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3 aJta'la o p a c c eHHKa " - weaonos na cj>Hx c aposa BBOM IIYIUto!le 21 .llByxucn'IJrow np l!-

61111JKelll!H B ycn os HH yKHT&p iiOCTR onacblsaeTCll ypas!feHJU<MR 'ly- •1 oy
11 1

, KOTopwe HNeiOT 

BJIJt: 

b I (c.J) 
At 

+ 

"' " 
f [ lm h 1 (c...~ 

w ' - w 
+ A tl Im h J( w ') ] d "' • , 

CtJ , + eLl 
(1 ) 

e1 0
1 <wl sin li 

1 
(w) 

b 
1 

( w ) = ---.------
q :l+t u ~ (q ~ ) 

- cPa3A paccesuou1 a COCTOJIJ!llll c onpe....,.. 

lleBJihiNII 3HA'IeBJin.o: nOJlBoro aaoTODR'IecKoro cna a a 1 • nonaoro woueBTa KOIIJI'IecTaa 

.QBJilKeBIIII J , T. e, i = (21, 2} ) "' - nonsa11 aaepr11 11 w e a o aa a cacTeue ll.... , 

• p. ( uacca w ea oaa) - 1, 

1<4, A 
11

- uaTpJUU nepe~q~eCTaoll CHMNeTpiiK. 'IHcaa >. 1 nponopoo aaro.RH 'KBMP&TY x o H-

CTAJITY CBli3H ueaoa-ayJUioB!Ioro S3AJlUOJteACTBIII • A 11 A 1 ~- A 1 • B nep BhU! yp&BBen " ( I ) 
/2 / 

6WJIJI DOIJY'feJihl , JICXOJ(II 113 r aNJinbTOBJiaB& D34JIMOAeliCTBill 

(2 ) H 1•• = v4u ,. 
TOIIbKO B C OC".:'OIUlli SU C f = 1 

3TO DpliBO.IaT K T0"'7, 'ITO B3aJIU OQellCTBB9 B KABB.Jial< (1 ,3 ) J1 (3, J) p8.Bilhl 'II KBJ1&J< C 

npxowaeT Tpi 3HA'IeBior i= l (l, l), (1,3) = (3,1), ( 3,3) I . YpaaneBI!I (1) 6ea npeAno -

IIO&e Bior 0 paseBCTBe 4jla3 ( },3 ) , ( 3 . 1) U OlltliO DOIIY'IITb B& OCHOBe CTporo J(Olt83aBilbiX 

llllcne pcaolUlHX c oaraomeBJIII AlUI rr N -paccemnror, pacc MATpHBan x x npeaen npa 1A ( Nac-

- JIY'KIIOBa) ~- B 8TOU Clly'lae HII.Qexc up~~uaeT 4 3 H&'Iemu<, a ypaBa e mut 

11'111 napllllllm.llhlX apmr b i (w ) n epeXO.Ilft B (1) npa A06!lBO'liiON n peADOJIOlKBJIJIIl ( 1.3 )u (3.1 ), 

n OCJiellJIJIIl IIOllXOD D03BOIUieT BYIIJIChiBATb yp&BB&IIJIS TRDa (} ) Be np116era11 X KGinpe Tao

N:y BIIJzy raU1LIIIoTO ... aaa aaa.:w oJ1ellcTBHB, C y mecTBeJIJIO TOI!bJ<O )'I&3ATb KBABTOBhle 'IKCJUI 

•ue30Ba• • ·~~= a Taw::ae 38ll&TbCsr cneK.TpOJA uacc CHC"t'eMhl. 'weaos•+ICTO"fHllk. 

np-. T8.KOM DODXOJl8 +tJa ... ecKJI p a 3DI'IBhle 38Jl8'IJI MOryT OJIJICYBaTbCil Oll.llll8K<Ml:b1MJI ypasne

mUIML T aa:. lllliiJ'•ue p, B3allNOAe llcTBKe aapaJiCeaaw x c x an !lpBhiX M830 BOB c HCTO'IHVI<OM 
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b = '1/ 411 g ( v (x .. )(r 
tnt l 

</. (;)+ r 4 (;)) dX" 
2 2 I 

B Bei!Tpan&H~X UCeBAOCKaliBpH~X Me30HOB C B CTO'IHBKOM 

ll = y417_!_ 
lp' ll 

v (;) ( v ;; ) ¢ (;) d: 
npBBOAHTCB X ypaBH9HH~ (I} c OABHaXOBbiMB MaTpanaMB A IJ H qHCn8MH AI , B. OTnH-

'la~TCB TOnhXO 3Ha'I9HBBM R , XOTOp~e paBB b l 0 B I COOTBeTCTBeHHO. S - BOIIHbl 

11N paCC9RHBR Tax~e UOA'IBRB~CR ypaBHeHR~ C Taxoi! ~e MaTpBUeA A IJ , so 'IHCna 

\=0 • OrcyTCTBlle noniOCBbiX 'lneHOB CBB38HO C TeM, 'ITO He CyWeCTByeT IIRHeilsoro B3aHMo-

AeiiCTBRR rr Me30BOM C cjlRKCHpOB8HHbiM HYKIIOHOM B S COCTOHHBB. HsorAa ypaBH9HBR 

AIIR S BOIIB 11N p8CC9 SJHHSI 38nHCblB8lOT C TB.K H83biB8eMbiM Bbi'IHT8HRet~i 1 T.e. npenno-

nara~T, 'ITO I b 
1 
( cu) I 't 0 • TorAa xpoMe non~COBbiX qneHOB B03HHJ<8~T nonsso"':"' 

6) -+00 

no "' t YAOBJI9TBOp511011lB9 COOTHOIIIeHHlO 

pI ( - "- ) = A IJ p l ( w ) • 

nepe'leRb npBMepoB, B KOTOpblX OABOMY ypaBB9HB~ THna ( I) COOTBeTCTBy~T lj>k3H'IeCKH pa3-

nH'IB~e (pa3Bble raMHllbTOHRaB~ B3aHMOA9iiCTBHR) 3aAa'IH paCCeRHRR, MOlKHO npOAonlKHTb. 

Mbi npaBena, Kax saM xaJKeTCH, cjlB3H'Iecxu HBTepeCHble cny'laR. Pe111eHHR npocTeilmax ypaB-

a eBB A TBna (I) c 3aAaHHbiMH 'lHcnaMB A I H90AH03Ha'IHbl. npa 3 TOM B XOAe peii!eHBR 

B03HBX8lOT cjlyBXUBB, C DOMOIIlb~ KOTOpbiX MOlKHO o6ecne'IHTb Ua1IH'<H9 DOIIJOCa DO cu , no-

BelleBBe sa 69CKOB9'lHOCTH ( DOJIKBOM pI ( <u ) ) • noaTOMy nepBOHa'lalibHO nenecoo6pa3HO 

OTBII9'1bCR OT TaKHX orpaHH'IeHHJI K8K H81IB'IRe DOn!OCOB y lj>yHKUHil h I (cu) H noae.neaue 

h 
1 

(w ) sa 6ecxose'IHOCTH. B TaxoA nocTasoBxe 3anaqa sanoMRsaeT Teops~ a lj>lj>eKTHBIIoro 

panuyca B HepeliRTBBBCTCKOA 38A8'19 pacceRHHR. B o6osx cny'laX pe'lb HlleT o6 ooweM Bbl

palKeHHB AIIR 8MDnHTYAb1 paCCeSIBBR 6e30THOCHTe1IbHO K KOKKpeTHOMY BRAY DOTeHUK81Ia HIIH 

raMHIIbTOBBaHa B38HMOAeilcTBHR. B TeopHR alj>lj>eKTHBHoro paAayca sa nOTeauaan uaxnanhr

BaeTCR orp8HH'IeHBe THna Tpe60B8HBSI XOpOTKOAeiiCTBHSI B BRAe KepaBeHCTBa/
3

/ 

f dr e 
1
"' v(r) < ~ (3) 

0 , > O 

AsanorR'IBble ycnoBBSI, aeo6xonHMble AIIR BbiBona ypaBseauA (I ) , 6&rna npoaaana3apoBaH&r 

/4/ 
npB !lOKa3aTelibCTBe !lHCnepCROHBbiX COOTBOWeBBA • CneuHcpH'leCKHM>I .QIISI K8>K.UOA KOKKpe-r-

HOil 3aA8'1B SIBIIRIOTCSI 

a) 3anaHBe XB8HTOBbiX 'IHCen 'Me30Ha' B BCTO'IHBX8, a TaXJKe rpynDbl OTHOCHTellbHO 

KOTOpoil BHBapBaBTBO B3aBMO!leliCTBHe, 

6) npennono~eBHe o cnexTpe Mace cacTeMbi •Me3oa' + BCTO'IHBK, 

B) npe.nnono>Kease o pocTe cjlysJtuBB h
1
(w) sa 6ecxoae'IHOCTB. 
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Ycnosue a) noason!leT ycTaHOBIITb BHU MHTpBUb t nepel<pecTuoll CHMM e TpHH A 
11 

, a ycno-

6) H a) tj>RKCUpyiOT liOniOC8 H CTelleHb pOCT8 tjlyBXUHll flHSI 
h 1 k) . Onmuro uepsoaa-

'l8nbHO BblUenHM 06rrtRe CBOMCTB8 ¢yH!UlHll h I (w) 
, KOT0pbl8 II03BOnsnoT YCT8HOBHTb 

38BHCHMOCTb h 
1 

(.,_) OT 
H BbiHCRHTb B03Hlllt8. 10WIIA npB 3TOM RpOH3BOn, ll0ll.06HO TOt.ty, 

1<8K B TeOpHR atjltjleKTHBHOrO p8UHYCB yCT8H8BnHB88TCSI BHll Bblp8~eHHH 

'i+t 
q ctg 15 r (q) 

H o6naCTb CXOURMOCTII p!llla /
3 / 

~ 
n =O 

"" q 

I • Tl OCT8HOBK8 38ll8'1H 

H3 ypasaeHHH (I) cnenyeT, 'ITO 

1) h (w) 
I - MepOMOptj>Hbte tjlyHKQHH KOM!IneKCHOrO nepeMeHBOrO B llnOCKOCTH C p83-

pe38MH (- ~, - 1], ( + 1 , + ~) 
1 

u 
2

(q ~I h / '" + iO) I 

rile h 1 ( w +i0)~firr.b 1 (w+i£) 1 > 
l -· + 0 

4) h 
1 

( -<u ) ~ A II h I {u.) . 

.U:t!! UBnbuellwero 6yneT YU06HO BMeCTO ll8pUH8nhHbiX BMllliHTyll p8CCMBTpHB8Tb M8,._ 

MBTpHUhl, fl03TOMy BBeneM l!OMHMO h kl 
' 

Cneuy lOW He tjlyHKURK 

) 2f+ I 2( ,_ h ( ) 
S

1
(w =1+2iq U q-1 It . , (4) 

rue ~ ~~--;;;~ onpenemtM TBK , 'ITO y ( w+i0) 2 -l > 0 np>t o• > I T o rJla q*(w)~~<u"'), 
0THOCHTenbuo ljlyHKUHH u(q ~ 6yJleM npennonaraTb, 'ITO u* (w ~ !)= u(w* ~ I) Ha R3blKe 

r BMHnbTOHB.BHB B3BHMO.lleHCTDHSI (2) 3 TO npe,nrrono>KeHH e 3!tBHBaneHT HO 3p MMTOBOCTU 

6yJleM npenn onaraTb T8KlKe , 'iTO u (q ") - MepoMoptj>Hble tjlyHKilHH . Torna B ljlyRKUHRX 

II 
lnt 

S 
1 

(w) l!OMHMO liOniOCOB ll8pUH8llbHblX 8MllJII<TyJl h 
1 

(w) 
6yUyT npRCYTCTBOB8Tb li0!1IOC8 

u ( q 
2

) • rlOCJ<OnbKY He o roeapH BBnOCb HanH'lRe llOniOCOB y h I (w) , aeT aeo6xo.aBMo-
CTl! Y'iHTbiB8Tb non10ca u (q 2) 

uenHKOM nepeHOCHTCg H8 H nepsoe CBOHCTBO h 
1 

(w) 

<jlyHKQHl! 5 I (u_) • 

CBo~CTBO 2) TiapuuanhHbiX aMnnuTyll 

S 1(u) , ecnn yqecTb sw6op eeTBII q (w) 

h k) 
I 

TaK lKe cnpaeeanuao nn11 <jlyaJ<uul! 

