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BBeAeHll'. _ _e 

Ill 
B pa60Te 6una paCCMOTp8B4 npo6neMa paanoJKeHUI penSITBBBCTCKBX AMilnHT}'ll 

B peam.HOM npOCTpABCTBe no6a'!eBCXOro (unu HA SI3h!K8' 6onee npBBhl'IHOM, - nepeMeHHhlX 

s , t , u B cpB311'1ec1:oi! o6nacTH mo6oro z:aHana, T.e. s tu >0 ) no co6CTBeHHh!M 

I . 
cpyHl:ltlllIM onepaTopa nannaca. Uem. BACTOS1111eil CTATbB - IlOCTPOHTb BHTerpam.Hhle npen-

_CT4Bll8HHSI AMilnHTYll B HecpB3B.'18CKBX o6naCTSIX MaHnem.CTAMA C IlOMOJ'.llblO ~eTOAOB UHTe­

rpam.Hoil reoMeTpB.H. MbI nposeneM paCCMOTpeHHe aToro Bonpoca c TO'IKU apenu.si s -KaHa-

/11 
na (T.e. B ccjlepB'l8CKOli CH<ITeMe KOOpAHHAT, ecnH nom.30B8TbCSI TepMUHOnoraei! pa60TbI ). 

MoJKHO noi!TB ABYMSI nyTSIMB: 

1) ConOCTABBTb HecpB3B'leCKHM o6naCTSIM MHUMOO npOCTpAHCTBO no6a'leBCKOro (onHo­

nonoCTBOi! ranep6onOHA) B T8M CAMhlM paCCMOTp8Tb Tom.Ko nopeB:ll-BHBAPBAHTHhle cpyHK­

ltHB (nnsi MHHMhlX 3Ha'leHHII nepeMel!HhlX). 

2) ConoCTABHTb pa3llH'IHhlM KYCKAM HecpH3H'l8CKOli o6naCTH KB8llp8TH'1Jb1e cjlopMhl 

paanB'IHOli CHrBATyphl u TeM CAMhlM BKlllO'IBTb B arpy HA pABHhlX npasax npyrue rpyililbl 

(nepeMeHBhle - B8Ill8CTB8BHhl8). 

IlnOCKOCTb s + t + u = .4 u 4-Mepuoe npoCTJIABCTBO CKOpOCTeli 

B TeopBH pacceSIBBSI 06bI'IBO BBOASIT TPH nepeMeHHbie B8nH'IHHhl ·s ' t 

TOpbie CBSl38Bhl C BMilynhCAMB 'IACTBil COOTHOill8HHSIMB: {pnc. 1) 

2 2 
S=(p+p)=(p +p) 

l 2 8 ( 

2 2 
=(p-p)=(p-p) 

l 3 4 2 

u =(p -p )2=(p -p )2, 
l , S 2 

npH'l8M 

s+t+u=4. 

3 

I u ' KO-

(11.1) 

( II. 2) 



B nanb11ei!meM Mbl nonoJKKM m ., 1 
➔ I 

cncTeMe ne11Tpa n11epnnn ( p + p = O , 
1 2 

paccemmn, a HMe11110 

• IlepeMeH.Hble s 

<=<=<) 
2 

s =(, +< )~ 4,2 
I 2 

= - 2 I p' 12 < 1 - cos 0 ) 

➔ 2 
u = - 2 IP I o + cos 0 ) • • 

• t u Bblpa:acatoTCSI B 

'lepea aueprn10 '!acTnn n yron 

(11.3). 

IloCKOnhKY 

0003Ha'IHTb 

,2- 1, 2 = m 2 (nnn a npocTpaHCTBe CKopocTeil v 2 - v 2 = 1 
2 ... 2 2 0 

) I TO MOJKHO 

rne o < a < 00 , - -

v = ch 2 a, !vi= sh a. Torna ipopMynbl (2.3) npnMyT sun: 
0 

s = .4 ch 2 a 

t = - 2 sh 2 a ( 1- z ) 

u =-2 sh 2 a( l+ z ), 

-1 <_z <_l,, z = cos 0. 

(11.3a) 

3THM ycTaBaBm!BaeTCSI B3aHMHOe COOTB8TCTBH8 Me:acny nepeMeHHblMH s • t u 

MHO)KCCTBOM TO'l8K C V 
2 

- V 
2 

- V 2 -v 2=1 • nnsi OAH03H8'1HOCTH B )lanbHeilmeM oyAeM 
O 3 2 I 

H 

paCCM8TpHB8Tb TOnhKO aepXHIOIO nony r11nep6onOHAa, V > 0 • MHO)KCCTBO TO'ICK BepXHell 
0 / 

nonbI r11nep6onOH)la eCTb 3-MepHOe npoCTpaHCTBO nooa'!eBCKOI'O RL (3). 3aAaAHM B HeM 

cipepn'leCKYIO CHCT8My KOOPAHHST 

v = ch a 
0 

v = sh a cos 0 
3 

v 
2 
= sh a sin 0 cos ¢ 

v 1 = sh a sin 0 sin cf; 

Ha KHH8MaTH'l8CKOll AHarpaMMe CKOpOCTell.
121 

pnc.2 "a'. 
0 - yron MeJK.tly ,•npstMblMH', 

(II .4) 

eCTb paccTonune MC)KAY TO'!Ka­

s -neHTp HBepnnu s -Kaaa-MH s,i ( i = 1,2,3,4) 

na. ct>opMyna ( II 3a) OilHCblBSCT ODnSCTb sJ nnocKOCTH MaHA8IlbCT8M8 puc. 3. 

IlyCTb napaMeTp11aanHS1 nepeMeHHblX S u BHAa (II 3a) cnpaaeAnnaa n a aeipu-

3H'ICCKHX oonaCTllX Sil 

H8HHSI napaMeTpOB 8 

Sil', s Ill , sIV s IV' • KoHC'IHO, npH STOM oonaCTH H3Me-

z DYAYT APYI'HMH. Torna, ecnu O :::_a:':: .. 

