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B MaTeMaTH'l8CKOM nccneaoeamm KBanToBoMexanuqecKoli npo6neMbi 3-x Ten B nac­

Tostmee Bp8MSI UOCTHI'HYT 3H8'lHTenbHbiJi nporpecc, CBSI3811Hblll I'IIliBHbiM 00p830M C. paoo-
/1/ TaMH n.n. <Pauueeaa no nayqenn10 peaonbeenTbi onepaTopa sneprnn • <PanneeBbiM uoKa-

3bmaeTcst TeopeMa paano:n<eunst nponaeonbHOli rjlynKunn no co6cTBeHHbiM rjlynKUilstM aToro 

onepaTopa, npH'l8M Ha nOT8HUII81Ibl napHbiX B3811MOitellcTB!ill H8KII8AbiB810TCSI TliKRe orpa­

llll'leHHSI ( B 'IliCTHOCTH, Tpe6oB_liHII8 OI'pliHII'IeHHOCTII 9TMX noTeHunano"e), 'ITO OllCpaTop 

aneprnn IIMeeT KaK nncKpeTHbiii, TaK n uenpepbiBHbiii cneKTp. OcTaaastcb B paMKax WtJKe 

9Tnx orpa!m'Iennli ua noTeuunanbi, pemeHne npo6neMbi nenb3st C'lHTaTb anomie ynonneTBo­

pnTenbnl>IM, TaK K8K pa3nOlK811U8 no TOMY nonHOMy Haoopy, KOTOpblli IICnOnb30BaH B/1/' 

npaKTnqecKn nenpnronno nnst c'!eTa. TpyaHocTn cestaanbl c neo6xoaHMOCTbJ<? Bbixoaa na 

KOMnnOKCHYIO nnOCKOCTb H C nocnenyiOillllM npeaenbllbiM nepexonoM H3 KOMnneKCHOli nnoc­

KOCTH na aemecTnennyiO ocb B stape peaonhaeHTbl onepaTopa sneprnu. ITonyqenue KaKnx­

nn6o narnstAHbiX Ka'lecTeennbiX npeacKaaannl! na aToro eecbMa o6mero ¢opMannaMa TaKJKe 

aaTpyannTenbno. 

nnst nony'leHHSI K8'I8CTBeHl!biX peaynbT8TOB II nnst 'IllCneHl!biX pacqeTOB Oo."Jee nnono-
/3/ 

TBOpHblM stBnsteTCSI M8TOA, liCIIOnb30B8HHhlli B paooTe , COI'Il8CHO KOTOpOMy H3 HeCKOnb-

KIIX B38llMOAellcTBYIOillllX 'I_BCT>Ill OAHa BHAensteTCSI SIBHO, a OCT81lbHb18 paCCMaTpi!BliiOTCSI 

KaK HeKast cnoJKHast qacTnua,crroco6nast K Boa6y)f()1eHIIstM. PaanoJKetme nonnoli eonnoaoli 

<jlyHKUIIII no COCTOSIH>ISIM CIIOlKHOli 'lliCTHilbl npHBOllllT K OeCKOHe'lHblM CliCTeMaM 1IpOCTbiX 

aH4'r!JepenuiianbHbiX ypaanenal!. Orpy6nstst pa3HbiMH cnoco6aMn 9TII 6ecKoHe•IIIbie cncTeMbi, 

nonyqaiOT KOHe'IIIbJe, KOTOpbie yJKe nerKO llOAitliiOTCSI KaK llHBilllTll'leCKOMy, TaK II 'lHCnen­

HOMy liCCneaoBaHHIO, 4TOObl npuoopecTll yeepeHHOCTb B npaBHnbHOCTll OCHOBHhiX peayn~­

TaToB, yJKe nony'IeHHblX Ha aTOM IIYTH, II OTKpb!Tb nopory anst ll3y'IeHI<st 6onee TOHKIIX 

a<P<!>eKTOB B IIOBeueHHH CIICTeMbi TpeX Ten, HeOOXOitHMO KOilll'IeCTB8HHOe HCCne!lOBliHHe 6ec­

lCOH9'lHb!X CllCT9M ypaBHeHnJi, 

/3/ 
nannast paooTa, SIBIISIIOil[llSICSI pa3Bil THeM paOOTbl , nOCBSIIlleHa KOilll'IeCTBeHHOMy IIC-

cneAOBaHHIO 6ecKOH8'lHOl! CHCTeMbl ypaBHeHHii lt.II!I cny'Iast, KOI'Ua cnOlK118SI 'IllCTHUa He MO-