Ycnoeae YHHTapaocTa 3) npHBOllHT x ToMy, '11'0 

npu w > I 
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Jlns1 cjK>pMynHpOBitH ycnOBHII nepe!tpecTHOll CHMMBTpHB M8TpB'tH biX SflBMBHTOB S 1 (w) 

aylKBO 

mo6oro 

3H8TL HBKOTOpb! B CBOllCTDS MBTpHDbl A 0 8 HMBHHO, TO 'ITO l: A, = 1 AflR 
I •I 

HaJKe 6yneT noJta3aao, 'ITO o ao Bhmonn~~:eTCR. Torna c yqeTOM Toro, 'ITO 

q ( - o; ) = q (w) ycnODBB 4) T8KlK8 nepeHOCHTCH H 8 ¢YHKUHB s { (o;) R OKOH'l8T9/lbHO 

BMeeu: 

I. S 
1 

(u,) - MepoMOU<pnwe ¢ya KUHH I<OMnneKcaoro nepcMeJmoro a nnoCKOCTH c paape-

38MB ( -"' , - 1] ( + 1, + ~ ) 

II. s• (wi S 
1 

(w"'l 

III. ! S 
1 
( w + iO) I ~ 1, w > I S 

1 
(w + iO) = fim S 

1 
(w + i< 

{ .. + 0 

IV. S 
1 
(-w ) = A II S I (w) 

HaJKe 6ynyT cymecTseaao acnonL30BBTLCH csollcTsa MBTpHU A ij • OcTaaonHMCH 

aa aax noapo6aee. 

2 . HeJtOTOpbte c s oiiCTBa MaTpllllbl nepeKpeCTHoll CBMMeTpHB 

M a Tpana nepe~tpecTaoll C HMMeTpan Aij onpeaeneaa T8Jt 

( P ) = A' (P ) 
~ 1 ra tj f ~r ' 

(5) 

rae p l npOSKUHOHHbi l l onepSTOp llB COCTORHI!H C KBSHTOBb!MH 'tHCI<SMR, KOTOpb<C 06'bBAH-

HeRb! B OJJ H H H HAeKC H g - KBllHTOBble 11-HCll8 M030H8 JlO H rlOClle paCC9 RHRSl . 

OnepaTopbl p l I! MBIOT BillS HHABKCbl, ¢HKCHpy toiUHB COCTOS!HHC HCTO'tHHK8, 0HH OAHHSKQ-

Bbl B o6eBX 'IBCTBX ypanrreHHII ( 5) H ll03TOMY He B blnHCSHbl !!BHO, !13 llOflHOTbl ll OpT oro-

H8llLHOCTB npoeJtnHOHHbiX OllBp8TOpOB CneayeT, '!TO 

A = E (6) 

I A IJ = 1 (7) 

:2:_ c 1 A 11 Q c 
1 r n e c 

1
= Spu: P 

1 
• 

(8J 
~ 

CooT!IOil!e!IHH (6)- (8) ne 3 BBIICS!T OT npeanono)KeHIIR o TOM, OTHOCHTeo<LHO KBKoii rpynn hi 

HHB8p3BHTHO B38HMO.lleHCTDi1 0 Me30H8 n HCTOYI HHK8 , u nH , 'liTO TO ;r::e CB M Oe , OTHOCHTenbHO 

0 



I 

r 

XaJ:oll rpynnbl HHB8pR8RTHbl n p09XIU<ORHb19 onepaTOpb, fl 03TOM y HX HB.llOCTBTO'IHO Uflll 

fiOCTpOOHHR MBTPHIIbl A, 3 a uaBWIICb r pynnoll, OTHOCHTenbHO K OTOp OA HHBBpiUiHTHbl pI J 

M OlKHO pa3611Tb ( p I ) ro HB CRMMeTpll"'Rble H 8HTHCHMM9TpR"'Hbl9 OTROCRT9nbRO Tpaac-

fi031llUIH HHUBKCOB t S XOM6liR8 llBB, l<OTOpb19 UBUYT ypaBHeHHR
1 

H9UOCT810WRe Uflll onpeue-

fl911Hll MBTpRUbl A 3TH ypBBHBHRR IIMBIOT BHU: 

(m) 
c A 

lj 

<"'> 
= + c 

- f (9) 

H 6Y.<I)'T 3BBHC 9 Tb OT rpynnhl, HH>Ke 6y.a e M npe.anonarBTb ,'ITO (9) IIHBBpHBHTHb! 0 THOCHT9fl bHO 

rpynnbl spameaall, MaTpH'Iaoe ypaaae aae ( t5) HMeeT MHO >:<ecTao peweaal!, uacxpeTaoro a 

KOHTHiy8nbHOrO XBpBKTepa 

± 1. 0. 0 0 

A = U 0, : 1, 0, 0 
•I 

u 

0. 0 ................... +1 ' 

~HCKpeTHOCTb MHOlK9CTB8 CBII38R8 C p83flH'IRbiMH B 03MOlKHOCTRMB Bb160pa BBTBel! \j l 
•· 1 

Bcero auecb B 03M OlKRo - 1 pa3nB"'RbiX sapuaaTos, rue n - nop auox .. aTpRUbl, Koa-

THHyanbaocTb MHOlK9CTB8 OflpeuenaeTC!I napaMeTp8MH npOH3BOJtbROI! Be OCOOOii MBTPHUbl U . 

B Ka"'eCTBe npHMepa paccMoTpBM nocTpoeaue MBTPHUbl U nop!!llxa n C OJJ.HHM 8HTH-

CHMMeTpH"'Hb!M B9J<TOpOM C I (I:J), flou 3TOT Cfl)'"181! flOUXOUlJT npH B9U9HHbie HHlKe M8TpH-

llb! c 

B BHJle: 

o =~ . 3, MaTpHn:a nepexpecTaoll CHMMeTpKH 

1, 

p • 
I 

a ' 
I 

a 
n. 1 

a f3 
n-1 1 

A 

A = E - 2 
1 + a l + a , + .. ,,. a h 

1 

( I 0) 
t ' 1 2 2 n- r n- l 

a P 
n-1 n-

;., 
D•' 

a {j ' ........ .. .. 
I n- t 

rue a =( a 
1 

........ a._/.f:J = ( 1:
1 

.... f3._,)...(2n-2) napaMeTpos. 

YpasaeRHll (7) B (8) aanara~ aa a usa ycnosaa 

n. I D•l 

I a = - 1, I c a + c = o, 
I l+t I (11) 

1=1 1= 1 

I<OTOpble CyTb HCfl01Ib30B8HBH UBYX 1<3 n-1 CBMMeTpH"'RbiX I<OM6HRBU:Hl! p 
1 

, L!o6a&BB 

n-3 CHMMeTpH"'RbiX B9KTopa C A= C flDny"'BM 0- 1 ypaBHeHR H, 

EuHacTseaablll aaTHCHMMeTpB"'HbiA sexTop c A = - c uaeT o ypasaeaHll 

7 



1 + aJ j3 t .... + au. I p n· i 

( c +a 
1 

c 
2 

+ ...... +a D·t c 
11 

) = c 
1 

{J1 
( c I +a 1 c 2+ ... + an - I c n ) = C 2 

l+at/3!+ .. - +au.fn-1 
(12) 

P n· 1 { c +a c + 
1 1 2 

1 1 a l{l t····· + an ·J jJ a.- I 

+a c )= c , 
n-1 n n 

H3 IOTOpblX TOIIhiO n-1 JIUHeHHO He38BKCHWM. 

Ta~<HM o 6pa3oM, nnSI onpenene Hin 2 n - 2 napaMeTpos 5yneM HMeTb 2n - 2 

n:&H9HHblX ypasae1UtJ1. nn11 p aCCe KBllll Me30BOB C MOM9HTOM Ha HCTOqHHX& C MOMeRTOM 

'I. HJIII MBTPHilbl nepeipecTaoA CHMMeTpKK HM910T BHll: 

A = E -
f,t 

A f -
f ,y, 2 e + i 

I + a ' ,J ,- J:; t 1 + " I) 

a ~ 

1 

~ 8+ 31' + 1 · 

(f+ l ) 2 (71' -1 ) 

II , :: r - 1 

I 

1

1 , a 
1 

, -(1 <· a 
1 

) 

p
1

a/>
1

, - ( 1+"
1
){3

1 

II P , a /5 - (l+a )p 
2 1 2 t 2 

p =-
2 ", 

l + l f + l 

3. PaMaaoaa nosepXHOCTb BMIIJIIiTyn paccellliHll h (,J) 

(13) 

(14 ) 

npe>Kl!e '!eM 1i8XO.IlHTb o6m:Hli B11.1l IL!l.pDH8llbHb1X !J.Oml b i (,L') yCTBHOBKM BB.!l pBMa-

IWBOH nC>BepXHOCTl! <jJy.I'..KI11fg b (w) 
I , y.u=enoplliOlllKX y cnosam.. I I - 4) . C noMORlblO 

DplllUUiiill CHMMeTpHB llisapna :W: yC11<:>BBSI YHKTBpBOCTII M O>t<H<:> Dp0JlOJI"'1f'l"b hI (w) 
fiB BTG-

p oJi RRCT p:trMBJ<OBO H llOBep!<HOCTll ElMIIJIBTY.IlW h 
1
(w) . lln2 ~Toro rrp~~CT~BKM ycnoaBe 

)'i!KTDJ.>HOCTK B Hrtne; 

( w- iO) 
h 1 ( ' " -+ ;n) 

-;:--;-:--<l+' " "l h r ·o l + 1 q U \ q "" I ,W + l 
(15) 

8 



BenB'IBBa 2 i q •f+ 1 
u 

0
( q ~) cyTb 

-4L " 
rpaiiB'IBOO 3B8'18Blle 8BBJIKTH'I8CKOl! <i>YBitllHB 

2i (z~ -1) u
2
(z -1) , T .e . 