CSI B npenenax 1 < z < ""• TO TeM C8Mb1M Mbl H3 oonaCTH sl 

sll 

V< ·c 
Ilpu STOM, Kax HCTPYAHO yoe)lHTbCSI, nepeMeHHblC s 

2 2 
V -v + V 

2 
+ V 

2= 1 
0 3 2 I 

npu'!eM Ha 'C(IIS) BBeneaa CHCTeMa KOOpAHHST 

4 

1 8 Z H3M0HSl9T­

nepeXO)tHM B OonaCTb 

U CTpOSITCH 113 

(11.5) 

I 

v =·ch a 
0 

v = sh a ch h 
a 

v=shashh cos¢ (11.6) 
2 

v = sha sh a sin'¢ 
1 

3AeCb ·Chh = z , 1 < z < oo 

MHO)K8CTBO TO'ICK 'C(IIS) C KOOPAHHaTBOli CHCT8MOli (II.Sa) H30MOpipHO llO.!IMHOJKeCTBy 

TO'l8X MHHMOI'O npOCTp8HCTB8 noo8'18BCXOI'O IL (3) : 

u2-u
2 

-u 2 -u2 =-·1, 
0 a 2 I 

(uo ➔ v3, ua➔ vo, U ➔ V ), 
1,2 1,2 

HSXO)tSIWHXCn Ha B81Il8CTB8HHOM paCCTOnHHH OT H8'18Jl8 OTC'leTa (0100) C rnnepoonB'ICCKOil 

CHCTCMOil KOOPAHHST. Ilepexon na oonacrn sl B sill ocymeCTBnSl8TCSI HYT8M 38Me-

HbI a ➔ + i p a ipopMyne (11.3a) • KaanpaTH'!HaSI ipopMa v 2 
- v2 

- v 2_ v 2= 1 
- 0 3 2 I 

B8HHH aemecTBCBHOCTH ripocTpaHCTB8 npeapamaeTCSI B 3-MepHyIO cipepy 

v 2+vl!i-v 2+v
2
=1, 

0 8 2 I 

118 KOTOpoll 38)t8118 KOOPJtHHaTHan CHCT8M8 BB)ta: 

v
0 

= cosp 

v = sin p cos 0 
3 

v 
2 

= sin p sin 0 cos ¢ 

v 
1 
= sin ·p sin 0 sin ¢ 

KaanpaTH'!Han ipopMa (II. 6) , COOTBCTCTBYIO!Ilan pacnan11oll oonacTH sill 

ct>opMyna 3i!11wTell11a E2- p2= m2 3aM8HSl8TCSI B 

npB Tpeoo-

(11.6) 

(11.6a) 

I eCTb HHBa-

s III 118 ipOpMy-pHaHT rpynnbl 0(4) 

ny E 2+p 2
=m2 ct>opManbHO B S III MQ)KHO COXp81IHTb nopeHU-BBB8pH8HTIIOCTb 0 C'IB-

Tan 
2 2 2 

m -4-oll KOMllOH8HTHoli, a .E - HHB8pB8HTOM, T.e. m 2 • p = E • 

nnsi nepeX0.118 B OOil8CTb s IV B3 s I uy)KIIQ 38M81111Tb b ➔ + i0 , a ➔ + ip 

fipB STOM npoCTp8HCTBO nooa'!8BCKOI'O npeapamaeTCH B B8WCCTB8HII08 npOCTp8IICTBO C CHI'­

HBTYpOll. (2,2). 

V 
2
+ V 

2 
- V 

2 
- V 

2 = 1 (11.7) 
O 8 2 I 

C KOOp)tHHSTHOli CHCT8MOli 

v
0
= cosp 

v 
8 
= sin ·p ch b 

v = sin p sh b cos ¢ 
2 -

v 
1 
= sin p sh b sin ¢ 
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Iloc1tom,1ty s , t , u eCTb 6nnnHei!Hble ¢opMbl B3 B8KTOPOB V • TO Mbl BblOHpaeM B 

nam,Hei!meM npH aaMeHe a ➔ + ip b ➔ + i 0 H T.A. TOJibltO 3H8K nnroc. 

HTaK, o6nacT>IM sl , sll , s!U. S iv nnOCKOCTH MaHnem,cTaMa COOTB8TCTByeT 

4-MepHOe semecTB8HHOe npocTpaHCTBO C aanaHHblMH KBanpaTH'IHblMH ¢opMaMB 

rne 

g = 
I 

.F =I 
a 

gii V. V,=1 
a 1 1 , 

(

1 0 0 0) (1 0 0 J (1 0 0 0) (1 0 0 0 0 -1 0 O O -1 0 0 0 1 0 0 0 1 0 0 

0 0 -1 0 gn= 0 0 l O ; g11;= 0 0 1 0 ; g1; 0 0 -1 0 

0 0 0 -1 0 0 0 1 0 0 0 l O O O -1 

COOTB8TCTB8HH00 

Ilepei!1teM K pacCMOTpeHHIO nepsoi! B03MOJKHOCTH, a HM8HHO - conocTaeneHHIO BCero 

IL(3) He¢H3B'l8CKBM o6nacT.stM. Bhlme Mb! HCilOJll,30Bann TOn&KO 'laCTb MHHMoro npocTpaH-

CTBa nooa'leBCKoro. EyneM OTHOCBT& Tenep& o6nacT.sIM s III , s IV , s IV' (nonoce) 

MHHMOe npOCTpaHCTBO nooa'leBCKOI'O C MBHMblM paCCTOSIHH8M (npOCTpaHCTBO B30TpOnHMX 
/3/ 

nplIMblX), KOTopoe MOJKHO napaMeTpH30BaTb Tait: ! 

rne 0< 8 :rr/2, 

V = COS 0 
0 

V = f 
3 

v = sin 0 sin a + f cos a 
2 

v = - sin 0 cos a + 
I 

- ~< f < ~ , 

f sin a 

O~a~2rr 

(II.S) 

Torna s no-npeJKHeMy coxpannT CBOll BHll, T.e. s = 4 cos 2 0 , nepeMeBHbie, t 

6ynyT HMeT& 6onee cnoJKHyIO ¢opMy 

t 2 

( ) = + 2f f'( 1 - cos {3 ) + 2 sin 0 ( l - cos {3 ) + 2 
u - + 

sin 0 sin {3 ( + f -f'), 
- + 

/3=a-a'·• 

u 

(11.9) 

<!>opMyna ( 11.2) TeM He MeBee coxpaBHTCH. TaKHM o6pa3oM, Mb! BHltBM, 'ITO Tpe60B8BBe 

nopeHII-HHB8pHaHTHOCTH B o6naCTSIX slIJ , sIV • s!V' HeCOBMeCTHO C coxpaHeHHeM napa-

MeTpH38IUIH nepeMeHblX S u BHna (II. 3a) u Hao6opoT. 

