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1.BseneHne 

1 
B He,uaBHHX pa6oTax A.A.JloryHOBa n .up. 6hmH nonytieHhI .uncnepCHOHHhie COOTHowe-

HHSI .unsr npoueccoB pacceSIHHSI aneKTpOHa Ha HyKnOHe C pO)K,UeHHeM :JT -Me30Ha HnH 4 -

KBaHTa: 
f+e--f+e +:rr 

' 
.Y + e _,.. % + e --1- Y. 

B 8THX pa6oTax aneKTpOM8I"HHTHOe B38HMO,UeHCTBHe aneKTpOHa C npOTOHOM yqnThIBaeTcg B 

nepBOM npn:6nH:>KeHHH TeopHH B03MyI.UeHHH TIO e , npn T8KOM paCCMOTpeHHH pO:>K,UeHHe 

ff -Me3oHa /n:nn 'f( -KBaHTa/ BhI3hIBaeTcsr KaK 6y,uTo O.UHHM BHpTyanbHhIM cpoTOHOM /oT

c 10.ua H83B8Hn:e "sn:pTyanbHOe cpOTOpO)K,lleHne" I. 

B H8CTOSIIUeil: pa6oTe, aHanorn:qHhIM o6pa30M, nonyqaIOTCSI .un:cnepcn:OHHhie COOTHowemrn 

.u nsr npoueccoB THna 

/1.1 / 

I" .ll e "a" H "B" MOI"yT 6hITb ff -M:e30HhI HnH a -KB8HThI, 3a,uaqa CBO,llHTCSI /MeTO.llOM 

ncnonb30BaHHhIM B 
1 / K Ha,nncaHHIO .uncnepcnoHHhIX cooTHoweHnil: nns npouecca Y+v-Y+a+B, 

r .u e V' -cpn:KTHBHaSI qacTnua /B!ipTyanbHhiil: cpOTOH- c npocTpaHCTBE!HHo-uo.uo6HhIM HMnynbCOM/. 

AHanornqHhie 38.ll,81iH /c peanbHhIMH 1i8CTHU8MH B Haqane H KOHue npouecca/ pacc;:MaTpHBanHCb 

B psr.u e pa6oT 
2 •3 

,4. B § 3 HacTosrmeil: pa6oThI nccne.z::toBaH o6mnil: cny'iail: KHHeMaTHKH npouec-

c OB TaKOI"O THna. 

noKa3aHO /§ 4a/, KaK MO)KHO o6o6mHTb ,llOKa3aTenbCTBO nncnepCHOHHhIX COOTHOWeHnil:, 

4 
n 3no:>KeHHOe B , .unsr paccMaTpnsaeMoro 3,uecb cny1Iasr, 

B § 46 nOK83hIB8E!TCSI, qTo B npoueccax BHpTyanbHOI"O cpoTopO)K,UeHHSI HeCKOnbKHX 

1Iac-:au scer.ua cymecTByeT HeHa6n10.uaeMasi o6nacTb, 

§ 2. AMrrnnTyna BHpTyanbHOI"O q.JOTOPO)KneHHSI 

I , 

nycTb p n Pe I p' n Pe I 4-nMnynbChI HyKnoHa n aneKTpoHa B Ha'ianbHOM IKo-

HeqHoM/ COCTOSIHHH, a q, 1 
, q,'' , J 1 

, ...P" - COOTBeTCTBeHHO HMnynbChI H H30TOnH'ieCKHe 

/nnH CnHHOBhie/ KOOp.UHH8Th! .llBYX pO)K,UeHHhIX qacTHU, O603H81IHM .z::tanee qepe3 e;-), ( fJ: (+/ 
1 

c-) <-) 
H Cl, j>' 

1 
Q Y'' onepaTOphI YHH'iTO)KeHHSI /po)K,ueHHSI/ aneKTpoHa H Me30Ha nnn 6 -KBaHTa J 

a COOTBeTCTBYIOI.UHe onepaTOphI nonsr B KOOp.llHHaTHOM npe.z::tcTaBneHHH 1Iepe3 4'e (x) W. 'if' ( X) , 

npoueccy /11 / COOTBeTCTByeT M8TpHqHhiil: aneMeHT 
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nonb3YHCb lf3BeCTHb!Mlf 11epecTaHOBO'IHb!Mlf COOTHOWeHHSIMlf Me:>K.ny 011epaTopaMH po:>K-

.!l eHHSI l{" YHlf'ITO:>KeHHSI l{ 011epaTOpOM s 5 
/cM,Ha11p. /, 11ony'IHM 

3 -,z.• _, j'( . , lcPe'x!peX)< '/ ,-, ➔, c-> -+,q cf2S /P>1f1P -) 
(!Hi) <ftStl>=V (pe) ;dvxcll(x e p a.,,,(q,)a,.uf, O~e<x')o't'e(X) 12~1·1 

3.n ecb d., x .. dxo ol X1. dx,2dxJ, HHTerpHpoBaHHe npOH3BO.UHTCH no ace My -qeTb1pexMep-

. 5 
HOMY rrpOCTpaHCTBy. CrrHHOpbi V HOpMHp0B8Hbl /cne.ayH / ycnoBHeM. 

