro~ s (107),. (108).'-n (111) · 

27. 
·'· 
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" ·1 
'IJieH j 

4 
fl a., a,i •Aft OTCYTCTBOBan, TO era npnmnoc:& Ohl AO!SaBUTb, 'ITO C npusne'leHJleM 

ycnoaus (112) 6eaonacuo u 6eanpenno. Ans pean:&uoro OCYlDeCTBneHUs.nepexona x·~OPMY

nuponxe ct>epMu nononHBM none /{! nwecTe c aft ·A,..no 4-nexTopa. Ans sTOro onJ,ene

nuM nponon:&HyiO COC?TABnS!OlDYIO. ypanueHJlew 

0 a8 A! ~o. 
A · npeMCHHyiO COCTaMSIOlDYIO •AB 

' 
onpenenuw xax 

B ·1 • B 
A4 =ll _c-a,a.,·A.,+·a4 a .. ·A .. > 

B 
u n nenoM onpenenuM 4-nexTgp A,. c noMOIIU>IO paan~lKeHUs nSAa 

B rB •l - B . B 
•A ~·A +:8 ll a. a '-A +·8 •A 

ft ft ,... m 11 D ft4 4 

c o6mnM ypanueHUeM nnu*eHUs 

O·A 8 ~o ,. 
U nepeCTAROBO'IHhlMU COOTROmeHUBMU 

[ ·AB (x), ,.. 
flOACTaBUB 

A= (y)] .. O, 
B 

B a •Ay - .. 
[A (x),·--(y)]=8 8(x -y) 

,. a. Y' ,..., 
. ·1 
fl a, a

11
•A

11
n3 (114) B (111), DOny'IHM 

•B a 'I' .. B B . _ B ·1 B B ·1 •B ·-·- =f. dx I j A -% j ll j - j ll a a •A
8 

I 9 
ax, ft ft 4 4 ft ft D D 

Tenep:& nonneprueM 'l' "8 
xanuopOBO'IROMY npeo6pa30BaHUIO 

(25) 

( Yo=·xo) • 

m B .n a f .. B 15.·1 ~ B 
Y (t) = V 'l' (t) =·e 9"B (t) =·e fix I, "a AD ·ret> ( :r,= t } • 

llpu npeoopaaonaHUn ypanueHUs cne;tyeT nocnan:&30BAT:&CB ~PMY.JiaMB 

·1 

v ..!..:!.__=- ....i!..:.Q_ - _1_ [ G, ~ 1·+ ··•·: = 
a x, ax, 2! a X 

4 

- .. B •l B • B ·1 B 
= -J d x j a fl a A +% f dx j fl j 

ft ft D D 4 4 

1 ·1 
Vf.aaA

8
V 

ft D 

=f. 1 il. a A
8 +·8 ['G ,f. 1

a.a •A
8
).-

J! D. D. "'- 4 D. . D. 

·1 B B •1 B =llaa.A -8j IS.j. 
ft D D . ft4 4 4 
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(113) 

(1i4) 

(115) 

(116) 

(117) 

(118) 

(119) 

(120) 

(121) 

·, 

·, 

I 
't I . l 

B peayn:&TaTe ypanaeuue ABHlKCHHB nnB BCXTOpOB COCTOSHUS npuauMaeT nun: 
B . 

a'l' .. 
-- = f dx 
a x, 

B TO'IROCTU connanaiOmull: c (96). 

jB •AB '!B ,. ,. ' 

OcTaeTCS paCCMOTpE!Tb nononauTen:&aoe ycnonue. llpeJKne ncero, cocTannns 
B B B ' B a. A =a A +a. A 

4 
U DOACTB.Bnss CIOAa A 4 B ~OpMe (114), Bb!SCHHCM 1 'ITO 

fl ft 11 D • 

B 

a ·A =a A ,. ,. ,. I' 
(122) 

HaTepecuo1 'ITO onepaTop 
B a I' A I' B npeACTanneuuu B3aHMOACil:CTBHS OK8.3AnCB B TO'IHOCTH 

TeM lK~1 'ITO H B I"B.il3eHOCpi"OBCKOM npencTaBneaim. 3TO CCTCCTBCHH01 TaK KaK OH non'IHHSCT

CB CBOOOAHOMY ypaBHCHHIO (87), H nepeXOA B npencTanneaue B3aUMOnei!CTBHS0 B KOTOpOM 

no onpeneneamo nee nons cno6ottHbte, ae nonJKea · ohln ero uaMeHHTb. Tax xax neKTopbt 

COCTOHHHB. ObtnH nonneprayTbl npeo6pa30BaHUIO ( 119) 1 TO' Mbl AOn>KHbl cnenaT:& TO lKC caMOC 

u n nononauTen:&HOM ( 112 ), nocne 'lero oao npuo6peTaeT nun: 

T.e. Mbl 

B(+) 
[a A ( x) + i f ,. ,. . ... 

dx' 
(+) B ll ( x-x') j 

4
(x')].9 (t) = 0 

x 0 '= t 

CHOBa npuwnn K ycnOBHIO (103). 

HeTpynao conepwuTb o6paTHblll: nepexon oT ~opMynuponxu ct>epMH K xanu6ponxe uany-
B 

'ICHHS. AnB sToro nexTop-noTeunuan 
A I' npancTannseTCS B BHAC ( 115) 1 CI"O 'ICTBepTaB 

KOMROHCHTa IICKniO'IaCTCB C ROMOmbiO ~OPMY nbt ( 114) 1 a npOAOn!>HaB 'laCTb a A B - C . D 11 

DOMOmbiO xannopOBO'IHOI"O npeoopa30BaHHS BCKTOpOB COCTOSHHSt1 oopaTHOI"O K ( 1 l9) • 

OcTan:&nas 'IBCTb sTall: rnanbt nocssmeaa paann'IHbiM nonpocaM npencTanneans 

B3aRMOnell:CTBHS. flpu 3TOM 3Ha'IOIC B , yKa3aBWHil Ha npencTannenne B3allMOnei!CTBHB0 

s nan:&nei!weM 6yneT onycxaTbCB. 

5.5. KnaaTonanue cso6onnoro nexTopaoro nons c Maccoll: nynb 

Ans neKTop-noTeanuana cso6onaoro sneKTpoMarauTnoro nons MOlKHO 3anucaTb paano-

JKenue: dp 
A,.(x) =f .J ( 2,.) 3 2 Po 

[ 
.._ lpK + ... 

a
11

(p )e +:a,.(p 

(P
0

=1P I). 

...lpx 
e ]. 

(123) 

flpu TaKOil: 38DHCH COCTOSHHC nonspH38UIIH xapaKTepnayeTCS BCKTOpHb!M unneKCOM_ ft 

3nec:& H8M yAOOHCC OTK838TbCB OT enKnHAOBCKOil MCTpllKH N\UHKOBCKOI"O ll CBS3aHHOi! C 

3THM MHHMOCTH 'ICTBepTb!X KOMDOHCHT nopeHUOBCKHX BCKTOpOB. flosTOMY B ¢opMyne ( 123) 

U BClOAY A8n:&We B AaHHOM n. Mhl C'lHT8CM , 'iTO f' 

MCTpll'lCCKUil: TCH30p HMCeT BHA! 
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II i<JI 

-1 

0 

0 

0 

0 

+1 

0 

0 

0 

0 

+1 

0 

0 

0 

0 

+1 

(124) 

Torna ace 'leTbipe KOMnoBeBTbl ·Afl. 'aemeCTneBBu', T.e. onepaTopbl 
+ 

cnenonaTem.Bo, onepaTopbt a fl. spMBTOBO conpHlKeBbl K onepaTopaM 

·Afl. apMHTOBblo a, 

afl. , CMucn onepa-

IIHB apMHTOBOro COHpHlKeBHH yTO'IBeB BHlKe. 

CTaHllapTBaH nponenypa xaaHTonaBHH cao6olllloro snexTpoMarBHTBoro nong, onncunae

Moro narpaBJKBaBOM (76) c e = 0 0 npBBOAHT K nepeCTaBOBO'IBbiM COOTBOW9BHHM: 

[ a fl. (p ) , a: ( q)] g 8(p-q). 
fl. II 

a) 06mne onpenerreBHH ADH rnm.6epTOBbiX npocrpaBCTB c nonoJKBTem.no 

orrpenerreBBOA B c BeorrpenerreBBOA MeTpnxoA 

(125) 

BBe aaancHMOCTB OT Toro, nonolKBTellbBO onpeneneBa MeTpnxa nnu BeT, MoJKBo naTb 
' /10/ 

cnenyromue o6mne onpeneneBBH , 

) CxangpBoe nponaneneBne nnyx aexTopon 

+' 
9 a "1 . 

lp1 B "2 
(126) 

KpeCTOM OTMe'laeTCH nyanhBbiA BeltTOp COCTOHBHH0 06 onepaHBH ADH nony'!eBBH KOTOporo 

Mbl noxa Be npennonaraeM BH'Iero, xpoMe Toro, 'ITO oBa coneplKBT KOMnnexcBoe conpHJKe
+· 

BHe, npennonaraeTCH0 'ITO BOpMa ·BeKTopa lp lp nemecTBE!BBa, BO B OCTanbBOM npoH3-

BOITbBa, BexTOpbt BaabraaiOTCH BOpMnponaBBbiM, ecnu 

+ 
lp lp =-;t·l HDH 0 

Ycnonne opToroaam.BOCTB aanBCbiBaeTCH 

+ 
·" ~ = 0 

. i i ) 3pMHTOBO conpalKeBBbiA onepaTop onpenenae-rcs 

(127) 

(128) 

'l'+ a+=( a 'II t-
J (129) 

iii ) 3pMHTOB onepaTop onpenenseTCB o6bi'IBbiM Tpe6onaBHeM, 'IT06bl nee ero cpenBBe 

6blnB aemecTBeBBbl 
'P +a 'l' = ( 'P+ a 11' ) * = '1'-t a+ 'I> 

n, cnenonaTellbBo, o6nanaeT caoACTnoM 
+ 

a= a 

30 

(130) 

(131) 

l,. ,,, 
I· 

. , 

I 

.\-' 

;";' 

\ 

\. 

f' /· ,"i '· . 
') .- ·-

Ecnn. 'I' . - i co6cTBeBBaH cjlyHKilBB apMHTOBOro onepaTopa. " ~' • TO H3 . 

B ' 

nony'ISeM 

.. ., a 

+ 
1JI . a 

.. 
'P 

+ 
=a 'P .9 

=a* 9+'1 

+ 
(a-·~):'1' 9=0.-

' . 

/ 

(132). 

r 

(133) 

( 134)' 

npn nonoJKBTeiibno onpeneneuBoA MeTpnxe OTCrona cnenyeT aemecTneaaocTb ncex co6cTnen

HbiX ~Ba'I~HBA . ~pMBTonoro onepaTopa. Ecnu MeTpBKa aeonpenen~B~aa, TO neuop 'P • Mo
JKeT nMeTb ayneny~ BOPMY! a Torn~ H3 (134) nezllia~ cnerraTb BbiBOna·.·o .aem~CTBe~BOCT~. 
CO~Tne~cTnyromero co6cTBeBBOro 3Ha'leBHH, Co6CTBeBBble 3HS'IeHBB apMBTOBbiX onepaTOpOB-.. . . . I . . 

, : MOryT 6.b1Tb .AalKO ~ ltOMUDe_ltCBbiMB, / 

ii ii ) Ecnu I ll' m I 
( ...... ! • 

UOltHaB CBCTeMB BeltTOpOB0 nOCTpoeHBaH HCKDIOqBTenbHQ H3. ne~-

:ropOB C HeayneBbiMB HOpMBMB B .~nB 

+. 
'1~ = "t 'I' 

.To Torna. ycnonue nonsoTbl aanumeTCB 

+" 
:£ 9r 71r..: _'P ... 

~ .... 

;t8fm 

1 

6) norrOlKHTeiibBO OnpenenenBBH MeTpBlt8 

'., . 

(135) .·,· 

. /\ 
j, " ·. ~ 

. \ . cise> 

HanoMBBM OCHOBHble tjlaxT~, cnsaaBnbl.e c xnaHTonaHBeM cornacBo nepecTaa'ono'IHbtM 
/' 

COOTBOWeHB.!IM 
[a ,a+] 

(137) 

npn norrOJKBTeDb~O onpenerreHHOA MeTpHlte, 3~MHTOBCKOe CODpHlKeBHe npH STOM CCTb. 

npOCTO KOMnneKCBOQ COilpHlKeBHe B TpaBCHOBHpOBaHHe, 3anaHBe ~epeCTa~OBO'IB~X .COOTIID

meHHii .(137'> HMeeT' cneeyromyro .nen~ cnenCTBitA: 

_.. i ) OnepaTOp a+ a BBltBeTCB SpMHTOBbiM H0 KpOMe TOro/ OH eCTb rrpOH3BeAeiiHe ABYX'. 

apMnTono-corrps~eHBbiX onepaTC)POB, nosToMy npn nonoJKnTeiibHO . orrpe~~n.~aaon ~e~~xe' .• 
. OH :AOltlKeH . o6nanaTb Be TOIIbKO nemecTBeBBbiMH, B~ a· aeoTpnnaTeltbBbiM~ nnaroaanb~btMH 
. . . x). . . . , . . . ' . . .. , 

' SlteMeHTaMH 
0
.'a 3Ba'IBT

0
' C06cTBeHHble 3BB'IeHHH ero nemeCTBeHHbl H HeOTpBilBTelthHbl · . ·, .. , ' ·. 

BHH 

-a+:a 'PA =A 'l' A ; · A> ·o • .(IsS) 

+' . 
I i ) OnepaTOpbl a yMeHbmaiOT, a onep!!-TOpbl a ynerru'lnnaroT co6cTseaahte 388qe.:.. 

., 

+. 
a a Ha CAHBHilY 

xl Tax xa~ <'B 1 a+a Ia> .. :£ <·a I a+( ;;,>:<m I 'a l~>=l: l<'ml alii?-'1 ~ 
. •. m . 
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' ( a+ a ) a 'I' A =LA -:l) a 'P A, (139) 

+ ' +' . . +' 
(a a )a 'PA=L\+;Oa 'PA,~ (140) 

iii J Ha i) n ii) cnellyeT, 'ITO onepaTo~ a+. a o6na~:taeT Tom.Ko neno'IHcnen- · 

HbiM cneKTPOM C06CTBeHHbiX 3Ha'leHHii 
x) . 

A = 0, 1, 2 ··• 

+ +· 

(141). 

\ 

3TH. <jlaKTbi no3sonmaT nnTepnpeTnposaTb onepaTopbl a 
.I 

a n a a KaK · onepaT~pbl yHH-

''ITO:lKeHHS10 • pO:l!CileHHSI H 'IHCna 'laCTHU, COOTBeTCTBeHHOo 
> ,·,,, 

iiii ) • nonHaSI CHCTeMa HOpMHpOBaHHbiX COCTOSIHHI! MO:lKeT .6b1Tb 3aUUCaHa 

+· A (a ) 
'fA=--- 'Po' 

.,f. A I 

' ' 

(142) 

I'lle HaHHH3ruee COCTOSIHHe '(COCTOSIHHe 6ea 'laCTHil) 'Po BaKyyM, o6naJlaeT CBOIICTBOM 

a 'F0 = 0 (143) 

;.,. .[{ng anannaa nepeCTaHOBO'IHbiX COOTHOWeHHJ! (125) Mbl 6ylleM C'IHTaTb, 'ITO a 
+: 

u'av 
JL .. 

npHH~JlneJKaT OllHOMY HMnym.cy' P = q , n ynpom:eno aannmeM (125) xax 

+ 
[a,., ·av l= gJLV 

(144) ' 
I 

3TH nepOCTaHOBO'IJ;Ible COOTHOWe!UISI, UpH JL• v J 4 TpaKTYIOTCSI TaK JKe, KaK nepeCTaHo- __. 
I ' 

· .. BO'IHble .cooTnomenng ( 137). Hanpu~ep, a m - onepaTopbi yHH'ITOJKenust. O.!ulaKo llJIR ape-

MeHHbiX ', onepaTOpOB nepeCTaHOBO'IHble COOTHOIIIeHBSI HMeiOT Jlpyroli BUll 

x) . . .·a 
'ljl / -. " 0 
·A min 

+ . 
. a 0 ~, a_0 ]c:-·l 

caMOM Ilene, nyCTb cym:ecTayeT KaKoe-TO Amin < 1 H COOTBeTCTayronutl! 
• PacCMQTPHM aeKTop a 'P A . 

min 
( a+ a ) a lf, '. = (:A · -·1) a 'I', . • 

A min mtn 1\. mtn 
Tax: xax nony'luameecg co6cTaennoe ·ana'lenne. QTPBilaTeJI&Ho, 'ITO -HeB03MOJKHo, TO 

a'l\. =0. 
mtn + 

0TCioJla, · llOileliCTBOBaB Ha STO paBeHCTBO onepaTopOM a' , HaXOilHM 

+· -
(a a )'PA. =o·, 

mtn · 

T.e. · 
A min= 0 

' 32 

(145) 

--

~ 

' 

\ 

I 

·,I 

i' 

t 

i. 

...-;:___ 

.,I 

·,1'·· 
.I ·,, 

'· ;,·_ <·.:> 
H,. cnellOBaTellbHO,' onepaTOpaMH ynH'ITO?KeHHSii pOlKileHHSI. H 'IHCna ~ 'laCTHil. 6yJlyT,' COOTBeT- , 

+ ; . . ' " -. ' ' '. :.1 · .. '· ' 

CTB
1
eHH01 , 

+ 
ao·. a 

0 
· n· a 

0 
.ao , a aaKyyM .. 6ylleT o6nallaTb caol!CTBOM 

am~~.:'o 
+' ' 

ao'Po=,O. 

·' 

(146) 

T~Kast Teopnst c · paann'IHbiM Tonx:oaanneM npocTPaHCTBeHHbiX n 'apeMeHHbiX · onepaTo-

poa . a JL ~~MO~Ha. OllHBKO ona llOil06HO <jlopMYnBpoa~e .[{npa~a lie HOCHT' nyxrnor~. SIBHO 
/'• 

ltOBapHaHTHOI'O BBil8o' 

3aMe'laHPie. YTaeplKJleHHSI i ) i iii ·SIBniHOTCSI neoGXOiliiMbiMII H ,JlOCTaTO'IHbl-

'MH, · H nosTOMY lKenaTE!IIbHOe C TO'IKB 3peHHSI KOBapHaHTHOCTH npoTHBOUOJIOlKHOe JlaHHOMY , 
. '( ~. ..... . . . . .. ·, ,-~ . 

B billie TOJIKOBas;ye a
0 

H a 
0 

KaK onepaTopOB pO:l!CileHHSI II yHH'ITOlKeHHSI H npHUHCbiBa-' 

HUe aax:yyMy caollcTaa 

~~ 1)10 = 0 (1·17) 

c n~o6xo~aMocT&ro npoTnaop'eqnso. K · npoTPiaope'IHIO nerKo 1 npaliTH' a nenocpeAcTs~nno •. 
A ·uMenno,' B3SIB 'oT. (145) cpeAnee no saKyyMy, c y'leToM'.(1.47) nony'!aeM . 

. +' . \ 
,( l)lo • ·ao ao.'l'o) =-C'l'o • ·'Po ) 

.; ·.· 

.\ 148) 
' .. ~. 

rAe npn nonolKHTenbHO onpeAenennoli MeTpHKe 
, . ·'x) • , 
a'npasast. OTpanaTen&no · 

neaast 'laCTb onpeAenena n9nolKPITen&no, 

·\ 

a). H~onpeJleneHHBSI MeTpHKB H KB8HTOB8HHe. sneKTpOMBI'HIITHOro UOJISI 
\ 1,· 

-

·5J:BHO KOB8p118HTHOH 6yneT TOJibKO T8K8SI <!JopMynHpOBKa, B KOTOpoli OllH~BpeM~~-HO' •· .. ,- , 
' • . .~ \ +·. .· ·. ·. . . ~ . l • J • •• 

,a<;e a,. .. cyT& onepaTopbi ynH'ITO~eHHSI, a ace aJL - onepa:ropbi polKil~HII~ , • ~aK MbL-' J 

, BHAenH; npPI nonolKnTe1JbHO onpeneneHHOii ·Me-rpnKe sTo He TaK. 06paTHMCSI K. ·fieonp~Aene'H~' 
·noli · MeTpHKe H AononnnTem.no nocTynnpyeM, 'ITO cymeciayeT aaKyyM -· co,cTOSIHPie:co , 

' \ ' ' •' ' 

CBOHCTBOM 

aJL'Fo=·o ·, '(i49): 

TaKoe COCTOSIHIIe 6ylleT. o6nall8Tb Hai!HII3mell 311eprHeli, IIMnynbCOM n' T.ll. 
I . 

COCTOSIHHSI .. 

' ' 

'P 
a·...,o a+n, a+n2 a+n 3 

0 l 2 3 'l'.o 
D 

y. n 0 I n I! n / n 3 ! . 

6yllyT C06CTBeHHbiMH <jlyHKiliiSIMH onepaTOpOB 'IHCna '!aCTHil 

N =a+'a• 
3 . 3- a 

~ 'co6CTBeHHbiMH 3Ha'leHIISIMH 

n
0
·, n

1 
~ n

2 
, n

3 
= 0, .1, 1. 3, ··• 

(150) ~' 

'I ' + N + . N· · + -
.. o=:=-ao&o. ,=a,a.t•:2;:::a2a-i 

'(151) 

- (t) 3TO nPOTIIBOpe'll!e 

CTp. 96. 

ynpome_IIHaSI aepCl!SI npOTHBOpe'IIISI, npmieAeHHOPO a· 
1211 
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.I 

an/ ~OCTO~~ fie. b6pa3ym. T~~epb .· 6a31!Ca. nonnoro ran~o6JpTOBa npOCTpaHCTB~; '~ait xa:K ' 
,·;•' 

y onepaTopos. 'IRena 'laCTRil, B: II]l~B:nane,' MoryT cSbiTb co6cneBllble #HKuHH c npy;;.nun 

co6cTB~HH~~ an~.:iemutMRi. nanpHMep, OTpanaT~Hbiun,_ KOMl1nexcBbi~., Onnaxo ita ocnosa- .. 