JKeT UHCCOUHHpOBaTb H He IIMeeT Herrpepb!BHOI'O ClleKTpa, HO UMeeT UHCKpeTHbil! CIIeKTp 

nponaeonbHoro BHUa. PaccMoTpenne orpann'leHo oanoMepHbiM cny'IaeM. 3aMeTnM, 'ITO no­

Tennnan, npenstTCTBYIOillllll llHCCOillllllliill CIIOlKHO:! 'lllCTIIUbi, He SIBIIS!eTCSI orpaHH'IeHHOl! <jJynK­

Ulleli, TaK 'ITO paccMaTpnaaeMbill B uaHnoli paooTe Knacc CIICTe'd na Tpex cnyqaJIHbiX Ten 

HaXOAHTCSI BHe nonst 3peHIISI OOI![eli TeOpiiH, pa3BHTOH n.n. <PaaueeBbiM, 

/3/ 
B npeUbiUYilleH paooTe B Ka'leCTBe IIOIIHOI'O na6opa BbiOIIpanHcb TllK Ha3biBaeMbie 

ceo6oUHbie aonnoBbie <jJymcunn, yuoeneTeopstiOiliiie ypaaHenniO 
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rne " 
mlm2 

1!2 •· "'t + m2 

••o 
2M

2 
¢,. + V1 ¢0 2 .. 

0 ¢0 
:En n 

'I' (x,y) = I ¢,. (x)·¢: (y). 
n 

(I) 

Eenn noneTaBHTb B ypasaeane nmr 'l'(x,:r > 3TO pa31IOJKCHHC H Boenonb30B8Tbe>I ( 1) 
1 

TO 

nony•mM GeexoHe'IHYJO eneTeMy aauerrneaah!x nn<jl<pepeHUHan&HbiX ypaaHeHnil: 

¢';,- 2M 1 (E:+8E~ ..:.E)¢m:;w .. ,.¢ .. 

0 0 
w .... = J(VIB + v23 )'¢ D <ll m dy 

0 02 
liE,. (x) =J(V13 +'V

28 
)'<J!,. dy 

(mt+m2)ma 
M =· 

1 ml +m2+:m3 

Cornaeao
111 

ttn>I xoa¢¢nuaeHTOB ·w 
mn 

(mi-n), 

enpaaennnsbi eneny10mne oueHxH: 

Mt 
I wmn I< y; 

max II (!>,. ¢ n I-i-I ~ m ¢ n ll 
y 

IE,.- Em I 
X 

'fyj~':![ V 13 (x +By) +'V28 (x~Ay)] 

rne A mt 
B= 

m 
m 1_ + rn 2 m t + m2 

(2) 

(3) 

B pa6oTe
1 
l/ noKaaaHo, 'ITo eenn qaeTiiUbi 1 n 2 es>IaaaLr noTeHunanoM n anne np>I­

Moyron&noil S!Mbl e oeeiCOH~'IllbiMH eT8HKllMH1 TO oeeKoHe'!HllS! eneTeMa aauenneHHbiX ypas­

, neai!il (2) MO'KeT .'5biTb pernena, aanpHMep, MC!TOJlOM <l>penron&Ma. TaM JKe OTMe'Iello, '!To 

IIMeeTeSI HCKOTOpblil 'sanae' eXOJlHMOeTn H eXOJlHMOeTb eoxpaHI!TeSI Up!• Ko:.<jlf;IIIUIICHTllX 

eBSI3H ·w mn i, yobJBlliOlliiiX HCeKOilbKO MCJlneHHee, '!eM 

paeTylliiiX He CTOilb Ob!CTpo, KaK ( 2n + 1) 2 
• 

1 

lm -nl 
, 11 aaeprHllX En 

B aacToSimeil paooTe nenaeTesr nonbiTKa rronaoeT&IO IIcnonhaoaaT& aToT 'aanac', TeM 

caMbiM onpenenaa paMxa, B KOTOpbi1' nocTpoeanoe no MeTony <PpenronhMa pernenne 6yneT 

KOppeKTHO, 

. MccnenoaaHI!e yno6no Ha'lBTb c paceMoTpeHml aaepreTnqeexoro enexTpa Bllna 
2a 

:En = ( Zn + 1 ) , rne 0 < a < • Ueneeoo6paaaocT& Bhroopa aTorn 

CIICKTpa ooycnoaneHa TCM, 'ITO OH KaqeeTBei!HO OXP.aToiBaeT Bee B03MO'KHbJe enyqan, a 

liMeHHO: llpll ~ .< a < 1 e poeTO:>.! IIOMOpa D paCCTO!IHHe MeJKJly coee)li!HMH ypoa-

4 

r~' 

f'··., ,p 
' ' ·! 