III. OnepaTop nannaca H COOCTB8HHbl8 q>yHKIIIIII 

B STOM paanene Mbl 11ay'IHM onepaTop nannaca (•yrnosyro' 'laCT& onepaTopa LlanaM-

6epa) Ha MHOJK8CTBax (11.5) , (11.6) , (11.7) u COOCTB8HHbl8 ¢YHKUHII. Ha MBOJKeCTBe 11.S 

onepaTop LlanaM6epa MOJKHO aanHcaT& s snne: 

6 

D 
ua 

_a_ u3 _a_ +_l_ t:,. , 
a U au u2 L 

( IIJ.1) 

/4/ 
rne u - nnnHa 4-BeKTOpa, a !:,. L - onepaTop nannaca. KaK B3BeCTHO , COOCTB9HBJ,19 

ana'leHK>I MHoroMepnoro onepaTopa nannaca paBHH -f(f+ n -2) , rne n - paaMep110CTh 

npocTpaHCTBa. Lln>1 n = 4 coocTBeHHoe 3H8'1elllle pasHo -f (f + 2) • Ilepexon OT ccpep1,1 

K r11nep6on0Hny npBBOAHT K T~MY. 'ITO f nepeCTaeT OblTb nenHM 'IBCIIOM B MO:llCeT 61,1-n, 

lllOOblM KOMnneKCHblM 'IHCnoM. C y'leTOM BblW9CK83IUIIIOro ll8IIBmeM ypaBJleHBe Ila co6crie11-

HMe 3ll8'18HHH! 

!:,. f =-u(u+2) f. 
L 

'iTOObl u ( u + 2) 61,1no BemeCTBeHHblM, Heo6xonnMO "ITOObl 

U=-l+ip ( p - BemecTBenno 

nHOO U - B8M9CTB8HHO • 

) . 
(III.2) 

(IIJ.3) 

_(IIJ.4) 

Ha T90pBH npencTaBJien:ul!: H3B8CTHO, 'ITO 9THM 3B8'19BBSlM OTB9'18IOT YHHT8pHb19 npenCTaB­

neHHH rpyn111,1 nopelllta. Ilpu STOM (IJl.3) OTB9'189T npe1tCT8BJl8HKSlM OCHOBBOil cepnu, a 
/5/ 

(III.4) - nononHHTen&HOH cepuu npencTaBneHHA • HaIIBmeM onepaTop !:,.L B KOOPltBBST-

BOil CBCTeMe ( II.Sa) 

t,. = _1 _ _ a_ 
L sh 2a a a 

sh 2a .!_ + l ..JL sh b ~ + 
aa sh

2 
ash b ab ab 

a2 
( III.S) 

sh 2a sh 2 b a¢ 2 

IlpOB3B0/t>I OObl"IHOe paaneneHHe nepeM9HHblX B ypaBB8HHB (IJl.2) , Mbl nonyq:aeM Tpll ypim­

HeBIIH nn>1 onpenenennH coocTBeHBblX ¢yHKn11i! 

Pemeau11 

(_1_ 
sh 2 a 

a 
aa 

2 a r( r+ l) . 
sh a __ + u ( u + 2) ---- ) A (a) = 0 

(_l _ __ a_ sh b !_ 
shb ab ab 

a a sh 2a 

2 

+ r ( r + l ) - ~ ) B (b) = 0 
sh2 b 

a 2 2 
<--+m) tlJ(cf, )=0. 

a¢ 2 
STBX ypaBBeHBA ecTb 

·IS r+is 
A (a)= sh a Q 

u+IS 

B (b) = P m ( ch b ) 
~r- 1 

<11(¢) = e•mcf, 

(cha), 
•1 -0-1 

sh a P 
·r•t 

( cth a) 

ll nn11 .COOCTB9BHOA ¢YBKilHH nonyqaeM 

•l ·U•l 
<urmlab¢>=sh a P 

-r- t 
(ctha)P 

-r- t 

7 

lmcp 
( ch b ) e 

( III.6) 

( IIl.7) 

(IIl.8) 



Ha 3-MepHol!. ccjlepe ( 11.6) C KOOpllBHSTHOl!. CBCT8MOl!. ( 11.6a) nannacuaH 3anucNsaeT-

CSI KSK 

/',. = _1 _ __ a_ sin 2p ..E.__ + _l ___ l _ !_ sin 0 
L 2 a 2 , sin p ap P sin p sin O a 0 

a 
-+ 
ao sin

2 
p sin 2 0 

a2 
a¢2 

(III.9) 

. ' /6/ 
Cornace:o opTOHOpMBpOBaHHble co6CTB8HHN8 <j,yHKllBB nannacuaua (III.9) C co6CTB8HBNMB 

3H8'18HHSIMH -a (o+2 eCTb 

a a ·½. 
.<ofmjp0¢>=1N' I 

D 

2 a/ 2 a,a 
( 1 - COS P ) p D ( COS P ) yfm ( 0 ¢ ) O (III.IO) 

a.a 
rne P (cosp)- nonBHOMN rereH6ayspa, Ya (0¢) ccjlepu'lec1tue <j,yHKIXBB, n=o-f ,a=f +½, 

D Lm , 

n :::,_ O, 1, 2, ... B 

Na,a 

2a+1 
2 

2 

r (n+a+1) 

(2n + 2a + 1) r (n + 1) r ( n + 2a + 1) 

HOpMa. 

HaKoHen HanuweM onepaTop naxmaca Ha KsanpaTB'lHOll q,opMe (11.7) C KOOpllHHSTHOl!. 

CUCTeMol! (11.7a) B ero C06CTB8HHN8 <j,yHJtllBU (peW8HUll ypaBH8HHll (IIl.2) ). 