,,,-;,i• - )" ,-,-z -+) . dt-£ 1 

v ( Pe u ( Pe = me -;;-
re. 

crz s 
no.aC'IHTaeM cpe,nHee 3H8'1eHHe oif,z (,c'Jc?'f'e C:,c) B. 11epBOM rrpH6riH:>KeHlflf TIO aneK-

TpH'leCKOMY aapH,ny € , ilnH aToro y'leTM,. 'ITO S 38BHCHT OT "re (X) -qepea "xpoHono-

rH'leCKHtt" SKCIIOHeHT 

T(e'-S:feC'l)dv'lJ, 

r.ne 

~e (Z) = e: '?e (Z) r)I 't'e (Z) A~ ('l): 
3.aecb A:c:zJ- aneKTpOMarHHTHblll Lt -rroTeH11Han,- - 3H8K HOpManbHOro rrpOH3Be-

.!I eHHSI /110 llOBTOpHOMY lfH,!IeKcy l) rrpOH3B0,!IlfTCSI cyMMHp0B8HHe/, 

B irepBoM rrpH6nH:>KeHHH 110 a e " rrony'laeM 

<f'2 s - . j ~ 
cf't'e c,c'J·O'f'e (:icJ - l e. a c .x- x ') Y" T (A,, (x). SJ. /2',2/ 

56 
CornacHO o6o6meHHOll TeopeMe BHKa / c.285/ B cpe.aHeM 3H8'10Hlflf 110 qJOTOHHOMY B8KYYMY 

OT rrpaBott '18CTH /2.2/ XpOHonorH'l0CKOe rrpOH3B0,!I0HHe MO)KHO 38M0HlfTb XpOHOnorH'l8CKHM 

C 11apHB8HlfeM: 

~-T(A.,(x) SJ>o=< T (Av(X)5)>o:::. 

:::: i j P9) 7)oc (~-}/) <( cf'~!~) >o d'f Y 1 

rne 

lKI 

! e f-e---l)o c ( 7) = - {21t)" e~o f<Z -t i, € d"I< 
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TI pliqlrnHaSI cpyHKUIISI rplIHa LUISI aneKTp0M8I'HIITH0I'0 nonsi:? 

no.ucTaBnHH /2,2/ B • /2,1 / II nplIMeHSISI 06omeHHy10 TeopeMy Bu Ka, nocne HHTerp1Ipo

BaH1IH no XI ' X II I{ nonyqlIM 

rne 

/2,3/ 
+ 

Bnaro.uapsi: ycTofiqlIBOCTII 0.UH(rnyKn0HHoro cocToHHIIH, Bbrpa)KaeMoii cooTHoweH1IeM SIP>.= IP>, 

H 8X0,UIIM 

r.ue 

/2,4/ 

0 nepaTop aneKTp0M8I'HIITH0I'0 T0Ka, 

nepeHocsi: onepaTopbr yHIIqTo)Kemrsi: a<-> HanpaBo, .unsi: MaTpliqHoro aneMeHTa npouecca 

/I.I/ nonyqaeM oKoHqaTenbH0 

/2,5/ 

B paCCM8Tp1IBaeM0M np1I6mr)KeH1III 9T0MY M8Tp1IqH0MY aneMeHTY C00TBeTCTByeT cne,uy10mast 

.u n:arpaMMa <PafiHMaHa: 

..- o_'' 
-- T -·__, --

- - - - - -'t' 

PIIc, 1. 
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B CHJly TpaHCJlSIUHOHHOll HHBapHaHTHOCTH, HHTerpan B npaBOll '18CTH /2.5/ MO)KeT 5bITb 

TI peo5pa30B8H K BH.ny: 

r.ne 

J/f d x'. d x''. d, u < p'/ <f'2.i ~ (JI) / P > e ,:_£fx:'+<f"x':..iy> -
')J I{ 'I I/ (] o'f,, (~')cf'~• (xu; -

. ue 
=-(211')"oc p-+-q,-p'-q/-q/1J T , 

T't.U (q,~ Cf''; q,,) -ff dl( ::t' di{ x" pze.f: ex~ X'') e L((J,'x'+'j,''x") 
,J 

F' 'l.et I ([ll L )1 { 0) t > 
( X ! X") =- < P / cf'~ (X')tr':!y••(x, P · 

/2,6/ 

/2.7 / 

/2,8/ 

B cHny rrpH'IHHHO'.::TH /B cpopMe .naHHofi H.H.Boromo5oBbrM
6 

/ 

r, zet 
r {x! x'')=O ecAu :x!':;; 0 IAIIU .X"-<- x/ _o. 

/2,9/ 

5 
nnsi HanHC8HHSI .llHCrrepcHOHHbIX COOTHoweHHil: no MeTo.ny H .H .Eoromo5osa Heo5xo-

u Tut 
.llHMO, BMecTe C 38TI83.llbIB8IOUieH 8MTIJlHTy.noil: 1 paCCMaTpHB8Tb H 9pMHTOBO-corrpsi)KeH-

HyIO BeJIH'IHHY, paBHyIO orrepe)K8I0Uleil: aMTIJlHTy.lle ra.d.-:- no onpe.neneHHIO 

e i111 

(2 ms~ jj--i:(~•)r, V\~} a( f +c; -p'-q,'- q,'') rad.ti=< f Is I L > 
V'lty~9J 9/i /2.10/ 

T ad11' 
t.{ T05br rrpe.ncTaBHTb B BH.ne aHaJIOf'H'IHOM /2.7 /, /2,8/ BBe.neM BCTIOMoraTeJibHyIO Be-

xx/ 
Jlli'IHHY THrra TOKa 

+ 

,, ( - . cf s s - . s+ as - - s+. s 
"II X) - -t, oJl,;(x) - l d"Ai1(X) - ,_~ (X) • /2,11/ 

xi 
3.necb, KaK o5b!'IHO, HepaBeHCTBO X < 0 .llJlSI '19TbipeXMepHoro BeKTopa X 
SIBJ1SI9TCSI COKPameHHblM o503Ha'IeHH9M HepaBeHCTB .Xo <0, xZ ;a Xo - £Z~ OJ 

a 3HaK X ~ O 03Ha'IaeT, 'ITO· .x. 2 < 0 HJIH x = O 

xx/ . 2 3 
3.n ecb Mb! TI0Jlb3yeMCSI o503Ha'IeHHSIMH Kn5na • y JioryHOBa H TaBxenH.n3e 