. 'I 

!··1'-· 
' ·' 

I 
'~ ~ 

J 
! 
'·' li 
I 
,I 

i, 

HHMH YBCIIH'IHDaCTCS!i npn a= ~ -. nannno axannncTanTaoe pacnpeneneHne ypoaneil; npn 

0 .<a .< * C pOCTOM 3Heprnn IIIIOTHOeTb ypOBHeil enOJKHOl! '!aCTllllbl yBCIIH'IHBaeTel:l, 

no BHJly aaepreTH'IQexoro eneKTpa, HCII01Ib3YS! IIpaBHIIO KBa!ITODllHlll:l Eopa-3oMMepPenbJla, 

HBXOAliM, 'ITO 'IBCTHilbl 1 H 2 eBR3atlbl llOTCHUHMOM 
_a 

vl2 (y) = IYI !-a 
(4) 

a = ( 2n + 1) 
1 
-a 

rne a - TO'DCa noaopoTa, 

Ma ycnoBHll, :s:oTopoe HaxnanhiBaeTCSI Ha HMnyn&e npn KBaanxnaeenqecxoM npnomexe­

ann, nerKO IIOIIY~HTQ rpaHHUh! llpHMCHHMOCTH KB83HKII8CCI1KH: 

2a s f(ct}- 2 3;8a- 1) 
Y t = [(2n + 1) -v<--a ) (:ln+ 1) 

1-a 

1-a 
2a 

1-a 

y2 = [ r 2n + 1)2~ + ~(f(a)• a 
1- a 

2 ~aa- o 2a 
) (2n+ 1) 

r.ne 
1 _.!!!._ 

f(a) = f,/ 1- x 1-a dx , 
0 

f(a) 

f( a ) 

•V 

p JI c. 

0 npu a -> 0 , 

nprr a ... 0 • 

-------

!I 

Me:ll!.lly TO'IKBMil Y 1 K y2 KBaanxnaecnxa He npnMeHnMa. Mo"<Ho noxa3aT&, 'ITO 

MBKC'IMYM BOIIHOBOI! tPYHKUHH JJ.nH IIOTCHUHana BHJla (4) neJKHT BHYTPH S!Mbl B TOil OonaCTll, 

rJJ.e npnMeHHMa xnaanxnaccHKA, Boo6me MO)!{HO nony'InTh' 
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c .. 
1-< _ za-1 I <II n (y) · •-_61af(a) (2n+ 1) 

y2p.v 1-a -
y -~ y1 

--1.IL 
aa-1 

_a -·C .. y T::a 
ICIJ .. (y)l:< 1-a 

4 
2a 1-a 

+c .. v1ft[(2n+l)-y 1. 
2{/14-<Vr<2n+n"~- y~l· 

A· Cn 
I~. <Y>I < -

~2p. v _illgl_ ( 2n + n" --' 
1- a 

C • a ( 6 
1<11 .. (y)l < " ~ A-B)y'(2n+da-1 

• V 2p. V< ..C(a) )' 
1-a 

·C .. 

I <1111 (y)l < 4 ~ 1 al(a) ( 2n + 1) ----;;'1'7::"\'~~:-;)aa<a- 1 

2y2p. v 1-a 

aa-1 
• ~en. _a_ yt=F 

1<1>,. (y)l < 1-a 
4V2p. ~[y~-(2n + 1)

2
a]

5 

Cn ' 1:':z 2a 
+ -r \f2p.[y -(2n+ 1) 

rne KOsqJ<jlliU!IeHT C,. 
0 

nai!neHHbii! R3 ycnoBil>l HOpM!IpOBKH0 eCTb: .--V-21' 
C,. ~- li- a 

( 2n + 1) 

• (fT + ~). A=SID--g- 4 

-n:. 
8 B=r 

- fT 1 
v' 2p. = 'f • f(a) 

wmn nomKHbl Ob!Tb yqTeHbl AB8 cnyqag: 

y1 :>,y -:$.Y2 ' 

y ?. y2 • 

(5) 

(6) 

1) Ypoann m n n 
nocTaTO'lHO ynanenbl npyr OT npyra, 11 o6nacTn, rne Kaaan-

llpn oueHKe KOsQ~!IU!IeHTOB 

Knaccl!Ka ae npnMeH!IMa, BaaHMIIO ae nepeKpbmaroTc>I ( pnc. 2). 