HHH rHllOT93bl (149) ... CC?BOKynHOcTb COCTORaHli ·. lpn ofipaayeT RHBapBSHTHOe (OTHOcBTem.-:~ ... 
' ' ,· . l ; - '· 

no nelicTsnst · onepaTopos .; , · n a+ 
1 
·) nonUpOcTpaa·cTBo_ · sce.ro rnn~o6epTosa npo<:TJ)~CTsa •. 

- ' ' I' ' Jl._- ·"' . ,: ").. ; ·-
Hl!Kall:!f_E! O~epaTOpbl B TeOpBB nona, Han~BMep1 B npel1CTSBlleHHH B38BMO.[leliCTBBSI RJIB, Bhlpa-

, - . - ' ' ~ . I" ' 
., :meHHbie 'l~pea HH- R ayT-onepaTopbi, ne BbiBOl1SIT na sTore nonnpocTpaHCTBa. 

B nonitoM cornaclin c TeM, 'ITO npBHstTbie COOTHOmenna 'necosMeCTBMbi c nono:lKHTem.-
· .. ' . ' -, /·, . .·. . ' ... ' . 

HO 'onpeneneHHOi! MeTpBKOli1 HOpMa COCTOSIHRli (150) 1 neliCTBI!TenbH01 MO:lKeT flb!Tb KaK none-

JKRTenbHOli1 TSK B OTpBilaTenbHOll i" 
' 

+'' ' 'F 'l' 
n -..... n 

·no 
=(-1) • (15,2) 

·, llpR' 9TOM HOpMa BaKyyMa C'IBTaeTCSI nOliO:lKBTenbHOll 

+' 
'l' 0 'I' 0 = 1 • ( 153) 

J: ", 
·HBSI 

3Ta HOpMa 
" +" a,. '1';, 

' '/11/' . . .. 
SIBHO BHBapHaHTHB (cu. ). Tax, HanpHMep, paccMOTpBM ,eTbipe cocTost-

+: 
. ( ao 'Po '. 0, .o,·.o > 

,i, 
-.J, 

(0, 8 ~- 'I' 0• 1" 0 1 o>' . ( 154) \ ' 

,\ ( 0, o', "a+2:, 'Po ,·-0) 

0, 0, 0, + 
. a a 'I' o) • 

·, Ka:lKlloe' ua nnx' nopeHuoscxnli 4.:.aexTop. · llepsoe ". apeMeHa-nonofiH.oe" · c 0Tpl!l18-

Te~HOll ,HOpMO!i COCTOIDIHe,', a_ TpH OCTa~I:Ible - "npOCTpaHCTBE!HHQ-110l10flHble~ c •. nono»<HTenb~ · 

HOI! HOp Moil. ·Bnaronapst· nepecTaHOBO'IHbiM COOTHOWE!HHSIM '(144) 9TH CBOliCTBa BE!KTOpOB 
. ' . ' . ' . ' ' 

cocToSIHnst (154) ue aasacSIT oT cncTeMbl OTC'leTa. . ' . ' . 

·'a aToM CMJ>!Clle ace npocTpaHCTBO cocTomiHll a+' 'I' .o ' HHBapnanTno. paa6naaeTCst lia' 
., ' '. ' ,. . . ' ... '• ' ' ,. 

nonnpOCTp.aHCTBO 'npoCTpaHCTBeHHQ-llOllOflHbiX BE!KTOpOB COCTOIDIHst" C nonO:lKBTenbHOi! HOpMoli 
' . .· · .. ,, , . ·. ' , < ~·- . ' ; I ' . . ' ,. . \ . , ' 

· H llOllllpOCTpaHCTBO "apeMe!IH-IlOllOflHblX BeKTOpOB COCTOSIHHst". C'OTpHllaTenbHOll HOpMoll •. AHa-

, no~~~ao ~aa6n~aroTCst H~ RHaap~aHTH~~- , nonnpoc~~~6Taa (H~ y:me Ha 6om.mee ~~cno) .. 

, llBYX'laCTH'IHbte . COcTOSIHHSI a+ '.a~. 1p o H T.n. ,. ' 
-,. ,\ 

.. Mo:mHo · cxaaaTb 1 'ITO HeonpeneneHHast MeTpnxa ·a. ran&6epTOBOM npocTpaHCTBe cocToii

.Hnli ecTb o~·o6pa:meHBe Heonpen~neHHoll ~e:rp.BKll a npocTpaHcTae · · • .-· Mnnxoacxoro. ~-- aToli 
•• • • •• ' • • • • i • 

. CBSI3B· a naTepa-rype onepaTopaM nonst, aeKTopaM cocTostnull 'na:me ·npanncbiBana.·aepXHHe 
.. . ' • . . /12/ . . ' . 

H HH:lKHBe .BHlleKCbl, OTHOCitllli!E!CSI K' ran~ofiep-roay npoCTpaHCTBY 
3·: 

..... :,~ '· ' 

I .. 

34 

.l, 

" 

>i 

:I .. 
1 

l ,, 

i) 
'I• 
r 

/I,\ 

I 
l 

r) Pollb nononHHTellbHOro ycnoaHH 

'lame acero Mbl paccuaTpHaaeM TaKne aana'ln, _xorna non<m,HHTe{lbitoe ycnoaue, ( 1081 

_HaKnSllblBaeTCst Ha aeKTOpbl cocTostHHst 'I' , He aaBHCitlllHe aT apeMeHH. 3To, aO:.nepBbiX; 

Tp~BHanbHblli Cny'lali OTCyTCTBBSI B3aHMO.[leliCTBHSI, KOrllll ypaBHE!HBE! ( 100) npeBpai~aeTCSI 
B ypasHeHBe nnst cao6onnoro rallaeH6eproacxoro aexTopa cocTostHHH. Bo-BTOpbix, .o.a>Ke 

I 
B cny'lae B3aHMO.[leliCTBHSI Ha'lanbHblMB H KOHe'IHblMll COCTOSIHHHMH 'JI I B 'I' f cny:lKBT 

'{Jia H -ljlo_ut 
CBOflOilHble rai!aeHfieprOBCKHe BeKTOpbl 

a \Dln. out. 

= 0 • (155) a t 

B 9THX cny'laSIX 4-MepHblll <jlyp&e-o6pa3 OT ycnoanst (103 n ) eCTbx) .. 
p a (p ) 'I'·= 0 

,. 11 
(156) 

Ha caMOM nene. 9TO ycnoaae ecTb 6ecitOHe'!Hast COBOKynHOCTb _l10llOliHHTE!llbHbiX ycnoanii, 

B03HRKaiOWaH, Korna HMilynbC p . npofieraeT BC9_ B03M02KHbi9 3HS'IeHHSI. llon'lepKHE!M0 , 
- 2 .' - • . I • • 

'ITO B ( 156) p = 0 , npH'leM na:me B rai!3eHfieprOBCKOM npellCTaBneHHH, llpH paCCMOTpe-

p 
' 11 

Tall: KaK a,. ·A,. t:JOll'IHHHeTCSI ypaaneHHIOnanau6epa (87). Ha npl!Mepe OllHO'ISCTH'IHOro 

HHH .[!OllOliHHTellbHOrO ycnOBHSI Hy:lKHO paCCMaTpBBaTb TOllbKO H30Tp0l1Hbl9 BeKTOpbl 

COCTOSIHBSI v,. a; 'I' o , (157) 'I' 

', 

rne Vf.l - npOH3BOIIJ>Hbli! BeKTOp1 BbiSICHHeM, 

HbiX COOTHOWeHHli 

'ITO ycnoaae (156) c noMOWbiO ncpecTaHoBo'l-

- ~ + • .. ... 
a,. (p ) , ·a ( q ) ] = 8 8 ( P - q 

r V f.IV_ 

CBO.[!HTCH K Oflbl'IHOM)' ycnOBHIO nopE!Hila 

p v =0 • 
,. 11 

(158) 

( 159)' 

'lTofibi nocTpOHTb Ol1HO'IBCTH'IHble cocTOstHHH, ynosne-raopstroinae .. (156), ana, .aKBHBaneHTHO, 

aexTopbi v
11

., ynoaneTaopmomlie (159), Hy:lKHO acnon&aoaaT& 6aaac, onHHM' B:ol opTOB. 

KOTOporo Cny:lKBT 1!30Tp0l1Hj>Ili BeKTOp p
11 

• TaKOli fia3HC flblll. llOCTpOeH B n. 2.2 - ¢opMy

llbl (15) H (18). 11a cxaaaHHoro TaM BbiTeKaeT cnenyromee. 

1) Haa6onee o6maA aeKTOP v,. ynoanc-rsoparomali ycnoaRK' (159)1 aanHCbiSaeTCst 

(eM. n~ 2.2) 
v = a -~I) + .b e< ZJ '1- c p 

I f.l f.l f.l 11 (160) 

x) Ha'IHHaSI c sTore nyHKTa Mbi BHOBb ucnOnAayeM eaxnanoay MeTpHKY npocTpaHCTBa-
apeMeaa, npB'ICM 'ICTBE!pTble KOMllOHeHTbl BeKTOpOB llOny'laiDTCSI 1!3 fiYliE!BbiX nyTeM •YMHOlKC
HHSI na i • CooTae-rcTBeHHO, a o6oana'laeT aeKTOP I a 1, a 2 , a 3 , i a 0 I , a a+ - BeKTOp 

11 ' ,. 

la:.a~,a;,ia.;l. 
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TaKHM ot5paaoM, nonnhlll nat5op onno'laeTH'IHhiX coeTorumll, ynoaneTaopsnomnx (156) n 

UMeiOruHX HMtrynbe Pll 1 eeTb 

( J I) a+) 'l'o • ( ~2) a+-) 'l'o (p a+)'l'o. (161) 

AnanorH'IHO, 'ITOObl HOtry'IHTb ynoaneTBOpmomee (156) MHOI"O<jlOTOHHOO eoeTOrume, ayJKHO 

UO)leiieTBOBBTb Ha BBKyyM TeM HnH HHbiM 'IHenOM OnepaTOpOB poJK)leHHH ~I) a+-, {,2la+if 

eoOTBeTeTBYIOlliHX O)lHHBKOBbiM HUH pa3UH'IHbiM 3Ha'leHHHM HMnynbea p 
• Jl 

'+: 
p.a -, 

JleiieTBHTenbHO, HBIIOonee o6mee eOCTOSU!He, eOOTBeTeTayromee OJlHOMY HMnym.cy p 
Jl 

38UHebiB8eTeH! 

'I' = ~ 
I +)m 2 +--m +: m +·-l"om 

c(m
1

,m
2

,m
3

,m
0

Xee l(e a) 2 (pa) 3 (na 1 -r 0 • (162) 
mt 'm2, m3, Clo 

noneTaHOBK8 STOI"9 eoeTOHHHH ljl B (156) )laeT 

.+ 1-f-·m +.m2 m +·mo-l 
pa IJl =(np) ~ c(m

1
,m

2
,m

3
,m

0
)m

0
(ea) 1 (e2a) (pa+) 3 (na ) '110=0.(163 ) 

m;, m2,~a,mo . \ 
KaK nnn noa<jl<jlnnnenToa npn nnneiino_ neaaaneHMhiX eoeTonnnnx (eM. n.5.5)nony'laeM 

c(m
1

, m
2

, m
3

, !"
0

)m
0 

=0 m
0 

> 1 (164) 

c(m; ,m
2

,m
3
,0) nro6ble mo = 0 • (165) 

HTaK, aKnan a '!' naroT TOHbKO eoeTonnnn e m
0 

= 0 Eenn cOeTonnne '!' OUUebiBBeT 

<jlOTOHbl e HeeKOnhKHMll HMHynbe&MB, TO npOBO)lH HO)lOOHbie paeeyJKneHHH _ HeaaimeHMO )lllH 

KB>I<~OI"O HMHynbea, y6eJK)laeMeH, 'ITO eOeTO<IHH<I0 eonep>Kamne nro6oe. '!Reno <jlOTOHOB eTpo

<!Te<! ·tryTeM neiieTan<l na aanyyM TOnbKO TpeM<! eopTaMn onepaTopaMn: (e1a +), ( e2 a+) 

( p a+) • 

-2) Y enoane (159) aanpeniaeT nro6bie apeMenn-nono6nbie vi'- (naupnMep, V = D ). 
1'- 1'-

CnenoaaTenbHO,' yenoane nopenna nennro'laeT H3 paeeMOTpennn eoeTO<IHH<I e OTpH/lBTenb-
. +" 

HOH HOpMOii, nopOJK)l8eMble onepaTOpBMH ( n a ) 0 nanpHMep, O)lHO'IBeTH'IHOe eOCTOHHKe 

( n a+·).'JI 
0 

• B 1IeKm~'leimn eocTonnuii e OTpnnaTem.noii nopMoll, nopoJKnaeMbiX onepaTopa

MU•(n a+),- iieTUHHOe H83H8'1enue ycnoBII<I nopenna. 

3) Y enoane nopenna ( 156) ne aanpemaeT npneyTCTBOBBTb a eoeTonnuu 'I' nro6oMY. 

'IH~ny KBBHTOB, nOpOJKJl89MbiX ( p 1 a+) ( eKannpllbie KB8HTbl) • TaKHM_ o6pa30M0 ,<jlon, 118 KOTD

- pOM pa3bti"pblB810Te<! <jlR3H'IeeKUe eo6biTUH0 eOCTOHT H3 eoeTOSU!Hl! 

1po • (pa+)'l'o, (pi a+(pt)Xp2a+(p J> '!', 
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+'ll 
··•·(pa ) 'Po (166) 

j 
). 
} 

·;· 
( 

lt 
d 
I'' 

') 
';, 

I 
)· . ! 

! 
f 

-'! 
1\ . I 

,\il 
•I 

:/1 

'ti, 

'':; 
t ~~)' 

:l!i 
:! 
:,( 

.::1:, 

'\:: 
\l'i 

·~ 

·~ I~ 
,l 

i'l 

t 
! 

\ 
) 

r 
J 

< 

Onnaxo nro6oe cocTonnne, eonep>Kamae XOTH 6bl onuu exannpRbili KBBRT, nMeeT nyneay10 

HOPMY n opTOronallbno OCTBJlbHblM paapemennblM eocTorum<IM. 

· 4) Ha o6mero Bhlpa>Kennsr nnn V Jl ( 160) sreno, 'ITO y eBOOO)lHOI"O lj!OTOH8 TOHbltO 

naa ljlnan'lecKnx. cocTorumn, ooucblaaeMblx ~,1 > n e< 2l. 'iTo xacaeTCn 'lnena, nponopnuo-
~ • 1'- -

nallbnoro 'pll , TO ou'aeneT x necymeeTaenHhiM ·cocTonnn<IM. Koa<jl<jlnuneuT c· npn pll 

a paanoJKennn (160) ocTaeTC<I neonpenene!IHhiM, :neMoncTpnpyn Kann6poao'lllbiii nponsaon 

a onpenenennn ~~> n ~:>. 3TOT nponaa6n nosaon<!eT, ecnn nyJKHo,_nepexonnTb, oT on

nora apeMenn-nono6noro BeKToparaxonnmero a onpenenenne 6aauca (15)_, (l8) K nro6o

MY- npyroMy, a STO, KBK yJKe I"OBOpHUOCb B n, 3.4, rapaHTHpyeT nopelln-unaapnaHTHOCTh.-

06mnll BUll npeo6paaoaanuli nepexona oT onnoro aenTopa niL K npyroMy a_eao6on-

HOM Cny'lae ( e=0) UOJiy'IHTCSl H3 (59) H (61), ecnu TBM nonoJKUTh e=O • To'IIIO TeM 

JKe nyTeM' ua (63) n (64) cnenyeT 'laCTnan ljlopMa npeo6paaoaannii, cooTaeTCTBy~man 

aaMene a (59) o6mero aeKTOp-noTe!Innana •A Jl na 'IBCTb :A~ ( 0 ·A'I'- = 0 ) 

A'~= •t! - .!.E_ ( n'-•A '). (167) 
ll 1-' (n'-11) 

HMenno Tax npeo6paayJ?TCH aeKTOphl 

e'-
1'-

"''' 
(I) 

e 
1'-

t/J r • 

( i = 1,2) /33/ 

e - ~ (n'-e) 
Jl (n'p) 

npn nepexone OT O)lHOI"O BeKTOpa nil , KOI"Jl8 

P e=O , n e= 0 

K npyroMy n~ , Korna 

pe' c= 0 , n'e'c::O. 

( 168) 

(169) 

J170) 

( 171) 

0TpnnaT9HbHhlll BKUB)l B aneprnro B,IIOCHUU COCTOHHH<I, nopO:>K/l89Mbie onepaTOpBMH 
+" . + - -

(na) (nanpnMep, (n a ) lp 0 ). nosTOMY, yCTp8H<Ilt COCTOHHHH c -oTpnnaTCHbUOI! HOpMoll, 

yenoan'e nopellll8 nenaeT SHepi"HlO HOJlO:lKHTeHbHOI!, JleiiCTBHTenbHO, )lllH CpenHei"O OT 4-HM

nyHbea UMeeM 

( 1J.I • P p 'I' ), = ( _111 , f dp p : a+ ( p) a ( ; ) : 'I' ) ;.. 
p 1'-- IL 

.. 2 + + +· 
=(.'P , f dp pI~ (e(l)a+X~I)a )+ (pa)(pa)+(np)[:(pa )(na)+(na XP a)] 

P I= I ( np) 2 
1J.I )~ 

(172) 

2 
. .. (I) +_- (I) 

=(_111 • f.dp Pp
1
=

1 
(e a )(e a)), 
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rtte BO BTOpol!· CTpOKe Mbl BOCUOilb30BaliH,Cb COOTHOmeHHeM liOliHOTbl (19) npH. p
2 

=· 0 

a B TpeTbeH y'lliH_yCliOBHe nopenna 

( pa) 'I! = 0 , 
+' +' 'l!(pa)=O. (173) 

x) . 
HTaK, aueprn!l nonoJKHTellbna_ : noliO:IKllTellbHO onpettellena All!! cocTO!IHHll, nopoJKttae-

MbiX onepaTopaMH -e0 la + , .,f2>a+ u paBna eymo All!! COCTO!IHHll, cottepJKamnx JtOT!I 6bi OAHH 

onepaTop p a+ • MoJKHo nottaaaTb, 'ITO TOilbltO nonepe'lnble cjloToHbl BHOC!IT aKllaA B cpett

uue u oT ttpyrux cjln3H'IeCttHX onepaTopoB, uanpnMep, oT onepaTopa MOMenTa ttonn'leCTBa 

ttaHJKeHH!Io 

TaKIIM o6pa30M. YCliOBHe nopeuna pa36BBaeT rnllb6epTOBO npocTpaHCTBO COCTOSIHHll 

cjloToHa ua cjlnan'lecttoe u uecjluauqecttoe nottnpocTpanCTBa, HliH, To'lnee roBop!l, ttaJKe ua 

3 'laCTH: 1) cpH3H'IeCKOe nottnpocTpaHCTBO - COCTOHHHB1 nopoJKAaeMbie ttel!CTBBeM na BaKyyM 

onepaTopaMII J I) a+ u .f ?l a+, 2) 6eaapettHbll! 'cjlou' - cocTO!IHHB nopoJKttaeMble, KpOMe Toro, 

onepaTopaMII P a+. ( OTliH'IHTellbHaB HX 'lepTa - &ylleBaB HOpMa) H 3) necpH3H_'IeCttOe liOA-

onepaTopaMH n a+ (ueaaBBCHMO; una nap MY npOCTpaHCTaO - ace COCTOHHH511 nopoJKAaeMble 

c ttpyrnMH onepaTopaMn poJKttenn!l). 

A) ll£0TIIBOpe'lHBOCTb_J~~~MB 

llpettliOJK9HHOO Cl>epMH B 1932 r. ttOnonHBTellbHOe ycliOane BblrliMello 

a,. ·A,." = o • (174) 

. . f d4 -•P" a ;. < > f 4 lp" a < > Bbi'IHCll!lll ottnH paa -'BHTerpall x e p. · JL x , a BTopol! d x e ll •A,. .x 1 

nim'leM B o6oux cny'laHX p 
0 
=I; I' aattmo'laeM, 'ITO a HMnyllbcHoM npocTPaHCTBe _ycliOBHe 

Cl>epMH. CBOAliTCB It ABYM ycliOBB!IM: 

pa(p)'P=O 
p. ,. 

' Tenepb nP'oanallnanpyeM 2 B03MOJKnocTn. 

+' .. 
p,.a,.(p) 'I! =0 

(175) 

'a ) nycTb HMeeTCll noliHS!I ltOBapnaHTHOCTb. Tortta MeTPHtta-ueonpetteneHHall, BCe 
+ 

onepaTopbl a,. - cyTb onepaTopbl yHH'ITOJKeHHB, BCe onepaTOpbl all - onepaTopbl poJKAe-

. HB51
1 

a BattyyM onpetteliBeTCB COrllaCHO (149). llepaoe H3 3THX yCliOaHl! COCTO!ITellbHO H 

x) . ' 
- Cp. n. 2.2, rtt.e anallorH'IHblll BblBOA nony'lancll npH HCUOilb30BaHHH ycnoan!l nopeu-

na tlllll BeltTOp-nOTeHliHalla, a He Allll aettTOpOB COCTOSIHHH. 

I 
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-~ npoananuanpoaauo B n. ~) •. llottel!CTBy_eM_ua BTOpoe onepaTopoM :(n/a(p)). Tortta c noMo- ., , 

lllb.;) onpettelle~ll ; BattYYMa ( i49) ~ nepecTaHOBO'IHhiX COOTHOmeHHl! (158) noey'IBM 
I.· . 

(an)(pa+)'l! =(np)'P =0. 

<i~a) 
Ho nocttOnblcy BB (np) 1 HB. 'P ,ue pa~Hbl aymo, TO ycno.aue <l>epM~B npoTuaope'IBBo. 