BCTIOMOraTeJibHbill TOK OTJlHIJaeTCSI 3H8KOM, 
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yf,3 eOOTHOWeHHSI 

s, /2.12/ 

r.lle 

/2.13/ 

H H,3 yenOBHSI IIPH'IHHHOeTH ,llnH TOKa j J' ( y> ene.llyeT, 'ITO 

/2.14/ 

r t.et 
.noBTOpHSI paeey)K,lleHHSI, KOTOphie IIPHBenH Hae K Bh!pa)KeHHSIM /2,7 /, /2,8/ .llnH · , 

Ha /2,10/ nony'IHM· 

/2.15/ 

r.lle 

/2,16/ 

B euny /2,14/ 

Fa-dV" ex: x'') = 0 eenu /2, 17 / 

T aK KaK, eornaeHo /2 .10/ ' BenH'IHHhl 

/2,l Bl 

SIBnSIIOTeSI apMHTOBh!MH H Bb!pa)Ka!OT apMHTOBYIO H aHTH9pMHTOByIO qaeTH aMnmr Ty.llhl pae

eMaTpliBaeMoro npoueeea. 

§ 3, KHHeMaTHKa 

34 B HaeTOSIIU9M naparpacpe Mb! ene,llyeM B oeHOBHOM pa6oTaM I /r,lle HayqaeTeSI KHHe-

M aTHKa npoueeeo~ J{-+'('~)/+2'}( H )/+Jr-}/-t-£:fT I. no,llo6Hh!fi tIO,llXO,ll K KHH0-
· 7 

M aTHKe HaMetieH a pa6oTe nonKHHXOpHa • 

B IIYHKTe a/ paeeMaTpH~aeTeSI KHH9MBTHKa npoueeea 

/3,1/ 

B o6meM eny11ae, KOr.lla ,r MO)KeT 6hITb BHpTyanbHaH HnH peanbHaH 11aeTHua, a " B " H 

,, C H HM9IOT' BOo6me roBOPSJ,PB3Hhie Maeeh!, B KOHue aToro nyHKTa o6mHe cpopMynhI KOH-

K peTH3HpyIOTeH ,llnSI HHTepeeyIOIU,HX Hae qaeTHh!X enyqaeB, 
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B nyHKTe 6/ TI0K838HO, KaK MO)KHO Bbip83liTb Bee BBe,!leHHbie IB cneuHanbHOii: CliCTeMe 

OTC'leTa/ BenH'lliHbl qepe3 nopeHU-HHBapHaHTHbie napaMeTpbl. 

a I KHHeMaTUKa npouecca ,J/+ 11' _..,. ,Y' + I, + C 

4-HMnyJibCbl 'laCTliU yqacTBYIOIUliX B STOM npouecce CBH38Hbl 38KOHOM coxpaHeHHSI 

p + q, = p' ... q,' ... q, ''. 
B paccMaTpHBaeMOM H8Mli npouecce /1.1 / STOT 38KOH BbITeKaeT li3 /2.6/. 

KpoMe Toro, KBanpaTbl Bcex HMnynbCOB qlliKClipOBaHbl: 

P2 ... p'z. = M2, q,~ q:1Z, q,'':t 6 I-' :t.' 
I fv1 -Macca HyKnoHa, J" -Macca j, -Me3oHa, M ~ 6 ,8 )' 

'I 

ByneM patoTaTb B CHCT8M8 Bpaii:Ta nnH HyKnOHOB: 

-+ - 0 P .,. P' = . 

B STOii: CliCTeMe nono:>K,lfM 

q,~ = e\ w, 9,; =e-llJ 
' 

rne napaMeTp S H8 38BHCHT OT GJ • BeeneM B8KTOp 

.1 == ~ ce-Jq,• - elq,")== (o, ti) 
H 0603Ha'IHM ero KBanpaT qepe3 

a 
-7Yl..A 

., ..,.,..z 2. 
- 6"' = fS. =in A, 

BeeneM erue coKparueHHbie o6o3Ha'leHHSI 

1:'o =ch,~' ~ (<j,'z.e.-r +q:' 2 et) +m;, 

---<-- ---,---'--c--'..C- - --=---q.'=--q,--1, --
~ . CJ...- f t"ock5 ' 

,... ezJqt2- e-219:,2 1:. -i/- lfmJ. =th~-(~-i)- 2°2.ch3-'l:o, 
A . A m 4 

I. 

/'=Sh~ -t- 17ch~ = 2sh!--:~h2~ 'Co' 

M2. l: 2 
ll =- To - 4 CJt • 

/3.2/ 

/3.3/ 

/3.4/ 

/3.5/ 

/3.6/ 

/3.7 I 

/3.8/ 

/3 9T 

13.10/ 

/3.11/ 

/3.12/ 
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OnpenemrM 4-BeKTOp Q paBeHCTB0M 

Q =: ! {e·lu-17)q:+elu+1?>q."}_; 1(e-lq,1+e'q,'')-7?b. 13,131 

KoHcTaHTa T? /3,10/ Bbr6paHa TaK, 'IT06b1 BeKTopbI Q H A 6binH opToroHanhHbI 

npyr npyry 

/3,14/ 

B cIrny /3,5/ Go =lJ. 

B nanbHeHUleM BMeCT0 BeKT0p0B <r' Ii q," 6yneM rionb30B8TbCSI BeKTopaMH ~ Ii 

Q: 

/3, 15/ 

Bo3Bens:r mo6oe H3 9THX paBeHCTB B KBanpaT Ii Y'IHTbIBaSI /3,14/ Ii onpeneneHHSI /3.8/-/3,11/, 

nony'IHM 

,. ,_ t. Q 2. 2, :z I ~ J. ~ h 2 ~ ) 2( '{; o ) 2 
lA'Z t. =?n11f +'t"o ::::a(S11.-)-2 c J ~ +to. /3,16/ 

3aKOH coxpaHeHHSI 4-HMnynhca /3.2/ B CHCTeMe /3.4/ Bbipa3HTCSI cnenyIOIUHM o5pa30M 'lepe3 

BBeneHHbie BeKT0pbI: 