6 

l 

v 

'll 

0 v-

p II Co 2 

Torna 
2a 2a (7) 

(2n ~ 1) _(2m+ 1) >~( a{:a~ )
2 [~(2n+ 1)2(3a-1)+~(2m + 1)1\:aa-1)] ·• 

Ouen!IB I <II m ¢n + ell m <lln I B KaJKAOil na o6nacTeil, noxwaannwx >H< ;mcynKe 2, ncnonh-

ayg llpll 9TOM (3), )5), (6), (7), BbiO)l8B M8KCHM8llbHYJO 113 9THX OlleHOK1 IIOIIY'liH.<: 

Var ( V13 + V
23

) 

IW I<~ • IY/<oo , a {L/3 
,., 4M 2 f(a) (2m +·1) 1- 2 a[(2n+ 1)2 a -(2m+ 1)2a ' 

(8) 

var (V 18 + V23 ) 

I~ I<~· 1"1 <... • a>V3 
mn 4M f( ) tfa-a/2 2/ a-z/2a 2a 2a -

• (8') 
2 a (2m+ 1) (2n+ 1) [(21»-l) -{2m+ I) l 

llocnenaee Bbipa:>Ke!IHe MOJKJIO nep&11!1C8Tb B HeCKOllbKO _ l!HOM BIIAe, BCIIOMHHB1 'iTO npH 

a ~ L/3 
2a 2« a f( ) 2 2(3a-l l 

(2n+ 1) -(2m+ 1) < 2v'(~) (2n+ 1) 

Bb16paa (2m + 1) > cf(a) 
1- a 

nonyqaeM 

OT.<yna 

1-a 

('iTO ace rna aoaMOJKHO), nocne necnolKHbiX npeo6paaoaannl!: 

a/2 
( 2n + 1) < 3 ( 2m + 1) • 
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4 

I w I< rty3 MIN 

mn 4M
2 

f(a) •(2n + 1)'-~a [(2n+ l)2 a -(2m+1) 2a] 
vst (V 13 + V28 ), (8') 

IYI<oo 
a ;:: .l/3 

2) YpoBHII m n n pacnonoJKeHbl .llOCTilTO'IHO onaaxo npyr K npyry, 11 oonacTa, 

rne KB83HK/I8CCIIK8 He IIpHMeHHMB, 'IBCTil'IHO nepeKphlB810TCSI (pHCo 3). 

v 

It 

E 

, 
0 y 

pI! c. 3 
Torna 

2a 2a 
(2n + 1) -(2m+ 1) 

a f( ) 2 a 2(3a-l) a ll(aa-1) 
<y(~) [y(2n+1) - y(2m + 1) ]. 

1-a 

Hcnonbays aTo 'cooTnmneane, a TaKJKe BhtpaJKeHn.ll {3), (5) 11 (6), 6yneM aMeTb 

a- !i t/a- a/2a 
I W I< rrM..t-M(2m+ 1) (2n+ 1) 

mn 8 2 ..liar( V :a + V 28 ) ' a< l/3 
4M2f{ah/-a_f(a)[(2n+1)a-(2m+1)2a]~4 jyj<oo · - '(10) 

1-a 

a-•M -I/ a +~a 
rrM 1 M(2n+:1) (2m+l) 

1·w., I< I var (V 13 +V23 ), a > l/3 
n e 2a 2a 3 " 

4M
2 

f(a)y-a_f(a}[(2n+l) (2m+l) l: jyj<oo 
1-a 

3necb 
M = (!.. + ~l + 1) 

ft 

8 .-N = (- + y3 + 1). 
71 

8 

( 10') 

• 

. npn llCIIO/Ib30B4HHII onaliOE (8), (8'), {8, ), ( 10), ( 10'), Ia T8KlKe COOTHOltleHHSI 

lqm
1 
(z'~O(z'-i)q., (~)I~ 'Y- a , 

2 (2m +:1) 
rna •y -l!aKOTOpall KOHCT8HTa, Bee· CBeneTcll K paCCMOTpeHHIO CXOJ:IIIMOCTII cyMM 

NA.<L 

m n n Taxne, 'ITO 
00/ISCTH 'IBCTH'IHO 

· nepe,Kpb!BiliOTCSI. 