6 = 1 a . 2 l _a_ sh b_!_ 
L -

2
- -- SID p 

sin p a p 

a 
ap sin 2p sh b ab a b 

<or m/pb¢ 
•½ •T•½ 

>= sin p P 
a+½ 

•½ •T•½ 

< a r m / p b ¢ > = sin p Q 
a+½ 

( cos p) p 
•T•l 

( cos p) p 
-r- l 

Im¢ 
(chb)e 

Im¢ 
( cb b) e 

1 
. a 2 

------
sin 2 p sh 2 b a¢ 2 

( III.11) 

(III.12) 

Mbl nony'lBnB co6CTB8HHN8 <j,yHKllHB (III.8) , (III.IO) , (III.12) onepaTopa nannaca. 

Tene,pb 3TB <j,yHKllHH nano HOpMBp0B8Tb (KpOMe 3.10), nnn, 'ITO TO :>Ke CaMoe, HSilTB <j,opMy-

nN o6p81!l8HBSI llnSI p83flO:>K8HBll 110 STBM C06CTB8HHNM <j,yHKllHSIMo nnH 

llOnh3yeM M8TOII opnccjlep. 

IV • IlpocTpaHCTBS no6a'leBCKoro H M8TOII opuc<pep 

STUX nenel!. Mbl BC-

B (n+l) -MepHOM nHHeilHOM np6CTp8HCTB8 Rn+I sneneM 6unnHei!H)'IO <j,opMy 

[vu]=VU -VU - ••• -VU 
o o 1 1 n n 

(IV.I) 

nanee B R n+I paCCMOTpHM COBOKynHOCTb npHMNX, npOXO/llllllHX 'lepe3 Ha'lano KOOPIIBHST 

H ne:>Kamnx BH)'TPH KOffYCS 

[ V V] = v 2 
- ••• - V 2= 0, (IV.2) 

O n 

8 

TO eCTb TSKBX npSIMNX, nnH KOTOpNX BNnonHSl8TCSI H8p8B8HCTBO [ V V] > 0 • 

Onpe11e1111M paccTOHHHe 

a 11pyraS1 - 'l8p83 TO'IKY 

M8lKJzy npHMNMB, Ol1H8 U3 KOTOPNX npOXOIIBT '18p83 TO'IKY M(v) 

N(u) , <j,opMynoll 

2 
ch kr 

2 
[ vu ] 

[ vv] [ uu ] 

( IV.3) 

nng npSIMNX BHyTpH KOH)'CS BNllO/I.HS18TCSI H8p8B8HCTBO [ V U ] 
2 >. 1 , npll'l8M paBeHCTBO 

1/ . 

[ vv][uu] 
TOnhKO B Cny'lae COBil8/18HHll np!IMNX. npyrHMB CnOBaMB, paCCTO!IBH8 r 8CTb B81ll8CTB8H-

Hoe HeOTpunaTenbHoe 'lBcno. Ilony'leHHoe n -MepHoe npocTpaHCTBO H83NBSeTCH runep6ollH-

'18CKBM npOCTpaHCTBOM unu npocTpSHCTBOM no6a'l8BCKOro R L(n) • BenB'IBHS "k.. 8CTb 

KPBBB3Ha STOro npOCTPSHCTBa. 

MHO:>K8CTBO npHMbIX, nnll KOTOpNX [ v v] < 0 • C onpeneneHHNM paCCTOSIHH8M (IV.3) 

H83NB88TC!I MHBMbIM npocTpaHCTBOM no6a'l8BCKOro IL(n) • PaCCTOSIBB8 

Moro npocTpSHCTBa npHHBM88T..JIB6o B81ll8CTB8HHN8 3H8'18HBSI ( (.l~ r ':.. 00) I 

nu6o - MHBMN8 ( 0 < r < !.E:__ ) , 
2k 

nng MHH-

BemeCTB8HHOe (MHBMOe) npOCTPSHCTBO no6a'leBCKOro MO:>KeT 6NTb peanB30B8Ho: 

I ) Kax BH)'TpeHHOCTb (BH8WHOCTb) ccjlepN 8/IBHB'lHOro panuyca; 

2) sepXHllSI nonocTb nsynonocTnoro runep6onouna [ v v ] = 1 (MHO:>K8CTBO TO'l8K 

Ha nosepxnocTu 011HononocT11oro rnnep6on0Hl1a [ v v] = - 1 ) • 

YpaBHeBHe [ v k] = 1 , rne [ v v] = 1 ,a [kk]=O (Konye) H83NB88TCSI ypaBH8HB8M 

opncq,epN npOCTPSHCTBa no6a'l8BCKoro. B '.TL(n) cymecTBYIOT opuccjlepN 1-ro pol1a 

l[vk]l=l, [vv]=-1, [kk]=O. (IV.S) 

u opucq,epN 2-ro pol1a 

[vk]=O. ( IV.6) 

Opuccjlepbl 2-ro pona paccnaBB81()TCSI Ha H30TponHN8 npHMN8 (npHMOllHH8ilHN8 o6pa3yIOl!lll8 

onHononocTHoro rnnep6onouna) 

npuqeM [ vk ] = 0 , 

<l>yHKllHSI f ( v) 

V=b+kt, 

[bk] = 0 , [ k k] = 0, r b b] = -1, -00 < t < 00 

V < RL(n) reHepupyeT <PYHKII.BIO Ha KOByce 

h (k) = f f ( v) c'J ( [ k v ] - 1 ) d v , 

(IV.7) 

(IV.8) 

rne dv BHBapBSHTHSSI Mapa HS RL(n) 1 p8BH8SI dv = v· 1 d 
O 

v • Ilpeo6pa30BSHHe 

(IV.8) H83NB88TCSI HHTerpam.HNM npeo6pa30B8HB8M 
0 /3/ 

renb<j,aBJta-rpaesa • <l>opMyna 

o6pameBHSI /lnSI STOrO npeo6pa30B8HBSI B cny'lae n=2m+ 1 /3/ 
8CTb (cM. ), 

9 



• 

H 11m1 n=2m 

f( v) = 

.n:.l. 
·(-) 2 

2(2,r) "" I 

n/2 
(-) r (n) 

f,v)= ,. 
(2,r) 