/3,17/ 

/3,18/ 

p aBeHCTB0 /3 .18/ M0)KeT 5b!Tb npeo5pa30B8HO K BHny 

/3, 19/ 

nycTb e enHHH'IHblll BeKT0p opTOrOH8nbHOfi: nn0CK0CTli ( p 1 1i) 1 a ri enH-

- 7 ~ _/ Hli'IHblfi: BeKT0p B nnocK0CTH / p ::> L,J. I opToroHanbHbifi: K ts. Ii nyCTb OL, yr-on Me)K~y - ~ p Ii A : 

-z -2 i - - - - ~ , -1 z == e = , c e, ,z:) ::a( e, /J. )_== a 7 p = p . 
/3,20/ 
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l13 /3.17 / H /3.19/ noene aneM9HTapHbIX BbI"meneHHH HBXO,llHM 

- - -G. ""il.e-L1., , 

- ~ p )-,-+ 2 -CJ, "" 2. ch}. J_ e + 2 (f'- m,, COS d.. /1 - S. 'l. ) 

£ ch. r sin o<. . p L = M: - p 2 
+ 2 Im. ll p CO s ol ' 

..il z = wz _ G. 2 _ L 2 

' 

2 p Sin d.. S =M!- p2cos 2ol +QJmA p cosd.... 

/3.21 / 

/3,22/ 

IM bI ReKmo11aeM enY'{aH, Korn a ol =O HnH ol = 1, , T.e. Korna S l n., ol = 0 I. Ba:>K-

H O OTM9THTb 1 'ITO 8 8THX Bbip8:>K9HHSIX TOnbKO B9KTOp .i\. e 38BHeHT OT 8H9pr'HH, 

.B -RTOI"'e, _Mb!' BbipasHnH Bee H.HTepeeyromHe Hae eenH'IHHbI 'lepes H938BHeHMbie napa-

MeTpbl ~ 1 • p. , rn,A, d._ H 1Iepe3 8HepreTH'leeKyIO nepeMeHHYIO 6.) , B eny'lae BHpTyanb-

H oro npoueeea K 'IHeny H938B1IeHMblX napaMeTpOB Hy:>KHO no6aBHTb ·eme eenH'IIIHY CJ, 2 , Ko

TOpasr, i::i e1rny /2,3/ MeHbwe Hynsr. 

EenR MaeebI pO:>K,ll9HHblX 'laeTHU O,llHHaKOBbI 

q/'- == <j,"a =,fl 2.' . /3.23/ 

O= OH cpopMynbI /3,8/-/3,11/ ynpomaIOTesr: 

t'o -==;.t.2 ch2.j +m; , a~OJ 

1:, . 

17 = -bh 5. ( mi - i ), J = Sh 5· -;Af-i /3,24/ 

HaR6onee npoeTbIM 'SIBnSieTeSI eriy'lafi, KOI"',lla B KOHue TJPOUeeea pO:>K,llaIOTeSI ,llBa 1~KB8HTB 
3 

I q, I 2. = C/, II a. =O I. 

,r.- . \ ,t. J,(, z 01,a. 0 
B eny'lae :>Ke, Korn a po:>KnaroTesr .i• -Me3oH H cpoToH I CJ = r · , 7 == I 

i· 
cf ..M: 1 

:: 2ch lt"o 

----- - --------- ·_ ---if}------- -
'l"o =- ch "s· 2 j'-2. + m~. 
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6/ BBeneeue HHBapnaHTHhlX rrapaMeTp0B 

BBeneeue nopeHu-nHBapHaHTHhlX nepeMeHHhlX uenecoo6paaeo_ B KaqecTBe rrpenBapu

Tenbeoro wara nmt nepexona B nucrrepCH0HHbIX COOTH0WeHHHX B CHCTeMy ueHTpa Mace 
1 

C yqeTOM oTnaqu • OHO rroneaHO TaK:>Ke H nnH CTpOI'OI'0 noKaaaTenbCTBa nucnepcHOHHbIX 

COOTHoIIieHHH no MeTony Bororiro6oBa /cM. 
5

a MaTeMaTnqecKoe norronHemrn,_ a TaK:>Ke u 
2 

O6cy:>Kn eHne TeopeMbI /7 .1 / /. 

OTMeTHM CHaqana, qTo MO:>KH0 BBeCTH HHBapHaHTHbIM o6pa30M napaMeTp. ~ I orxpe

nenSIH ero H3 nepB0I'O paBeHCTBa /3.6/ H ypaBHeHHH 

/3.25/ 

aTo nacT 

zy q,f(p+p') e = __. ______ ___ 
q''(p+ P') ' 

/3.26/ 

/BenuqnHa /3.26/ rrono:>KnTenbHa, TaK KaK rrpoH3BeneHHe nByx HeHyneBbIX BpeMeHHO-rrono6-

H bIX BeKT0pOB C nono:>KnTenbHbIMH HyneBbIMH KOMrr0HeHTaMH Bcerna '1Dn0:>KHTenbH0 /. 

n ocne orrpeneneHHH 5 H3 /3.26/ MO:>KH0 BBeCTll HHBapnaHTHbIM o6pa30M BeKTOpb! 