{3 ) llyCTb1 OTlta3aBmHCb OT liBHOl! ltOBapBaHTHOCTB1 Mbl• npBHllnB liOUO:IKllTenbHO Onpe, + . 
tteneuayiO MeTPntty, onepaTopbl am , a 4 - aa. onepaTOpbl· yun'ITOJKE!HB·ll,· onepaTopi.t a+· ,·a - _ •. 

• . . • • • ' • •• _.,
1 

m 4. · 

,aa onepaTopbl poJKAeHBB, _a aal!'yyM onpettennnn cor;mcuo (146).!3b16epeM B tta'leCTBe 'I! 

BattYYM 'Po. Tortta c y~eToM ( 146) . . . 
..... +~ . +: ..... +. 

( P it - p 0 a
0 

) 'P 0 = p a lf 0 = 0, 
' . 

. .. ~ , .. 
( P a -:Po ao) 'l' o =-;-·Po ao 'I' o= 0 (177) 

3TH COOTHOmeHBB npOTHaope'IBBblo neACTBBO onepaTopoa pOJKA9HBll a+·. B a · Ha aattyyM 
. · , · ·m o . 

ue __ MOJKeT,ttaBaTb &ynb,· 'ITO cnettyeT ua o6mero auanu3a B n. 5.56 CocToaTellbuYro~Teopn!O 

'T~~oro·. pott~ MOJKno n~ny~nTb, · ecnu, nanpuMep, npuuin. . BMecTo . ( 175) uettoBapuanTnoe 

yclloaue BUtta 
l 

(p a+ - P
0 

a
0

) 'P =0 • 
'(178) . 

Eme OAHa B031140JKHOCTb - B3MeHHTb onpettelleHBe BaltYYMa TaK, 'IT06bl OH' 6bl.Ji ~6J'I-
.. . . ' - - ( /4/) 

HblM. Battyy.MOM TonbKO·AUSI nonepe'IHblX cjlOTOHOB CMo. . 

r' ( ;c I) a ) 'l' o = 0 ' - .. (2)-+.) m_ '-o 
(e. a Y_o- .• ,'(179) 

·.:....:.-~ 
' .'I. 

3ttec& _npBH!ITO _n,.·= ( 0, 0, 0, i ~ • npu aTOM Mbl . eme. 6onbme yttanlleMCB OT _ltOBapuaHTHOll; . 

. cjlopuynup,oattu. BBetteM- non&yiO CHCTeuy COCTO!IHHl! 
I 

lp ( ) 'c-+(1)-++:)Dl (-+(2)-+ +'>n 2 (-+ -++ta .n
1
,n

2
,o

3
,,n

0 
=ea. e a pa , 

'B pa3UO:IKllM 110 nell; HpOB3BOilbHOe . COCTO!IHHe 

no . 
a 'I! 

0 • 0 

'I! =l: c'(n
1
,n 2,n3

,n
0

)1JI (n 1 ,n 2,n 3,n0 ),~ 

Tortta ua yclloaHB (175) neTpyttno ual!TH 

c(n.·,a·2·~a•no) =c'lno na c'.(nt:n2) 

C npOB3BOnbHOl! 3aaHCBMOCTbiO C~-' OT n 1, n 2 • 3To 03HB'IaeT, ·'ITO COCTOHHBe 

'I! -
cjlua.Batt: = l: 

no='o 

+ +· . no 
-[(p.~ >a,L 'Po 

\,,; 

I . . 

(180) 

.·; 

(181) 

-
(182) 

(183) 

urpaeT-ponb· cjlnan'lecttoro BattyyMa, a,cjluan'lecttue cocTOHHBR nopoJK.naiOTcB·nyTeM ttel!CTBHB 
\;· - - . .-.. - (1) .... -~;·' .. ...(2). ·.,.'+ . . ' .... : : "-

ua nero onepaTopaMB ( e a ) u ( e_ _ a ) •· Ottnatto,·· ue · roBopll yJKe o6 _ oTCyTCTBBH 

liBBOI!: ttoaapuanTHOCTH1 ' sTa cjlopMa .Teopnu ueyttoaneTBOpnTem.ua TeM, 'ITO cocToruine 
;., . . . . 141. n . 

Y ;pua. cjlrut. B ace OCTanbHble B03MOJKHble COCTOSIHHB HeHOpMBpyeMbl <' ; pB'IeM 3TO- He 
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~ -.• ' ·I" 

. ' . ' 

CBSI3BHO' C HenpepbiBHOOThJO 'cneKTpa; COCTOSIHHSI of5n~Aa~ f5eCKOHe'IBOil .HOpMOil B' nonnpo-

CTpBHCT~~·-c O.[lHH~ en~HCTBeH~~M 'ana~~HHeM HMU:y/lbca. _Ta~n-M·otSpadoM, H B 3TOM cny.;;_,: 
' ' . ' 

<'I - •' • ' '•, ·, ' "• ' ' ' \ 

·qae ycnoane ~ep~ a nepaonaqan&noil ~opMe aeneT .It npoTHaopeqnJO, 

,. 

"-
5o6 ; S - ·MaTpnna 

... 
06paTHMCSI K S -MaTpnne a npencTaaneHHH asan~wneilcTalul {96). Ee acerna MOJK-
:' ' . . . . ' ·.. /21 '22/ . ' 

HO npe.[lCTaBHT_h B HOpMa/lbHOi! ~OpMe 1 

oo•,fd:r:afdy1 .. ;-Jdym f_dz1.,;Jdzm K,.. .... ,.. (:r:1";·xa,y1o~•ym,zl;o~z .. >. 
• ·, 1 ' D · . (184) 

. A., ( :r: 
1
) ,;,. ·A ( :r: ) : : t/1 ( y 

1
) .. ;· 1/d y ~ ) :; ( z 1 ) o~• .J ( z m ) : • ' 

· r 1 ~"!' . , n . , 

s =·l: ,'I' ci-:1 

~·n=:=o 

' 

' i 
rne A,.. (:r:) 11 1/J (y) .. - caof5onuble 31IeKTpOMarHHTHbte H 3neKTpouno-n03HTpOHHble nomt, 

.. I, • 0 '· f21/ . ., . ' 
·a K _,..

1 
.. ;·fL - Ko3qxpHnHeHTHble ~HKnHH , n_saorcTHbiM of5pa30M ablpaJKaromnecsr :epes.. 

n_ .. , 1 

cnapHaanHsr (caof5onuhle onHoqacTnqnble ~Y~KilHH pacnpocTpane~sr). ~yHKilHSI pacnpocTpa~ 
'neHHSI ~OTOHB B tPOPM:YIIHp.OBKe ~ no'nepeqnoil KanHf5pOBK~i! BeKTOpOB COC.TOSIHHSI f5epeTCSI 

. /46/ . • ' . . ' ' 
B BH.[le 

;)' ~-· 
AI-' ( x) A v (y) 

-i Jd.pelpxl a,..., 
.p 2 - if. {185) 

( E> 0) 

(2 lT) 4 

lloKa caof5on8Me onepaTOpbl ·A,.. (:r:) 

! ' .. ,_ 

B ( 184) ClllHCbiBSIOT ace·4 THna BeKTOpHbiX KBaHTOB,' 

: noncTaauM a. S -MaTpnny ( 184) aeKTop-nOTeunnan a ~opMe J!a3tiOJKeHHst. no nnocKHM. 

t;lOJlHSM + ... -(p X 

+ a (p ) e I 
Jl ' . 

.dp 

f ./('l:rr)3 2Po · 
-+ lp X 

lafL(p)e Afl (X ) {186) .. 

a 3!lecb, a caoJO oqepen&, c noMomhJO ycnoaHst. nonHOThl (Ill) 
'.+ I I . ' 

a .H a . pa31IOJKeHHSIMH . 
Jl _Jl' • • 2 . • 

U> . . PI-' n.. 
• · a = I> e , ( .!1> 'a ) + --- [ (pa) + (p n) ('n a)]+--"- ( p a) 

fl' 1=·1 fl (pn) 2 .. ._ , , (pn) . .' 

npellCTaBHM·onepaTOpbi. 
r - I ·., 

·< 

1 '( 187) 

' .. -
' ( Mbl yqnH, qTO p 2 =· 0. r. Enaronapsr KBIIHf5poaoqnoll HHBapHaHTHOCTH, . T,e.' B npencTaanellHH 

~· . : ' \ 
.. B3BHMO.[lei!CTBHSI HHBapnaHTHOCTll OTHOCHTe/lbHO npeo6pa30BaHHli 

' •' - I 

A fl • ... 'All '+ all .A ( :r:) 
i . 

(188) 

'' ·. ' . . /21/ 
lt03~11lHeHTHble_~yHKilBll of5na.[lalOT CBOi!CTBOM 

' ' . ' ' 

a 
Kl-'

1 
··'tt

1 

_ ... ~,..a (:r; 1 .:.-:r: 1 "' : "~ • Y 1 ._;,,. z 1 ... ):~(y1) •• .,f;l..y .. >if;(~ 1) ••• ¢(z .. >:] =0 o . ( 189). 
a zl. 

. ILl·' ,I 

: 
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C yqeTOM 3Toro CBOliCTBa B S -MaTpBne B3 a,.. (187) MOJKBO 'onycTBTh qnen, nponoP:... 

llBOHa/lbHblil_ P,.. T,e~ TaM MOJKBO npOB3B8CTH. 3aMeBy 

2 

+" 
n: aaanornqgo nnsr a,.. ~ 

(I) (I) n 
a,..-+ I e ( e • a ) +: -"'- ( p a) 

I i= I fl (np) 
(lliO) 

· B ~OpMynBpOBKe C nonepequoi! KanBf5pOBKOll COCTOSIHHll MaTpnqnble 3li8MeHTbl S . -MBT-

pHilbl, .a, cnenoaaTe/lbHO, n MaTpnqnble 31IeMeHTbl 

• ( lp f • ; ·A,.. ( " 1) 000 . A,.. ( "D): lpl . ) 
1 D (191) 

f5epyTCSI· TO/lbKO MBlKll:Y COCTOSIHHSIMB 'l'1 H '1', 0 :YllOBIIBTBOpiiJOIDHMH llOilOnHHTe/lbHOM:y ycno-

BHJO ( 156), HanoMHHM0 qTO TaKHe COCTOSIHHII lf1 H 1JI f CTpOSITCSI. nyTeM nellCTBHII Ha aa-
: (I) + I + + , . ' ·, 

K:yyM onepaTopaMH ·_e a n p a , _no ue n a • llo3TOM:y nocne aaMeHbt (1_90) nJOf5oi! 

onepaTop p a (nna p a+ ) KOMM:yTnpyeT co· liceMn onepaTopaMH: Jl> a , e<ll a+ (i=-1,2), 

p a B p a+, BCTpe'laromHMHCSI B MSTpHqHOM aneMeRTe {llll)x) .• BIIIIOTb .no neaoro H npa

aoro BaX~yMOB, OnepaTOpOM pa :YltOf5HO no.nellCTBOBBTh Ma npaBblll BaKyyM, TSK KaK·aTO 

naeT Byllbo OnepaTop P a+ _.nacT By/lb npH .nellCTBBH nil neablll aaKyyM, 3To oanaqae7, qTo · 

Mbl MOJKeM aaMeRHTh a,.. a (191) ua 

(I) 

a· -+· I e 
. fl I = 1 fl 

( Jll a ). 
(192) 

T,e, MOlKRO cqHTaTb,' qTo B N .0npO!J3B8lt9HHH B ( 191) H B S -MaTpnne (184), aMeCTO A,.. 
_.· 

CTOSIT OnepaTOpbi 

2 

I (I) ( ( (I) 
e,... e 

1=1 

TaKHM of5pa3oM, S MaTpnna 3anumeTCII 

lp X 

a) e + ( e(ll a+:) e·lp x ] • 
(193) 

I 

=I Jd%
1 
... ;-Jd:ra fdy

1 
,.;·-J~fdz 1 .. ;J.dzmK .. 
' fl1ooo.flD 

( :r:
1 

.. ~_-xa, y
1 

.,;·y .. , z 1 .,;·_z .. ) s 
m.nz:::O 

·A r ( x-
1

) .. ;~:·A • ( :r; ) :: t/1( y 
1
') .. ;1/J( y ) t/J( z 1 ) .,; .,r,( z ) : 

. p.l , JLD D. Ill Ill 

(194) 

x) ' + 
OnepaTop: p a ne KOMM:yTnpyeT TO/lbKO c onepaTopoM n a • 
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i, 
,.,.I 

HTax, xor.na. pe'lb · u.neT o, cno6o.nnwx xoHn-ax .nnarpaMMbl <l>eliHMaHa, TO TaM cne.nyeT nc-. 
' - ' - ' ' - ' f ·,' -' 

noni.aon~Tb TOT *e nonepe~Hhill B 3~uepHOM. CMhiCne sexTop-noTeHnnan, xoTophlll- paccMaT--

p~saeTCB. B. ~anu6posxe · uany'leHBB ( rnana 3). 3To oaJiaqaeT, 'ITO KB*Ablll ua~'yqaromullcB 
--:' ' 0 ! / 

HHH nol"HOW810WHliCB $oTOH C onpe.neneHHhiM HMnynhCOM o6na.neeT TOHhKO ABYMB CTeneHB-:'; ' 

MH c:n~60.llhl!~ BEHtTOp-nOTennnan-_ (193), ,sxo.nSIIIlBll B (194), onHChiBSeT TOHhX~ .n~a coc~o;:.:-
, . . . • I 

HHB-«PoToHa: - e0 ' n e<'J) • B anexTpo.nuHaMnxe c nonepe'IHOll xanu6ponxol! _seitTopon cO-
. ' . -~ - ~ ' ' ' 

CTOBHHSI 9TOT q,axT ,.;, cne.nCTB~e He TOHhKO xann6pOBO'IHOll DHB8pH8~THOcTH0 HCXHIO'IBIO_mel! 

npOJlOHbiiYIO · (B. 'leThlpeXMepiiOM- CMhiCne) COCTannmomyJO A~ '. 110 ~ .nononi!BTenhhOI"O yc;_ 

HOBBS! (156) He BeKTOpbl COCTOSIHBSI0 KOTOpoe HCKHIO'ISeT COCTOSIHHB, pO)I{.[laeMhle onepa- ' 
·' . ' '. 

+ TOp8MH n a • 

nns Cp8BII911HSI nanOMIIHM0 'ITO B KH8CCH'I9CXOll'aneKTpOAHH8MHKe COCT~BHBIOWSB nex-

' TOp-nOTellllHBH8 __ A~'o HanpaBneHII8SI no n~ 0 TSK)I{e HCKHIO'IBeTCSI! -a :reopHH Ma~CBen-

. 'na - CSMHM ypaanenneM· Maxcaenna 0 A - a a •A = 0 0 B 'TeopHH 0 ucno~ayromel! - . ~ ~ v v 
ypa_suenue_J.l~na~6epa,. OA~=O- .nonorinnTenhHh~M ycnoaHeM nopenna a" :A~-=' o·. ''Co-

CT8Bn'BIOWSSI A~ 0 HanpaaneHH8SI no p~ 0 X8K D ,Bb1We0 HCXHIO'I~eTCSI·xanu6poBO'IHOll 

HHB8pH8HTHOCTbiO. 

5.7. Csonxa peayn&TaTos no popMynnpoaxe c n'onepe'lnol!' xanu6poLxol! .-, 

BeXTopos COCTOBHHSI 

· ' ' • B q,opMinnpOBKe C. nonepe'IHOl!- xanu6pOBKOil BeXTOpOB COCTOSIIIHSI HCnOHh3YIOT. 'y~SB~~ _ 

HHSI .[lBH)I{eHHSI (77) H. (78) (nal"p8H)I{HSII (76) ), nepeCT8HOBO'IHhl9 COOTHOW9HHSI, (79) H -.no-, 

nonu~Ten&uo~ ycnosu!! (93). llpoae.neuublll auaima noK:aaan nonuyro. axsuaanenTHOCTb sToil,..-: 
}I 

cosoxynnocTu ypanueHnll ypaaueaDSIM B xanu6poaxe uany'leHH-B. 1, 

B npe.ncTasneHHH saanMo.nellcTaus ucnon&ayroTCB paano*euue sexTop-noTennnana. 
I - ' . ~ ' o • 

A~(z) no_ nnOCXDM BOHH8M (123), nepeCT8110BO'IHhle COOTHO~e_H~SI (158), .nononHIITeHbHOe 

ycno~He H8- BeKTOpbl COCTOBHifSI (156) 0 «ilYHXllDSI pacnpOCTpBH~HHSI ( 185_) H S -M8TpHll8 

8 q,opMe ( 184). S -MaTpnna MO*eT 6biTb npu~e.neua x ·au.ny- (194), 1xy.na. sxo.nuT aexTop-

no.f.eunuan ( 193). Bxo.nSIIIlne ~ . ( 193) aexTophi J I) -- u i el- ~- 1

onpe.nemiJOTCB ( xOTH. u He-
- " ' - ~ ~ -

o.nuo~HS'IHO) · ypaa~euneM (159). 

Bee nepe'IHCHeHHhl9 ypeBHeHHB H COOTHOWeHHSI BBHO nopeHll-KOB8pH8HTHhl. 
. I - \ -

5.8. CTaphll! cpopMannaM fynThl 
,_.,, 

CnMM~TpH'IHYIO Tp~xToaxy 'leTblpex xoMnoueuT, Bel!'Top-noTennuan ~nepahie y~a?oc& 

.npe.[lCT8BHTb B KOppeKTHOll <j>opMe fynTe. no 9TOI"O p8BHOnpaBHBB Tp8KTOBK8 BCeX 'leTbipeX-
' . ' .. , 

·~ '-

,-
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•., 

'I 

KOMDOHeHT BeKTOp-nOTennuana, HBTeHCHBHO BCnOnb30B8BW8SICH B pe60T8X cl>el!HM8H8 D lliBHH

repa1 ue BMena 38JtOHBbiX npSB. fynTa nepshll! ocoaHan, 'ITO pasHonpasue scex 'leTbipex 

ltOMDOH9BT BeKT0p-DOT9HHD8n8 DO.np83YM9B8eT Heonpe.neneHHyiO Me~BKY B l"Bn&6epTOBOM 

npOCTp8HCTBe COCTOSllllll!. 

171 18 19/ ' 
H.neJ:> CT8p01"0 $opM8HB3M8 fynTI>l (eM. TSK)I{e 0 

) MO)I{HO DOHHTb TSK! B3HTb 

B K8'1ecTB9 CTpOBTen&HOI"O M8T9pB8H8 XopOWO 3H8KOMOB (C XOpOWO onpe.neneHHbiMK DOHHTBSI

MB) DpOCTp&HCTBO C ~OHO)I{UTenhHOJ! MeTpHKOil0 DYCTb He nopean-DHB8pH8HTHOe H He BMero

mee <j>B3D'IeCKOI"O CMb1Cn80 B B ero TepMBHBX DOCTpOBTb nopeHll-HHB8pB8BTHOB npOCTpBHCTBO 

c aeonpe.neneHHOll MeTpDKoll. TaxuM o6pa3oM, CTaphlll <j>opManH3M fynTLI ecTb numb o.nHa 

'IBCTHBH peaHB38HBH HpOCTpBHCTBB-C HeOnpe.neneaaol! MSTpBXOJ!. 

0cHOBHue onpe.neneBBH, xacaromnecg .nayx ynoM!UIYThiX run&6epTOBhiX npocTpeHCTB, 

npuae.neabl B Ta6nune 1 • 

Ta6nuna 

BcnoMoraTen&Hoe run&6epTono PeannaanBH rnn&6epToaa 
HpOCTp8HCTBO C nOHO)I{UTen&HO' HpOCTp8HCTB8 C aeonpe-

MeTPHXOll .neneuaol! MBTPBKoll 

MeTpB'Iecxnl! TeH3op 1 (195.1) '1/ (195.2) 

~OHpH)I{QHHOO COCTOBHBe 
+· 

"* ( 196.1) " =- .,. '1/ (196.2} 

flopua ""'" > 0 (197.1) 
,... 

" 'l' = "*'1/ 'l' (197.2) 

Cpe.naee onepa'!'opa B 11' * B 'l' (198.1) 'I'+ B 'I= 11'*'1/ B 'l' (198.2) 

bnepaTop 9pMBTOBO 
B* a+'=., B* .,- 1 

ODpB)I{eHHblll K onepaTopy B (199.1) (199.2) 

llpnMep: onepaTOphl 
a~ (200.1) a~ (200.2) 

YHD'ITOlKeBBSI 

OnepaTOpu a* (201.1) +' (201.2) POlKJ19HBSI 
~ 

a~='f/a;7(' 1 

llepeCT8HOBO'IHbl9 COOT- [a ,a•] .. ll (202.1) [a ,a+]..,ll (202.2) 
HOW9HBH JlHSI ODepaTOpOB m D IQD m a ma 

POlK.neHBH B yHD'ITO*eBBSI [ a 0 , '8~ ] "' 1 (203.1) 
+· 

L&oo 8 0 ]o=--1 (203.2) 

Onpe.neneaue aaxyyua a~ 'I' 0 = 0 ( 204.1) a~'t 0 =0 (204.2) 

Ycnoaue apMBTOBOCTB 
B* = B (205.1) 

+ •I - (205.2) 
onepaTOpa B ='f/ B* '1/ = B 

j Ycnosue YHBT8pHOCTH 

~ onepaTopa 
B* = a· 1 

(206.1) B+:_'l/ B*>i 1 =B" 1 
(206.2) 
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no OOBOAY nepeeTaHOBO'IHOI'O eoOTHOW9HHSI (203.1) HanOMHRM, 'ITO fiOCltOIIhJCY DOA 

a0 R a,! Mbl fiOHRMaeM apMRTOBO eonp!llKeHHble OnepaTOpbl yHH'ITOlK9HRH H pOlKAeHBH, TO 

AnH HHX B I'Hnb6epTOBOM npOCTpaueTBe e nonOlKHT91IhHO onpeneneHHOll MBTpHltOll B03MOlKHO 

TOIIhltO T8lt09 nepeeTaHOBO'IHOe eOOTH_OWeHHe (eM. Do 5.56). npu llOeTpOBHHH I'Hn&6epTOB8 

npocTpaHeTaa._ e HeonpeneneHHOli MeTpHKOll BBOAHTCSI MeTpH'IeexuQ TeH30p 1J H onpenenH-

eTeH eonpRlKeauoe COCTO!IHHe 'I'+= 'I'* '1 • Bee ocTam.uoe a SToll Ta6nune enenyeT, H3 o6-

mnx onpeneneunii n. 5.5 nnH rHm.6epTOBbiX npoeTpaucTB. 