(n-1) 
f 8 ([ vk] -1) h(k) elk , (IV.9) 

f( [ k v] - 1 ;" b (k\ dk x), (IV.10) 

•I n 
r11e- dk=ko d k - BHBapHaHTH8Sl"M8pa Ila ttoayce. Pa3110lK8HHe· cj,ynxuni!, 38Jl8HHhlX' 

Ha KOayce, na 0JlHOp0JlBhl8 KOMnOH8HThl <lJ ( k, U) ocymeCTBIIS18TCSI no cj,opMY118 

8+1 00 
h(k) = _l_ f <ll .( k u ) du , 

2 " i 8-100 
(IV.11) 

npH'leM B nonoce (0,8) cli(ku) He HM88T ROIIIOCOB J r11e 

cli(ku)=J h(kt) t -<l'-t dt. (IV.12) 

H3 ypaBaeaHil (IV•S) H (IV .12) cne11ye T, \ 'ITO 

<ll(ku)= f f(v) [kv]u dv. (IV.13) 

Il09TOMY. H3 ypaBHeHnil (IV.9) (IV,10) , (IV,11) nony'laeM 11nsi n = 2 m + 1 

(cM. 1,3) n-t 

f (v) 
(-)2 

OH "T(u+n -1) -U•n+t n-1 
--- ( ____ f <ll(ku) [kv] d k du 

2i(2,r)" 8-100 r(u) r 
(IV,15) 

n nnsi n = 2 m .. 
-O'•n+t D•l 

f (v) 

(-)--.-1 
0t-l00 r(u+n-1) 

( --
2i (2 ,r)" 8--100 r (u) 

ctg ,ru f <ll(ku)[kv] d k du. (IV.15) 

r 

KonTyp HHTerpHpOBSHHSI r SIBIISl8TCSI ruo6blM KOHT¥POM Ha Koayce, nepeceKaJOJitHM BCe 

o6pa3yJOmHe KOHyca H d""
1 

k eCTb HHBSPHSHTH8SI Mepa Ha 9TOM KOHType, onpe11elll18M8SI 

paBeHCTBOM 

d ( tk ) = t ,.. 3 dt elk , (0 < t< oo). 

4>yHKnHll f(v), VE ,3" L(n) reHepnpyeT JlBe cj,yHttnHn 

h Ck)= ff(v) 8C![k v] l-1) dv (IV.16) 

x) . 
PacXOJlSIIIlHHCll HHTerpan ROHHMaeTCSI B CMblClle perynsipH30BSHHOI'O 3Ha'leHHsi. 

10. 

l 
I 
l 
"1 

J 
~i 

r 

lj 

11 

I 

I 
l 
,I 

'­I 
I 

f 
)l 
J ,:, 

· 1 

<ll (f) = f f (v) dl a f f ( b + kt ) dt = <ll ( b,k ) • 

t . 
(IV,17) 

4>ymmHSI <ll(f) 3a,nana Ila MHOlK8CTB8 H30TJ)OnHhlX npS!MhlX. Oaa BblpalKaeTC SI '18pe3 
/3/ • 

tto~noHeHThl 4>ypbe no cj,opMYne 

¢ (f) = 2._ i F ( f; 2n). (IV.18) 
ff n=•oo 

3TH ltOMROH0HTbl Yll0Bll0TBOPSIIOT COOTHomeHHIO 

· 21n0 
F(f

2
,2n}=e F(f

1
;2n). (IV,19) 

f, H OTCTOSIIIlaSI OT nee Ha pacCTOllHHe 
iO 
T' rne l 

2 
- H3oTponHasi npsiMasi napannenbHasi 

Jlnsi OllH03H8'1HOCTH B cj,opMyne (IV,17) "b" 

4>0PMY118 o6pameHHll, T.e. Bblp8lK8HHe f(v) 

H ''k" HOpMHpOBaHhl ycnOBH"SIMH k i" 1, b 0 = 0 • 

qepea h (k) H ¢(f) HMeeT cnenyroJitHA DHll 

llllSI n=3 (cM.
131

) 
8+100 -0--2 

f u(u+1) f <ll(ku) l[kv]I d 1c du+ 
(-) 

f(v)= ----:--
.4i(2ir) 3 8-100 ,f\ 

+ _4_ :s 
'IT 2 n=·1 

2 

n J F ( k, v; 2n ) 8 ([ kv]) d k 

r 
(IV.20) 

4>yH1tnHS1 ¢(ku) npeo6paayeTCll no HenpHBOllHMblM yHHT8pllblM npencTaBn8HHSIM T -,f.v:'J 

x=<4~> , a F (k,v; 2n) npeo6paayeTCll no YHHTapHbIM llHCKpeTHblM npencTaBne,-

HHSIM 

T x<g) • X =( 2n, -2n ) • [ 3] 

Ecnn B3l1Tb TO'IKY "a" 38 Ha'lano OTC'leTa, TO nepBoe cnaraeM08 cj,OpMYllbl _ (IV,20) 

eCTb P83110}1{0H11e f(v) llllll TeX V I llllSI ltOTOpbIX [ av ] > 1 1 a BTOpoe cnaraeMOe 

llllll [ a V ] .< 1 , TO ecTb llllll MHOlKeCTBa T0'18lt V I HSXOllSIIIlHXCll Ha MHHMOM 

paCCTOSIHHH OT "a" • 4>opMyna (IV,20 ) nony'leHa C Y'l8TOM OTOlKll0CTB110HHll llHS-

MeTpallbHO npoTHBOll0110}1{HblX TO'l01t OllHOllOIIOCTHOI'O rnnep601IOHlla, T.e. llllll cj,yHttUHH f(v) 

Y'IHTblBSIIOCb paBeBCTBO f(v) = f (-v). 