/). n Q. , a aHaquT u rrapaMeTp IYZ.11 =f-~1. /rrapaMeTp q,i mrnapnaHTeH rro onpene-

n eHuro/ • .llnH TOI'O, qT06bI Bbip83HTb HHBapHaHTHbIM o6pa30M BenHqHHbl w, p n ol- yno6Ho 

rronb30BaTbCH ewe BHBapnaHTaMB 

p + p' 
2 Q ' ') 

.!-1 a 38KOHa coxpaHeHHH ./3.2/ aarrHCaHHOI'0 B cpopMe 

rronyqaeM 

p.t ~ -( P-f' ):: - ch.i§. Qa.-,. fi!m! - ~ -r 2 (vh 5- Vi -r J V.2) 
nnH, rronb3YHCb /3.12/ H /3.16/ 

/3,27 / 

/ 3.28/ 

/3.29/ 
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llpyrne cKam1pHb!8 upo1I3B8ASHIHI rrerKo Bhrpa:>KaIOTCSI qepe3 Vi • HanplIMep: 

p Q :=:: p-2P' Q. = Ch5. Q. 2
- Yl, 

q, P-/' = 2 (ch, 5-vi .,./Vz- iz). 
OTM8TIIM, qTo T.0.TlbKO IIHB8p1I8HT Vo 38BIICIIT OT 9Heprmr t,.) II ero M0:>KH0 paccMaTplIBaTb 

K aK aHepreT1I11ecKyIO uepeMeHHYIO, a napaMeTphr V 1 , )}L , 5 :I. - .. -
, <J, C'ilIT8Tb qJIIKCIIpOBaH-

H blMII, 

llrrSI A8.TlbH8HWero HaM TIOH8A061ITCSI T8K)K8 II o6paTHaSI CBSI3b - Bblpa:>KSHIISI IIHBap1IaHT

H blX CKa.TISipHblX npOII3B8A8HIIH qepea napaMeTpbI, IICTI0.Tlb30B8HHbl8 B TIYHKT9 a/: 

2 ch 5. Vt ::=. "cl·i 5· Cy Q::.21:'0 + 2 f'z.m; - 2 J m., jJ cos d.--M ;+ P ~ 
13

_
301 

v:z. ~-½1,11 =-/m/-t-pm 0 cosrx..; 

"s _s- /3.31 / 
ch 5. q.,ly' == 2cJi .5· t 0 -t-2 p-m. A CO:!d.- e ( M;-pz.) + uch.iJ· 'C'o 7 

C,h,5. q, f'::::: 2 vh5- t'o -2 p mA cosol - e-~ ( M: - p.t.).,. er c.h:t5. 'C"v; 1
3

.321 

ch-25- g'IJ,''"" m! +Ch25.'t'o - [Jk!.ch2,J.Oio. /3.33/ 

§ 4. ,DIIcrrepCII0lIH_J,19 C00THOWSRIISI 

a/ ~CxeMa IlOK838T8.TlbCTBa, AHa.TIII3 8HTII9pMIITOBOH qacTII. 

B 9TOM TIYHKTe Mbl yKa:lKeM, KaKIIe MOAIIqJIIK8UIIli HY:lKHO ·CA9.TI8Tb B cxeMe paccy:>KAe-

4 
HIISI pa6oTbl • A.TISI Toro, qTo6bI BbIBSCTII AIIcnepCIIOHHhle C00TH0LL 9HIISI A.TISI npoueccoB B1Ip-

T yanbHOf'O cpoTOp0:IB:A8HIISI ABYX qacTIIU /Ha OCHOBe TeopeMbl, ccpopMy.TIIIpOBaHHOH B 
4 §3/. 

n yTeM 38M8Hbl nepeMeH~bIX 

X'::: t} { ( i - ~) X -r ;t} , x''= : ~{(i+ rz )x-11} 
ypaBHSHIISI /2.7 / II /2.15/ M0ryT 6bITb npeo6pa30B8Hhl K BIIAY 

Tut - rr Ft i(Qx.+J1y> 
( w , il e ) = J JG d,, x. d I/ /I c x, ~ J e , /4.1 I 

Tadv -- ff pa. ,·,Qx+A~J (lJ, iLe)= _dq:J:.d";/ _ (x,y.Je , 
c;. 

/4.2/ 
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r',Ue B Clilly yClIOBlIH rrpnqlIHHOCTlI /2,9/, /2,-17 /, lIHT9r'plipC>B8Hlie B. /4.1 / lI /4.2/ pacrrpo.,

CTpaHH9TCH COOTB9TCTB9HH0 B o6nacTHX 

I 

(;.: X <O, 

OTCIO.Ua, rrom,ayHCb /3.21 / I /3.22/, 38Kl!IOqaeM, qTo Bbip8)K9HlIH /4.11/( 4.2 )/srnmIIOT

CH aHanHTHqeCKlIMlI ¢yHKUlIHMlI B BepxHefi IHlI)KHefi/ rronyrrnoCKOCTlI KOMrrneKCHOfi rrepeMeH

x/ 
H ofi {,J ecnn BbITI01IHH9TCH HepaBeHCTB0 

/ Jm, WI> /.7rn /l. (W)/ = / 1 m 1/tvt.- QZ -L, 2 
/. 

/4.3/ 

T aK KaK 

I '1 m. Vu + i if I HBl!H9TCH y6bIB8IO!ll9H ¢YHKUlI9H OT ,, u ,, I lI cne.uoBaTenbHO HepaB9HCTBO 

/4.3/ He y.uoBneTBOpHeTCH .unH peallhHbIX lIMTIYllbCOB qacTHU /.ung BemecTB9HHbIX Q lI 

l I. noaToMy CHaqana MbI paccMaTplIBaeM ¢nKTlIBHbrfi rrpouecc, Kor-.ua KBa.upaTbI 4-nM-
\ 4 

TI y llbCOB BlipTyanbHOr'O ¢oTOHa lI pO)K .ueHHb!X qacTlIU aa.ua IOTCH COOT H0ll19HlIHMlI /cp. I. 

/4.4/ 

n pH 9T0M HOBaH BCIT0M0r'aTel!hHaH rrepeM9HH8H 't" BbI6npaeTcH TaKHM o6paaoM, qTo6b! 