-i+l 

2 i q u 2 ( q ~) ~ fim 2 i ( z 2-

of+ I -.- u '( z ._ 1 ) . 

z ~ w + iO 

'" > 1 

Torna cornacso npasnBny CBMMeTpBB lllaapna, aaanHTB'Iect<aB <jJyst<nasr 

(0) 

b ( z 
1 

h 1 (z) 

1 + ¢ (z) b
1 

(z) 
rue 

i'+ 1 

d. ( z ) ~ 2 i ( z ·- 1 ) uL 2
-1) 

(16) 

\17} 

ecTb asanBTH'IeCitoe npouonlKesBe 'lepea HBlKHBll oeper paapeaa [ + 1, + "") sa aTopoll JIJICT 

pHM8HOBOii llOBepXHOCTB 4>Y,HitllHR h 
1 
(z) • AsanorR'IBO nony'laeTcn, 'ITO npouonlKeHBe 

'lepe3 HHlKHHll o eper BTOporo JIHCT8 pHMftHOBOl! llOBepXHOCTR h 
1 
(z) onpeuenBeTcs ¢op-

( 2) 
h 

1 
(z) 

( 2) 
I - </- (z) h 

1 
(z) 

(18) 

JleACTBHTBJibHO, H8 BTOpOM llliCTe BepHO, 'ITO 

( •>* ( 2) 
h 1 (z) ~ h 1 ( z* ) I 

KBK senocpeucTaeaso cnenyeT aa ( 17). 5!cso, 'ITO ooxonn AB8ll<llb1 T0'1KY z = + I 
I 

Mbl 

sepHeMCH K nepBOHB'I8JibHOMy 3H8'19HH~ <!>yHKUHH h 1 ( z) • Tat< liM o6paaoM, sa ycnoBRH 

YHHT8pHOCTH cneay e T, 'ITO TO'IK8 

soro nopsJua ( ~ v' z - I ) 

z =+ I CyTb TO'IK8 BeTBJIBHHSI <!>YHI<UHli h 
1 
(z) nep-

OTcJO.na HeMeJl.rteHHO BhiTe!CaeT, 'ITO TOqKa z ~- I T8KlKe RBJISIBTCSI TO'IKOJ! BBTBJIB-

HB!I llBpBOI'O llOpMKII ( y Z + I ) , 1100 COOTHOW<lH He nepexpeCTHOJi CHMM9TpHII Bb1p8)!{88T 

h I O ( - Z ) '1epe3 h 1 (z) • 0KOH'IBTBJibHO, pHMIIHOB8 llOBepXHOCTb <I>Y!!KUHJ! h 
1 
(z) 

B TO'II<Bl< Z = + l llBYJIHCTHa . Jlnsr BhiSICHBHRSI l<8 p8KTepa BBTBJIBHHSI <j>yHKUI!Ii h (z) HB 
1 

6ecxoHO'IHOCTH seo6xoni!Mo o6oliTH TO'IKII ~ I onsospeMeHso. Ecns sa npaBOM p aapeae 

( + I,+ oo ) CllpiiBBAJil!BO yCJIOE\l!e YHHT8pHOCTll 3), TO Ha JIBBOM paapeae er o HeT H <!>YHKD.RB 

h (·z) OnpeneJI!I~TCSI C llOMOlilb~ yCJIOBH!I nepeKpeCTHOfi CHMMeTpHII, J10STOMy OAHOBpeMeH

HbiH o6xon TO'IeK ~ I coeep111aeTCs c ucnollbaoeasueM ycnosuA 3) H 4). Ha TaxoM nyTR 

B pa60Te ( 5) 6btno noxaaaso, 'ITO TO'IKB z ="" HBJISIBTCSI TO'IKOJ! BBTBJIBHHSI JIOrapH<j>MH-

qeCKOro THna, TO'IHee, liTO HB 6eCKOHelfHOCTH C09.[{HHSIIOTC51 BCe nHCTbl pHMBHOBOit llOBepxno-

CTH . Tun BeTenenas Ha 6ecxose'IHOCTH MOlKeT 6b1Tb ycTasoenea cneaylOlllRM o6paaoM. P a-

300b9M <i>YHKIIIIH h (w) 
1 

't&CTH llO OTHOWeHHKl Jt W 

H8 CHMMeTpH'IHble 

• Torna 

9 

h (w) 
sl 

H BHTHCHM M eTpB'lHhie h (w) 
•• 



h 
et 

( cu ) ~ A h {w ) , 
II •I 

h (cu)- A h ~ . 
at II aS 

Rcao, 'ITO 1<8lKJl8SI H3 napnHaJibHbiX BOIIB Be 0611AJIHBT onpe)I9119BHOll CHMM9TpHeA no OTHo

W9HHIO x nepeMeauoli w • Hcno1Ib3ySI &To1 aaAneM o6mee pewenae ypasReB~SI (17). Ypas

HeHH Sl ( }7) MOryT 6b!Tb neri< O 11HBeapH30B8Hbl B UpHB9Jl9Hbl K BBny: 

h< 01(z) 
t 

h /z) 
+ </. (z). (19) 

nanee, TOT <!>alCT, 'ITO hi (z) B TO'II<B.X :!:_} HM910T nepBblli 110pSIAOI< B9TB119HHB MOlKHO 

p9811H30B8Tb C llOMOillbiO lCOH<!>Op~HOrO npeo6p830B8KHSI 2' 161 Z = --- • flpH 9TOM npeJl-

1 +'. 
nonaraeTCH, 'ITO aa 6ecxoae'IHOCTB BeT TO'II<B aeTaneHBB. B cnyqae ee H8nB'IHB <i>YHKilHB 

h [ Z (0) 6yJlyT B TO'IIt8X ' =+ i HM9Tb OC069HHOCTB, flpB THI<OM npeo6pa30B8HBH 

nepeXOJl H8 BTopoli IIHCT qepe3 Up8Bh!H pa3pe3 03H8'18BT, 'ITO 

4t ( 0) 
3
" <_arg ' <_ 2rr, b <0 ~ h(l / (') · ' ~ 0 < arg ' <J/! 2, 

;: 
Y CJIOBH€ nepelCpeCTHOA CHMMeTpBH 6yAeT no-npelKHBMY JIHHel!HO, TalC K8K 

z <0 =- z <-0 • 
HO ypaaHBHH e yHHT8pHOCTH C0Jl9p>KHT H911HHeAHyJO Onep811HIO BHBepcHH 

+ <,-[ z <01 . 
h( ll (') h ( ,;)) 

Y pasueuue yuuTapHOCTH (19) npBBOAHTCSI 1C 1IBHellHoMY aeonuoponHoMy <!>YHKIIHOH81IbHOMY 

yp8BH9HBIO C llOMOillbiO KOH<!>OpMHOrO Upeo6p830B8HHB: 

" = __!__ arc Sin w • 
7T (20) 

H3aecTHO, 'ITO <i>YHI<UHSI " (z) rrpH z = +_1 HMeeT TOqKH eeTeneaHR nepaoro nopnaKa 

H IIOrapH<!>MH'I9CKYIO TO'IKY BBTBJleHBB H8 6eCKOBB'IHOCTB, 

~H3B'IBCKHA JIHCT pBM8HOBOli noaepXHOCTH h ( cu) nepexoJlBT npa &TOM a nonocy 

lr. e" I < ~ flpaabtA pa3pe3 [ + 1, + ~ ) OT06p83HTCB B JIHHHIO Jiew = ~ , neBbJG _ 

B nHHHJO Rew =- Y, . B cuny He'!eTHOCTH <i>YHKUHB w (z) ycnoaue nepexpeCTHOli 

CHMMeTpHH B nnoCKOCTH HMeeT npe>KHHA BH!l. nerKO BH!l8Tb, qTo, fiOCKOnbKY 

~ + w* =-
(21) 

c yTb ypaaHenHe npaaoro pa3pe3a a nnocxoCTH z , aaanHTH'IeCKOe nponon>KeHHe qepea 

np8Bblli pa3pe3 OCyweCTBIIBBTCSI 38M9HOI! " ~ 1 - " • Torna ypaaueuae yHHTapHOCTH (19) 

B nepeMeHHOG. w UMeeT BH.C. 

F ( 1- w) = F ( w) + <;: ( ") 
1 (22) 

10 

l 
I 



rae F(w )= 1 

h[ z(w)] 
¢(w) = ¢ [z(w) ] 

¢>yHXllHll Q(z) B nep9M9HHOi! W PBBHB 

q[ z(w)] = i Cos nw 

noSTOMy 

f+ I 
¢(w) = (-1) 

nerxo BHil9Tb, "'TO 

z = Sin 11 w . 

¢(v.) ¢ ( -w) 

¢0-w)= - </; (w ) , 

(23) 

\24) 

(25) 

BocnOJlb30BIIB!UKCb COOTHO!UeHH!IMH (25), MO>KHO lllli!Tl! "'llCTHble pe!UeHl!ll H901lHOpO!lHOro 

ypanne nusr (22), o6naaatOn11!e onpeaenennoli CHMMeTpHell 
no w • l1 Ml! 6yayT 

-2 F ( w) = ¢ (w) ; -IF ( w) = w ¢( w) 
o • (26 ) 

Pa3HOCTb F0 8 (w)- Fo • (w) , O"'eBHilHO, YllOBlleTaop,eT OllHu poanoMy y pannenl!!o, 06rnee p e 

lli9HHe ypasneHI!ll (22) aanHmeM B suae : 

(27) 

gil- w) = g(w). 
(~8) 

Mhl HBHO Bblllenl!nl! 'IIICTHoe pellieHHe ypaaReHH!I (28) a[ F (w)- F ( w) ] • l1a pe!UeHHll (~7) 
os o a 

HCHO BllllHO, "'TO 9Clll! F(w) He 0Dllllllll9T CHMMeTpi!eli liO w , TO <f>YHKUl!ST F(w) COilep-

>KllT nepeMeHHyto w Ha st3brxe aMnnHTYil pacceSTHusr hi (ru) nocnennee 03HB'IBeT, To 

PHMBHOBB 110B9pXHOCTb tPYHXURll h 1 ( <u ) , BOODIDe I'OBOp11, 09CXOH9'1H011KCTHB I! TO'IKR 

ne1'nnenHst :t_l - nepaoro nop,.axa, a 6ecKone•JHo yaanenHal! TO"'Ka - norapi·l"Mll'H:c"a"· 

HCI(llJO'IeHHe COCTilBllsteT, HanpHMep, UpOCTeH!UHII Clly"'all OllHOH CliMMeTpli'IHQJ\ cjJyHXllHH, XOI'Illl 

Bblpll>KeHHe (27) llpHBO£lHTCS! K BHUy; 

h (w) = 
a (w) =a ( - r·• )- M epOMOPQJHil11 <jlyHI<UHST 

u 2 ( q ") 

II 



4. AH81111TH'!ecxoe npoAonlKeHlle cjJyaxnnll si ( z) B HX H9l<OTOp~e CBOliCTBa 

YcTaaosBB BBA pBMaRosoll noaepxaoc'!'B AMIIJtBTy.<l pacceSIJIBB h. (z) • a 31Ul'I•T 

B ,Pyaxnall S 1 (z) 

npO.[(OJtlK9HBH cpyHKUHll 

. 
( CM. Onpe.ueneaRe ( 4) ), MOlKHO peWBTh BOnpOC o!S 8HanRTB'l9CKOM 

S (z) 
I C nepsoro nBCTa Jill /IIOOOil. npelK.[(e BCero HpOAOJtlK9B11e 

H8 BTOpOl! JtBCT O'l9BHAHO c n enyeT H3 II 11 III 

1iJ (z) = 

l s! (z) 

llJHI npo.uomKeJUISl ,Pyaxnall S1 (z) Ha BCe nBCTbl pHM8HOBOil nosepXHOCTB y.no6aee 

nep e l!Ta x nepe MeanoA w B C<jlOpMynBpOSBTb CBOIICTB8 cjJyU.IlHii 5
1 

( W ) 

HOM sa.ne . Bse.neM cTon6en 

s l ( w ) 

S ( w) = 'I .\(~•)• 
j Is. (w) 

O!Soaaa'lBM 'lepea TaKyJO aenBaellayJO onepana10, 'ITO 

1/ 5
1 

(w) 

IS(w)= lll!S
2

( w ) 

1/S (w) 
n 

Tor 11 a y c nOBIIB I-IV npRIIIIMAIOT CJte.Uy!OWHii BH.U: 

.a oro 

l') S(w) CTon!Sen MepoMop,PHblX B nnocxocTH w ,PyHKilBit 
1 

11') S*( w) ~ S ( w* ) . 