V , IlocTpoeHHe paano}l{eHHA B HedmaH'l~S19'~1!£rn 

a) 06naCTb s II CornaCHO ( II) HSM HylKHO nocTpOHTb paanolKeHHe cj,yHKUHH 
. 2 2 2 2 , 

Ha C; V -v + V + V = 1 C ltOOpllHHSTHOi! CHCT0MOi! (II.Sa). IlpHHHMSll BO BHHMaHHe 
O 8 2 I j 

H30MOpcj,H3M ( II. 5) MHHMOMY npocTpaHCTBY Jlo6a'leBCKOI'O C B0Jl'.l0CTB0HHblM paCCTOllHH-

0M M0}1{llY TO'IKSMH, Mbl cornaCHO cj,OPMY118 (IV.20) MOlK0M HanHCSTb 
8+100 -u-2 

f(v)=- 1 Ju(u+l)J¢(ku)l[vk]I dkdu, 
4i (2,r) 2 0-100 ,r 

11 
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2 2 2 2 
r.ne ·f eCTb C8'18IIB8 . JC011YC8 k 

O 
- k 

3 
+ k 2 + k I= 0 JinOCJtOCTblO k 

O 
= l , T .e. ,[ . 8CTb 

k 2 - k 
2 

- k 
2 

= 1 - .l(ByJ[Mepuoe JipOCTp8HCTBO no6a'leBCJtOI'O ll L (2) • B1,16epeM aa r 
3 2 I 

JI8p8M8Tpbl "c" B t/, 

Y'IHTb!B851 (IV.15) t BM88M 

k 3 = ch c 

k
2
=shc cost/, 

k 
1 

= sh c sin t/, 

l t+loo .,. 1 

<P(k,o)=--- f rctg1rrf<l(f,,a,r)[k,;] df,dr, 
Si "2 ,.1.. f' 

2 2 

r.ne f, a= 1 B f' 8CTb f, t f, 2= l • flonaraeM 

f, 2 = cos X f, 1 = sin x, Tor.na 

Pa3naraSI <P(f,,o,r J B pB.11 ~yphe 

ll0.11CT8Bmrn B 

<!;(f,or)=}: 
lmX 

a m(ru) e 

( V.3) H BBTerpupyll, nony'l88M 

df,=dx • 

(V.2) 

( V.3) 

( V.4) 

<t (k,o) 
l Hloo m ,[ (-r) m Im t/, 

I (-) a ( ro) --- P ( ch c ) e dr • (V.5) ___ J r ctg "r 
41Ti l•iOO 

Koaq,q>HilB8HTbl a ,.(ur) p8BHbl 

2,r 
T 

a (o,r) = 
m 2,r 

f f <t(ko )[kf,] 
•lmX 

e 

0 

r.ne d2k = sh c de d,f, 

Tenepb ll0.11CT8BBM ( V.S) B ( V.l) 

m n-ftm) .,. , 

·m 

2 <-) r (,t 1i 
d kd X = 

I (r+l-mJ 

•m •lmX 2 
f<t(k,u)P,(chc)e dk, 

(V.Sa) 

m OJ-foo f+foo 

f(v) = __ l_ fo(o+l) { f r ctg 11 
T }: (-) n-r) am (ra) 

m Im,µ 

~-! (ch c)e d(ch c)d ,J, do dr. 

10+2 3 . . 
2 •c 2" > &,.. r,-1 .. m r(-r+m) I [ vk] (V.6) 

HaM Ba.no Bbl'IDCJUITb HHTerpan 
m Jm,µ 

.. 2rr 

I = f J 
I 0 

P_,.. 1 ( ch c) e d(chc) dt/, 

I [ V k ] I o+
2 

( V.7) 

12 

Ilpose.neM Bbl'IDcneuae Mll To'IJtH vco> = ( ch a, sh a, 00 ) , a 3aTeM nepel!AeM OT v<0k v. 

.llnB v<0> (V.7) npBHBM88! BRA: 

I = 211 
p 

-T-
I _(y) dy 

I ch a - sh~a y I <11-2 /7/ II II II 
Cornacuo I t I = t + + t _ , 

r11e 

llpH'l8M 

Tor11a 

t+= I 

II 

t = + 

II 

t, t> 0 

o, t< 0 

ITTV 

e ( t-i 0) 

t _= I. o, 
·t, 

II •l1TJ/ 

-e 

2 i sin 1111 

II 

(t +i0) -(t -i0 

2i sin ,,,., 

t> 0 

t< 0, 

(t+i0) 

II 

II 

( /TTV -1)(1 -iOt + ( 1- e •ITTV )(t +i0)11 

It ( = ~-~~-------
2 i sin 1rv 

(V.8) 

(V.9) 

( V.10) 

c v.11) 

( V.12) 

TO eCTb BaM HYJICHO Bbl'IHCJIHTb BHTerpan OT q,yHKilDB p 
•T• l 

(y) (y+b{ , r11e 'b' - 1t0Mnne11:c-

uoe '!Beno. Ilocne BLI'lncneaDSI (cM. npnnmKeHHe) nony'laeM 

l(aro) 

2 1T 

r,; . 
=V-=-• 

f ( U + 1 - r) •f ( 1 -0) e •ITTT ( e •ITT O - 1) 

1T o ( o + l) f ( 1-r) f (r) 

/1/ 
Ka1t· D B DHTerpan ( V.7) Bb!p8:lK88TCSI '18pe3 ( V.13) 

l(a,b,cf.,o,~)=211 pm 
lmr 

( ch b) e I ( a, a, r) , 
-r-1 

OT1ty11a nony'laeM Bb!P8)1{8BB8 AJISI p83JIO:lK8BHSI q>yHK!lDD f (v) • 
! 

13 

Q'+'h (ch a) 
U+\i 

y sh a 

q,opMynoll 

(V.13) 

(V.14) 



•l1Tr 
Xe 

•1110 

Oi-too E+l oo 

1 _1_ f fr 
f (v) = - (211 )5/2 811i 8-,- ,_,_ ctg 11 r 

(e -1) l: (-Y" 8 m(r,u) 

~i 

QU+li(cha}, m 

y sh a ·•· 1 
m=-OO r (-,i-m) 

f(u+ 1-r) r(l-u) ·f (-r) 

f ( 1-r) f (r) 

lm<p 

( ch b ) e dr du • 

X 

(V.15) 

fioACT8BJIHB (IV. 13) 

a m(r,u) 

B (V .Sa) K KHTerpBpyB, HllilAeM 1tosc!><li•llB81lTbl pa3IIO:JIC8llllB 

a m(r,u) = v'811 
[(,..,,) f(o+l) e 111

' (1-e
1110)(-t 

f 
f (r + 1 - m ) ·f (-,....l)(rt-1) 

• I 3 2 
rAe d v = v d v = sh a d a d ch b def, 

0 

Q ·r-½ 
f(v) •U•ll/ 2 (cha) 

V sh a 

•lmcp 

P.,.( chb )'e dv, 
r 

( V.16). 