Bbipa)K eHne Q'- + L z. 6bllIO oTpnuaTenhHbIM: 

( 2 S h, 5 - cf ch 5 )2 ~ + 2 [( 2 Sh. 5 -0 ch. 2.5) 

] 
-r- ( M! - ;3.2)2 +~ 2 m,4 5 i .., 2. ,_ + ......._.......___,----< .{__ 0 

I&., a,. mA p2 .. • 

2 ~2 

Mt> - e__ cos ot... + 
p 

/4.5/ 

x/ 4 
K aK Mb! y)Ke .yKa3bIBann ,HepaBeHCTB0 /4.3/ H9llb3H 38M9HHTb 6oJiee cna6b!M 

HepaBeHCTB0M, KaK 9TO .uenaeTCH B pa6oTe Kn6na ( 2] /§ 6 I. 
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..[lnSI Toro, 'IT06hI /4,5/ BhinonHSinOCb Ha H9KOTOpOM IIHTepBane B9IU9CTB9HHOH OCII 1; 

Heo6xo.aIIMO II .llOCTaTO'IHO, 'IT06bi .llIICKpIIMIIH8HT neBoii '18CTII /4,5/ 6bm nonO)KHTenhHhIM: 

I z sh5 - och,2-~ 1.1 Ht; p 2 I<. I 2 mA Sin 2ol +(2 Sh5-och:t~;) M~;e._
2 

cosd, I. 

n pe.a11onoIBIIM 1 'l'J'O pz.< M; II 'ITo 2pmr. Sin/'-d. >(MA:z._ p 2)/(Zsh5-cfch2
5)cosoll. 

Tor.aa 11ocne.aHee HepaBeHC_TBO MOIBeT 6b!Th sa11IIC8HO B BH.ae: 

Z sh.5 -cfch,2,~ <. I/ P me. cos 2...!f_ ecnII 2 sh:} - cfch2

5 > o, M;. --:z. -z ? 
b, - p 

/4.6/ -

I Zsh5 -aclls/< ~{n:.: Sin/t;: 7 ecnII . 2 s h 5 - o ch 2. 5 < 0. 
• A p 

npII BbI!lOnHeHIIII /4,_6/ HepaBeHCTBO /4.5/ IIMeeT MeCTO .anSI 

ii L_ ~ <( 'l:z_.? /4.7 / 

r.ae 'Ct II 'C':z. - KOpHII .. ypaBHeHIISI Qz.-t- L 2. = 0 .· B cnyqae, Kor.aa 

2 Sh 5 - cf ch 2 5 = 0 , /4,7 / 11epexo.auT B HepaBeHCTBO 

Z, ,t):Z. 
(MA - f' z 

'f: <: - (2 Slfl.ol. p) • /4.7 / 

LlnSI 1rn6e)KaHIIfl TO'leK. pa3BeTBneHIISI, KOTOpbie MOI'YT B03HIIKHYTh II3-38 H90T'[pe.ae-

neHHOCTII 3HaKa rrepe.a .it.= vwr.-Q_L_ J.l· ' B .aanhH9llllJ9M, He oroBapIIBafl II He o6o3Ha-

. 1 - 5 
'!afl 9TO oco6o, 6y .aeM paccMaTpIIBaTh, KaK o6bi'IHO / /, CIIMM9TpH30B8HHbl9 II aHTIICIIM--MeTpII30B8HHbl9 aM11nIITY.llhI TIO B9KTOpy e I T,e. BenII'IIIHhI 

1(T(w,i e)+TCr.v~-ae+;) ~ -A (Tr {J, it e J- T < w , - ;l e>). 14 .s 1 

4 
Cne.aySI I nerKO !10K838Th, 'ITO Kor.a a 1: II3MeHSieTCSI-B IIHTepBane- /4~7 /·. 

{ 

rt-et 

T ( w, ·n == T r;u;/tl 

':Im. uJ >O 

1m.u.J<O 

/4,9/ 
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HBnHeTCH aHanHTHqecKofi cpyHKUHefi Ha Bcett K0MnneKCHOfi nnocK0CTH t,J , 38 HCKnIDqeHHeM 

KOHeqHoro qHcna ToqeK H nHHHfi paapeaa Ha BemecTBeHHOfi OCH! 3To YTBep>.K,lleHHe BbITeKaeT 

H3 pacCM0TpeHHH pa3HOCTH 

/4.10/ 

Ha BemecTB8HH0fi OCH W 

B cHny /2 .11 / 

r.ue T0KH J.P onpe.uem1IDTcH cpopMynott /2.13/, 

OTcID.ua .unH aHTH8pMHTOBofi qacTH A /4,10/ rronrrne~ 

/4, l 1 / 
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-?)(ff/' ( n,, p') Vcf1 ( p, n.) .cfc fo - e-Jt<l -1/M ~ +(f-f'1 :z ') -t-

+'7)_</, 'i"( ri, p') V~(P, ri) cf(po + 2 ch~. ev-VM ~+ (ft-7{'-"i"Y-) -

- Vq c n, f'Jt)-1'f' <P, n)cf(po -2 ch5.w -VM~ -t-(p-=t{'-7(n)2)J; 

3,ll9Cb 

/'l\, f i({J+f')X. I'')/ cfi.,y(-X) cf}.l"'(X) I d 
JJ<J,<j,"(P,fl)= (i/JiJ3 e <p <f'!_,11(:)C) + oA-1 c-x) P> V x, 

/4.12/ 

V1 1 (n,p')~<P'lj_y, (o)I p1n.>>, 

npll'19M 

P' +-q' == p<h,.>, p +q, = p<"-> t- q, '', /4.13/ 

n aHanorll'IHO .um1 cne.uy10mnx cnaraeMbIX. 

1-1 cnonbayst KllH9M8TII'l9CKIIe __ giopMynhI § 3, H8XO,llliM 

(p-"i{1Y=p 2 +e 2
l(.c)'-+ ~~n~; -cfe~T+J!· <M!-'f5 2)-2pmA c;:f, 

( ff-"cf'Fl,= p:t +e-2
~ w2 -+- ~!;; 7 0e-l1:+ ti~ (M :- p2

) + 2 fYmA ~r ? 