Ill') IS(w) = S(l-w ) , 

IV') S(-w) = A S(w). 

noliCHHM y cnosae Ill' , xoTopoe ecTb cne.ucTsBe yaaTap&OCTH Ill 

HMeeM, qTO B nepeMeHHOA W 

S
1 

(w) S
1 

( 1-w) = 1, _1_ = s, ( 1- w ) . 
S

1 
(w) 

KoM6HHllpyll csolicTsa III 11 IV nenocpellCTseaao nony'laeM, 'ITO 

A I S ( w) = S ( w - 1) , I AS( w) = S( w + I), 

nosTOpSill '3Ty onep&llH!O "n" paa, npaxo.naw. " BblpaJKeUHBM 

( AI ) 
0 

S ( w) = S ( w - n ) 

( I A )
0 

S( w) = S( w + n ) 

n = I, 2,3, ... 

12 

B M8TpB"'-

(29) 

(30) 

• llnSI K8lK-

(31) 

(32) 

,. 

• , 



Tax:BM o6pa30M, 3Ha>r 3HB'IOBIISI cj>yBJUlHH S(w) s nonoce I Rewl ~ ~ 
1 

MOJKBO C llOMOlllbJO 

COOTHOWOH>Ill (31} H (32} nponon~Tb ee 88 BCJO nnOCKOCTb, feoMeTpH'IOCKH CllOC06 8118-

nHTB'IOCKOrO npononlKOHBSI BAonb npSIMbiX, napannenbllbiX liBHIIll lm W = 0 , npOBO!liiMblll 

C nOMOWbJO onop aTOpos (AI) 
0 

B (I A) n , 113o6palKeH Ha puc. J, 2. '-!epe3 w 
1 

o6o-

3Ba'leHa TO'IK8, 8H8nBTH'IOCKOO llpOAOnlKeHHe B KOTOpyJO ocymeCTBnlleTCSI OllOpATOpOM 

w 
•+1 

TO"'.KH, B KOTOpyJO nepeXOART w: nocr.e neliCTBHSI onepaTopa A • O..esunno, 

'ITO w -w =- n . 
0 

AuanorB'IHO W~ 88 p•c. 2 0603B8~aeT TO~Ky, B XOTOpyD nepeXOAKT "ff\ npB 

nel!CTBHH onepaTopa A , a w
0
+

1
-TO'IKy, s J<OTopyJO nepexonBT w. nocne nellcTBBsr 

onepaTopa 1: OnepaTop (AI)" eCTb onepaTop npononJKeHBsr sneso aa nonocy 

I Re(w+n)l -:_* , a onepaTop (M ) " na nonocy IRe(w-o)l ~~ , 0..eBBABO, 

"'TO £ AI ) ( lA) = E . Ecna nepsoua'lan&ao Bbl npennonaraeTe Bblnonneaae ycnosall 1'-IV"t 

TOnbKO Anll nepsoro IIBCTa pBMAHOBOll llOBOpXHOCTB TO nerJ<O llOKa3aTb, 'ITO ORB cnpaBeA-

IIHBbl nnsr BCell nnOCKOCTB W , ,UeliCTBHTOnbHO, noneliCTsyeM onepaTOpOM ~AJ) 0 
Ha 

ypaBBOHHO ycnOBHR 

IV'), 

Torn a 
0 0 

( AI ) S ( -w) = A (I A ) ~ w ) 

II 113 ( 31 } II ( 32) BbiTOJ<aeT, 'ITO 

S ( -w -o ) = A S ( w + n ) • (33) 

B nepeMeHaoll z ypaBHOHHSI (31)- (33} 3allHCbiBaeTCSI T8K 

S (z ) = S ( z) 
0 -· 

(31') 

(1A) S (z) = S (z) 
0 n 

(32'} 

S (z) = AS (z) , 
·n n 

(33') 

rne <jlyHJ<IlHII HA <jJH3H'IOCKOM nHCTe, a S:tn (z) - 3Ba'IOHHR 9TBX cj>yBKilllll Ha 

''n'' -biX nBCT8X "Ha.Q" H "non" cflB3BqecKHM nuc::_TOM COOTBeTCTBeRBO. 

0ono6HO TOMy, KaJ< H3 peweHRSI ypaBHOHHSI YHHTapHOCTII (10) 6blnR yCTaHOBnOHbl 

HOJ<OTOpbae CBOliCTBA <jlyHKilRll hi ( Z) , HCXOASI H3 ycnOBH S1 Ill' MOlKHO yCTaHOBHTb 

BRA CTOn6aa S ( w) , .Qnsr KalKAOro aneMOHTa CTOn6aa HMOOM, 'ITO S, (w) S . ( 1 - W) = 1 , 
1 I 

BseneM HOBYJO <jlyHKilHJO g i ( w) = fn S i ( w ) , rna non norapH<jJMOM noKUMaeM 

Ty BOTBb 3TOll MHOr03Ha'IHOJI cj>yHKilHH, AnSI KOTOpoll ( P.n Si (w) )• = (fo Si (w0)) • 

Ha ny'le lm w > O, Rew = ~~ BblpalKaeTcsr '1epe3 <jla3bi paccesr-

HHSI Oj (tu) CnOAYIOIUHM o6pa30M 

13 



g. ( w) = 2 i 8. [ w ( w ) J. 
1 1 

<l>yHXUHH g. (w) 
1 

llOJl'IHHlUOTC!I ypasHeHJIIO 

g i(w) + gi{l-w)=O• 

06mee peweHJie sToro ypanaeHIIH RMeeT nau: 

g. ( w) = t\ . ( w - IS ) , 
1 I 

'~i (w) =-A;(-w ), 

TIOSTOMY CTOn6en tPYHKURii S (w) npeucTaBRM a $opMe 

S {w) = 

t> 1( w - IS) 
f 

t\2(w~) 
p 

•\ (w~) e n 

(34} 

(35) 

(36) 

rue Ka>«uaH H3 <jJyHKUHii t.i (w) aHTHCHMMeTpR'IHa no cnoeMy apryMeHTy, Ha nanHR ReW= ~ 

nee <jlym<UKH "; (w-\, ) 

OCTBnbHOfl nnOCKOCTH 

'IIICTO MIIHMble a BblllOJlB HeTCH yciiOBHe yaHTapHOCTH, Ha sceA >Ke 

w 3H8'1eHH!I tPYIIltURA fli (w-IS) soo6me rosop11, ltOMnneltCHbl, 

Ycnonue ueiicTBHTenbHOCTII $yaltnRli 

g* (w) = g . {w*) 
1 1 

ll03BOlllleT y CTllHOBI! T b CBOliCTB8 '16THOCTR tPa3 paCC6!1HR!I, 8 RM6HHO 

R e ", ( u, v) = Re ll 
1 

( u, -v ) 

lm \ 
1 

(u, v) =- lm ll, ( u, -v) 

(36) 

\I ( u, V) = i\ ( U + i V -Y,) , 28.( w ( Y, +iv)]=lm 6 1 (O,v). 

Y HHTdpH..X:Tb CTOil6Ua S( w) ue HaltnaAbiBaeT cs!l3ell Ha ljlyHKURR ll i • TaKRe CBH3R 

y c TaHasnu saiOTCH Tpe6osanHeM nepeipecTaoll CHMMeTpBR IV' -

Ycnonue YHHTB;"H! OCTK Ill' ll03BOil!leT ynop!IAO'IIITb MHO>KeCTBO UOJliOCOB B ayneA 

MepOMOpt!lHOH <!JyHKUitll Sj (w) , ilnll 9TOI"O 38MeTHM, 'ITO cj:JyHKUJ!!I t.j (w) 

6bJ T b npe!lCTBBileHll B BliOe: 

\(w) = rn 
I 

w+a 

w- ui 

+ \ (w). 
Ia 

(35) MO>Ke T 

(37) 

roe \
1
a (w) y>«e He cooep>«I!T oco6euuocTeli s TO'IKBX : a , TipB I<OHe'IHOM 'IHCne ny-

nell ll llOlllOCOB S 1 (w) 111111, 'ITO TO >Ke CllMOO, llOI"BpH<!JMK'IeCKHX TO'l eK BeTBil6HIIII .\I (w) 

KOH€'l.!HbiM 'IHCllOV wa rOB t!JyHK UHSJ \ (w) npHBO.lllf.TCSI K C Y M'-1e 

14 



I 

o= l 

I 
fn~-

w -a " 
" 

{38) 

KaJKnoe H3 cnaraeMbiX s oTAOIIbHOCTil non"lHHSIOTCSI ycnosx., ysuTapHOCTR. 113 ypaBHOH\HI 
I 

{36) CllOAyeT, 'ITO MHOlK9CTBO a n CllMMOTpR'IHO OTBOCilTellbHO JlOACTBHTOIIbHOA OCH 

nnocJ<o<:TH w • Jl106aS1 n apa cnaraeMhtX 113 cyMMbl {38), AilS! xOTopoll a! ~ a~ * 
1 

ynosneT

s opHeT ycnosBJO neACTBHTellbHOCTB {36 ). MHo>KeCTBO ayneA B non10cos S 
1
(w) 

2 
HMeJOT onH~ 

I 

aa][osoe 'IHCno eneMeHTOB • Opx 6ec][OBO'IHOM 'lllCne eynell ll uonJOCos S
1 

(w) CKMMeTpHR 

STilX MHOJKBCTBO OTHOCHTBilbBO AeliCTBBTellbHOA OCR w COXp8Hli9TCSI B MOlKRO yTB9plKil8Th1 

'ITO 

rne </>
1 

(w) HOKOTOpag nenaB ljlyH][IlHH ¢*(w)=cp(w*). 
I I 

HKlKe nns npoCTOTbl paccylKAOHliA orpaRB'IllMCH cnyqaew, ][Orna ][l!llKJIOe aa 

rorna 

s 
I 

N 
I 

(w) '11 

n=l 

•• = ~ . I 
-a 

w -a 

w -(1- •' 
n 

N 
I 

{39) 

X.OHe'IHO, 

{40) 

OpeAnonolKHM nanee, 'ITO see a t 
n 

nellcTBBTOilbHblx). Taxoe npennonoJt<eHlle MOlKHO 

CllOilaTh, RCXOilll H3 yJt<e H3B9CTHOro o6mero pelllOHBH llllll M8TpBilhl A f,l> 
171

• Cnoco6 

sseneuag KOMnnexcHbiX nomocoa 6yneT o6cylKJleH nanee. Pa3o6beM ][aJKnoe &3 MHOlKOCTB N
1 

aa nae 'ISCTR. B nepay10 (N1 ) 1 B][llJO'IBM ace sneMOHTht, nns ][OTOpbiX ablnonaseTC!l p aae a

CTBO 

{1-a: ) =-(1 
I 

a' ) 
"• 

I I 
a +a =2 

n 1 o2 

a OCT811bHble 06'bellHHKM B (N 
1

) 
2 

Oocne SToro llllSI S.t(w) HMP.eM 

S
1 
(w) 

w2 -2w + a1 (2-a' ) 
n n 

(NI )2 

n~ 

w-(1-a~) 