CymeeTB9HHblil MOM9HT! KBK eneneTBHe TOI'00 'ITO Mbl HeXOAHM H3 I'Hnb6epTOBa npo

eTpaHeTBa e nonoJKHTen&uoii Me'lpnxoll, onpeneneune aaKyyMa (204.2) eeTb ue npennonolKe

uue, a peayn&TaT noeTpoeHnH. 

llanee, H3 (20:.:!.1) H (202.2), {20.3.1) H (203.:.:!) 38KniO'IaeM,· 'ITO! 

a.f- =a* 
,. m (207) 

a! =-a~ (208) 

u, enenosaTem.ao, 'ITO 

[ '1 , a+,. I-= 0 (209) 

I '1• a: I 0 • (210) 

0Tel0Aa 
a~ •o 

'1 =(-1) 
(211) 

Haxoueu, npononJKaH aawy Ta6nnny, .npneerieM paanolKeuug eexTop-noTeunnana 

n.itOCICHM BOnHaM: 

A 

" 
.80 BeHOMOI'aTenbBOM rnm.6epTOBOM 
npoeTpaHeTse e nonolKKTem.uoli MeT
puxoii· 

B run&6epToaoM npoeTpaueTee e ue
onpeneneuuoll MeTpKKoii 

~ . ~ 

[a <P> ~·"+a+ (p) e"10"] A = f d P [ a (p) e10
" +a* cP) e·lo "J = f d P 

' "' y(2rr )3 2p
0 

"' m y(2rr )3 2p
0 

.. .. 
( 3pMIITOB) (212.1) (spMHTOB) (212.2) 

Ao = f dp [ (~) lpz • (~) •lpz] J sdp [ (~) lpz 
a

0 
p e - a 

0 
p e = .a

0 
p e +a+(;) e·lpz] 

0 
y(:br ) 3 2p 0 ,j:(:br ) 3 2p 0 

( aUTH3pMHTOB) (213.1) (spMHTOB) (213.2) 

no 

.CeolicTaa SpMIITOBOeTU 3Aeeb HOHHMaiOTeH C TO'IKH 3peHHSI eOOTB9TCTByiOmero rHn&6epTOB8 
npocTpaucTaa. 
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Bo BTOpH'IHD-KBaBTOBBBBOll ·TeOpHH nep&XOA H3 OABOl!: eHCT9Mbl OTC'IeTa B ApyryiO• MOlKHO ' 

TpaltTOBaTb ABYMll 9KBHB81!9BTBbiMH enoe66aMH, paeeMOTpeRRbiMH B rnaa9 e. Mb1 6yneM DPH":"" 

AeplKHBaTbel! 

a npyry10 

OJlROll R3 9THX TpaKTOBOK0 KOI'Aa npH; nepeXOAB 'ua OAROll eHCTBMbl OTe'I&TII 

a) npeo6paaoeaHRIO HOABepraiOTCll onepaTopbl, 

6) BBKTOpbl eOCTOl!HBH 1p , OHHebiBaromue cj>H3H'IBCKH9 ClleT9Mbl 0 Be .R3M9BSIIOTC!IX) 0 

a OTCIOAa, 6naronapll Re3aBHeHMOCTH BOpMbl OT eueTeMbl OTe'leTa, 

B) ae li3M9Hli9TCll M9TpH'IeeKHl! T9B30p '/ 

BexTop-noTeHilRan a eTapoll eui::TeMe .oTe'leTa •AI' ll aexTop-nOTeanB:an a aoaoll 

eHeTeMe OTe'leTa •A~ eell3aBbl npeo6pa30BaRR9M'nopeRna .. .. , , 
·A = A' +. ;, 0 p. AI' - •A 0 

'\ 1 +: n:, 
Ao=-n' ·A' 

" " 
(214) 

. (Mbl npuaenu o6paTuoe npeo6paaoaaune nopeuna, npHMoe MOlKRO nony'IRTb na _(214), aaMe

uaMn •AIL ~ •A; , -;, -+-n' ) • 06bi'IBblll napaMeTp npeo6pa30BaRRH. nopeana' ~ npeA

eTaaneH a (214) e noMOWbiO eAHHH'IHoro; nonolKuTem.aoro apeMeun-nono6aoro aexTopa n': 

f3 
.. 
n' 

--,-. 
Do 

n'2=;,2_n'2 =-·1' 

" 0 

n'·> 0 • 
0 (215) 

no 3aKOHY npeo6pa30BaHHH (214) npeo6pa3yiOTCH H onepaTOpbl p0lKil9HHH H yHR'ITOlKeHRH 

+' a,. R a I' • 

~aK KaK M9TpR'IeeKHJl T9H30p · (211) HB npeo6pa3yeTeH, TO e fiOMOWblO (214), B ·.uo-

BOll eUeTeMe OTC'IeTa ero MOlKHO aanneaTb B BRAe! 
-t• 

.•o •o 
n'~ a'+~'· a' 

" 

·Jd; 
'/=( -1) 

f d"!> 
= ( ;...1) " " ... ... (216} 

llanee H9TpyAHO'BbiB9CTH0 'ITO 9KBRBaneHTOM nepeeTaHOBO'IHbiX eOOTHOWeuull· (209) H (210} 

a .uoaoii eneTeMe oT~'IeTa GyneTxx) 

x) 
To'IHee roaopH, aexTop eocTo!IHRH aanHeTCl! exangpuoii cj>yuxnuell nepeMeHHbiX, 

xapaKT9pR3YIOWRX cj>H3R'IeeK09 eOCTOliHHBo ' 
xx) + 

Bb!BOA. Eenu B (209) R (210) noneTaBRTb a , BbipalKeHHbiMH eornaeuo (214). 
a'Y , To nony'lnM: I' 

" . ( , ""). ,+ -h. 
[ ., .,':'"+·n'· n·a·~·a.; ]~o,· ~'/,(n'·a'·JI=O 

~, ' m m 

'lepea 

n,;-+1 
'BTopoe eoOTuoweune epaay nony'lnnoe&,B 'xoaapnauTuoa• cj>opMe, 
npeo6paaoaauo nam.we. CaepueM ero onuu paa e 0 + n~- n' m 

mn n~- +·1 

a nepaoe AonlKuo 6b1Tb 
ll BTOpOJl e n',;, 

3To AaCT, eoOTBeTeTB9HH00 llBa eOOTHOW9HHH! 

' [ :'1 , .. ~.+ +·n' ( n'·a'+l] ~ 0 
m 

[ '1 , a',t+·n~· ( n'·a'.+)]"' 0 

KOTOpble ylKe liMelOT HYlKHbill BRA; 
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['I a~+:+: n~ ( n' -a~"!l];,. 0 , 

" " 
I '7 , ( n' a'+) J,;; 0 (217) 

. . 

TaKHM o6pa30M, npHXOAHM K BhlBOAY, 'ITO ojlopMa M9TpH'IeCKOI'O TeH30pa (211) H nepecTa-
. . , •· I 

HOBO'IHbiX COOTHOWeanlt (209) H (210) 6b11Ia 'IBCTHOll, B03M_o}Kl!Olt TOIIhKO B OAHOi! CHCTeMe 

arc'leTa. ·. 06wei! cnpaaenni!aoi! a nro6olt cn=eMe OTC'IeTa , aannc&ro MeTpn'leCKC'ro Tenaopa 

·n nepeCTaHOBO'IHbiX COOTHOWeHHi! C 7J liBnlleTCll 
+· 

·( )/dP(Ila)(lla) 
7J = -1 

£:71 , a+ + n ( n a +j 1 = 0, " . " 
\ 

I 7J , ( n a+) I= 0 • 

(218) 

(219) 

nepBOHa'lallhHble nepeCTaHOBO'IHble COOTHOW9Hllll (209) H (210) COOTBeTCTBYJOT TOll CHCTe-

Me OTC'IeTa, B KOTOpOlt Dl' = ( ·0, 0, 0, i) • 

nol!BneHHe B TeOpHH 110CTOpOHH91'0 BpeMeHB-110A06HOI'O B9KTOpa D I' l'OBOpHT. 0 

TOM, 'ITO B TeopHH BO BCl!KOM cnyqae ~eT l!BHOlt nop~HU-HHB8pHaHTHOCTH. TaKall CHTya~ 
+ 
~ o6pa3yJOT 4-aexTop, DH!l o6ycnoaneBa HCXOAHb!MH npennonOJKeBHliMH. 8 TO apeMll KaK 

+:· . 
a nepeCTaHOBO'IHble COOTHOW9HHll (202.2), (203.2) l!BHO KOBapHBHTHbl ( [ 8 , '8 1;;, 0 ) I 

- " v 
a* . :nopennoacxoro 4-aexTopa ne o6paayJOT, a ~epecTanoao'lnhie cooTnoweHHB (2o!.'l) 

" . H '(203.1) liBHOlt KOB8pH8HTHOCTbJO He o6nSA8JOT (CM. B STOlt CB!l3H paCCY:lKA9HH!l B ·n.5.56). 

EcTeCTBeHBO, 'ITO MeTp_H'I9CKHll T9H30p 7J • ocymeCTBnRJOWHll CBll3b MeJKAY. 3THMH aenn-

'IHHaMH H COOTHOW9HHliMH0 TaKlKe He o6na.rtaeT !lBHOlt KOB8pH8HTBOCTbiOo 

npnCYTcTBHe DOCTOpOHBero apeMeHH-nono6aoro BeKTOpa D aoooilte MOrno Obi 03-" . 
HB'Ia_Tb OTCYTCTBHe BCl!KOlt nopeHll_-HHBapHBHTHOCTH. YTaepJKAeHHe 00 OTCyTCTBHH nopeal!

BHBapHaHTHOCTH B CTapOM ,PopManH3Me rynTbl . anepa~e OblnO BbiCK83SHO CyaaKaaoi! B. 
. . /9/ ' . /10 11/ /12/ . . 

1958 r. • nocne ero KpHTHKH rynTa • H Koancn H OrnMOTO aawnn Bb!XO.It 

'a nepexone. K HOBOMY ynpoWeH_!IOMY H BMeCTe C TaM . 6onee' oomeMy H RBBO nopeBn-HBBapH- • 

aHTBOMY ,PopManH3MY0 0 KOTOpOM roaopnnOCb Bb!We B n.n. 5.5-5.7. 

Onaaxo, aa caMOM 'nene n cTapa!l .popMynnpoaKa rynThl Be CTOIIh ylK nnoxa •. Ha · 

'caMOM ne.ne a Bell cnTyannn TaKaR lKe, · KaK. a· ,PopMynnpoaKe .llnpaxa: necMoTpR aa npncy-r-

CTBHe·BeKTOpa nl' nopeHn-HHBapHSHTHOCTb eCTb, HO TOIIhKO OHB He liBnReTCR. liBHOfio 

qTOObl y6e.rtDTbCR a· nopeHit-HHBapHaHTHOCTH0 .ltOCTaTO'IHO noKa38Tb0 'ITO aeKTOp D ,· 

/ . " 
~o~eT obiTb ., Elb!opaa nroobiM, a OT aero, ~cnu yronao, MO}Kl!O nepel!TH K nro6.oMY npyro-

MY n~nO~TeiihHOMy apeMeHn-nono6HOMy ~eK;opy. nepexon OT onfioro n,. K npyrOMY 

MO}Kl!O nponaaec:z-n C DOMOWbiO Kann6pOBO'IHOI'O npeo6pa30a8HHSI 

a 

" 
a' + · 2 ( n' -·n , a'} • 

fL op . 
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'· 
,. 

'· 

i 
l 
I 

I 

-, 

> 

"\ 

YMHOlKeane o6enx ,'lacTell sToro paaeacTaa aa DfL H H8 n'· 

" 
naeT Qa8 COOTHOWeHHll 

, , a a ~·n -a-, ( il'-·n, a) =·_2_ '( n'-•n, a'}. 
np . (221) 

BTOpOe COOTHOWeHHe rap8HTDpyeT ~3aDMHYJO onH03H8'1HOCTb nepexona OT a K a' 

" " n aao6opOT,.a nepao3 n naeT aylKHblll ~aM nepexon K aoaoMy apeMenn-nono6aoMY aeKTopy 

f!lp(na+Xna) 
7J = (- 1) 

fdp (n'a't)(Ji'a'} 
= (-1). (222) 

B '18CTHOCTH, ab16paa o'. 

" 
a anne D ~- = ( 0, 0, 0, i) 0 Mbl MOlKeM aepayTb M9TpH'I9CKOMY 

Teaaopy ,PopMy (211 ). Onaaxo STHM aonpoc pewaeTCR eme ae nonaocT&JO. B caMOM nene, 

K8nHopoaO'IHOe npeoopa30aSHHe (220) H3M9Hl!eT nep~CTaHOaO'IHhle COOTHOW9HHR, 

nepexon= a 

H OHH 

.. +: 
[a'· (p ), ·a;; (q) ]=(o 

" fLV 

~(n'-n>v .;.(n'-n}" _!'~ + 
D~ D~ 

~(o'-n,a'-o)).O(ii -q) 
(n'p )2 . 

(223) 

HecMOTpll aa sTo, 6naronap!l xann6poao'IHOl! nnaapnaa:rnocTn n nonomlnTen&aoMy ycnoanri 

(156), Mbl HM99M npaao HCITOIIh30aaTb· 06hi'IHble nepeCT8HOaO'IHbie COOTHOW9HHR 

, ... . ,+ ... ... 
[a

11 
(p ) , a ( q) 1 = o o ( p - q ) • , 

v fLV 
(224) 

Jleno a TOM0 'ITO H .ItO H HOCne K8nH6poaO'IHOI'O npeo6pa30B8HHR aeKTOpbl CO~TORHH.!I lf' 

ync;>_sneTBOP.!IIOT nononnnTen&HOMY ycnoan:ro ( 156): 

ap 'l' =0, 'I'+ ( a+p )=0 (225) 

a'p 'I'= 0, 
+' 

'P (a"p )=0 (226) 

n nosToMy CTpOl!TC.!I nyTeM nellcTaDB aa aaKyyM. 'I' o onepaTopaMn a+·e(ll a a'+ e<ll 

coOTaeTcTaeano. Bnaronap!l Kannopoaoqaoit .naaapnaHTHOCTB S -MaTpnna TaKlKe nape-

- abipalKaeTC.!I TOIIhKO 'l:epe3 onepaTOpbl a .J.Il no Kannopoaoqaoro npeo5pa3oaaanR (220) 

n 'lepea a'.,P> nocne. Onaaxo nn.11 ocTaromnxc!l a nrpe onepaTopoa 

nepeCTaHOBO'IHble COOTHOIIl9HH!l O.ltHH8KOBbl 

[ (I) + (I) 1 " ae ,a e =u 11 

[ 
, (I) , + (1)1 0 

a ·e·· ·,a e c: IJ 

0) 
a e H a' -e<ll • 

(227) 

(228) 

3TH paccyJKAeHHR OnpaanbiBBJOT HC1101Ib30B8HHe nepecTaHOBO'IHbiX COOTHOW9HHlt (224) B 

3aaepwaJOT nOK83aTenbCTBO B03MO}Kl!OCTH nepel!TH OT O.ltHO~O aeKTOpa 

npyroMy. 
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' 

; 
I 

.... : ~ 

. .. . . /9/ . 
OCTaHOBHM~H neMnoro na xpnTn:tte- Cyna:ttanbl .• On npnneplKHBanes BTopoA._TO'Iltll · 

apennsr; _eornaeno · ItoTopoA npn · npeo5paaoaamia · nopenna npeo5paaymcsr ne:ttTQiibl eoc:Tosr

HHSI (eM. 'r.ixany 6) 

1jl' = v 1JI - { 1 +:i"' .. 111 ) 1JI • 
L· '· pv pv 

1JI'~-·1JI* v~. (220) 

~ . 

CynaKaaa DpOA,!lMOHCTpHpoaan. qTO onepaTOp v ~ YHHTapeH B eMblene DpOCTp8HCTBa .. c He

onpeneneHHOA MeTpB:ttoA (~·cMblcne (206.2))x) 

+•' . -I -I 
_VJ. ,. 'I V~ 1/ = VL • (230) 

Y HHT8pHOCTb B STOM CMblene ltalt · pa3 TO eBOllCTB01 ltOTOpoe r.apaHTHp)'~ . He3tlBHeHMOC'I'b 

* HOpMbl 1JI 1/ 1p OT eneTeMbl OTCqeTa 

..,:•., '1''=·"*11 1JI • (231) 

,npHqeM MeTpJI'IeeKHJi T&H30p OCTaeTCSI HeH3MeJLID,IM 

• -1 

11·-v~., vL .;. . ., vL vL =11 (232) 

·CyHaKaBa-eqnTan 38ltOH npeo5paaOB8HHSI 1/ (232) DpOTHBOpeqamHM DpHHUHny OTHOCHTen&-, ,+: , ., . 
n'ocTH, nOCKOnhKy-,(232)· 03HaqaeT, qTO 1/'..f.(-J) ,-a;; ao 1 H qTO, cneJiOB8TellbH01 . 

nepeCTanoaoqable cooTHomennsr (209) a (210)·nepeCTaroT ,6blTb nepH.HMH nnsr H 11' a' 
p. 

CynaKaBa He 3aMeTnn, qTo H3MSHHBIIlHAesr nocne npeo5pa30B8HHSI nopenna B&KTOP .D 
• • " I I' 

MOX<Ho npeo5paaona'l'b K n~ilBonaqan&HOMY BHAY l P. ={ 0, 0, ·0, i ) . e noMonu.ro nonon-

HHTeiu.aoro :ttann5pon'oqno~o npeo5pa3o~:U:ns (eM. Bblme). A sTo, B npOTHnononolKHOCTb 

BblBOAY . CynaKaabl, H AOKa3blBaOT KOBapHaHTHOCTb CTaporo ljlopManH3Ma rynTbl, Xapa:ttTepH.;. 

ays · cTapbiA ljlopManH3M TynTbl1 aalKHO nonqep:ttuyn., qTO. 3Aecb onpeneneHHe .wyyua 

(204)' -. cneACTBHe_ nepeCTanoa'oqnblX ·COOTHomeHHll (202.1), (203.1) (eM. n. 5.55), a 
' • \ \ I ; o ' 

ne nix:TynaT, :ttaK. B n: 5.5n • Bnaronapsr aTOMY nOCTpoeimoe r.HIIb5epTono Dp()CTpanCTa'o 

C . HeonpeneneHHOli MeTpHKOli neqep':lblBaeTCSI eHCTeMOli COCTOSIHHli ( 150) • . 3Ta CHeTe!'da 

'nonHa. 

Cn;eAOBBTelibH01 eTapblli ljlopManH3M ry'J:iTbl AeMOHCTpHpyeT COCTOSITenbHoCn. IIOCTy

naTa ( 149) H Dp~HUHnH8libHyro B03MOX<HOCTh IIOCTp00HHSI He05XOAHMOrO r.Hn&5epTOBa Dpo-
' - ' ; . ~. 

e":pan;cTBa c neonpenenennoll MeTpHKoli. .• 

CTapblli ljlopManH3M rynTbl Bnepnble o6ecneqnn paBHODpaBHe BCeX . qeTblpeX KOMnOHeHT; - . ' \ .. 
~P.· 1 onnaKo aa .~To 5blna aa_nnaqena. noporasr nena.· Cn_epx ny~oro npoc~~CTB~ c. neonpe

'neneHHoli MeTpHKOil 5blno BBeAeHO eme OAHO BCIIOMOraTen&HOe npOCTj,aHCTBO C nonOX<HTeln..;. 
, , · ,. r 

BOll M~TpHKOi!, 3a·.aTOT cqeT ljlopM8nH3M1 KOBapHaHTHbli! B nenOM1 OKa3anes He· 0~8ASJO-

x) . ( ( ... 
3TOli enolieTBO DpOBepseTCSI C UOMOm&ro ljlopMYn 209), 210) H BblpalKeHHSl,•' 

(286) AUSl fl!pv , KOTOpoe B SIBHOM BHAe 38UHCblBaeTCsr e IxOMOm&ro (301) H (307) (r.n;'6). 
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IIlHM SIBHOJI KOB8pH8HTHOCTbW1 qTQ Bblp83HUOCb npelKAe BCer.o B 38BHC:IMOCTII MeTpaqeCKOr.O 

TeH30pa (211) OT IIOCTOpOHHero BpeMeHH-UOA05Horo BeKTOpa. B TO lKe Bp0MSI HOBblli o6mHll 

ljlopM8nH3M rynTN e HeOnpeneneHHOli MeTpHKOli1 H3HOlKeHHbili B n. 5.5 1 SIBHO nopeHil-HHB8-

pH8HTeH. BMeeTe C TeM OH C)'nteCTBeHHO DpOme, T8K K8K B HeM Mbl HMeeM neno TOJibKO 

e OllHHM rHn&5epTOBbiM DpOCTp8HCTBOM1 8 He e llB)'MSI, 

5.9. ITepexon K npencTanneanro B3aHMonelleTnnsr B Kann6ponKe nanyqeHHH 

B n. 5.6 c.popMY-nnponaao npencTanneHRe ~3aHMOneiicTnnn nnH Teopnn c HanoJKe-

JKeHHeM llOUOUHHTellbHOrO ycnOBHH Ha BeKTOpbl COCTOHHHH. llpH STOM 6binO UOKa-

38HO, qTo S -MaTpnna MOlKeT· 6bl'l'b npnneneHa K nliny (194) 1 Kyna nxonnT neKTop-noTeH-

nnan A r ( :r) KaK paa n Kann6ponKe nanyqenan. 3anHCbiBaH BbipalKeHne ( 193) nnsr A r ( :r) p. . p. 