(p-q,'-c{''Y=- p2
.,. Lfch2 5 w2 

- I/ 1: + 2 M ! . · 

-·•_7"1,;l'"';"lll • 

• •. ·1 ··: 

; j ·•;..;..<•~;1:--1-.. -
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0TCIO.ll8 nerKO nonytiIITb' 'ITO oco6eHHOCTII cf -cpyHKUilli Bhipa:>KeHIISI /4. 11 / HaXO.llSITCSI 

B TO'IK8X I, r.ue 

/4,14/ 

/BepXHIIH 3H8K /+/ COOTBeTCTByeT nepBofi, TpeTbefi II nsrTofi O - cpyHKUIISIM,_ a Hil>KHilit 

I-I - BTopoit, tieTaepToit- rr wecTofi cf -cpyHKUIISIM Bhrpa:>KeH11sr /4.11/ /. np11 Mn.= M 

Ha /4.14/ Haxo.u11M wecTb nonrocoa -!:We, K0Top1:>re B03HIIKaIOT 11a o.uHoHyKnOHHhIX cocTosraHfi, 

rpaHHUhI HenpepbIBHhIX cneKTpOB COOTBeTCTBYIOIUHX O -cpyHKUilfi nonytiaIOTCSI '113 /4.14/ 

npII M 11. == M + JA-
Ten epb nerKO nOK838Tb, 'ITO npll Ha.unem.arueM orpaHil'IeHIIII o6nacTII Il3MeHeHIISI 

napaMeTpOB 5 ' p ' mA ' ~ ' cp2 
' MO>KHO .uo6HTbCSI Toro, 'IT06hI Hli:>KHSISI rpaH11ua 

HenpephIBHoro cneKTpa «Je == mi.n uJec ohma nono:>KHTenbHofi, a o.uHoHyKnOHHhre nonioca ne-
. . ,{:: ,,~!J 2. ~ ,Z 

m.an11 .uo HenpephIBHoro cneKTpa. I:) cnytiae, Kor.ua ff/:::::.{/,'' ==.,,,U l.unsr peanbHoro npouec-
4 

Ca/, KaK II B rpaHHUa HenpephIBHOI'O cneKTpa COB11a.uaeT C rpaHHuefi HenpephIBHOI'O cneKT-

pa .unsr II onpe.uenSieTCSI paBeHCTBOM 

2 cfi 5 · fo u)c == M;,t + ~/
2 

-r M ! - f 2
- 2T. /4.15/ 

Tut T""''l) via npe.UhI.llYIU0I'O SICHO, 'ITO cpyHKUilli (W,1:") II (<.cJ, 't) .ueficTBHTeJibHO npe.u-

CTaBnSIIOT co6oit o.uay H Ty :>Ke aHanHTHtiecKyro cpyHKUHIO T(tJ, i) /4.9/, perynsrpHyIO B o6nac

TII '1m W:f: Oc n11HIISIMI1 paapeaa e.uonb .ueficTBIITenbaofi ocrr np11 - e,o < r.,J <- «Je 

OheJlHHCHHIJII HIICtlflJT I 
~CpHI.U E!CCJlelODaHntl 

61-16nH()TEKA 



- 18 -

II o.Jc C:::: cJ C::::. 00 rr nomocaMrr nepBoro nopst.aKa B ToqKax :!:: 6.Je . • n pIIMeHSISI TeopeMy 

Kowu .anst 9TOH cpyHKillIII nonyqHM ,!lHCrrepCIIOHHbJe COOTHoweIrnSI .anst cpHKTIIBHOI'O npouec

ca /4.4/ / 1:' lf3MeHSieTCSI B HHTepBane /4.7 / I. 

AHanrrTHqecKoe npo.aon)Kemi:e .arrcuepcrroHHhIX cooTHoweHrrii no BcuoMoraTenbHOii nepe

M eHHOll npoBO,!llITCSI BuOnHe aHanorlfqHo pa6oTe 
4 • OHO OCHOBbJBaeTCSI Ha TaKoii )Ke TeopeMe 

4 C 

KaK If B § 3, .aoKa3aTenbCTBOM KOTOpoii Mb! ewe He pacuonaraeM, 

AHanorrrqHo upOBO.Ll!{TCSI II rrccne,aoBaHHe nepBb!X qeTb!pex cnaraeMh!X CYMMbl /4.11 I .anSI 
' 4 

O,!lHOHyKJJOHHb!X COCTOSIHIIii ICM, § 4/ . TaKOe paCCMOTpeHrre IIOKa3hIBaeT, qTo ouepaT0pbl TII-

ua {J)'f,f'(P,P,MoryT 6bITb aHanrrTuqecKH upo.aon)KeHbI no 7: .ao "l: = ,c; 0 rr c0Bua.aa10T c 

9pMHTOBOii qacTblO aMTinHTY.Llbl BHpTyanbHOI'O qJOTOpO:>K,aeHHSI 0.LlHOll qacTIIIlbl, Hccne,aoBaHHOii 

B [l~]TaK KaK 9HeprIISI Me30Ha B CIICTeMe BpaiiTa .anst 9TOI'O upouecca ne:>KIIT Hlf)Ke uopora 

p eaKillflf BIIpTyanbHOI'0 cpoTopo )K,!l eHHSI' TO BenHqHHY 'D cne.ayeT BbJqHcnHTb qepea COOTBeTCTBy!O

Ill nu .arrcu.epcrroHHhiii HHTerpan. 

BepwHHHbie ouepaTophI V , co cBoeii cTopoHhr, To:>K,aecTBeHHhI c paccMoTpeHHhIMH 

B [
4]_ OHH TO)Ke aHanrrTrrqecKrr npo.aon)Ka!OTCSI no 1: .ao 7: = 1:o rr rrMe!OT cne.ay10wrrii Brr.a 

I a cnyqae, Kor.aa B KOHue po:>K,aa!OTCSI Me30Hb1/: 

B enHqrrHa ~ ()lZJ. 

Vq' < P'~ p') =(2i)312 u CP'J Js t'y, ~ (f 2J u ( P'J. 