Z1 •'r/f./3 
(2n+l)

2
-

2
a [(2n + 1)

2
a - (2m +1)

2
a] ~ 

+ 

z2 +'L ( 2n + 1)l-2a(2m+l)ll/JI'a w~t+l )lU -(2n +l)l!dl3(2 

m n n Taxne, '!To· 

'!To oonacTn, rna . 

KB83HK118CCHK8 He 

IIPIIMeHIIMa, He 
nepeKph!BiliOTCll. 

~ zl 
NA ~ ~ ----~-~=-----~~------~~~ 

n:p~;p i 2m+ 1)
2 

lC [(2n +'1)
2
a (2m+ 1) 

2
a ] 

2 
+ 

a> 1/3 

+: I z 2 
.m " n '2 . X a a 2/ a 2 / • a.< l/3 

ne nepeKp~ m + 1 2n +·1) [(2n+ 1) a -(2m+ 1)2 a ]a 2 -

zt =· 
772 y2 R2 M: N2 

4M: f 2 (a) 
z = 

2 

772 y2.R2 M~ Mll 

4M:f2(a)~_a_ f(a) 
1-·a 

(11) 

(12) 

R = Jvar[V 18 (x+ By)+ V23 (x-Ay)]<h 
. -.. IYI~ ( R nomKno ObiTb < oo L . 

4 z __ 71_, a>il, NA<236 Molillio IIOK838Tb, 'ITO J:I/Ill IIOTeHUllll/IOB, y KOTOpb!X 

rne 

a nng a.~.il 

z= 
27 712 ·y 2 R2 M 12 N 2 yJ 

4M 2 f 
2(il ) 

+ 
"2 'Y2 R2 M~ M2 

4Mi ·f 773(il) 

pllnbi' ( 11) I! { 12) paCXO)l51TCll. npanna, II3 pacxonnMOCTII"PllllOB npn a .$,il 

ema ne cnenyaT pacxonHMOCTb cooTBeTCTByromero naTerpana N A , TaK xaK aTn psnbt 

orpaan'!HBaroT ero mrw&·: cnepxy. Ceiiqac B03MOlKHO BbmecTII aaK/IIO'!eane TOnbKO o TOM, 
. ' ' ' ' .2a_ 

'ITO t.teToll 4>penronbM8 'xopowo pa6oTaeT'nHWb nn51-IIOTeHUH81lOB V
12

(y)=l:f11'-a 

y KOTOpb!X 

na N A 

a >.il B npBHUIIUe, xoaeqao, MOJKliO Chino Obi cnenaTb oueaxy naTerpa-. 

cunay n, noaMoJKno, noxaaaTb ero pacxr;>nnMoCTb nnll a .~ ~ • Ho aTa Tpyno-

eMKa51 ·pa6oTa, x cqacTbro, ue npencTaBn51eT .Pnaaqecxoro naTepeca, Tax KaK, naJKe cTporo 
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. I 

,OOKa3aB paCXO.OHMOCTb STOrO HHTerpana, H9B03MOJKHO C.OBJlSTb 3SKniO'l9HH9 0 TOM 1 'ITO He 

cymecTayeT ·HI! onnol! cxo.onmel!cn npone.oyphi nonyqennn pemeRHn cncTeMhi ( 2), n cuny To­

ro, 'ITO np1!3HSK CXOJlHMOCTH <f>penroJlbMS S!BHS!BTCS! liHWb ,OOCTSTO'lHhiM HpH3!ISKOM, 

TaKHM oopaaoM, ecnn nnoTHOCTh yponnel! cnoJKnoll 'lSCTHilhi yohmaeT c pocToM anep­

run, To aon.noaan <!>ynKUHn Tpex Ten MOJKeT OhiTb nal!nena MBTOJlOM <l>penron&Ma, B cnyqae' 

crymaiOinHXCS! HJIH 3KBH.OHCTSHTHhiX ypOBHeJ! 3S)laqa OCTaBTCH n'epelliBHHOJ!, 

n n T e p a T y p a 
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