B BHne: 
dp 

A'p. (:r) = J .j(2u)~ 2Po 

-+ lpx 
[ b p. (p ) e 

(p2 = 0) 
(?33) 

+ """ -lpx 
+·b P. (p ) e 1. 

+ 
Mbl BBOAHM OnepaTOpbl )'HHqTOlKeHHH hp. H pOJKileHHH bp. 

2 
+ {I) 

(I) 
a+), b = ~ e { e 

p. I =I p. 
(234) 2 {I) (I) 

b =· :E e ( e a ) , 
p. 1=1 p. 

OTBeqaromne KaHH6pOBKe H3nyqeHHH, C UOMOm&ro nepecTaHOBQqHbiX COOTHOIIIeHHii l158) 

H yenOBHH UOni!OTbl ( 19) HeTp)'llHO BblqHCHHTb nepeCTaHOBOqHbJO eooTHOIIIeHHH llHH onepa
+. 

TOpOB bp. H b p. 

b {p). 
p. 

+ 
bv ( q)] ·=( li - 1

'uPv+"vP1, 
p.v np 

-~) li (p-q), 
(np)2 

a bp. c bv H 
b+ 

p. e b: ecTecTBeHHO KOMM)'THpyroT, 

(235) 

3a:ttonqenayiD tPopMynnpon:tty npencTaBnennsr B3aHMOAeliCTBHSI B Kann6ponKe uanyqeausr Mbl 

nonyquu, ecnu B S -MaTpHne (194) nepelineu K COOTBeTCTByromeuy OIIHCaHHID BHpT)'an&• 

IfbJX .POTOHOB, T.e. eenn BMeeTO tPYHKlliiH paenpOCTpaHeHHH (185) BBeneM tPYHKnHro paenpo

CTpaHeHHSI B Kanu6pon:tte nanyqenns. Ta:ttoii nepexon 5bln oeymeeTsnea ~eanManou1461 npn 

a,.= I O,O,Il,i I . Mbi e aToll nen&ro nenollbayeM cooTnomenue nonHOTbl (19) 1 e noMom&ro 

KOToporo B tP>'HKllHH pacnpOCTpl!HeHHH B P -npenCTanneHHH ~ eHMBOH KpoHeKepa 
p2 

MolKeT 6b1Tb npeneTanneH B BHne o p.v 

li =li p.v pv 

[ pp. +(np )np. ][pv +( np) nv] 
+:np. nv + 

p2 +(pa)2 
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+ 
[pi' +(np) n,.U·Pv +(np) nvl 

P2 +·(pn )2 
- n,. nv. (236) 

3aTeM B nOCJIOAHeli CTpOKe OT6pOCBM 'IJlellld , nponopitROH81lbHhle PI' BIIB p V • 3TO n03Bo-

JIHOT K81lB6pOB0~8B BHB8pB8HTHOCTL 0 nocne HpBBeAOHBB OCT8BillBXCB B 3TOli'CTpOKO ~JIOHOB 

nony~aeM, ~0 $eliHM8HOBCK8B cjlyHKitRB pacnpocTp8HeHBB nepeXOABT B 

~ 
p'2 

.. _1_ fc'l- [p,.+(np)n,.J(pv+(np)~] 
p 2 l p.v p2 +:( np)2 

+ np nv} (237) 

nunv 
p2 +:(pn ) 2 r 

rAe nepaan CTpoxa ecT.b ¢yHKnnn pacnpocTpaHeHnn Ann nonn A I' , a BTopan - o6o6meH-

HSH ua mo6ble n I' aanuc& xynoHoscxoro saanMoAelicTBBH. JleliCTBBTem.uo, noHHMaB T -

ynopHAO~BB8HHe lt8K ynopHAO~HBSHBe B Hanp8BJieHBB 
r -

nl' 0 HMeeM AJIH ¢yHKnBB pacnpo-

CTpaHeHBH AJIH nonH A I' 

A• (x)-A•(y) =.<OIT A•(x)A•(y)l0>=~fd4p 
I' v I' v ( 2rr)4 

lp(x-y) 
e 

p2- i € 

-i 

(2rr)' f d4p 

elp( X•Y) l 
-----· c'l -

p2-i• p.v 

[pi' +·(np)n1_.][pv+:(np)nvl· 

p2 + ( np) 2 

2 

~ 
I= 1 

(I) (I) 
e e 
" v 

+·n,. nv}, 

(238) 

rAe nocneAHHH CTpoxa no11}"IaeTCH c noMOillbiO cooTHomeHHH nonHOTbl ( 19). B 'laCTHOM 

cnyqae n = 1· 0, O, 0, i I Mbl BMeeM o6hi'IHoe T - ynopHAO'IHBaHne no ocn. speMeHH 

" 
lp(x-y) 

_e __ (c'J 
·r-----, 
A• (x) A• 

" v 

• 4 p t ___::!_ fd 4 

(y)=<OITA•,.cx> A;,(y)IO>= (2;> p2 -if mn 
~) (2381) 
p 2 J1=m =f. 4 

v= n =f. 4 

$yHKUBH pacnpOCTpaHeHBH (238), K8K 06bi'IH00 HBJIHeTCH ¢yHKnneli fpBH8 CB060AHOrO (T.e. 

C e=O ) ypaBHeHBH (45) 

0 A~ (x) A~ (y) =-·i{ 0J'v-
[a +:n (w)][<1v+nv(w}] +·n n 1c'l(x-y). 

" " " v 0 ·+en a) 2 
(239) 

HaxoHen, O'leBBAHo, 'ITO ¢yHxnnH pacnpocTpaHeHBH (238) nOA'IBHHeTCH TeM )l{e AOnonHnTem.-

r i 
HbiM ycnoanHM (24), 'ITO 11 caM onepaTop nonH ·A 1' .• To'IHO Tax )l{e (238 ) noA~HHHeTCH 

AOnoitRuTellbHbiM ycnoanHM (26). 
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BTopoli CTpOKe (237), npeACT8BHBIOI!leli xynollOBCKOe B3811MOAeACTBBe, COOTBeTCTByeT 

B X -npeACTSBJieHBB Bblp8)1{0HIIe 

D
0 

(x-y)=·__! 
J'V (2rr) 4 

4 f d p 
lp(x-y) 

e Du D v 
(240) 

p 2 +:( p n ) 2 

KOTOpoe npH ~aCTHOM Bbl6ope 

)l.eliCTBHJO 

n = I 0, 0, 0, i I CBOAIITCil K o6bi'IHOMy xynollOBCKOMY saanMo-
1' 

0 - i 4 lp( X -Y ) 1 - 1 
D=---oo

4
f.dpe -=-iollll(x 0-y0 ) = 

J'V ( 211 )4 J14 v p 2 I'' v4 4rr 1 t; _ y (240
1} 

=io ll 1'1"1o
4
(x-y) 

J14V4 ·· 

HTax, Mbl npumnn It npenc-rasneHBro B3811MonelicTBBil a JtallB6poB!te-Hsny'leHHil c S -

M8TpBneli B cpOpMe ( l94), B ltOTOpoli B KS'IeCTBO ¢yRKUBli pacnpOCTpaHeHBH cp OTOIIOB CTOHT 

BblpS)I{OHBH 

A• (x)A•(y)+:D 0
• 

J' V J'V 
(241) . 

OnepaTOpbl Au (x) > CTOHWBe non 3HSKOM HopMam.Horo nponaaeneHna, pasnararoTcn no 

b+ IlJIOCKBM BOJIHSM cornaCHO (233), a onepaTOpbl YHB~TO)I{eHBH bl' H pO)I{neHHSI 

" non~BHSIIOTCSI nepeCTSHOBO'IHbiM COOTHomeHHSIM (235). TaKSH S •M8TpHU8 eCTb B TO'IHOCTH 
B 

S -MSTpBna (107) (6e3 'IJIOH8 j _i_t a A ) 0 KOTOp8H HenocpeACTBeHHO no11}"IaeTCSI B KSJIH-

4 1'1 " " 
6postce nany'leHHH. 

Tom.Jto ¢o:oHbl, cooTaeTCTsyromne onepaTopaM po)I{JieHHSI e< 
1> a+ n <f. 2> a+, npucyT-

CTsyroT B cso6onHhiX coc-rosmB:ax, HanpnMep, B Ha'lallbHbiX n xoHe'IHbiX. OnHaKo H cjJOToHbl, 

cooTaeTCTayromue onepaTopaM P a+ n n a+ , He xc~esnH 6eccneAHO. Korns oun Haxo

n~ca B BHpTy81lbHOM COCTOSIHHB, TO 'o6MeH' TSKHMII cpOTOHSMB nopo)I{JiaeT 'xynOHOBCKOe 

B38HMOnei!:CTBHe. JlpyrHMH CJIOB8MH0 K8K BHAHO H3 Bbl'IIICJieHHli A8HHOro nyHKTa, y BHpTyallb

·HOrO cpoTOHa CBepx nayx 3-nonepe'IHbiX CTeneHeA CB06onbl, TOJlbKO H CBOliCTBeHHbiX CB060A

HOMY cpoToHy, nOSIBJIHeTCH eme OARS CTeneHb CB060nhl, OTBeTCTBeHH8H 38 KYJIOHOBCKOO 

B38BMOAeliCTBBe ('1eTaepT8SI CTeneHb CB060nbl HCKJIJO'I80TCSI K81lB6pOBO'IHOli HHB8pH8HTHD

CTL.;,). Ton&KO BMeCTe 3TH 3 CTeneHH CB060nbl nopei!Il-HHBapHSHTHbiX). H STO He ynHBlf:. 

Te11bHO: nOCKOIIblty M8CC8 BHpTy8JlbHOrO cp0TOH8 He pliBH8 HyJII00 y Hero K8K y '18CTHUbl 

CO CnRHOM 1 AOJI)KHO. 6b1Tb 3 CTeneHH CB06onbl/
231 

• 

x) · /48/ B 'laCTHOCTH, B npoAeMoHCTpHpoaauo, ~To Kynouoactcoe B3aHMOAelicTaHe 

B03HHit80T H3 Tpe60B8HHH nopeHU-HHB8pH8HTHOCTHo 
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5,10, CyMMHpoaaHHe no COCTOS!HliSIM no1UIJlB3AllBB cso!So)Uioro cpo:roHa 

CooTBOmeHHe llOIIBOThi (19) BCll01Ib30B8DOCb nO'ITB B XAJK.!IOM nyBJtTe, 3Aecb Mhi 

ero I!pHMeBBM eme pa3 ADS! BhiBOAA cjleiiBMABOBCXOrO npaBHDA CyMMBpOB8HliSI no COCTOSI

BHSIM nongpH341lBB ljloTOBA, 

lb 3anucu S -MaTpHllhl a ojlopMe (194) c sexTop-noTeunaaDoM AIL (193) K B3 

TOro, 'ITO COCTOSIBIISI oPOTOBA o6p83)'10TCSI. B3 B_AXyyMa T01IbKO I!pll DOMOmll ODepATOpOB 

( J I) a+). ( J 2) a+) S!CB01 'ITO MATpii'IBhiii SDeMeBT S -MATpBllhi C ojlOTOBOM B COCTOBBBB 

a> 
e B HA'IADbBOM BDII KOBe'IBOM COCTOBBBB npeACTABHM B BHAe: 

(I) .. 

. <fl Sl i>=eiL (p) MIL • (242) 
/, 

06pa3yeM BepOHTHOCTb nepeXOAA H npOCyMMHpyeM ee DO COCTOmiBSIM ojlOTOBA j = 1.2 

2 . 2 2 (I) .. (J) .. + 
I I < f I S l.i > I = I e ( p ) e ( p ) M M • (243) 

I =I I= I IL v IL v 

rAe M+=.{M* ,M* ,M* ,iM11* ), HcnODb3ySI COOTBOmeBHe nODHO'l'hi (19) 1 nony'laeM v 1 2 a 

2 
I, l<fl Sll>l

2
=[ 8 -· (np)(p(.! 0 v+Pv 0 (.! )+·p(.!pV 

1=1 fLV (np)2 

(p
2 

a 0 ) 

B cuny xaDu6poso'IBoll uusapHaBTHOCTHx) 

H DOSTOM)' 

p 11 =0. 
IL IL 

2 2 

I. I .<: f I s I i > I = M M+ • 
IL IL 

I =I 

+. 
] MIL Mv (244) 

(245) 

(246) 

TaXHM o6pa30M1 CyMMBpOBABHe DO ABYM COCTOmiHS!M nongpH38llHB CBOABTCSI K CyMMHpo-

' 1. l46.{ · 
BAB!IIO no 'leTLipeM 3BA'leBHSIM BeXTopHoro HB!leXCA \.<l>eiiBMAB )o 3TO I!p8BHJI01 O'leBRA-

B01 CnpaBeADHBO B CDy'IAe DI060rO 'IHCDA ojlOTOHOB B H8'18DbHOM H KOHe'IHOM COCTOSIBHSIX, 

Co6D83B H AADbm·e p8BBOI!p8BBO TODX_OBATb ljloTOBhi BCeX 'leTLipex DonS!pR3AilJlll Ba 

ocuose S -MaTpHllhi (184), T,e, paccMaTpHBATb AMIIDHT)'Ahi MIL= .<fll Sat I iz > ADS! nj,o-

neccon C. )"'ACTHeM ljloTOBOB B COCTOmiBSIX a+ 'I' 0 ( IL = J. 2,. 3, .4 ) DOpo'leB1 TAX KAX ,.. 
x) . 

H3S!UlHhiii CDOCf~fPOBepXH SToro COOTBOmeHBSI B nJ06oM DopsrAJte TeOpHH. B03M)'-

meHBII ASH <l>eiiHMAHQM B P •npeACTABDeBBH, 3XBBBMeHTf!oe paCCMOTpeHRe B X -

npenCTanneHBR MO>KHO uaiiTH B xuure Boron106oaa u lllupxosa 211, · 

52 

\ 

Be rOBOpS! y>Ke 06 OTCYTCTBBB COOT~eTCTBHSI C 

CSI ()TIIB'III:hiMH 0'1' II)'DSI MaTpB'IH:hie SDeMeiiT:hi 

C )''IACTBeM BpeMeBII:hiX ljloToHOB (B. COCTORuxH 

Teopuell MaxcaenDa, npu aToM oxa3LIBAIOT-
. + . 

D ,..MIL =~ tll :s' D a I a.> ADS! nponecCOB. 

n a +:'l' 0 )x). llosmneuue aeeyneBLIX ·MaT-

pB'IH:hiX SDeMeHToB 
I 

ADS! IIpO!leCCOB C BpeMeBB:hiMH <!JOTOHAMH (B '18CTHOCTB1 ADSI XOMIIToH-

aojl.pexTa TaJtBX ojlOTOBoB) 1 06DAAAIOmBX OTpBllATeDbB:hiMH aBeprBSIMH H BOpMAMH COCTOS!HRl!, 

eCTb BeB36e>KB8SI nnaTa 38 0Tit83 OT )'CDOBHSI nopeuna-4>epMu-ryDT:hi (156)! AeiiCTBBTenb-
+: +' 

ilo1 COCTOSIBHSI a 'I' 0 H D a . 'l' 0 Be )'AOBneTBOpSIIOT STOM)' )'CDOBBIO, C )''leTOM STOrO 
IL 

yCDOBHSI M8TpB'IB:hi9 SDeMeHT:hi S -MATpHil:bl OTnB'IBhi 0'1' II)'DSI !I'ODbKO Toraa, KOrA8 <jlOTo-

HN BAXOIXSITCSI B · COCTOmiHSIX J I) a+:'l' 
0 

B J 2) a+ '1'
0 1 T,e, CDpOell~pOBABhi COOTBeTCTByiOmHM · 

o6p!l30M: 

II'-= I. Jll ,p> M a( 8 
IL I= I IL v. v ILV 

-~) Mv 
np l247} 

' 
(rae IXDSI DODy_'leBHSI nocDeABero Bhipa>KeBHSI HCllODb30B8BO COOTBOmeHRe DOIIBOT:bl ( 19) H 

caollcTBO (245) ), B pe3yDbTaTe 'lero yaoaneTBOpSIIOT yCDOBBSIM (24),. K Bbipa>KeBBIO (:.~47) 

ABTOMATB'IeCKB BalleT S -MATpBilA (194) 1 B KO'l'Opoll DODHOCTbio y'ITeBO yCDOBHe nopeB!l~-

4>epM\f-ryDTN ( 156), 0ABAXO I!pAXTB'IeCKU BCerAa M:hi OTAaeM npeJXDO'ITeHBe S -MATpHile 

(184), TAX KAK OHA SIBBO KOBApBaBTHA, Qua BCarAa llACT I!pABBDbB:hiii pe3yDbTAT1 eCDH Mhi 
I ' . 

D03860THDHCb 1 'IT05:bl B8'18Db•BOe B XOBe'IHOe COCTOSIHHSI yAOBneTB,OpS!nB YCDOBHIO nopeuna-

cpepMH-ryDT:bl1 ltOTOpoa TaJt>Ke HMeeT SIBBO KOBApHAHTBblll BRA, 

" 
a. TeopHH Dpeo6pa30B8BBII B ran&6epTOBOM npocTpABCTBe COC~OBBHII 

1, llpeo5pa30B8BIISI BeKTOp-DoTeBilB8D81 KO'l'Opble M:hi ynOMBBADB Bb1We1 BblrnSIAenB 

'IHCT~ XDACCH'IeCKH, ~AeCb Mhi KpATXO o6CyllHM npeo6pa30B8BHSI B rBDb6epTOBOM. I1pOCTp8B-

CTBe, B KOTOpOM .AeiiCTB)'IOT rP H AIL KAK onepaTOphi nonS!, HMeBB01 'Mbl KpATXO o6cy-

AHM ODepaTopi.I run&6epToaa DpocTpaucTaa V L , ocymecTBDHIOmBe npeo6pa3oBaBBSI aeon-

HOpOABOII rpyDDhi nopeuna, 0BB AOD>KB:hi o6n&ll8Tb CBOIICTBOM yHJiTapBOCTB 

+... -1 

Vl. = VL 

B MOr:yT 6b1Tb ODpeAeDeBhi yCDOBHBMII 

r/J'{x)=VL·
1

.p(x)V =Sr/J(a
1
x-c) .. (1-ic,p,+i..., m lr/l(x) 

L A A pu· pu· 

·I 

(248) 

A'{x)=VL A (x)V =·a A (a· 1 x-c)=_l<l-ic,p,)8 +:1.... (m ) I·A(x)(:.!49) 
1.1 IL . L ILV v A A ILV pu· pu p.v v J • 

x) Kanu6pOBO'IH8SI BBBApHAHTHOCTb 3JXeCb He DOMoraeT. ~a>Ke nocne ee y'leTa, KAK 

Mbl suaenu a n, 5,6, ace eme ocTaeTCH 'IACTb BeKTop-noTellltuana, ue XOMM)'TBpyiOmaSI c 

n a+:: 0'1' om!paTopoa .a,.. · ocTaeTCSI Bblpa>Keuue (190), B KOTopoM npucyTCTByeT oDe

P&Top pa 1 He KOMM)'THpyiOmBII C na+ (~Plio na+] = np {, 0) ~ 
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rAe TpeTbH H '19TBepTbl9 'JSCTH paaeHCTB_, COOTBe~TB911R00 K0119'lllb19 II Hll<jlHHHTe3HM81!b-

Hble KnaCCH'IeCJ<:He npeoopa30BSHHSI t/J (x) II Al'(x) . KSK CnHHOpHOll H BeKTOpaoll <jJyRKiliiH, 

B TpeTbux 'laCTHX (248) 11 (249): 

opToronal!bllhle (a,.., a,.:~.. =·o,), ) MaTpllnbl
1 

"1-apamenHll (T,e, Tpex-

MepHb!X apameaull H npeoopa30BS1111ll nopeH!la) 4-BeKTOpa; S =·e 2"'pu UPa_ 
a a lla II 

"" 
CTayiOmue MaTpllllbl npeo6pasoaaHIIH cnunopa, 

MSI!bHO 
. pu· 

a ~ 8 +:cu 8 
"" I'll per- I'll 

s ~ +._!_ cu u· 
2 pu· pu· 

B '!eTaepTbiX '!aCTSIX (248) 11 (.'49): 

u· m -•i (y ')' - 0 ) 
pu· p u· pu· 

rAe opuao 8 -B 8 
I'" ·w uv 'P' up. 

- COOTB9T-

, Hn¢un11Tes11-

(250) 

(251) 

p =·.J- !!___ renepaTopbl CABllrOii1 
.>. 1 ax:~.. 