IToc1tollb1ty SMIIIIHTYAbl He aaBBCSIT OT ¢ , TO qlOPMYnr (V.15) MOllCHO aanacaTb 11:alt 

1>+-,-
iy2 f ~- ~1Tr 

f dr rcos 11 r r ( u + 1 - r) e 

•l1TU 

( e -1) X 

f (-s,t,u) = (211) 9/2 cS-1-
du f ( 1-u) 

£-loo 

l't-½ ·¼ 
xa(ru) (s-4) Q ( v s/2) P 

u+½ -r-1 
(~ ). (V.18) 

s - 4 

6) 0611aCTb s(IV) • <l>yHJtnBB f(v) aa11aeTCB Ha V 2 + V 
2 
-v 

2 
-v 'l.1 C ltOOPAB.llaTHOll. 

2 O 3 2 I 
2 2 2 0 

CHCTeMoil (U .7a) • Ypaaaeaae x:onyca ecTb k o+ k 3- k 2- k 1 = • By11eM C'IKTaTb OAHK 

OCH 'IBCTO aemecTBeHHblMB, Apyrne - 'IBCTO MHBMbIMB. 11Ha'le (a cny,,ae 'IHCTO aemecTBeH­

HOro 1tonyca) Mbl He CMOrllH 6bl nOCTPOBTb pa3IIOlK8HH8, Tait 1tax: ltOBTYP r npeACT8B-

IISIII 6bl 0111tono11ocTHOil ABYXMepHblil rnnep601IOBA ( Ce'lelllle k = 1 ) • BB8A8M 11A 11:onyce 
0 

X:OOpAHHaTHylO CHCT8MY 

k
0

=1, k
3
=ichb, k 

2 
= i sh b cos ¢ , k 

1
= i sh b sin ¢ • (V.19) 

.!l11B nony'lellllH pa3IIOlK8HHH f(v), 

BOCnOllbayeMcsr <l>oPMYIIOil (IV.14) 

v , C: v \ v 
2 

- v
2 

- v 2 =1 Mbl 6ea A01taaaT01lbCTBa 
0 3 2 1 ~ 

, a ltOTOpoil ltOMnOHeHTbl 4-BeltTOpa k 6yJIYT (V.19). 

EABHCTB8HHblM onpaa11a11BeM HaM 6y11eT cnylKBTb TO, 'ITO npH TaltOM paccMOTpeHH][ Mbl no-

IIY'IBM pa3IIOX<0BHe f(v) , vd 11.7) no co6cTaeHHbIM qiyHltllHHM onepaTopa nannaca, 

aa11aeeoro Ha (II 7) c ltOOPABHaTHOil CBCTeMOil (11.7a) , T.e. no qlYHltllH51M (IIl.12) 

HcHo, 'ITO y1ta3aHHble Bblllle coo6paJKeHHH He HMelOT CHJibl CTpororo AOX:a3aTellbCTBa. 

<l>yHJtllHH ¢(k u) paanaraeTCH no co6CTaeeehlM qiyHJtllBBM onepaTopa nannaca, aaAaHHo­

ro Ha aepxaeil n011e AByMepHoro runep6011ou11a u HMeeT BBA ( V.5) • 

14 

-~~~ .. ----

fioACTaBJIRR ( V.5) 

1>+-,-

B (IV.14) C n = 3 H npOH3B8AH HHTerpapoBaHHe, nony'laeM 

'"' 
f (v) = _}_:_ f 

£+ loo m 

du f dr r ctg 11 r 
-r f(u4r+2) 

l:(-) 
am (u,r) H-r) 

X 

( 211 ) 
3.s.,-

e 
fCo) m T (-,i- m) 

£•1 oo 

x e
1
m ¢ P m ( ch b ) 

•f'.•1 

•T•½ •T•½ 

Q ( cos p) + ½ p u~ c cos -p) I (V .20) 
04½ 

sin½ p 

<l>opMyna o6paTHoro npeo6pa30B8HHH nonyqaeTCR nyTeM IlOACTanOBKH B qiopMYJibl (V.S a) 

BblpalKeHHR (IV .13) AIIH <t(ko) H HHTerpupoaaBHH 

2
m (r,u) =(-t 211 2 31 ~~<r+tJ f(r+l) ·f (-u-r-1) X 

r (,t- 1 -m ) r<-a) 

r+½ r+½ 
[i Q (cos-p)+½P (cosp)] 

•O•ll/2 ·U•3/2 
•m 

p 
•lm<p 

(chb) e 
X f f(v ) -----

sin Ii p 

B nepeMeHHbIX p , b 'P, dv 8CTb d v = sin 
2 

p d-p d ch b d ¢ 

JlnH aMnllHTYA B ( s IV) pa31IOJK8HH8 (V.21) npeapamaeTCR B 

dv. 

2 1>+-1- £+too 

f du dr r ctg 11r e 

111T 

2 •[ (o + T+ .:2 a (o , r) X 

[(a) f ( s, u, t) = (2rr}3 0-1-

X p 
•r- 1 

( ~ ) [(4-<a) 
4-s 

·¼ 

,.100 

•T-\i 

I i Q 
u+½ 

•T·½ 

(,J!...) + ½ p 
4 o+½ 

lv'-s > ll. 
4 

3aMeTHM, 'ITO OOIIBCTH sll' H slV' nony'la!OTCH COOTB8TCTB0HHO H3 sll 

Holl t ➔ u ' u ➔ t • 

( V.21) 

(V.22) 

H sIV aaMe-

11HTepecysrcb IIHlllb qiyHKllHOH81lbHOII CTpyKTypoil pa31IOlK0HHil, Mbl ae npoB3B01IH BX 

CHMMeTp11aan1110, KOTopaH TOllbKO 61,1 yaellH'IHlla OO'b0M paOOTbl. 