(41) 

{42) 

He Hapywag ycnoass yHHTapaoCTH, llOM HOlKBM 1<8lKJIOe H3 npoa3seneaall {N ) 
2 

Ha MHOlKBTe-
w+ (l-a1) t 

nH n , T.e. 
w ... ( 1 - a1 ) 

n 
(N ) 

I :.:, ~ 
11 w + w 

I I I 

(1-2u.)- "• (1-a "-'--- ---
I I 

+a
0

(2-u ,,) {43) 

w ~ - ( 1 - ·~ ) "2 w2-(1-a1)2 

x) 
3To npennonolKOHHe He HCnollbayeTCSI a pa3nene 5. 
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(I ) (N ) I 0 0 
C ocTl\BHM Tenepb neHMe Hhl!le e o6mee I<p a T noe Jlmt Maoro 'Uleaos D = r\ [ w - (1 -a 1 ) 1 
Jfl l (ft lo 2 I 2 I n n 

2 = [" - : 1 -a.) l- s r>Tnen&HOCTH, 06oaaa'!HM RX '!epea D
1 

u D
2 

cooTRe TC TBeKno. 
n D 

JloMJIOlKHM Tenepb 'IUC ~HT6Jllf H 3 H8MeHBTeJUI l<ll>KAOJI 113 S I ( w ) HB DOJlHIIOMbl _ _ 1 R -~ 2, 

D<ll DO l 
fl ocne C)lSJlllHHbi X npeo6pB30BllHHS BCH <jlylll<l:fAH S I ( w) BMeeT BH)l: 1 2 

_ Nl.,w) 
S I ( w ) - ---.-·;--

0 ,w; 
D( w ) = D1(w) D,( w )

1 
(44) 

rr;e no n ocTpOe HHIO D( w) ~ D ( -w ) B c T e nenl! ncex N 
1 
( w) OAHHlll<OBbl , fiOCKOJlbKy 

<by!Iltl{ll lf s ( "') 110Jl l!U· Sl ;• I(OBJlOT B OfH!Tb ypasaeHHIO n e p e i pecTHOll CHM MeTpHB, TO 

N 1 ( -w) All N1 ( w) • 
(45) 

CTon !Seu ¢YHit.IlBI'I " ( w ) :dOlKhO RpOilCTBBHTh B JlJ)yrol! ¢opMe, rae Bhmonneaue y cnosHSI 

>mpeKpecTHOI! CIIMM eTp11 11 6 onee O'ISBHABO, .lln ll 3TOrO BBeAeM CliCTeM}' C06CTBeHHbiX B6KTQ-

p os MaTpHilbl A a o6o ana'IIIM ux 'lepea 1./Jm ' T 8 K qTo 

A <i' = ( -1 )"' ! if, , 
"' m 

(46 ) 

Ypa nnenHe (7) o ana'laeT, 'IT O cpeAH t/Jm 6yAeT co6cTBeHBhtll sexT op snaa: 

•. - 1111 
I<o1·op blll o6oana'IH M '!e p ea 

"' 0 
• EcnB ¢ m (w) c y T b T 8KHX llOnH H OM OB , 'ITO 

m 
~-- ( w) = (-1) 1\ (-w ) , TO ne rx o BHOeTb, q TQ 

~l(w ) =I ¢ m (w) 1/1 (47) 
m=- 1 

fllOBn e T s op <!eT y cnosHto n e peKpec Tnoil CHM MeTpt<n, TaKHM o 6paaoM, MO>Kllo y Tsep>t<ABTb , 

'ITO !jJy HKJliHl S (w) nnencTaBHMa a ¢op Me: 

rae 

¢ m (w) 

Hbl I 

S(w) = - ' - I 
D(w) m=l 

¢ m (w) if, m ) (48 ) 

D( w) ¢m(w) cyTh notmHOMhi no w • MaKCH ManbHa st c T e n eHb rr o nHHOM OB 

cosnaAa eT c o c T ene n h to n o nHIJOMa D(w) Koa¢<1>11 n l! eHTbl n pn aTHX c T e n e H!IX pas-

IIO IIOCTpOeHHIO, fi 03TOMY ROJlH UOM ¢
0 

(w) HMeeT CTe neHb• oanHaKoay~ c o cTe -

neHh JO rr onHH O Ma D(w) • !1 3 YCJlOBII!I YHIITSpHOCTH C1IeAy eT , 'ITO 

C ( w) D (1-w) = [ k ¢ .,(w) ( t/Jm )
1
]( }; 

m = l 

¢ ( 1- w )( "' ) l 
m m I (49 ) 

m = l 

nnSI ocex 
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' I 

I 

5. fiOCTpoeHHB M4Tpii'IRbiX sneMeHTOB C KOHG'IHblM 'IBCnOM 

oco6easocTell 

TlpoBenessoe Bblme say'leBJie o6m11x caoAcTB CTon6na <jJysKru!l! S(w) H OKOH'IaTenhsoe 

ypaaseBBe ( 49) ue llB.IOT cnoco6oa onpeltenesHSI cTeneHH nonHBOMa D( w) , rrocTpoeiiHSI 

<jJyBKUHA ¢ m (w) H BOXTOpOB if, m • OcTa BOBHMCSI na sTHX aonpocax, orpaHHqHBBBCh 

cny'laeM KOBe'lnoA cTeness D( w) • B .!iiTOM Cny'lae ypaaaesae ( 48) onpeaenReT <jJynxnRH 

5 i (w) B BRAe COKp8TKMOJ!, B006me r OBOpSI, paoHOB8nhBOI! <jJyHKliKH . flpOK3 BOAS! B03MOlKHbiO 

COJ<pameHHH, B03npamaeMCH I< HCXOllHOll <jJOpMYne (40) , KOTOpy!O nepenHIUOM B BRAe: 

Nl 
~ N f -I 

+ b(f) =(I) 
w w + ••• + b s ,(w) 1 N 

wNf (f) N -1 (f) 
+a w' + ••• + a 

f Nf 

(50) 

0TC!OAB SICHO, 'ITO n106as 113 <jJyHKliHll 5 1 (w) npeACT8BHM8 B BRAe CyMMbl npaBHnhHOll 

BeCOKpaTKMOil paUHOHSnbHOll <jJyHKliHH H OllHHHUbl 

TaK KBK KalKnoe Ha 

1+ 

( I) 

b I w 
N -1 

I 
+ •.• 

N1 KOH9'1HO, TO H MHO:>KeCTBO BCeX nonJOCOB <flyHKUMH 

KoHe'IHO. Bbr6epeM H3 uero nonJOc c MB.KCHMllnhHhiM 3HB'leHHeM MOJlYJHt, T.e. rryCTb 

(51) 

R =max II 1 - <'> I l • Torna a o6naCTH I w I > I( KB lKJlBSJ ua ¢yaKuuii ne nMeeT oco-

6eHHOCTeii li MO>KeT 6b1Tb paanolKeHa B pS!A 110 o6paTHb!M CTeneHBM ~ HlB~ W-a ripen-

nono>KHM anSI onpe.neneHHOCTH, 'ITO \a\.<R • Ecns lai>R , TO nee paccymneans 6yayT 

cnpaaennHBbi a o6nacTH I w\>\al ·r A. • Yf3BetlTHO, "'TO T8JC09 pa3nO>KCHHe eJlHHC TB9H HO. 

floKameM STO np!!MbiM Bbi'IHCneHIIOM flyCTb 

(I ) 

S
1

(w) = 1 +L ~ 
n=O W n+ 1 

I! PHil (52) a6COnJOTHO II paBHOMepllo CXOUIITCB BHe Kpyra paJlHyca !< 

Tbl OllyCTHM HH.ll9JCC 

b w 
I 

• Torna 113 (51) 11 (52) HMeeM 

+ ••• + ~ 
" 

=( WN+al WN-t + ••• +aN)(~+-~+ ••• + ~-+•••) • 
W W 2 W n+ 1 

(52) 

• Hult<e nnSI npocTo-

(53) 

flpllp8BHHB8SI KOS<jJ<jJHUHOHTbl npH OllHH8KOBbiX CTeflOHSIX W , nony'!HM 6eCKOHe'lHY!O CIICTe-

MY niiHellHbiX ypaaHeHull OTHOCHTen&HO HeHaneCTHbiX ao ' a 1 , ....... . a 
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a = b 
0 1 

a a +a = b 
0 1 I ~ 

a O a 2 +atat+a2 = bs 
(54) 

ao ak +at 3 k~t + ······ ···· + ak == bk+l 

a a +a a + ••• + a b 
0 N w J 1 N .~ N-1 N 

a q 3 N +a crt 1 8 N. 1 + ··········+a q+N = f) q ~ 0 

5ecxoHe'IHBH cncTeMa nHHel!HbiX ypasueunli (54) MOlKeT 6LFTb p erneHa. Onpeuen1111 a
0 

n3 nepsoro ypas~~HHB, n3 sToporo saaueM 

Bee nocneuyJOmue a • , H8'1HH8SI C aN 

a 
1 " a 

N-1 
, H3 TpeTbero B T.ll.. ).10 

, smnsnoTc st nuHeliHLIMH xoM6HHBilHHMH N 

npe).lbiJ.IymHX HeH3B9CTHb1X, T8K KBK fi0Cfi9J.IHee H3 BhtnHCBHHbiX B (54) ypasHeHHI! npe A-

CT8BMMO B BHne: 
N 

(-a ) a g ~ N • a = I • q=l 
Q g-q (55) 

Tax:HM o6paaoM, HMeH 'lHcna b1 , b
2

, ... bNH a
1

,a
2

, ••• aN MO>KHO nocTpOHTb 6ecKoBe'-IHbti\ 

pSIJ.I a
0

,a
1
,a

2
, • •• no JjlopMYnaM (54). Ycnosue (55) nyqrne acero Bb1pii3HTb c noMombJO 

THK H83biB89MOl! 6eCKOH9'1HOl! raHKenesol! M8TpHilb1 

a 
0 

, a 
1

, a 
2

, a 
3

, ... a 

S = a
1

, a
2
,a

8
, a

4 an+ I ... II a 1+> II o (56) 

a 2 , a 3' a 4 , a 6 , ... a n+ 2 ••• 

PacCMOTpHM nocneuosaTenhHOCTb ueTepMnHaHToe rnaeHbiX MHHOpoe, DT' =I a l+k lor --;1 
YpaeaeaHe (55) o3Ha'laeT, 'ITO KHlKAbiH aneMeHT nJ06ol! H3 cTpox c HOMepoM 6oflhrniiM 

N+l eCTb nRHel!Han KOM6HH81lHII N BhiWecTOSIIUKX sneM9HTOB. l1Haqe roaopR, K8>K.0.8SI 

H3 CTpOI< raHKeneeol! MHTPHilbl lia 
l+k 11 0 

cTpoK. 3To 03Ha"'!ae T, 'ITO e ueTepMnaaaTax 

9CTb fiHHeltH811 KOM6HH81U!SI npeAbiAYWHX 
N 

D"+t =lul+k I o • 
D 

N+ 2 
=I a 1 N+ t 

t+k 0 • • • 

l'i 

K8lK).I811 H3 fi0Cfi9).1HHX CTpOK 9CTb fiHH9HH8 11 KOM6HH81lHH N npe.Llhl.llYlllHX 1 T.e. 