AnH ,P(x) 

mpu· reEepaTopbr 4-apameHIIll, •IIMeiOmue BRA 
/ 

m 
pu· 

_1_ (x _a_ -x _a_) +:s 
i Pax u a x pu· 

u p 

s = _!_ u· 
pu· 2 pu· (252) 

II AI!H AI'( X) 

1 a a < > · · a·pu-< fn.pu· >,.,= -.- OJ-LJI ( Xp- -XU a ) +:{ S pu· >,., 1 Spu· j£JI =-•1 j£JI 

1 a Xu· X p 
(253) 

3aMeTIIM0 • 'ITO STII npHMepbl Bl!niOCTpiiPYIOT OomyiO 0 cnpaBeAI!IIBYIO AI!H I!IOoOro nong q (X) 

¢opMy xnaccn'lecxoro nn¢nnnTesnMal!bnoro saKonax) 

8* q(x) = q'(x)- q(x) -( -i c :~t,P A +:1 "'pu!Dpu) ~(x) 1 S~54) 

rAe 

P:lt. =--i a ),I m = --i ( X a -·X a ) +:s , 
pu· 1 p u u p pu· (255) 

0TCIOAS KnaCCII'19CKIIll onepaTOp KOBe'IROrO npeoopa30B8HIISI AnH n10ooro nonH q(x) MO~O 

npeACT8BIITb B BRAe: 

e•loApA +'ICUpu.mpu· • 
(256) 

no rpynnOBbiM cooopa:IKeHHSIM onepaTOPbl VL. AellCTByiOmHe B ral!b6epTOBOM npocTpaH

CTBe, TSJ<::IKe AOn:IKRbl nMeTb aaanornqaoe npeACTaBnenne, Ero sanHCbiBSIOT KaK 

null 

x) 

•loA P:~t,+ICUpuMpu· 
V L = e (257) 

Bapnanuu (254) nasblaaiOT noKanbRbiMH a oTnH'IHe oT cyocTannnonallbabiX aapna-
oq= q'(x')-q(x), (cM/16/), . .· 
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rAe P:~.. - ·renepaTOpbl CAanroa, a 

oepTOBOM npocTpaiiCTBe, OnepaTOpbl 
/2 25/ ' 

M·pu· - renepaTopbl 4-apamenHll, . AellcTByiOmue .a rul!b

PA u Mpu·Clty:IKST onepaTopaMH IJOnnbiX 4-JlMnyl!bca 

D MOM9BT8 ' • 

KaJ<: ~ KnaCcii'JeCJ<:ne onepaTopbl npeoopa3oaanllu 

rpynnOBbiM CBOllCTBOM 

onepaTopbl VL oonaAai01 

VL(312) VL(2,1) =VL(3,1),• (258) 

rAe VL(2,1), VL (3,2) II VL(3,1)COOTBeTCTBylOT nepeXOAY 113 nepaoll BO BTOpyiO, 113 BTOpoll 

B TpeTblO II npSIMO 113 nepaoll B TpeTblO CHCTeMy OTC'IaTS, 

Cpaaauaag HB<jJHBHTesuMal!bBbre ¢opMb1 sa~<:oaoa npeoopasoaauua, aeTpyAao nony'IHTb 

CBSI3b M9>!<AY reaepaTOpSMH P:~t, H P:lt., a TaJ<::IKe m H M pu· pu· 

P:lt. .P (x) =-{ :P:It. , o#(x)], pAAI'(x) =-[ P:lt., Al'(x)] (259) 

m A (X) m-[ M J A (X) ] 
pu· 1', pu· I' 

(260) m Y,(x)=-[M ,,P(x)]. 
pu· pu· 

Ecnu obi paccMaTpuaanucb 11 ~<:aKHe-nuoo AP~rne nona, TO aaanorH'!Bble cooTaoweBHH co

oi!IOAanHcb Obi II AI!H HHX, 

2, nycTb HSM H3BeCTBbl onepaTopbl VL • Tor.qa nepeXOA H3 OAIIOH CHCTeMbl KOOPAH

HST B ApyryiO AOnyCKaeT liS H3b!Ke rlll!boepTOBS npOCTpSHCTBS ABe cneeyiOWHe TpSKTOBKH, 

1) B nepaoll BeKTOpbl COCTOHRHH 'l' 0 OnHCbiBSIOWII9 ¢H3H'!eCKHe CHCTeMbl0 He 113-

MeHSIIOTCH 

'l''m 'l' ' 

a ace onepaTopbl npeo6pasyiOTCH cornacno 
·1 

0'=-V 0 V 

(261) 

(262) 
TaK npeoopasyiOTCH onepaTopbl nonH 1/!(x) n A ,..<x> u niOobre aaoniOAaeMble (oall MOryT 

Ob!Tb IIOCTpOOHbl 113 onepaTOpOB 1101!.110 CM, RH:IKe), nycTb ASI!ae IIMeeTCSI IIOI!Hblll Haoop 

RaoniOASeMbiX Qi (i=·J. •••:n) n nonaaH cncTeMa nx cooCTBeHHbiX <bynxnnn ell A 

01 ell),= :1.. 1 •:~... 
(263) 
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Tor.aa 0'19BHAH00 'ITO · co5CTB9HHble <jlyHKIIHH, COOTB9TCTByiOII!He OAHOMy H TOMY >Ke 

('Incneaao) aa5opy co5c~aeaabiX aaa'leani! A=(A __ ,\)x) a CTapoi! a aoaoi! cncTeMax 
1 .. 

OTC'l9T8 CBHaaHbi COOTHOlil9HH9M 

·1 ... <li).:= V .., ,\. (264) 

TaxaM o5paaoM, BMeCTe c onepaTopaMa npeo5paayroTCs n nx co5cTBeHHble <!>yaxnnn. 

Ecnn B CTapoJ! CHCTeMe OTC'leTa Mbi HM9HH 

TO B HOBOJ! nony'IHM 

'l' =~ CA <liA 
,\ 

'l' = ~ c',\ <li); 
,\ 

c 

c 

+ 
CA=(<liA ,IJI >. 

+ 
c',\ = ( ~X • 'I' ), 

(265) 

(266) 

TaxnM o5paaoM, aaanna cocTorurna 'I' c noMom&ro nonaoro aa5opa onepaTopoa 6y.aeT 

" AaB8Tb pa3Hh!e peayn&TaTb! B p83HbiX CHCTeMaX OTC'l9Ta. 

2) Bo BTOpoJ! Tp8KTOBK9 Hao6opoT, npH nepexo.ae H3 OAHOJ! CIICT9Mbl OTC'leTa B .apy

ryro H3M9HHIOTCH COCTOHHBB 

'1''=·-v 'I' • (267) 

a onepaTOpbi OCTBIOTCB H9H3M9HHbiMH 

o:-= o, (268) 

CooTaeTcTneaao ocTaiOTCH aenaMeHHbiMH co6cTBeaah!e <!>yaxnnn onepaTopos 

<li);= ¢,\. (269) 

lloaToMy, ecnn-aaMn paa a aascer.aa .Pnxcuposaa aa6op onepaTopos 0
1 

, To npn aaana-

39 COCTOHHKH BO BCeX CHCT9M8X OTC'leTa paano>Keane B9.ti9TCH no OAHHM H T9M >Ke C06-

CTB9HHbiM <jlyHKD:KHM: 

+: 
IJI =~ c,\<li). c 

,\ 
CA=( <liA . " ) (270) 

+ 
• 9') • 'I''~~ c);·¢,\ c c).= ( ¢,\ (271) . 

,\ 

lfTaK, o6e TpBKTOBXH ABIOT O.IIBHBKOBble 8MilnHTy.tlbi B9POBTHOCTH. 

x) 3.aec& no.apaayMeaaeTCB, 'ITO y aeKTopa ¢,\ aa6op 'IHcen A=(.\
1 

-·· J..,) -OTHecea 
X OCBM CTapol! CHCT9Mbi OTC'l9T8., 8. y B9KTOpa <liX TOT >Ke aa6op 'IHCen A=(,\··-,\) OTHecea 
K OC.IIM HOBOJ! CKCTeMbi OTC'IeTa. PaCCMOTpHM, aanpHMep, O.IIHO'laCTH'IHble COCTbsmBa CKa
IIHpHOJ! 'IBCTHIIbi C OIIpeAeneaHbi'M HMIIyn&COM - C06CTBeHULie $yHKIIHD onepaTopa 4-HM
nyn&ca P,. , T.e. c J.=p=(p ) • Tor.aa s yxaaauaoM CMbtcne y <lip KoMnoaeaTbi 4-aM
nyn&ca PI' OTHOCHTCB K OC~ CTapoJ! CHCT9Mbl OTC'IeTa, a y tp KOMIIOHeHTbi pi' t 

'IDCneHHO pa8Hble IIp9lKHHM0 OTHeCeHbi K OCBM HOBOJ! CKCTeMbi OTC'IeTa. llOA'I9pKHeM1 'ITO 
co6cTseaabte coCTOmrHB cf;. n ¢_(-.paan'lecxn paanH'IHbi. Tax, <Paan'leCKH TOlKAeCTBeHHbiM c 
¢p (OnHCbiBBIOIIlHM Ty >Ke $n3H'IeCKyiO CKCTeMy) B HOBOi! CHCTeMe 6hi!IO 6bl COCTOSIHHe ¢', 

, .... c -'49. p 
C p · = a p 0 a He "'p · • Mo T8KlK9 • 

/l /lV V 
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r . 
YKalKeM Ha $opMan&HOe CXOACTBO Tp8KTOBKH 1) C ral!aea6eprOBCKHM !Ip9ACTaBneHHeM, 

B, KOTOpOM BeKTOpbi COCTOHHHB D:OCTOrui'Hbi1 a onepaTOpb! H3MelimoTCB (co BpeMeHeM). Aaa

norn'IHO TpaxTosxa 2) noxo}l{8, aa mpeanureposcxoe npe.acTasneHHe,.s KOTopoM naMeHftiDT

CB TO~KO BeKTOpbi COCTOBHHB, a onepaTOpbi lloCTOHHHblo B npnmne B03MO>KHbi K npoMe

lKyTO'IHble TpaKTOBim, IIpB KOTOpbiX 'laCTH'IHO B9KTOpb! COCTOBHHB - aaanorn IIp9ACTaBne

HHB E38HMOAei!CTBBB. 

3. 0rMeTHM Ba>KHOe 3H8'leHHe onepaTopOB V .IIIIB Bblp8.>K9HHH 'pe!IBTHBHCTCKOJ! HHB8-

pH8.HTHOCTHo Ecna 'I' -B03MOlKHOe COCTOHHHe $n3B'I9CKOi! CHCT9Mb! B CHCTeMe. arC'19T8. 1, 

TO 'I''~- V ( 2, 1) I{! 'tf.J T8lt>K9 eCTb B03MOlKHOe COCTOrume· <jlH3H'19CKOJ! CHCT9Mbl B CHCTeMe 

OTC'IeTa 1, npB'IeM, Boo6me rosopB, OTnB'IHOe OT 'Jl , 8. V(a,l)'P npo6eraeT BCe B03MO>K-
\ 

Hble COCTOBHBH <jlB3H'I9CKOi! CHCT9Mbl OTC'IeTa 10 KOr.tla a IIp06eraeT l)Ce B03MO>KHble 

IIOp9HilOBbi CHCTeMbi OTC'IeTao 3TO - KOHCTpYKTBBHbti! cnoco6 Bb!p8.>K9HHH peltHTBBHCTCKOil 
\ 12'2/ 

nasapaaaTHOCTH B paMKax o.aaol! cacTeMbi OTC'IeTa (eM. , rnasa I, § 4). 

4. B paMKBX narpaa>KeBa <jlopMaliH3M8. .HeTpyaao aai!TB BBHbiJ! BHll onepaTOpOB p 
· . . Ill . 121 ll. 

H M/lV • C nepBbiX pa60T !lapaxa 1 ral!aea6epra . B llaynH BO BTOpB'IHo-KBBHTOBaH-

HOi! TeOpBH r~MHnbTOHB8,Hbi0 llarpaH>KH8.Hbi, ypaBHeHHH0 ycnoBHB KB8HTOB8HBH H :•ao 38.1lH

Cb!B8HH ItO IIpBHJlHny COOTB9TCTBKH C KIIaCCH'19CKOJ! TeopaeJ! .nona. JaMKayTyiO_. ae aaBII:-
" . . 

CHIIlYIO oT xnaccn'lecxol! Teopan nona, <jlopMy ami KBBHTosol! Teopan nona npeano>Kan lllsna-
/25/ 0 - ""' .. . . . ' "6 

rep . • H C'l"'pMynHpOB8.1I KBaHTOBb!n aHHBMB'IeCKHi! npHHIIHn, H3 KOTOporo MOrYT biTb 

Bb!BeaeHb! n ypasaeana aBH>KeHHH H reaepaTopbi paanB'IHb!X npeo6paaosaHHJ!,. s TOM 'lacne 

a reaepaTopb! P ll , Mllv n nepec'i'aaoBO'IHbte cooTHomeHHa. KsaHTOBbtA anaaMH'IecxnA 
! 

npaannn · ( nocTynaT) lllsnurepa rnacKT: 

llycTb <liC (u-1)*( ~~-u1> • co6cTBeaab!e <jlyaKD:HH nonaoro aa5opa xoMMyTHpyromHx 
1 

onepaTopos ~ 1 aa npocTpaHCTBeaao- noao6aol! nosepxaocTn u , a <lien ( u ) =I ;;" u > 
1 !. 2 2 2 

co6cTseaHbte <jlyaxnnu nonaoro aa6opa xoMMyTnpywwnx onepaTopos ~2 
aa npocTpaH-

2 

CTseaao-noao6aol! nosepxaocTn u • llycTb aanee 5ecxoHe'IHo-Manoe naMeae·ane ax cxa-
2 . / 

nHpaoro nponaseAeHHSI .< ~: u,_f ;;; u
1 

> npeacTasneao B suite: 

ll < ~, u I ;;' u > -i < {" u 11> ·w I ;;'· u > 
.. '!. 1 1 ... '1.. '11 1 1. (272) 

'ITO aceraa MO>KHO caenaTh. Toraa HMeeTCH Knacc. sapaanal!, ana xoTOpb!X COOTBeTCTsyro

mae onepaTopbt lJ :ws
1 

nony'laro'rca noaxoaBIIlel! sapuanHel! o.aaoro _e.tl!fHCTseanoro one-

paTopa - onepaTopa .ael!cTBHR 
. ~ 4 
Wt,i=L =f d ::r f (::r),. 

e. (273) 

r.ae narpaalKesa nnoTHOCTh f(::r) - apMHTOB onepaTop, IIOCTp09HHb!i! 113 OCHOBHblX .tlBHB-

MB'Iecxnx ncpeMeHHb!X - onepaTopos nonB. 
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PaccMOTpHM Jrns.CC ·BapHanHll, xor.11a BapLHpyJOTCSI nonS! q(x} H xoop.IIHHaTLI . x,. 

a noBepXIlocTH rr 
l H u 2 He H3MeHmoTCJ~. _ Tor.11a BapHSIUISI AellcTBHSI M01KeT 6Lin.. npeA-

CT8B4eHa a-
2 

a·w. 1 -aL •·I d4 x [a•.f +·a (f az )] .• 
-~ - p. p. 

a-
1 

(274) 

B npeMOJIOlKemm, 'ITO f 38BHCHT OT nonell H TOJILJtO OT HX nepBLIX npOH3BOAHLIX 

a•.t -l: < .!_!.__ 11*q +~!..a 11• q >. 
1 1lq _ 11av q v 

(:.!75) 

r.tte cyuua 6epeTCSI no BCeM nonHM H no Bcew JtoMnoueuTaM lta}I{Aoro nonilx). nocne llOA

CTaHOBJtH (275) BapH8IUISI (:.!74) MOllteT ObiTL npHB8AeHa It J:IHAY-

"2- 4 11f - 11f 
11·w =·I dx l: (---a---}11*q+:G(a·),..G(u·)

1 !.i_ 11q 11 11aq ,2 l 
0'

1 
Q I V 

(276) 

rAe 

'G(a-) = f duv ( l: 
q 

11f 

a 
11*q +· f 8 x } =fda· V (z}. 

11 a v v v 
v q '(7 

(277) 

YcnOBHe CT8IUIOH8pHOCTH AeliCTBHSI OTHOCHTenLHO m<>fiLIX BapH811Hl! nonell (oe3 li3MeHeHHSI 

X p. ) AaeT yp8BHeHHSI ~BH3eHRSI AllSI onepaTOpOB nang 

a.t _ _, 11f = 0 -- "v aq - a av q 
(278) 

I • 
- ypaBHeHHll 3llnepa. C yqeTOM 9THX ypaBHeHHA \ 

l> W = G (a- ) ;... G ( a ) - • (279) 
'1:1 'L 1 I _ 

TenepL·onepaTopLI G("i} 11 G(u;) nerJto HHTepnpeTHpyJOTCH xax reuepaTopLI H3Meuenun, 

COOTBeTCTBeHHO, Ha HX noBepXHoCTHX "i H a- / 25/ xx): JlpyrHMH Cll0B8MH
1 

B8pH811HH (272) 

HHTepnpeTHpyeTCn xax pe3yrlbTaT BapHanull 

a ~e,.(a1 >:.;+·i G(u" >:~e_,(ir") 
1 ~ 

(280) 

_ 11 ~· ( u ) =-i ~· ( a ) G ( ir· ) :. 
e.·~ .. {" ,. - 'l. .. .. -

(281) 

X) 3TO BLipallteHHe AllH 1fr_ , BOOfillle roBopn, Hy}KHO nOHHM8TL CHMBOnH'lOCJtll, 
B TOM CMbiCrte, 'lTo 1nopHAOit onepaTOpOB .f He A0ll3eH MeHHTLCH npH npOBeAeHHH B8pH8llHH. 

hJ - • - I 
' 0rMeTHM, 'ITO. AOfiaBneHHe It llllOTHOCTH narp8RlKH8Ha. AHBepreHllHH npOH3BOnLHOro 

BeJtTOpa He MeHHeT ypaBHeHHH ABHllteHHSr, HO MOAHijmliHpYOT reuepaTop, CBH38HHLili C ABHHOll 
_ nosepXHOCTblOo 3Ta HeOAHroRa'lHOCn. B BLifiope llnOTHOCTH narpaH}I{HaHa COOTBeTCTByeT B03-

MO}KHoCTH noABeprnyTL JtOMMYTHpytOlllYJO COBOJtYllHOCn. onepaTOpOB Ha a· npOH3BOnLHOMY 
• YHHTapuouy npeo6pa3oBaHHio. · -
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OnepaTop xone'lnoro npeo6pa3oBaRHn 3anHcancn 6LI 

V = el G((7) (282) 

Jlnn nOJiy'leHHn, uanpHM4;!p, reuepaTOpoB nopeunoBLIX BpameRHll u CABHroB paccMoT

puM JtnaCC Bapuanull, JtOrAa onepaTOpLI nonH q (X} B8pLHpYJOTCH cor naCHO (254), a ltOOp-_ 

AHH8TLI XIL cornacuo 

11 Z = C +:2«> X p. p. p.v v • 

TorAa onepaTop G (a) MOlKeT 6LITL npe.ttCTaBneu B BRAe 

G(a)=-·c,P, (a-)+"' M (a), 
" " pa- pa-

rAe PA- reuepaTOpbl cmmroB, a Mpa· - reuepaTopLI 4-BpameHHli • 

B. COOTBeTCTBHH C 381lUCLIO . G(a} B BRAe (277) reuepaTopLI pA (a} 

381lHCLIB810TCH.auanorH'lHO 

PA (u·),= f. dav TvA (z} 
6" 

M (u·) =Ida- M pu· 
6 

v ·pu-,., 

u M (u} 
pa· 

C llOMOlllLlO 38KOHOB npeofipa30B8HUH (254) H (283) U3 (277) M01KHO H8HTU TvA u 

B BRAe 

M 
PU•JI 

11f " T A=-·l: -- aA q +·11 A.._ 
v q11avq v 

11f 
x T + z T .+·i l: 

p vu .,. vp q 11 a 
v q 

s q 
pu· 

3TH onepaTopbl onpeneneubl c TO'IHOCTLJO AO •TPeXMepuLix• AHaepreunHll. 

(283) 

(284) 

T8KJKe 

(285) 

(286)-

M 
pu.v 

(287) 

(288) 

5. nycTL TeOpHH HHB8pHaHTH8 OTHOCHTenLHO HeKOTOporo Kll8CC8 npeofipa30B8HHll. 

TorAa OTROCHTenLHO HHX IIHBapHHTRO AeliCTBHe (narpauiKuau) (273), T.e. p8BH8 HylliO 

ero Bapuannn (276), n,cneAOBaTenLno, 

G(a-2}= G(al) (289) 

ua xnacce pemeimli ypaBneuull llBHJKeHHH (278). 3To _3Ha'IHT, 'ITO reuepaTopLI G(a) ue 

38BHCHT oT noBepxnocTu u· , una, ecnn B Ka'leCTBe u· Bbl6upatOTCH nnocxue noaepxno-

CTH t=-const , 'ITO reuepaTopLI G(t} ue 38BHCHT OT BpeMeuu 

a G(t) = 0 • 

a t 
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3aXOH COXpaHeHHH (289) MOlKHO Bblpa3B:Th B AHcj>cjlepeH!IHaJihHOit cj>opue 

a,. v,. c x > = o, (290) 

rAe V (x) ...; nnOTHOCTh, COOTBeTCTayromas reaepaTopy G(u} (277). Tax, HHBapB:all'rHOCTh 
p. . 

npeo6paaoaaaait ct~aaroa a 4-apameaait, xOTopble MLI TOn&xo 'ITo o6cylK.!lana, ane'IEI'l' co-

xpaaeaae onepaTOpOB pA (u} H Mp.v(u}) Be3aBHCHMOCTh HX OT apeMeBH , T.e. COXpaBeHHe 

auepran, HMnyn&ca H 'leTblpexMepuoro MOMeHTa xonH'IecTBa ABHlKeHHH. Ha H3Lixe nnOTBo-

CTell TVA 11 Mp:r;v 3anHChiBaeTCH Allcj>cjlepeBIUian&BaH cj>opMa a'l'HX 3axoaoa coxpaBeHHH 

a .. TvA=o (2901 ) 

a M = o. 
v p7;11' (290 II) 

AaanorH'IHO, HHBapHaHTHOCTh TeOpiiH OTHOCB:Ten&BO eme XaKHX-llH60 npeo6pa30BaHHit aneqeT 

aoaLie 3aXOHLI coxpaaeaaa a coxpaamomllecs aena'IHHLI. Hanpauep, aaaapHall'rBoc-,. OTHOCH

Ten&ao 3aMeBLI acex aapslKeHBhlX noneil q(x) Ba Ja q(x) o6ecneqaaaeT coxpaaeHHe 3ap.s

Aa H T.A. 

H3llOlKe~Has Ceilqac CBB3h MeJKAy HBBapHaBTHOCTHMB H 3aKOHaMH COXpaHeBHH Xopomo 

H3BeCTaa H3 xnaccnqecxoil Teopan nons a coCTaanse'l' cot~eplKaHHe nepaoil TeopeMLI 3.He-
- /50 16/ . . . . .. . 