5 
MO:>KeT 6b!Tb OTO)K,!l9CTBneHa C M eS0HHb!M aapSI,!lOM /cM. I. 

/4.15/ 

npe.anonarast, qTo aMunrrTy,aa paccMaTprrBaeMoro rrpouecca He BoapacTaeT ua 6ecKo

x/ 
HeqHOCTII MO:>KH0 OKOHqaTenbHO HanHcaTb .arrcnepCIIOHHbJe, COOTHOWeHHSI B BII,ae .IOTHOCII-

TenbHO 06oaHa'i:eHIIll CM.12.18/ /: 

(,,,.)-Wo !Pf A ( w') d,(,J I + 
1)(t.J}-7J(fJJa)= Ji J. fe.J!..w)(t.J'-W,) 

IW'l>A>c 

.; { 9e 
-+-(l.J-Wo)L (C4le-tJo)(We-t.J>. 

e;;t 
ke } 

((A)e 1-tJo KtJ e.,. tJ) 
7 

/4.16/ 

/" 

r.ae KOHCTaHThI ~e rr k e BbIpa)Ka10Tcst qepea orrepaTOpbI '7J rr V /cp. (
4
~ cpopMym. 

/2,11/ /: 

xi 
3To rrpe.anono:>KeHrre m stBnSieTcst cywecTBeHHhIMIXoTSI OHO .anSI ynpyI4Jx upoueccoB 
oupaB,abJBaeTCSI Ha 9KCrreprrMeHTe/, OTHOCHTenbHO o6wero cnyqaSI CM, • 
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KOHCTaHTbI ~J H k 3 He y.uaeTcSI Bbipa3HTb Henocpe.ucTBeHHO 'Iepe3 aMnnHTYLlhI peanbHbIX 

npoueccoB, 

5/ H eHa5monaeMaSI o5nacTb 

B 9TOM nYHKTe TIOKa)KeM, 'ITO tIOporoBaSI 9HeprHSI "'" ~paCCMaTpHBaeMOI"'O t1pouecca, 

Ot1pe.u eneHHaSI COOTHOllI 0HH0M 

/4,17/ 

I Q 2 
H J../· Ot1pe.ueneHbI paBeHCTBaMH /3 .16/ H /3,22/-/, Beer .ua 5onbme HH)KH0I"'O t1pe.uena 

HHTerpHpOBaHHSI B LlHCt1epCHOHHbIX COOTHOll.I0HHSIX /4,1.6/, T,e. Bcer.ua cymecTBYeT HeHa5mo

Ll aeMaSI o5naCTb, 

OrpaHH'IHMCSI .unSI npOCTOTbI cny'!aeM, KOI"',lla B KOHue peaKUHH p0)K,ll8lOTCSI 'IaCTH[lbI 

0.llHOI"'<? H TOI"'O )K0 copTa, T,e. KOI"',lla 

BenH'IHHa H0Ha5n10.uaeMofi o5nacTH MO)K0T ObITb oxapaKTepH30BaHa pa3HOCTblO /cM, 

/4,15/ H /4,17/ /, 

lJ I, l,J L f'o 
n- c=-1i,a. + 

• C ~ 

/4,18/ 
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MO)KHO rrOK838Tb, 'ITO Bbip8)Kemre /4.18/ rrpHME!HSieT H8HMeHbWee 3H81I0HHe /oTHOCH

TenbHO yl"na ol I, KO!"na 

CO-Sol,=._ 2 Pmt. lb 
M~-p.i r' 

/4.19/ 

EcnH aaMeHHTb B /4,18/ cos cL qepe3 e!"O Bbipa)KeHHe /4.19/ I TO rronytJHM 

eh-2f. (w;-GJ/)=j'2.Ch2.f +m! Ci+/')-
_µ1. 2. 

(Me -t- ::r +MA - P2
- 12. t'o )2· 

Lt(M:z.+F,,) . 

n paBaSJ qacTb nocnenHe!"o p_aBeHcTBa SJBnSJeTcSI Hey6bIBa!Omeii: cpyHKuHeii: / 5 / H cnenoBaTenbHO 

rrpHHHMaeT H8HMeHbWee 3HatJeHHe ttPH 5 .':" o. To!"na, CO!"naCHO /3.24/' ~ =0 l{ 3H81IHT, 

- J, - - 3T F 
B cHny /4.19/, d.- 2 . .[lm:1 5 - 0 7 cl- T• 

ff p2
( M2

..- fP-)(W~ - wt)= 

z ,., :z. 2. _µ,.t.-q.J· ) q}- ] z. :z. It 
=M mil +z[MI" +( z ;-~ 13.1.- 4 M mllt-(MJ") p+ 

+fl'-'1.[t Cj'- 2-q/)+M(M+;dJ+f M(M+J'-)} p2.+ 

+ Ma.(µ, a. - -t/·) 2._ /4.20/ 

.[lnSJ TO!"O, tJT06bI /4.20/ o6p8IU8JIOCb B Hynb ttpH nono)KHTenbHb!X m.;-Heo6xonHMO l{ 

nocTaTOtJHo, \l'.T06b1 qneH He conep)K8IUHii: m 6 6hm MeHbwe HynSJ. 8To rrocnenHee ycnoBHe 

BbITtOnHHMO TOnbKO, ecnH 

i f-t ( i,. -;,<2.J- 3M (M+J' ))i-2 > o, 

'ITO HeBO3MO)KHO, T8K K8K B HaweM cnyqae q.:l< 0 • 

8THM ttOK838HO, 'ITO ' B nHCTI0pCHOHHblX COOTHOIIIeHHSJX nnSJ npouecca ( p + 'lf-p'+Ji'+ rt") J 

Bce!"na eCTh HeHa6monaeMaSJ o6nacTb, 
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B aaKmoqemrn BbIpa:arn10 rny60Ky10 6naro.uapHOCTb A.A .noryaoBy, no.u pyKoBo.ucTBOM 

KOToporo BbITIOnaeaa aTa pa6oTa. 
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