D = D = ••• =0= 0 
N+t N+2 

r > N D f 0 
N 

ByueM ua3biBBTb 6ecxoHe'IHYJO raHKeneey MaTpnny II a II: MaTpnueil xoneqaoro paura 
l+k 

N • 9CIIH D = I) • r > N oN,.: o • 113 nocTpoennH sauno, 'ITO panr ranKeneeoli 

MHTPRilbl s C0Bfi8).189T CO CT9fi9HbJO fiOfiHHOMB 3H8M9HBT9nll HpHOHflbHOII p81lHOH8flbHOJ! 

upo6n (51). 
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Tax liM o6paaoM, xaJKJtoll 113 <jlyliXnllll S 
1 

( 11 ) MOJKHO onHoaHa'<PO nocTaEIITb s 

cooTseTCTsHe 6ecKOHB'<HYJO raHxenesy MaTpRny s<ll =II a<• > II~ xoH&'<rlOro paHra N .• 
m+n o 1 

PaRr rauxenesoa MaTpRUbl S 
1 

cosnanaeT c '<RcnoM nomocos <jlyHKllllll S
1 

(w) , C'IHTan 

/8/ 
HX CTOllhKO pa3, K8lt0S8 HX 1Cp8TROCTb 

noJ!b3ySJCb 3THM yTseplKil9HB9M BRIIHM, 'ITO flWil. llOCTpOeRHSI <jlyHKilHH S (w/ 
I 

nocTa-

TO'IIIO Bbi'IHCiliiTb nepnble l N
1 
.. 1 113 X09qxpHUH9HT08 pa31lOJKeHHSI (52), a 38TeM !10 

<jlopMyll&M (54) t\OCCT8HOBI!Tb 'IHCil8 b 
1

, b
2 

••• bN, a I ••• aN, T.e. ~~YHK!lHH 5 I (w) .l 511119 

(50) Hllll (51). 

113 1131lOlK9HHOrO 0'19BRAHO, 'ITO 8H81lOI'II'IHble peayllbTBTbl MOlKHO nony'IHTb, HC!lOilb-

ayR paanolKeHHe no o6p a T l'biM cTeneHHM w -a , rae a 11J060e <j>HKCHp088HH09 'IHCnO. 

OaHar:o cnyqali a = 'l OC069HHO yno6eH TBM, 'ITO ycnOBHe nepeltp&CTHOI! CHMMeTpiiR 118-

naraeT Ha K09tj><!>Hn HeHTbl npOCTble orpliRH'I9HHSI. nollCT8BllSISI p83110)K9HH9 (52) 8 

ycnonlle nepexpeCTHOJ! CHMMBTpHH 

cTeneHHX 1/ w 
1 

nonyqaeM, 'ITO 

IV' H !lpllp8BHHS8SI K09qxpRUHBHTbl npH OllHH8KOBb!X 

n+l 

(57) 

(I) 

0CT89TCll SbiSICHHTb, K8KK9 orp8HII'19HIIll H8 K09<J><I>HUK9HTbl a 
n aanarae-r ycnosHe 

YHIITBpHOCTH. 

YcnosHe yHHTapHOCTII cnpaseAnHso AilS! KBlKAOll tj>yHKllHH 5
1 

(w) B OT.llenbHOCTll. 

no9TOMY ypasHeHRSI llllll X09<J><I>HllH9HTOB a(l) He 6yAyT 38SHCeTb OT RHilBXCa R flllll 

npOCTOTbl ero MOJKHO onycTHTb. PacCMOTPRM <jlyHKllHJO S(l-w) nnH Hee HM99M p83-

no>KeHRe 

S{l-w) = 1 + :£ Un 

n=O (1-w)n+l (58) 

nepecTpOHM PHil (58~ 1t nepeMeHHOA 1/w Bo3bMeM O'leBRilHYJO <J>opMyny 

(-1) l 
a" 

(59) 
Cl-W p=a w P+ 1 

H !lpOJJ.HcpcpepeHUHpyeM ee "n" paa. Torns. nony'laeM, 'ITO 

n+ I 
---- = (-l) I. 

c" a p-n 

(UO) 
{a-w)n+t p=n w p+ l 

r11e 
C' = p{p -l) ... (p-n+ 1) 

JUISI n < p • EcnH npHHHTb, 'ITO np11 n '> p 
n' 

To BbtpalKeHHe (60) HHlKHIIii npenen MOlKHO ecerna nono,:.wrh pan111 ,. • 0. 

noncTasnHll (60) npH a=! B p831lOlK9HIIe (56 ) llOily'IB9M IIOBTOpHbtA p>Ht : 

( s-8 ) 
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s ( 1- w ) = 1 + l: 
(-1t'" ' c" 

a I • 
n 

WP+ l 
(6 1) 

n =O p=n 

11aMeiiBM s $opl\<yne (61 ) nopsu:~ox CyMMBpOB8BBl!1 T Orna 

. S( 1- w) = l +I -- I 
n+l n 

( - 1) c a 
p=O W P+l 

p 
n=O 

"" 
( 62 ) 

o+ t p s ( 1- w ) = 1+ I ~-. a' = l: ( -1) c a 
n=O w n+t n p =O 

OrctOna nerio yali JJeTb, '<TO tt&JKAhl ll B3 x oe<jlcpBitHeHTOB paanoJKemur S(l-w) no o6paT-

llbiM CTeneBl!M w BbipaJKaeTCl! '!epea xoe<M>uuueHThl He 6ollbrnero IIOMepa paanoJKeiDll! 

S(w) B auanorB'IHbtll pl!A. 3ToT !jlattT xoporno BnntOCTpBpyeTCl! aa ll3b!Xe lllluelluoll anre6-

phl. nocneAOB8T9JlbBOCTb cjlyBKitBR f ={..!_, _L:i ••• .1._ ••• ) IIBJil!9TCl! 6eCttOB9'1Bb!M 6a3BCOM 
n W w w n 

Jllll! lll060A npaBHJlbHOil p8ItHOB8JlbHOll cjlyHXItHH, TaX tt8X ypaBB9HR9 (54) A03BOJll!9T OAHo-

388'1110 Bbl'IBCn:HTb K03<!><1>HitH9HTb! a , a ••• a ••• Alll! lt8JKAOA p8lUIOBanbHOA cjlyHttitHRe 
0 1 n 

Kax y>Ke OTMe'lanocb Bbirne, TattBM JKe 6aaucoM 15yneT B nocnenosaTellbHOCTb cjlyJI][IUIA 

e:~! __t_, _1_~··· 
1-w (1-w) (1 -w)n 

• MaTpxna nepexona OT 6aaxca f ' x 6aaxcy 

BMeeT BRA: 

1, - 1, -1, -1, 

0, c t c ·' C I c [ ,. 
~ 8 • • 

-C2 -C 2 0, 0, 
2. 8 

c =II 

2 
-C • , ...... .............. 

(63) 
8 c 8 0, 0, 0, C a • • • ...................... 

.... ............................................................................ 

0, 0, (-l)n+l ·C 
n+l 

• ( -1) 
n 

c 
n+l 

KoopnBH&Tb! {J nt060rO BettTOpa B CT8p0M 6&3BC9 Bblp8lK810TCSI 'lepe3 XOOPABH8Tbl fJ' 
9TOro JKe B9XTOp8 B HOBOM 6a3BCe B3B9CTKblM COOTHOllieHBeM 

!3 = C'p' (64) 

<l>yHXItBB S( w) u S( 1-w) SIBilSilOTCSI B9KTOp8MB C OAHBMB B TeMH JKe KOOpAHH8T8MB 

a
0

, a 
1 

••• , RO B pll3HblX 6&3HC8X fn H • KoopnHHa Tbl sexTopa S (1- w) f n a ... 
n 
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B 5a3HCe Bb!'IHCilSIIOTC!I C UOMOID.b!O Tp8HCIIOHHpOB8 HHOA M8TpH~bl C'· , KOTOpasr 

!IBilsreTCsr BH*HeA TpeyrollbsoA 6ecKose'<soA MaTpH~eA. Rcso, 'ITO KB*ABII sa HKX 5yneT 

/IIlWb C MBHblltKMH HHABKC8MH n 06oasa'<asr KoopnKHaTw aeKTopa 

S(l-w) B 083HCe 'lepea a' · , MO)t(HO rrepeiiBC8Tb ypaBHeHBe (62) B M8TpH'I-

soli <j>opMe: 

a'c:C'a. 
(65) 

B aToM MeCTe UO*HO Bb!SICHHTb Ball<soe rrpeauym.ecTBO paanoll<eHHsr (62). ByneM BMecTo 

Hero HCII01lb30B8Tb p831lO*BSHe B OKpeCTBOCTB ftYilS10 T.e. 

n+l 

S (w) = I {3<1
> w 

I D 
(66) 

•=· 'i - ' 
3nec& N 1 - rrop!IAOK rrontoea 5

1 
(w) B ftYlle. P!IA (66) cxonHTC>I B aeKoTopoM Kon&ne 

{3:1) MO*HO rronyqHTb peayllbTBTbt, aHanorH'<Hbre coOTHomemurM (54). Ho npa 
•+I 

a nn11 

3TOM K8li<Ab!A KOS$$H~HeHT p831lO*eHB!I 

*BT&Csr qepea ace Kos$$HnaeHTb! {3~'> 

5
1 

(1 - w) no c TeneH51M w 6yneT Bbtpa-

c oollbmHMH HOMepaMH, JleAcTBaTellbHO, rrepe-· 
2 

xon OT 6aaaca 1, 1-w, ( 1-w) ... It 6aaacy 

HOll M8TpHrrell H yTsepli<AeHHe O'leBHAHO, 

• 1, w, w, .... a anaeTcsr HH*Hell TpeyrOilb-

flonCT8BHM Terrepb p831lOlKBHBe (52) K (62) B ycnoaue yHHTapHOCTB III' • nollY"HM 

cneny10m.ee paseHcTao: 

n=O 
n+ l 

w W m+n+ 2 
= 0. (67) 

DpupllBHHB8SI B (67) K RYiliO KOS#HrrHeHTbl rrpH OAHH8KOBblX CTerreHSIX, HMeeM: 

~ .. , 
an+ a'n + I am () 

m= O 
(68) 

a'=::£ (-l)P+I Cpa 
n ~ 0,1,2, ... 

D p 

p=O 

YpaaHeHHSI (68) RaKnanhraaKJT P!IA orpaHH'IeHHll Ha Koa#HUHeHTbi a • BbtnHrneM 

nepsoe Ha HHX 
a -a = 0. 

0 0 

Koa$$nuueHT a MO*eT Oh!Tb nKJ6biM, J1enco BHAeTb, 'ITO KoscjJqn<rrH e HTbt paanoll<eHl!SI 

(52) c '<eTHhlMH srall5!KJTC>t HeaaaHCHMbtMH napaMeTpaMH, DycT& n= 2m • Torna \ 

BOKACT TOIIbKO B a' C K03cjl$Hu HeHTOM - 1, ll03TOMY yp81HICHP.3 (58) (_(, 'fl ) .. , a 
2m 

npH n- 2m soo6n1e a~ He conepli<BT, 0Ho BbrpalKaeT u.2m·t q_epe3 a2m· 2 , a2rn·a··~a0 . 