Tep ' • TeopeMa OAHBaxoao xopomo npaMeBHMa H x. cao6oAHOMY cnyqatO n x cnyqaro 

B3aHMOAeilc'l'BHB H no3aonseT nonyqaTh coxpaBmomsecs aenH'IHHLI, ecnH BaM H3BeCTeB non

HLiil narpaHlKHBB 'l'eOpHH H BHA npeo6pa30BaHHll, OTBOCHTen&HO XOTOphiX narpaHlKHaB HHBapH

aHTeHX). HanpHMep, BaM xopomo H3BeC'l'eB n~rpaalKHaH aneKTpOAHBaMHxa, a. npeo6pa3oaa

HHH CABHrOB H 4-spanteHHil (248), (249), (254) OAHH H 'l'e lKe H AnH CB060AHhiX H AnH 

B3aHMOAeilcTayromax noneil. lloaTOMY MLI xax npanolKeHHe cj>opMyn {287) a (288) 6e3 Tpy-

Aa MOlKeM Bail'l'H COXpaBmontHeCB (acneACTBHe ypaBBeHHil ABHlKeHHH) nnOTHOCTH TVA H 

M • 3TH DnOTHOCTH· B HBHOM BHAe BhlnHCaHLI B llo 8 HaCTOHntell rnaBLI. p:r;v . 

llepaas 'l'eopeMa 3. HeTep paccMa'l'pHBaEI'l' HBBapHaHTHOCTH c nOC'l'OBHHLIYH napaMeT-
/50/ . 

paMH (napaMeTpaMH-'IB:CnaMH). 3.He'l'ep o6cyJKAaEI'l' 'l'aXlKe BTOpyro TeopeMY, XOTOpaH 

~.;acaeTCH HHaapHall'rHOCTeit OTHOCH'rellhHO npeo6pa30BaHHll C napaMeTpaMH-cj>yBXIUIHMB, 3a

BHCHntHMH OT Xp. • 3TH HBBapHaH'l'HOCTH BeAYT Be X 3aXOHaM COXpaHeHHH, a K 'roJKAe

CTBaM AnH narpaHJKeBoit DnOTHOCTH ·f(x) • XOTH aTa BTOpaH TeopeMa HMeeT npBMoe OTHD

meHHe K xanH6J?OB0'1HhiM npeo6pa3oaaaHHY B sneKTpOAHHaMHXe, Mhl Ha Bell Be OC'l'aHaBnli
.BBeMCS. 

x) B TeOpHH B3aHMOAeiiC'l'BHH B 60llhWHHCTBe HHTepecyJOntHX cnyqaeB Mhl He HMeeM 
pemeHHH ypaaaeaaa Ann onepaTopoa nons. TeM ae Meaee Mhl MOlKeM c ycnexoM npHM~HHTh 
nocTpOeHHhle_ no TeOpeMe HeTep cj>opMallhHble BblpalKeBHH npH o6CylKJleHHH MBOrHX BOnpOCOB, 
rt~e MOlKHO 060i!TB:Cb 6e3 HBHOro BHAa onepa'l'OpOB nons (aonpOCLI 0 Tpaaccj>opManHOBHhiX 
caollcTaax pa3nH'IHLIX xoM6B:Banail, aonpoc nonclKHTem.aoil onpet~eneHBOCTH saeprax H 'l'.A.). 

60 

BalKHO eme pa3 not~'lepKHyTh ponD aenii'IHH G(u) xax reaepaTopoa npeo6pa3oaaaail, 
I . . .r 

npH'IeM ASlKe 'l'OrAa, XOrAa OHB He CoxpaHHIOTCH•BnepBLie 9'1'8 penh 6blna OC03HBB8 B KBBH-
- /2 25/ 

TOBOit TeOpiiH nons, ' , HO, pa3yMeeTCH0 STO 'l'aK H B KnBCCH'IQCKOil TeOpHH. 

/51/ 6. KoneMBB HeAaBHO noxa3an, 'ITO H3 HHBBpB:aHTHOCTH rom.KO aaxyyMa OTHOCH-

TenhHO xaxux-na6o npeo6pa3oaaauil cnet~yeT coxpaaeane reaepaTopoa STIIX npeo6pa3oaaauil. 

Ha~piiMep, H3 _HHB8p118HTHOCTH BaKyyMa OTHOCB:Ten&HO npeo6pa30BaHHil ~eOAHOpOAHOll rpyn

llhl nopeana cneAyeT coxpaaeHB:e reaepaTOpOB PA H Mpu· • ApryMeHTbl KoneMaJia CJie

AYJOntHe. fiyCTh BaKyyM HHB8pH8HTeH OTBOCHTellhHO npeo6pa30B8HB:i! C reaepaTopoa 

Jdi_·v 0 (;. t) • Tort~a co6cTaeaaoe 3Haqeaae .aToro reaepaTopa. AllH aaxyyMa paaao aynro. 

J d ; vo < -; , t > I o > = o {291) 

H Aanee 

<niJ dx V
0
(; ,t)IO>=O, (292) 

rt~e .<n I nro6oe cocTOSIHIIe. MLI acert~a MOlKeM 6ea noTepH o6maocTH orpaHH'IHThCH pac-

CMOTpeaHeM cocTOHHHil <n I c onpe~teneaaLIM HMnym.coM 11 npa TOM 'laCTHoro BHAa: 

p =(~ip0 ) • noACTaBnHH B nocnet~Hee COOTHOWQHHe 
p. / 

< nl Vo(x) IO>=e·lpx .< n I V 
0 

(0) I 0 > = e lpo' ., .<n I V 
0
(0) I 0 > , (293) 

nonyqaeM 

lpo ' . -+ e .<n I V0 (0}j0>J dx =0. (294) 

.. 
noclle COKpanteHHH Ha f d X ~ nepeXOAa B npOH3BOnhHYJO . CHCTeMy OTC'IeTa HaXOAHM 

<nla V (x)IO>=O p. p. 

a cHny nonaoTLI CHCTeMLI cocTOSIHHil In> 
/ ·-

a v < x> 1 o > = o • p. p. 

(295) 

• j 

(296) 

. /52/ \ . 
no TeopeMe <l>et~ep6yma-JllKOHCOHa H3 TeOpHH cj>yHKitHil Y ai!TMaHa JIJ060i! llOKallhHbli! 

onepaTop, AaJOWHil Hyllh npH Aei!CTBHH sa BaKyyM, paBeH aynro. TaKHM o6pa30l'f, Mbl npH-
1 • ·. ' 

XOIIHM K AH<I>cl>epeHitHallhHOi! cj>opMe 3aKOHa COXpaaeHHH 

H, HaKOHeit, K HHTerpallhHOil 

a V (x)=O 
p. p. 

a 
at 

f d~ V0 (~, t)=O. 

. /51/ 
1-fTaK, 'IIHBapHaHTHOCTh BaKyyMa eCTh HHBapHaiiTHOCTh MB:pa' • 

(297) 

• (298) 

7. Tea3op TvA Ha3blBaiOT xaaoaaqecxHM '1'eH3opoM saeprHH-HMny/u,ca. Ou, aoo6me 

roaops, He cHMMeTpaqeH ~o HHAexcaM v A • Cornacno Eennac!>BaTe
1531 

(eM. TaK)Ke
1541

), 
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B mo6olt TeopHH, B KOTOpolt coxpaHSleTCll MCMeHT KOnH'IeCTBB ABHJoKeHHll ( T.e~ II 
- pu~~ 

MOlKHO IIOCTpOHTb CHMMeTpH'IHbllt TeH30p SHeprHH-HMnYllhC8 

8 u . • a c of of > A= n(\A + T,u,) + . ..L --sA q + --.s Aq •. 
v 2 u oovq u ocJAq u 

(299) 

Qg OTIIH'IaeTCH OT KSHOHH'IeCKOrO TOIIbKO H8 TpeXMepnyiD AHBepreHilHID TSK 'ITO 

J du..; eVA= J ,du;, TVA. (300) 

Teaaop 8 , HHTepecen TeM, 'ITO onepaTop M (288) aanHCbiBaeTcH 'lepea nero 
~ p~v 

B BH.[le 

M = -·x e +X 8 
pu

1
.., p uv u- pv (301) 

8, llpHBe.[leM Bb!pa*eHHll nnll K8HOHH'19CKOro H CHMMeTpH'Inoro TeH30pOB SHeprHH 

HMnym.ca, COOTB9TCTBYIDIIIHX ABYM oj>OpMSM 381!HCH narp8H*HBH8 B aneKTpOAHHSMHKe: 

1 ) JlarpSH*HBH 

- -· ~ 
f =-l'F ,:F +:J A -~ t/J (·yo +M)Y, -~ 1/J(-·yo +:M) .p 

' j1V jtV I' I' 

(:~LV= o11 ·Av -ov A11 ). 

Kanoauqecxnfi Teasop aneprnn-nMnym.ca 

T =:F,a A,+:~ t/1 r a .p -~a .p ··r .p +o ,f 
Vj1 VA j1 A V j1 j1 V jtA 

CnMMeTpH'IHbifi Teasop saeprnH-HMnym.ca 

8 = :F, :F, -I'll F, :F,_ +:!4 [:Y, .y (o -d e·A ) 1/J +· 
I'V "" VA j1V ""P ""P I' v . v ' 

+:Y, y ( o -·i e·A ) .p -{a +·hi·A ) t/1 Y. t/1 -( o +i e A ).p •y t/1 ] • 
v I' I' I' I' v v v I' 

2) JlarpauJKHan 

-· -· ... 
f'--·~ a ·A o •A +:J A --~ .p (.yo +II )1/J -~ t/1 (-·yo +M )t/J 

I' v I' v I' I' 

Kanonll'lecxnfi Tensop sneprnn-nMnym.ca 

T'·=a A a A +~;:ra .;-~a~rt/J+:o f. 
Vjt I' A v A v I' I' v j1V I 

CnMMeTpH'IHbll! Tenaop snepr~H-HMnyn&ca 

8' =a A, o •A,- ~ ll o,·A o, A 
jtV j1 .n.V .n. jtVA ·p .n. p 

-~o,[o A.,A +o A,·A -(o· A +o A )·A,]-+ 
Ajt.n.VVAjt J'V Vj1 A 

+ l4 l ~- r a .p +if, ·r a .p -a ~ ·Y .P ~a ~- ·r t/1 l. 
ll v vI' I' v v. I' 
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(302) 

(303) 

(304) 

(305) 

(306) 

(307) 

·I 

llo IIOBOAY 8j1V (304) OTMeTHM, 'ITO 44-KOMIIOHeHTa OTHOCmlleilCH K SII9KTpOMSrnHTHOMy 

noniD 'IBCTn 

8 = F ,F, -!' ll F, F, 
j1V "" V.n. I'V "P "P 

MomeT 6b!Tb npencTaanena a xopowo nsaecTnoll ,PopMe 

8 =-8 
00 H 

=·~(~2+ ;2) 

( Hk = ~ £ kmn :F mn ' ·Ek = :Fok ) ' ' 

OTKyna, B 'ISCTHOCTn, BHnno, 'ITO sHeprnn anexTpoMarnnTnoro nonn nonomnTen&no onpe-

neneHa. 

CnenyeT HM9Tb B BHI!y, 'ITO BblpameHHH (303), (304), (306) II (307) IIIIH o6ecne-

'leHHH CBOHCTB SpMHTOBOCTII IIOII*Hbl 6b!Tb CHMMeTpH30B8Hbl 110 pacnonomeHHID B HIIX One-
>1 

paTOpOB AI' , Hai!OMHHM, OIIHBKO, 'ITO B KBSHTOBOli TeOpllll H36eraiDT HCI!OIIb30B8Tb 

narpanmnan (302) 11s-aa TPYAHOCTeli, OTMe'leHHbiX a n. 2.1. TeM He Menee aosMo:KHocT& 

llpHBeCTII TeH30p SHeprHH IIMITyii&Ca (306) IIIIH (307) K BIIIIY (303) p8CileHHB8eTCH KSK 

OAHO H3 CBI!AeTallbCTB COOTBeTCTBHH C TeOpHeli MaKCBenna, nellCTBHTen&HO~ TE'H30pbl 

H 8 CBH38Hbl COOTHOWeHHeM j1V 

8'. =8 +~a, [:F ,·A t-·o A A,-o,A A +(ll,ll -,ll o,)A a A] 
I'V I'll " I'" v I' . v " " v I' v" f.CP j1V "P u· u- . ·p 

8' 
j1V 

+~(o~AA o
11

AI' -·Avof.Co.\A.\) +·~ B
11
vApopo.\AA.-f 

(308) 

+:~ A
11 

(o.\ :F,u,+i e .p ·y
11

,P )+ ~Av(aA:F),p+i e .P -y
11

.P) 

T,e, OTIIU'ISIDTCSl npyr OT llpyra TOIIbKO TpeXMepHOil AHBeprennueli, He IIBID!IIeli BKIIB,[l8 .B 

HHTerpan (300), n 'lnenaMH, conepma!IIHMH af.C ·A f.Ct KOTOpbie nponanaiDT npH- y'leTe ycno

BHS! JlopeHil8 B TOll HIIH HHOli oj>opMe, 8 (308) TBK*e 1101lpB3yMeaaeTCS! CHMMeTpH38UHS! 

no .pacnon,o?KeHniD onepaTopoa A
11 

• 

llocneAOBBTellbHB!I CHMMeTpU'IH8S! TpaKTOBKB SlleKTpOHB H 1103HTpOH8 Tpe6yeT, 'IT06bl 

BCe oj>H3H'IeCKHe onepaTOpbl 6binH 3BIIIICBHbl CHMMeTpH'IHO OTHOCl!TellbHO 

conpsmennoro K HeMy cnuuopa y,c. 

I/J
0 =Ci ;j o = c·l "' . 

"' 
H 38pS!,[lOBo-

. (309) 

3TO 6yneT IIOIIY'IBTbCS! BBTOM8TU'IeCKU0 ecnn B COrnaCHU C STUM Tpe60BBHUeM aanHC8Tb 

narpaHmuau. A HMeHHO BMeCTO (305) (unu (76) ) cne.ttyeT npnuSIT& narpaHEmau 1311 
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f'·=- ~ a A a A + ..i.L ( r/J ·Y t/1 - ;jC..y r!JC) A -
I' v I' v 2 I' I' ,, 

- - -- li r/J ( ·ya + M) r/J - !4 r/J (- y a + M ) t/1 
(310) 

- - -- !4 t/1 o ( y a + M ) t/1 o_ !4 r/J o ( - ·Y a + M. ) r/J o • 

CooTBeTCTBeaao B Ka'leCTBe CHMMeTpnqaoro Teaaopa saeprnn-nMnynhca nony'IHM 

9'·= ~ [a A, a ·A,+a ·A, a A, -a, A a,·A 8,"' J-
,.v I' 1\ v 1\ v 1\ I' 1\ 1\ p 1\ p .-

- !4 a [a A ,A +··A a A ,+·a ·A\ A +'A a A, -
I'AV VI'AVAI' I'VA 

(311) 
-(a A +·a A )·A,-·A,(a A +a A)] 

I'VVI'A AI'VVI' 

1 - - - - -· 
+- [:.p ·y a r/J +r/J ·y a r/J -a r/J ·y r/J -a r/J ·Y r/J +:t/Jcy a t/Jc+·t/JC.y a r/Jc-a .pC.y .pc_ 

8 I'V VI' I' V V I' I'V VI' I' V 

•a r/JC.y r/JC), 
v I' , 

rjl9 TBK>Ke RBHO npOH3B91l9Ha CBMMeTpH38UHR no pacnono>KeBHIO ouepaTopoB ·AI' • Aaano-

rH'IBO Mo>Kao nepenucaTb u Teaaop saeprua-uMnynbca (304) . 

8 = ~ (:F ,:F ,+:F ,F ,- ~ 8 F,_ F~J + 
I'V · I'" V.'\ VA I'" I'V "f' "f' 

• +.!_ [t/J ·y <a -ieA )r/J +;; ·r<a -le·A )r/J- (a +ieA )t/I r.l/1 ..;(a +ieA >i ,..~312 ) 
8 I' v v v I' I' I' I' v v ·v I' 

+;
0

·)' (a .;ieA )l/I
0

+;; 0 Y. (a +:leA >'¢
0

-(a -ieA )t/J 0 ·y r/J'--(a -ieA )t/I0 ·y ¢ 0 ]. 

ltV V VI' 1' I' 1' V V VI' 

HeCUMMeTpU'IHBR OTUOCHT9nbH'? r/J II r/J ¢opMa TeOpHR B91leT K TPYilHOCTHM C paBHD-

npaBHLIM OUHC8HII9M 3U9KTpOHa II U03HTpOH8 ( npBMep 6yll9T llBH HB>K9 B CBR3H C 06Cy)I{Jla-:. 

aueM onepaTopa aapRJla). 

9. naarpaH>KIIBHbl (302) 1 (305) H ( 310) IIHBBpllaHTHbl OTHOCHT9UbHO rpynnhl ¢a30BhiX 

npeo6pa3oBaanil aapa>Keaaoro cn11Hopaoro nong 

r/J .. t/1'·= elar/J 1/I .. t/1...,·= e·•a r/J 
• (313) 

rne a - llp0113BonbH8R KOHCTBHTB. J1CUOnb3yR BH¢HHHT93HMBUbHblli BUll npeo6pa30BBHHil: 

ll*r/J =i a t/1 - -
8* r/J =-i a r/J, (314J 
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"· 
B9TpYAHO' Bbl'IBCnBTb reaepa~vp (277}· B &TOM cnyqae (npu &TOM X I' Be BSpbupy9TCSI1 

ll.xllaO ) • MN BNnorumY Bbl'IBcneBUH C noMOII!hlO narpaa>KUaaa (310f 

G(u·L-I. du·( ~ ll*.P +:ll*.P 

" a a "' 
~) =
BaiL;;· 0' I' 

~-·~I 
2 a· 

da·(.P (x) yt/I (x) -~~ (x)•y t/J 0 (x)). 
11 It It 

I 

(315) 

Upll Bl>l'lliCU9BURX ,[lonlKJia .npBBHMBTbCSI BO BHHM8HH_9 CBR3b (309). fiocne COKp8Ul9BB.II Ha 

nap&MeTp R COOTB9TCTBY10Ul911. BOpMUpOBKH &TOT reaepaTop, Cny>KautUII. onepaTopOM 38~HLI81 
npBBUMaeT. CT&BllapTBNA BUll 

I 

"" 

Q(u·) ""L!d du· ( t/1( x) }' t/J ( x)- ;j~( x) y r/J 
0 

( ~)). 
.. 2a 11 rr 1t 

/31/ x) 
Ero nnOTBOCThiO cny>KUT 4-BexTop TOKB 

C 38ltOHOM COxp&li9BliSI 

j = .!..!_ (t/I ·Y .p -~~.y .Po) 
11 2 It It ' 

a j (x) = 0. ,. ,. 

(316} 

(317) 

(318) 

llp11 8u6ope a· B BB,[Ie t= const oneparop aapHLia onpe,~:~enBeTcH 'leTBeproll:. xoMnoaeHToll 

STore TOJta 
+ -

t/J = t/1 ·Y, • Q = e · I .h ( t/1 +;,, o+ o 
2 ~ ... -·t/1 "' ) (319) .. 

OnepaTop. t/I+ .P JtaK spMBTOBCKHA H npOB3B9ll9HB9 onepaTopa Ha 9MY spMHTOBCltB COnpSI-

lKeaauli BMeeT TOnhltO nonolKHTenbHLle co6cTBeaable aaaqeaug. To me OTHOCHTC.II u K one-
f, o+· 0 • • -

paTopy .P t/J , OTCIOlla cneKTp co6cTBeHHhiX aaa'leHBii onepaTopa aapHLia ae o6na,~:~aeT 

onpelleneHHLIM aaaxou. 
\ 

·,, 

3ll9Ch yueCTHO OTMeTHTb, 'ITO 'IBCTO (B TOM queue B 8 ,~:~aHUoli CTaTbe) Jln.ll xpaTKo-

CTB BCUonh3YIOT TOK jll ~ i e 1/J ·yll 1/J, KOTOPOMY COOTBeTCTByeT on epa Top 38pHLia 

Q'- e I ,h .p+'.p a BMeCTe c TOM YTB9p>KJtaiOT, 'ITO B CBR3B co cTaTHCTHKoll:<l>epuu-

. ' ' .QapaKa aapHLI Be BMeeT onpe,~:~eneuoro 3HaKa. Ecna npBB.IITb npuBe,~:~eaaoe BLlpa:aceBHe 

+ • 
,[lnSI 38p~a BC9phe3, TO )'Jt838HH09 BLIWe CBOiiCTBO t/J 1/J BOnpeKH Y~B9p>Kll9BHIO rapaHTBpyeT 

' 

x) BnepBNe STOT TOlt ISLln BB9,[19H rali3ea6eprOM B cjlopue J=.!.!.[~.,. .p]. 
)' 2 ,. 
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_nonoJKHTellbHOCTb 38p!Uta. H AOliCTBHTem.il:o, . ~cnll BH'l.Bi::Jmn. cpelUiee OT Q'. B CB060AHOM 

OAHOlU191tTPOHHOM II B CB060AHOM OlUIOil03HTPOHHOM COCTOIDUUIX1 TO Mhl llon)"IIIM, < Q'>. . 
xJ . ~neltTpOH 

= 2e, <Q'~ - 0 • TauB CSIT)'AiliiSI COBMecTIIMa TOZibltO C Teopllell 
ll03HTPOH · 

AblpOito Jlng p8BBOnp8BHOro OllHCABHSI SliOitTPOHOB II ll0311TpOHOB OllepaTop 3apB.Il8 AoruKell 
I . 

llMOTb BHA (316), H~ (319). B STOM Cny'lB.e 

<Q:> ~e ·, 
sneltTPOil < Q > ll03HTpOH .II = -e • 

', 

10. Mu o6cyAHllH IUUlCCbl sapuanilll, ltOTopue nopoJKAanH renepaTopu niJeC?~>pa3osa

HHll HOOAHOpOAHOll rpynnu nope.lllla H OnepaTop 3AP!Ut8. Eme OAHH JtnacC: sapiliUml! Be,lleT 
. /25/ . 

It nepeCTSBOBO'IIlbiM COOTBOW9HHIIM • 

x) Hcxo)lB H3 o6u'l!roro pa3n~>KeHHB 
' . -ll/2 ' .. 2 

t/1 (x) =(2JT) J,dp .:t 
... · .,. ·- + _ ~ •Ips. 

I , lpx -+ · -+ } 
b ( P.o s) u (p, s ") e - +:c (p, s) Cu (p, s) e , 

II =:-1 

. + .. 
· r)le b - onepa'rop Ymi'ITOlKOHHB sneltTPOHa, c - onepaTop poJKAeHHs ll03HTPOBa, u(p,s) 

pemeHHe CJ'I060AIIOrO ·ypaBIIeiiH!I '.ngpaxa B p - llpOCTpSHC:TBe An!! CllHIIOBoro COCTOIDIH!I 

s 1 a i{p,s) = u+:cj;s )·Y4 , HMeeM 

Q'.;;,; d; .p+;p =fd j, :t ·lb+(-p ,s)b(p,s)n(p,s)c+(;,s) I. 
- +' .. 

CocTomms ·aneXTPOHS 11 no3HTPOBa onpenenBIOTCB xax I :sneJtTPOil > .. b ( p, s) 'll'o 
·- + ... -· I ii03~TPOII >' = c ( p, s ) 'l' 0 • 
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llPHnO)KEHHE 

llpHMep BeltTOplloro nonB c 11eayneBoll ~ccoll 

BeltTOplloe none C MACCOll MO>K9T cny>KHT& npHMepOM CHTf8Illll• ltOrAa,· 119CMOTP!I 

H8 (12), ltBaBTOBSHHe B03MOlKIIO 5e3 BC!IItlllt ocmilKIIellHll. B STOM cny'lae narpaH>KH81l 

.f( X) =-·I' .F :F 
ltV ltV 

m2 
-

2
- ·AI' ·AI' +"jl' AI'- t/J ( -y(J+:M ) .p (ll.1) 

_(r.lle FI'V n j" caoBa AamcB .popJ.«YnaMB (2) n (3) ) OTnll'laeTCll OT (1) Ton&Jto npucyT

cTBHeM M8CCOBOrO '!n9118 1 T8X >K01 lt8lt H yp8BH9HH9 

iJ :F -m
2 A =-j It f'V V' V 

(n.2) 

(yp8BII911HO .napalt8, COXp~lllleT npe>KIIHll BRA (5)) • · B STOM Cli)"I89 T81t >Ke CnpaBeMHBbl 

COOTIIOW~HHll (8) H (12),, H1 CliOAOB8Tem.H01 T8lt >Ke H9Zib3ll npHHliTb A 4 38 He38BHCH

MYIO lt8110HII'l9CitYIO nepeM9111iyi01 T81t lt8X [ A ~ ; lJ 4 ) = 1 IIOB03MO>KHO. 0AIIaltO 
1
B. OTilH

'IHe OT 6e3MaccoBoro cny'lall,_ 3Aec& ner~ro yCTaHOBBTb1 'ITO A 4 , AelicTBHTem.ao, 3llBBCB-

Mall nepeMeHIIall. B caMOM Aene, H3 (ll.2) npu v = 4 llllXOAHM: 

A,=-·- (iJ .. :F~,+L) = _L ( +iJk11k+"i4), 
m2 ., ' m2 

Cn.a) 

T.e. A 
4 

Bblpa3Bnoc& '!epe3 Apyrue ltSIIOIIH'IeCitHe nepeMeiiHhle • iJ 4 A 4 Talt>Ke MO>KHO Bhlpa-

3BT& 'lepe3 Ak , Kilo H3 (ll.2) nocne B3liTHll AHBepre.llllBH cneeyeT 

iJ A =0. 

" " 
(n.4) 

HTlllt, 38 ltSIIOBII'leCitH conplllKeBBhle ltOOpAHBllThl H HMnyllbChl MO>KBO npBHliTb TOZibltO Alt 

B n.. ( k = 1,2,3) 1 H, cneAOB8TellbB01 Bb15p8Tb nepeCTSHOOO'IIIhiO COoTHOWeHHll ( 9 m U) 
•! 

B ( 10m) C m, U =-1,2,3. • C llOMOII!biO STHX COOTBOWOIIHJI II (ll.3) MOlKII0
1 
BH'IHCllBTb OAHo-

BpeMeHHhle ( x
0
= y

0 
) nepeCTSBOBO'IBhle COOTBOW9Hilll Mll BCOX ltOMUOHeBT BOitTOp-nOTeB-

naana 1 iJ .... 
[:A" (X) I. A ( y >l= ~ ( 8 8 +:8 8 ) - 8 (X- y) 

v . m flit v4 1'4 J)Jt iJ xk 

iJ 
·[A{x),iJ-

• 1 1 · iJ iJ . a .... 
A ( y ) ) = 8 - - [.8 8 - - - 8 8 ( t\ - m J) .} • 8 ( x - y ) 

v ltV m2 flit va iJ x iJ x 1' 4 114 
1' y 4 lt · D 

. . ~ .. 
£.t/J (X), ·A ( y ) ) = 8 ....L!L_t/J (X) 8 (X- Y) 

I' fl4 m 2 • 

(ll~5) 

[ jp (X), _iJ_ AI' ( y)) = .!...!_ tP ( X) 8 8 (; - Y ) • 
iJ y 

4 
. m2 I'• 

/ 
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I 

\ 

Y STBX nepeCT8HOBO'IHbiX COOTHOWeHUll ,118lleKO He T8KOll npOCTOll BH.II K8K y nepecT~HOBO'I- . 

HbiX COOTHOWeHBll llllB Be38BHCBMbiX K8HOHB'IeCKBX nepeMeHUbiX ( 9 m D ) B ( 10m) • 0rM~ 

TUM, 'ITO B OTCyTCTBBe B38HMO.IIeliCTBHB ( e=·O) nepeCTSHOBO'IH!ol:e COOTBOWeHHB MB A . p 
Clle,llylOIIlHM ofip830M p8CnpOCTp8~BIOTCH H8 ll!Ofible X 

0 
B y 

0 

[ A,(x ) , · ·A, ( y )J ~ i ( B 
r v · 1!11 

1 a !_ > t:;. .. < x - y.>, 
-·"lii2 axp ax, cn.6) 

r.11e !:;. m 'll8eTCB Bblp8lKeHHeM ( 44) • 

nPHno:>KEHHE II 

1 
3neKTpOM8rHBTHOe none K8K COBOKynHOCTb ·OCilBllllBTOpOB' 

1 
/1 15 17/ 

3,11eCb, 'ITOfibl YCT8HOBHTb CBSI3b CO CT8pb!MB cpopMSMB aneKTpO.IIBH8MBKB '" ' . 

B C Kll8CCH'IeCKOJl 8118llHTB'IeCKOJl MeX8HBKOJl0 MW Kp8TKO p8CCMOTpHM nepBOH8'18llbHYIO 
I 

cpOpMyllHpOBKY KB8HTOBOll SlleKTPOliHH8MBKH, 

/ 

B K8.'1eCTB.e.nnOTBOCTB narp8BJKB8B8 Mbl·llpBMeM Bblp8lKeuue (305) u ll8llee np~ncTa- ' 

BHM aneKTpOMSrBBTBoe none B BUlle: 
I 

A (x)·=-. --
1 . ' .. .. lt;t .. -~-: 1 "' .. 11-t f dk [a (k,t)e +~ (k,t)e· l~JG£ b(k,t)e (ri.7) 

IL • (217)&111 
H8PBllY c · b ( k, t ) . MW 

IL 

p . p , ··· (2rr) &Ill 1L • · 

6y.11eM ynOTpe6nsrT& T8KlKe aenB'Iuuy 

b* (k,t) =a <-k.t> +a* <k.t>=h,.<-k.o. 
t' .1" ,. ' 

(n.s) · 

ue sranmomylOCB ue38Bucuuon. Auanoru'!uo npe.IICT8BBM cnuuopuoe none • 

.P ( x) = __ 1_J dr u (k,~) e~ 
('bt )!>It Cn.9) 

.P.(x)= 1 C'ht >3tt f G u_ ct t > e;~i' cn.1o) 

B aTux TepMBB8X narp8BlKB8H L =J ~:c f (:c) c l18rp8BJKeaoll nnoTBOCTblO ( 305) 38""' 

nuweTCB 

L = f dq dt I ~H b* (k, t) b ( k, t)-{ 11 b* ( k, t) b ( k", t)) + 
IL P 1L P 

". .. ~ • ... ' -l .. ... .. .... 

+ 1 ii'( k, t > ·r, u < k, t > - 1 u < k~ t) ·r t u < k ,t > + 
'r 

cn.11 > 
! -

a -.. ... , ( 

+ _•_e_ b(k,t) fdk ii'H.+f'.,t)y u(k'·,t)l, 
( 'br)&/11 p IL 
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rne TO'IK8 03H8'18eT ·npoH3BOl!HYIO no BpeMeuu. Boi6p8B 38 K8BOHB'Iecxue xoopl!HH8Tbl q 

b (k,t) =b*(-k,t),•n(k,t), 
IL IL 

(n.12) 

H8ll,lleM ,[lllB K8HOaHqeCKHX BMnYllbCOB p 

. ... . .... 
b* ( k, t ) = b ( - k • t ) • 

IL IL 
u+(k, t) =;; Ct O·r · • (n.l3) 

r8MHllbTOHH8H MOlKHO nOCTpOHTb llHfiO no llp8BHllaM 8H8llHTH'I9CKOfi MeXSHHKH 

P
0
=H=l:pq-L, Cn.I4) 

llHfiO llpBMO Bbi'IHCllSISI P=-J.di T (x)q c nnOTHOCTblO (306) 
0 H 

(n.l5) 
p =Jdk l.!.d·· (k,t)b.,(k,t)+~2 b* (k;t)b (k,t))+ 

o 2 1L r 1L 1L 

- ..... .... .... ..... i .... .... _, .... .... ... 
+:n (k, t)(i y k +·M )u (k, t)- __ e_ b (k, t)fdk'·n(k+·k',·th: u(k,t) I 

( 217 'filii! 1L 

Tenepb eme pa3 o6pa:THMCSI K pa3llolKeHHIO no 6a3ucy (15), (18) u c 

WeHHSI nOllBOThl (19) C UIL=(0,0,0,i) npe,[!CTSBHM b (k.t)B BH,[le 

nOMOIIlblO COOTHQ-

r.11e 

-+ IL 
-+ -+ .km -+ -+ -+ 

b (k,t)=·b' (k,t)+B __ (kb(k,t))+:B b
4
(k,t), 

IL 1L ttm { II 1!4 

r -+ l2 {I) -+ -+(I) -+ .. 

b m ( k , t) =· l: em ( k )( e , ( k ) b 
1=1 

k,t)), b' (k;t)=O. 
• 

cn.16) 

cn.r7> 

.ll8nee Clle,[lylOIIlHM ofipa30M BblfiepeM K8HOBH'IeCKB COnpSilKeHHble KOOpl!BB8Tbl H HMllyllbCbl, 

Koopl!HBaTbl .. .. 
Q

0
(k,t} =b

0
(t,t) 

.. ~l).o .. 
Q

1
(k,t} =(e ti (k,t)} 

Q
3 
(k, t) =·..L (kb(f, t)) 

lt! 

u(k,t) 
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HMnyllbCW .. . .. 
TIO(k, t) =b: (k. t) 

u. ( k • t} = ( -;t•> i.· ( k, t )) i-·1,2 

(n.18) 

... 1 ... • .. 
TI

3
(k,t)= -.. - ( k b* (k, t)) 

11'1 

.. + .. 
or{k,t) =n (k,t) 



B sTHX o6oaHaqeHHnx raMHnbTOHHSH aanucwaaeTCs 

P
0 
af,dkJ~[~ (Il*("',t)TI

1
(k,t}+:k 2 Q* (k,t)Q

1
(kot)) + t 1=1 I I 

.. l: .. .... ... *l: ~ ... .. ...... 
+:ll*(k,t} TI ( ,t}+:k 2 Q* (k,t}Q (k,t·)-llt>( ,t)ll (k,t-)-k 2 Q* (k,t)Q 0 (k,t} a a a a o o 

rae 

+:rr < k, t > y 0 ·r It +:M > u (k, t > -
4 

• 2 te .. -- l: Q ( k ) (I) . -+ 
(2rr)8/21=1 I ,t emjm(k,t)-

~ Q
8
(k, t) ~ j (k.t·) + _e- Q (;, t)i.(k, t)'\ 

(2rr)8/2 !It I m (2rr)8/2 o • j/ 

.. ...... .. .. ... 
j (k,t) =J dk'..,.(k+·k'~t)y ·y u(k',t). 

IL 4 1L 

(ll.19) 

(n.2o) 

Tenepb Mhl CHOBa nepeliaei'd K Kana6poaKe aanyqenHH. 3To MOlKHO caenaTb. nu6o c 

UOMOlllbiO 38M8H nepeMeHHhlX UOHSI1 KOTOpb18 HCUOnb30B8nHCb B Uo 5.2, n>f60 C UOMOlllLIO 
. /15/ 

KSHOHHqecKoro npeo6pa30B8HHSI. MLI . 3A8Cb noliaeM, cneayg rallnepy ' no BTOPOMY nyTH. 

llOCKOnbKy raMHnbTOHHSH He. 38BHCHT SIBHO OT Bp8M8HH1 TO OH He H3M8HHTCH npH 

KSHOHHqecKOM npeo6pa30B8HHH - HYlKHO TonbKO 6yAeT CTSphle nepeMSHHWe Bblp83HTb B HeM 
/55/ 

qepea HOBble (eM., HanpHMep, ). kaaoaaqecKoe npeo6paaoaaHae yao6ao· npoH3BOAHTb. 
/55/ 

C UOMOlllbiO U.POH3BOI:IS!lllerO ljlymtnHOHana (CMo ), B I:ISHHOM Cnyqae, C UOMOlllLIO «!JyHit-
/15/ 

llHOHana F ( q, p') 1 38BHCS!lllero OT CTSphlX KOOpi:IHH8T1 q H HOBLIX HMUYnbCOB p' • 

4>yHKilHOHan .F ( q, p') MOlKHO Bhl6paTb B BH.Qe: 

rna 

.. 2 .... .. .. .. .. 
F(q,p'h=J dk I l: 'll' *(k, t) Q (k,t) -lk I :Q• (k, t) Q

0
(k,t·)+ 

1=1 
I I 8 

1 .. .... ,-I .. , 

J 
lkx -I eLl a -'J.< x) J .. , -b. ;t +-- dxe e k dk.., 

(2rr) 3 

ctAk ( x) =----
(2u)8/2 

f dk 
tt:l 

e 

u'd',t)u(k,t) I, 

.. .. 
I k I Q 

3 
< k, t > • 

C IlOMOlllbiO npOH3BO/:IS!lll8rO «!JyHitllHOHSna nonyqaeM 
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(ll.21) 

r 

f 

I 
! 

! 
I, 

ll* (k, t) 
0 

ll.F 
=-lkl Q* (k,t) 

a =---
ll Q

0 
(k,t) 

.. ll·F .. 
ll*(k,t)=-·-- =fl'*(k,t) 

I -+ I 
llQ

1
(k,t) 

n• < k, t > =-ll_F_= n '·* (k, t > 
2 ll Q (It, t) 2 

2 

.. 
ll*(~,t·)= ~ =-lk-1 Q*

0
(k,0-

3 
llQ (,,t) 

8 

e j <k. t) 
4 

(2rrt'
2 lkl 

u (k,t·) llF 1 J .. iG 
----- dx e • 
llu{k,t) (2u )8 

-1 
-leil. akAk( x) .. ,.. 

-+ "'lk X -+ J dk,.., JT'(k ',t) . .., 

ll:F Q, (k t) = (i; t) =0 
o ' ll "i ' 

ll:F 
Q' < 1, t > = 

8 
n ,, < k. t > 

1 1 

= Q (1, t) 
1 

llF 
Q'.(t,t•)= Q (1, t) 

2 ll "i ( ~. t) 2 

.. ll:F 
u'(k,t) = llu'tk,t) 

-I 
-sell.aA<xl 

• .., k k 

=0 

.... 
-+ •ik"x 

= __ 1 J dx e • 
(2rr) 3 

.. ik'~ ..... 
f dk '.., u(k',t•) 

(n.22) 

B npeo6paaoaaHHnx rr H u HeTpynao yaHaTb Kanu6poaoqaoe npeo6paao8aHae (37), 

KOTopoe, KaK Mbl BHI:IHM, npome H ecTeCTBeHHeli BLmonHSITb B x -npocTpaHCTBe. TaK KBK 

npa npeo6paaoaaHnRx (37) 
.P ( x) ·y .P (x ) = .P' {x) y .P' {x) , . ,.. 1'-

To, oqeaunHo, qTo npu nonyqeuHwx npeo6paaoaaHH_nx u H u 

i (k,t) = j'{ k.t) = J dk'·rr'{1 + k',-t•) y ·y u'-( h t). 
IL IL 4 IL 

cn.23) 

nanee, 

,.. t .. .. .. J di u ( ,t) y 
4 
(i y k +·M ) u ( k , t) = 

.. -t .. ,.. .. . .. .. k .. 
=f dk "'( K, t)Y. (i·yk+·M )u'{k, t) +·-1_e_ fdk Q (k, t)-.!!!-j' (k, t). 

• (2u)8/2 8 !It,. ID 

(n.24) 
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3Ty cj>OpM}'ny TaKlKe ner'le IIOny'IKTb0 B03Bpawa!1Cb B X -npOCTp8BCTBO, K BOBOM}' ra

MHn&TOHKany Mbl npKXOAKM, Bblp83BB B CT8pOM CTapble nepeM8BBbl8 'lepe3 BOBble, 3TO 

ABeT 
.. { 2 .+ ... .. .. .. 

P;-=fdk % l: [ n;'<k.~>n;:<k,t)+k 2 Q?(k,t) Q;(k,t-)1+· 
l=·l 

+:,.'(k,t)·y (i·yk+M)u'(t,t)-
' (n.25) 

_i_e_}; Q'·(k,t•)e > (k)j'-(k,t) .j.· __ e_._ j'{k,t)i'·(-k,t·) • 
2 .. u.... 2 .... 1 

(211")3/21=1 I m ID (211")1 £2 ' '. 

0TMeTnM, 'ITO awnonue1111oe z:anonu'lecz:oe npeo6paaoaa11ne smnSIBTCll oco6enllwM
1151

, TBK 

K8K OHO YM8HbwaeT 'IHCnO KaBOHH'IeCKKX nepeMeiiHblX, 

TaKHM o6paaoM,· y. anez:TpoMarHHTIIoro nong ocTanKCb ABe cTeneun cao6oAw, npeA-.. .. 
CT8BJilleMble KOMnneKCHblMH KOOpAHB8T8MK Qi (k,t•) H KOMnneKCBLIMK BMDyn&CaMB '1\ (Jc,t) • 

-OT OCTallbBblX CTeneBeli CB060llbl OCTanOCb TOIIhKO 'leTwpexcj>epMHOHBoe KynOHOBCKoe ... 
B38HMOAeliCTBHe, IlpB K8lKAOM 31Ul'leBHH HMUyn&ca k CB_060ABblil raMKIIhTOHH811 AnSI 

aneKTpOMarHHTHOrO nonsr KMeeT BUll CYMMbi raMKIIbTOHKaHOB nnll llBYX KOMUneKCHblX OCUKn

mrropOB c co6cTBeuuoii 'laCTOToil. I k I . Ecnu nepeiiTK K aemeCTBBHIIbtM nepeMeuubiM, 
/15/ ' 

KaK STO 06bt'IHO nenaiOT , TO 'IHCnO OCUKnnsrropOB Yll~OHTCSI, IJpH C03llaHKK KB8RTOB0ii 

aneKTpOllHIUIMKKK Taxoe npencTaaneuue anez:TpOMarunTuoro nonsr KaK KOHTKnyyMa ocnun- · 

nsrropOB yKa3biBano B03MO~HbtJI IIYTb KBaHTOBaHKSI aneKTpOllKHaMKKK, IJepeCTaHOBO'IHble 

COOTHOWeHHll nnll KOOpllHHaTbl HMilyllhCa KBaHTOBOrO OCIIHIIJISITOpa 6bmK yJKe XOpOWO H3-

B9CTHbt, K eCTeCTBBHHO 6blnO npOKBaHTOBaTb aneKTpOllKHaMHKy DyTBM nanOJKeHKll nepe

CTaHOBO'IHbiX COOTHOWeHKH BHna: 

, .. ... . ... 
[Q'·(k,t), n· (k'~tl=io o (k -I'). 

I I 11 
(II.26) 

IlpencTaaneuue aneKTpoMarnuTuoro nonsr a anrie coaoxynnocTK ocnunnliTopoa ycnewno npu-
. _11 15 56/ 

MBHHnOCb He TOIIhKO B KB8HTOBOH TeOpHH, HO H B z:naCCK'IeCKOH ' ' , 

3TOT MeTOll 1103BOnKn ycneWHO npHMeHHTb B KBaHTOBOH aneKTpOllHHaMKKe raMKilb-

TOHOB cj>opManH3M/
2

•
171

, 0nH8KO cymeCTBBHHblH H9llOCTaTOK TaKOrO IIOllXOAa B TOM, 

'ITO KOBapH~RTHOCTb aneCb rny60KO CnpSITaRa, H BC.SI nponenypa B nenOM HOCHT HeKOBS

pHaHTHblil xapaz:Tep. 8 nan&neiiweM 6brno aaTpa'leHo noaOIIhno MHoro ycunnii, 'IT06w npn

AaTb KBSRTOBOil aneKTpOllHHSMHKe SIBHO KOBapKeHTHblii BUll, 

72 

'. 

'AaTop rny6oKo 6naronapeu · P .A. Aca~osy · aa CTIIM}'nnpyromne AHCKyccnu, 8.11. Orne-
. .... i 1-. 

aenKoMY aa MHoro<mcneHHbie · none::iubre · o6cyJKneuug · npaKTH'Ie'cKn ·., acex aonpocoa, aaTpo-. ' 
• - /. , - ' .1 

uyTblX B 'o6aope, M.A. MapKOBY ii H.A. C~oponHHCKO~y a a IIHTepec II' nonnepl!{KY. 
\ . 
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