Taxoe >Ke B cooTUOlllelfl:le Me;.Kny a an. 1 , a 2in· 2 a 
0 

nonyqaeTC!I H3 ypaBHeKa~ (68) 

npH n ~ 2m - I • 

2 1 



Ti o nOlKliM, 'ITO a = l Torna B3 (68) cnenyeT, 'ITO _, 
I 

... ....,.. • q'+l q 
, 

":i(z.-•• -+ a +l: ~ aan-q a , H) c =0 Om+1 • q=O q'><O 

2m+ I au . 1 • q'+t 

2a - 2a ( a + -- ) + ~ :£ u , (-1) a 2m+l 2m Q ? :0. - q 

2m-J 

+I 
•',.() 

q= 1 

, 
Q +1 

a , (-l) ( 
q 

a C 

, 
Q 

0 2m 

•'..o " 

q 
+ c ) = 0 • 

2tu+ 1 

. c + 

2m+ l 
11a ljlopMynhl (70) SIIAHO, 'ITO pa3HOCTb 2a ~ 1 -2a (ao+ ----) 

-+ 2m 2 

(69) 

(70 ) 

Bblp8JK89TCli 

"'epea a 2m-t ,a~-~ , ... a 0 • BhlnHmeM p51Jl nepshrx coOTHorueHHll, KOTophle 

noaano651TC51 s nan»aeAweM, 

a= ao(ao+l) 
I -

~ 

2a -2a (a + l._ )=- ao(ao + l) ( a 0+ 3) 
2 0 2 (71 ) 

2a · 2a (a + ~ ) - - [ u I ( u. + 2) 
2 

+ 6! + 
5 • 0 2 3 0 

+ a 1-a +_3- (a +l )( a -: 2) i -a 
J 2 z 0 0 ~ 

I 7 a 
0 
+ a 

2 
+ 10 I ] , 

TaKHM o6pa30M 3aaaqa o noc-rpoeRHH :jlynKnMA 

ypaBRP.HJ<i! (70) (57), T,e, 

Si ( w) CBOnBTCSI K pelll9HBJO CllCT9Mbi 

a(i ) 

2m+ ! 
= f (a<•> 

au 
,all) ••• d1

>) 
'b- I 0 

A ., a(j) = (-l)•+la (!) 
n n 

(72) 

/,_1> *'-"'(1) 
n n 

3A9Cb BHA <jlyllKilBll He 38BHCHT OT HHaeKCR H onpenenBeTCli ypaseHH>IMK (70), 

Tpe6osaHne aeH.c·ran-renbHOCTtJ 'l BhtTeRae·r B3 ll' 

YcTaKOBHM BHA ypasHenHil, KOTop hiM non"'BH!IJOTCH K03<!Jq,KuHeHTLI 

RX B BHlle CTr)n6na 

no~ a 
0 

GyneM nou~<MaTb 

(1. 

a = 
0 

(t) 

a o 

(n) 
a 

0 

[i,1>]2 
0 

f ,i•> l' 
0 
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BaeaeM aaanorR~R~e o6oaaa~eRKH R ans 

809 R3 ypa8RBRRII (71), nony~BM , ~TO 

a (l ) n o.D.BIICTB0888 onepaTOp OM A aa ne?-

Aa 2=a'+2a 
0 0 0 

Aa =- a • 
0 0 

PaanB'IRble aellcTaBTellhR~e peweaxH SToll cacTeMw onpeaenmoT paan a qawe pewenBll aaaa-

~B. K oscP<l>BaBe RTbl 

H~X ypaaReHRII, 

B T.A . onpeaenHIOTC H H3 peweHHll C HCTeM l1RHell-

OpelKne 'IBM nepeATR " peweHRJO K OHKpeTHbiX aaaa'l, c a e naeM pliA aaMe 'la l!H A o6 ycTa-

II0Bl19HHOM Bb!We COOTB9TCTBRII M9lKAY «i>YBI<llBRMB 51 ( w) B 6eCKOB9'1HbiMB raB K9l19Bb!MH 

M8.Tpllll8.MII so> EyaeM 0003B8.'1.8.Th 9TO COOTB9TCTBB9 T SK: 

S
1 

( w) 
( I) .. s . 

(73) 

0'1eBHUHO, 'ITO OHO nuuel\uo, T,e. 

ecnu 

TO 

{I) 

S 
1 

(w) .. S 

( j) 

S
1 

(w ) .. S 
(74) 

0CHOBbiB8SICb H H8 CBOIICTBe l1HHellHOCTH (74) 1 MOlKHO CU9l18.Tb p!IU 38Kl110'19HBII OTHOCHTe nb-

HO paura raHK9l19BbiX M8TpHll, COOTBeTCTByiOWHX «i>YHKllHSIM ¢n (w) B «!>OpMyne (48) , 

<l>yHKUHH ¢ • (w) 
D (Vj) 

onpeuenSIIOTCSI C06CTB9HHbiMH BBKTOpaMH ~ MaTpHllbl n e p e KpBCT HOll 

CHMMeTpHH A 

PaccMoTpHM aapHUy co cTon6uaMB CTpOKH c (eM, «!>opMyny (9)) T8.KHe, 'ITO 

0UBH B3 B9KTOpOB 

38!l8HHOA CHCTeMh i 

Torna o 'leBHUHO, 'ITO 

c. A = (-1)• c (75) 

c y>Ke «PxrypHpoaan B onpeueneauu M a TpHUbl A (CM, (8)), nnSI 

o/1 
0 

BCerua MOlKHO Bb16paTb CHCTeMy 

¢n(w) 

D (w) 
= C

0 
S (w) • 

23 
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npeAnono~F.M, ~TO RH OAK8 H3 ~YBKRBII: S
1 

(w) ae KMeeT n onJOC a B nyne. TorAa D(w) • 

~eTHhle ~YHKUllll llO ITOCTpOOBH!O He 

¢ n (w) 
H3 pnUHOH81IbRhiX ~YHKRRn -----

D(w) 

COAOp~BT MHO*BTeiiB w•• . B aTOM Cily~ae RB OAH8 

ne COKpBTRM& o Jleii:CTBHTOIIbHO, AIIR COJ<.p8THMOCTiil 

¢u (w) 
(I) 

AOII}I{jf8 COA9p 'KATb II 1<8~0CTB9 MHO*BT91I!I W - an snu ero cTeneab, T.e. 

0 ( w) : ( w (I ) 
-a 

n 

p ~ 

) ¢ n (w) • (78) 

¢yHI<IUIH </> (·.•) AOI1lKH8 061IBA8Th TOll: ~eTHOCTbiO, ~TO B cpn (w) • nocneAHee 1!9B03MOlK-

HO, TBX <:a!C flC/UIBOM ( w -d:,) { CltM Be OfliiBABQT ~eTHOCTbiO ITpK 38M9H9 W ~-w > 

81 3H8~H~ R JICXOAllBH ~YHKRHK ¢ (w) !le flyAeT 061IIlABTb HC K OMOII: ~eTHOCTbiO. 0 T CIO-
n 

Ali CIICAYOT , 'IT() ecm1 RH OJH!B B3 ~YHI<URl! 5 1 (w) R 9 HM99T ITOIIIOCB B syne, TO paarH 

BC9X rBHK91l9BWX ¢opM ~ n S 
¢. (w) 

COOTBe'rCTByJOmliX ~YHI<RIIRM ----- : C S (w) 

IHJ I! p811Hbl C TellClili ITOiiBHOM8 D(w) • 
D (w) n 

Ol(HHBKo-

Ecnu neKOTOpble na ~yaKUBH s, (w) BMelOT II HYIIO ITOIIIOC, TO BHBIIOrH'lHblM paccy-

lKACHHCM MOlKHO 110K1l31!Tb 0 ~TO paRr r 8BJ(9119BOII: ~OpMLI ~ C 0 S ~ ~ C
0 

S ( w) paaeH 

n· qeT n- 'leT 
CTeiTe!ll! ITOIIHKOMB D(w) AIIH ITOIIIOCOB '19THOrO ITOpliJli<B B MeHb1119 ee HB eAHHHlly llil!l 

nomocos ueqe-rnoro ITOPIUlKB. Panr ranJ(en eao ll ~OpMhl ~ enS ~ }; enS (w) M eHbllle 

n-He~e'J' n.He'l.eT 
RB eQI!HHllY CTeUeHH llOIIHHOMB 0 ( w) lliiK llOIIIOCOB '!e'M!bro nopAAKB H COB-

nanaeT c HHM nn~ non~coa He'leTHoro nopanKa. 

B. !"ellleuae 'laCTHbiX cnyqaes 

1. no:tuoe pellleHHe 38il8'1H A ilS! MBTpllllbl Af,~ 6bliiO aauo a pa6oTax
17 1

• 

2. Hai\neM <jlyBKllHH S1 (w) , ynosneTao pKJOmHe ycn oBHHM I'- IV' c MBTpnueli 

nepeKpeCT rlOil Cl!MMeTpHH i: 

f 

1/3 • -1, 5/3 ! 
A = I 1/3, 1/2, 5/6 I 
'·' 

1/3, 1/2, 1/6 

(79) 

fl OCTpOHM AIIK Hee CHCTeMy ~YHKRHli V' n 

-21 
\\ - 31> \ \ 

5

1
2 

11 
(80) 

.;, = 11 - 1 l . .;. ~ 1 .;. ~ 0 
0 

II 
I 3 

II o 

24 



CTon6eu <jlyHKUl!A S(w) RMeeT BUJI: 

I' 5/2 ¢
3 

(w)- 3/2¢
1 

( w ) - 2 ¢0 (\\) 

S(w)= \ 1, I tw) ¢ (w) 
0 

(81) 

¢ a(w) + ¢ (w) 
0 

3uecb ¢ (w) 
0 

Heq eTHhl e , a </- (w) 
I 

II ¢3 ( w) tteTHhle <jlyHKUHl! w • Kali<llhlil 113 CTon 6--

UOB a 
n 6yueT HMeTb Bl!U: 

-2 5{3m-3y 

(I '= -1 'm a Ym 
(82) 

~ !m+ I 

/3m 

1ln11 onpeueneHH!I '
0 

• P
0 

• Y
0 BOCil01lb3yeMCSI nepBblM 113 COOTH0l11BHI<l! (71): 

113 cncTeMbl ypaeueu11li 

y 
0 

{-Jo='h<o('o+l)' 

(83) c neuyeT, qTc 

PaccMoTpHM r:epny10 B03MOJKHOCTb 'o = P
0 

= Y
0 

= 0 · 

Torua 113 eToporo 113 coOTuorneHHH (71) nonyqaeM, ~To 

5f3
1
-3y

1
+6<

1
= fl 

2y
1 

+ 3£ I =f) 

2,r;l -3(1 =0 

Onpe.nenKTenb aToM CHCTe Mbi uepasea HYnJO, a. 3H8qHT 

a=a=O , 
• a 

(83) 

(84) 

(85) 

MoryT nonyqHTbCR TOnhKO Torna, Korna onpea enuTenb 

CHCTeMbl y p BBHennA n.ng Pm , }'m • c m pant!n uymo, 1160 npaeble T<aCTH 3Tnx ypas-

HeKHf. 6yuyT lfYJIIIMII. Ho oH HII)[Orua ue paeen uyn10 

5 -3 ( 2m+l) 2 

0 2 (2'11+ 1) = - 2a: 2m + lh'" • (86) 

2 0 -(2m+l) 
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DoaTOMY 3H8"19HH9 ( 0 npHBO~HT ~ TpHB B8nhHOMy pemeHH~ - CTon6uy 

··J-Ill I 
I 

06paTBMC!I JCO B TOJ'OMy peweHH~ f
2

= 2, {j
0 

= 3, yo = 1 • Tor~a B MeeM 

-2 

a = -1 
0 

2 a = 
I 

6 

3 

3aaq:eaHR f
1

• , )
1

• y
1 

ORpe~en~TCSI B3 CBCTBMbl (sTopoe ypB B HBHBe H3 (71) ) 

PeweaHe CH CTBMbl (88 ) 

a = 
2 

5 f3 - 3 y - 10 ( =- 18 
I I I 

2fll 

2 Y
1 

- ( = 0 
I 

- 7c = - 18 
I 

9 9 
e CTb t = -, y ~ =-4-, I 2 

I I~: ~~" a = • 

27 
p I= - 4-

II : 1/9/ 4 

B bmHmeM Tenepb raaJCenesb! MBTPIUlbl cjlyH~IlHII S
1 

( w ) 

S I)= 

-4, -6, -9, 27 
2' 

11- 6, -9, 27/2, ••• 

- 9• 2112, •• • 

( 3) 

s = 

2, 

3, 

3, 9/ 2, 

9/ 2, 27/4 

9/ 2, 27/4, ••• 

11-2. 1, - 9/2, 

s< .,=,,1, -9/ 2. 9/ 4 

-9/2,9/4, ····-······ 

27/ 4 
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H 0~ =/'l • Tenepb MO}I(HO nocTpOHTb 

nonROCTbJO 

~ 1, -3/2, 
2 

( -3/ 2), 
3 

(-3/ 2), 

-3/2, (-3/2) 2
, (-3/2) 3

, t-3/2) .• ... 

ft- 1 n 
( - 3/2) ' (-3/2) •.. (90) 

1, 3/'l, (3/ 2), 
2 

(3) 
s ~ 2 

3/2, (3/2) 2 (3/2) 8 { 3/2)n •••• 

l:locnOJib3088BWliCb p83JIO)I(eHHeM (52) 1 IIMeeM 

S ( w) w - 5/ 2 w + % (91) 

·~ + 3/7 

.[lanee MO)I(HO npiiMOH"i\Tb pe3yJibT8Tbl OTHOCIITOilbHO !"'&HKeJieBb!X ljJOpM XOM611H8UHH C 
0 

S 

u nocT pOIIT» S , • Otu!axo npome socnol!baoaaTbCH y paaHeHII><MH (81 ) H H&HTH cpyHKUHH 

' (w) . cp ( w) . ¢ , (w) ,, ., I 

Ly, 

.;,0 (-.) 
2 -(3/2) 2 

w 

. a 3aTeM flOCTpOIITb S 
2 

{w) 

"' 3 
(w) 

S, (w) 

~ 
w + 3/4 

.,• -(3/2) 

.. -5/ 2 

w + 3/ 2 

w + 1/2 

f1ony'lae M, 'ITO 

3 w -5/4 
¢ {w) ----- -

I 
\V 

2 -{3/2) 2 

~ 82) 

3. npMMeH.Shf K3nO)KeHHbfe BbiWe peaynhTBTbl, MO)KHO fl0K83 8Tb, 'ITO ellHHCTBeHHoe 

( xpoMe TpHBIIBJibHOro) pt:!WOHKe C l<OHe'IHhiM 'llfCliOM OCOfieHHOCTOii LIM! TpexpHLIHOH M8TpH-

IlH "Jy .• Jloy eCTb 

\ ~ 

-8 16 II ~,{w) =[ w( w -2) 

I 
w2 -1 (93) 

S,Cw) 
w( w-2) w ---- - -·-

2 -1 

I 
,, w -1 

S , ( w) [ _:v__] 2 

7 

4 
w -
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4. YeTblpexp!!Aaan MaTpaua Yy-noy 

,JI 
-4 -4 16 

·-2 -1 8 4 
A = A • A = 1/9 :11 T J -2 8 -1 

RMeeT Cnen~nOmHe perneHHR C JtOI!ettHhlM 'IHCnOM IIOnlOCOB 

1 ll III 

--

s 11 ( w) 
w(w- 2) w( w -2) w(w -2) w (ll! 2) 
w 2 - 1 w 2 

- 1 w
2

- 1 w 2
- 1 

s (w) 
w(w-2) w w(w- 2) w -.--- ---- ---13 

w - 1 w 2
- 1 w - 1 w - 1 

s ( w) w w(w- 2) w w ( w- 2) 
31 --- ---

w- 1 w 2
- 1 w - 1 w ·- 1 

( "') 
w w w w 

~ -- --- --- ---33 
w- 1 w- 1 w - 1 w- 1 

---- t_ 

PerneHHe BCTb rrpiiM Oe 1Ip0H3BBUBHHB llBYX pe lliBHHH, COOTBBTCTI'IytolllHX M8TpH-

llBM AT H A J CTpyxTypa peweuuii II H lll Qqe BH.llHB: B !t8>KJlOM R3 BRX OJlHO 

113 pellleHHli COOTBBTCTBY JOIUIIX MllTpHUBM AT H A .r eCTb TPHBHan*"aoe peweaHe 

\ T .e. CT061?U ll ~ II ) · 
7. nocTpoeaHe aeJ<oToporo xnacca o6mnx pemeaHll. 

Bblllle 6blll yKa3aa crroco6 rrocTPoeaHH ljJyaJ<nHll Si ( w) , yaosneT&opsttomax ycnosxHM 

I' -IV' • 3TH ljJyHKilHH HMB/IH KO&eqaoe qHcno oco6eaaocTeA B nnOCKOCTB W 

no rrocTpoeanto (eM. pe3aen 6). O.tiaaJ<o aa ux ocuoae MOlKHO rrocTpOHTb 6onee cnolKRbiB 

peweHRSI, nocTasneuHoA aana'CI:H I'- IV' . .Unst aToro aaMeTHM, 'I{TO ycnos:a::e I' -IV' 

ue orrpeuenHeT ¢yaxnui\ S. (w) 
I 

OUH03Haqao. TonbKO BDBUBHHB Tpe60B8HHSI KOHeqaOCTH 

qucna oco6eaaocTell Si (w) ll03BOnH/10 BbiUenKTb HBXOTOpble XOHeqHbiB rpynnbl S. (w) 
I 

nycTbo S 
0 

( w) - CTOI16en 113 OUHH8KOBbiX ¢YHI<IlHll, T.e. 
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D ( w), (94) 

r.Qe ID(w) = 0(1-w) , D(w) = D(-w), D'"(w) = D(w*) • nerxo npoBepHTb, 'ITO CTOn6en 

YIIOBDeTBOp>IIOD!He y cnOBHilM 1'-IV' , TO H 5 i ( w) D ( w) TR!lll<e YIIOBDeTBOp!IIOT 3THM 

ycnOBHHM. 

MolKBO Taxll<e aaMeTHTb, 'ITO ycnoBH>I 1'-IV' 

Si(w) ~ Si [ w + p(w)] , 

.QonycxaJOT cne.QyJODIYKl 3aMeHY: 

fJ*(w) =f:l(w*\ fl(w)=-{:l(-w) (95) 

,ll (w)= {:l(w+ 1), 

Co6HpaH peaynbTRTbl (94) H (95) BMecTe, nOJiy'laeM, 'ITO ecnH <jlyHKUHH si(w) 

YIIOBneTBOPKJOT ycnoBHHM I- IV , TO H <jlyBKUHH Si [ w+ ,B (w)) D(w) T&Xll<e YIIOB-

neTBOpmoT 3THM yCDOBHHM. 

TiyCTb M8TPHU8 nepexpeCTBOii CHMMeTpHH npe.QCT8BHM8 B BH.Qe OpRMOrO OpOH3Be.QeBHR 

MRTPHll nepexpecTBbiX CHMMeTpHii MeBbwero nop!IIIKa. TipHMep aToro .Qae T M&TpHna nepe-

KpeCTHOii CHMMeTpHH TT ;~ pacceHHHR. Torna <jlyBKUHH S. (w) 
1 

MOlKHO pa36HTb H8 

COMH OlKHTeDH, K8lK.Qhlli H3 KOTOplliX 6y11eT YIIOBneTBOpliTb ycnOBHSIM I-IV c MaTpHneli 

H3 npHMoro npouaBelleHHR. Becb cTo6en S(w) eCTb npHMOe npOH3Be.QeHHe CTOD6UOB 

MeHbwero nop!lllr<a. KalK.Qblli H3 HHX o6na11aeT npoH3BODOM ( l) H (2). Tar<HM o6pa30M, 

HCXOIISI H3 peweHHll C KOHe'lHbiM 'lHCDOM OC06eHHOCTell ( pa3.Qen 6), MOlKBO CTpOHTb pewe

HH>I, CO.QeplKBmHe PHil npOH3BOnbBblX MepOMOp<jJHbiX <jlyHKUHll. nonb3YSICb 3 THM npoll3BODOM 

MOlKHO CTpeMHTCSI YIIOBneTBOpHTb TeM 'l8CTBbiM yCDOBHSIM 0 0 KOTOp bl X rOBOpHDOCb BO B Be-

.[l9HHH. 

ABTOP 6naro.Qapell B.B. Cepe6pHXOBy aa CTilMYDHpyJOmHe IIHCKyccHB. 

1. F.Low. Phys. Rev., 2,7, 1392 (1955) 

G.C.Wick. Rev. Mod. Phys., n_, 339 (1955). 

2. G.Cbew, F.Low. Pbys. ·Rev., 101, 1570 (1956). 

3. M.L.Goldberger, K.Watson. Collision Theory, tlew-York, 1964. 

29 



r· 

Y> 

:ore 

CO< 

rpo 

5hin 

no 

: Tai 

:!T ~ 

I HOC 

4. H.H. Sorol0l6o~ • .n.B. IllapxoB. BI>@O il"'lfll& .,. TeopBID x:a.aHToBliBBbiX nonea. fliTT n, 
MocJtB&, 1957. 

H.H. Soromo6oB, B.B. MeJUie.lleB, M.K. llOIIJIBea:OB. Bonpoc:bl TeopBB n•cnepcaoBBLIX 
COOH:omellllA. I"H«<>Mfl, Moc:l<:B.a, 1958. 

5 , Niag. Hu. Nud. Phys., ~ 1 (1958). 

6. ll .X.Bwpaea. B.A.Memep~mos, H.ll.He.IIIUIIOB. :lK3T4>, .1§_, 663 1 (1964). 

"1. A. W •• utitt, 'f.D.IIcalian. Phys. Rev., ~ 1515 B ( 1964).; 

T.Ro tlll•taer. z. Phys., 177, 286 (1964). 

B.A. 11\eJQeps-. llpeJIPIIllT OHSIH P-1984, Jly6u., 1965. 

8. «<>.P . f aJITwaxep. TeoplUI WBTpBJl., CTp. 446, I"HTT n, MocK:sa, 1954. 

9. B.A. Melllepmtcm. llpenparr OHSIH P-1966, lly6aa, 1965. 

P yKORBCh llOCT)'ImlUl B Jl3J18Tem..<:KBil OT.IleJt 

23 celrT116p11 1965 r. 

~ 

~ .. Uf ~--
.... .... ' .... ......... ' ' ' ..... ..... ' 

..... ..... ~. 

T-m w 

w;,j ____ , 
r --·- --
1 I I 

.... 
' ...._ I 

' ..._ I 
' ...._ I 

'1 l' r, I 
,I I .. ~, 

II 
Yz 

PHc. 1. 

Tn,ur 

" ..... 

uri 
/ D I AW, 

/ I / 
/ I / 

I 
I 

'"" I -w; 

.w; 
I 

I 

I 

Re.llf' 

I A I 
1 Reur I// I I 

/ 
/ 

/ 

/ I 

/ I 
I / 

7r ~--- -L 
I w.' 0 

I 
--i-

lt. 
2. 

PHc. 2. 

I 

---!. ______ j 