np11nO)KEHME 

Bbl'IHCIIHM HHTerpan I ( b, a , A) 

I ( b, a, A)= 
P11 (y) dy 

(y +b)~ 

(11.1) 

15 



Iloua'lany npennonaraeTCn, 'lTO Re a B Re X Taxae, 'lTO BBTerpan cymeCTBYeT B o6hl'IBOM 

CMhlCne. .nanee nony'leBBhlil peaym,TaT aB81IBTH'l8Cltll npono1llKB.8TCB no a H X • 3aM8HHM 

pa (y) ee HBTerpam,Bl,IM npencTaB1l8HH8M 
2 a 

l· (t -1) dt 1 da 

p ( y) = --- f a+l 
a 2a211i o (t-y) 

- 2 a 
2ar(a) dt a ( t - 1) (II.2) 

KouTyp C uao6paJ1CeK ua pac. 4. IloncTaBmrn (II. 2) B (II.1) 

2 a 
( t - 1) 

/ 

I ( b, a, X) = 
21I211i 

f dy f dt 
o (t,'.Y)a+i (y+b)X 

a=n 

, nony'laeM 

( II.3) 

B ,jlopM)'ne (II.3) MeKgeM nopsmox uuTerpupoBamrn. Ilocxom,xy Y H3MeKgeTCH AO 6ec-

XOB8'lHOCTB1 TO KOHTyp C npeBpamaeTCSI B C' pac, 5, IlpH q>BKCBPOBSBBOM t y I3-

M8HSl8TCg OT 

HM88T Jl83p83 OT 

AO IlonollCIIM a+ 1-r 

pac. 6. Torna 

r 
• <l>yHXllllH ( t-y) Ba MOCKOCTH "y" 

no (II.3) MOJICBO 38IlllC8Tb xax 

1 • - d ( r •trrr - - r 1111 
I ( b rX) = --- [ f dt f y y-t) e + f dt f dy ( Y -t) e J = 

2 a217i - t (t 2-l)fl- 1 (y+b )X 1 t (t 
2
- l)fl-l (y+b)X 

1-- 1 ( t - y ) r (II.4) 
- ---- f dt f dy -----.• 

2 a 211i t L (t 2-1{+
1
(y+b) X 

T.e. 
sin 1T r 

2 -r-, r -X 
( y + b) dy • (II.5) 

l(bXr)= 1 
2a 

J dt ( t - 1) 

/8/ 
Bocnom,ayeMcst ,jlopMynoil 3,196 (2) ua • Torna 

r -X fl-t-X 
f ( y - t) ( y + b) dy = ( ~b) 

rne B(a,8) = f(a) r(,6) f3 - q>yBKllllSI Silnepa. 
T(a+f3) 

nony'laeM 

r (u+ 1-r)·r(r+ 1) 1 
I(bua)= ---------

r (u+ 2) r(r) ,r (1-r) 2a 

16 

f(y-t) 

B (X-r-1, r+l), (II.6) 

Y'lllThlBSSI (11.6) B X = u + 2 , 

j (t2- 1 ,a dt 

l ( t+ b) ~;;;; • (ll.7) 

B (II. 7) 38M8B8BO 

8. 713 (2) 181 

sin rr r 

11 
H8 [ ,f (r) ,f (1-r)]. I B -r=a+-1 • Cornacuo cl><>PMY ne 

I 

- ( I ~ 1 ) a dt 2 -.!?±.! -u- 1 

--a f-------=T(u+2+r)f(-r)(b -1) 
2

P (b) 
2 1(t+b)u+a+2 • ;,.1 

(II.8) 

IloncTaBngg ( II.8) B (II.7) • Y'UThlBaB COOTBOmeHHe 

nony'laeM 

I( bur)= -

B rnane V(a) 

r (-, >rc,+1) 

re 1-r) Hr) 
=-1, 

u+1 
•r(u+2+r)•r(u+1-r) 2 l)·-2-
-------- ( b -

r < u + 2> 

Mhl BCTp8THJIHCb C BBTerpanoM 

•O •l 

p 
.. ,. 1 

J ( a, r, u) = r _P•T• I (y ) dy 

f 

•lm7 
( e 

I ch a -y sha lu,H 

•U•2 11TU "0'•2 

-lXy-ctha-iO) +(1-e )(y-ctha+iO) p 

(b) • 

(y) dy • 
01-2 

sl. 2 i sin 11 u 
-r-t 

µ 

(II.o9) 

(II.10) 

IlOCKOJil>ltY q>yBKllHSI p v (z) HM88T paapea OT - no 1, TO J ( a, u, r) Bhlp8lK88TCSI 

'l8p83 3B8'l8Bllll (II.9) ua BlllKB8M 11 BepxBeM 6epery paapeaa. HHlKHlll! 6eper: 
u+I 

b = - cth a - iO, 
2 

·-2--a.1 o+t 
( b -1 ) P (b) = ( sh a) 

-r-t 

Bepxunl! 6eper: u+l 
•1170 

·a-1 
p 

•)~ 1 
( - cth a - iO) • (II.11) 

2 2 •0-1 

b = - cth a+ iO , ( b - 1) p (b) = - e 

U+l 

sh 
-0-1 

a p (-ctha + iO ) • (II. 11a) 
-r- 1 .. , .. t 

IlpnBHM8SI BO BBIIM8H118 cp8.30Bhl8 MHOJKBTenu B (ll. 10) H (ll.11) (ll. 11a) 
/8/ 

T8KlK8 COOTHOmeBlle 8,736(2,3) H3 I Il0ny'l88M 
1 ·U•l -U•l 

[ p ·u- i ( _ cth a _ iO) - P ( - ctb a+ iO ) ] = sin 11T P (ctha), 

2i -,- 1 -,- 1 

OTxyna 
r (u+2--r) r(o+l-1) sin 11 r 

J ( a, r,u) = - ____________ ( e 

r (u + 2) sin 11 u 

17 

-lmT 

- 1) 

•T-1 

•a-1 
p 
-r- t 

( cth a) 

sh a 

I 8 

(ll.12) 



Ecmi: )"[8CTb COOTB0meBlle 8.739 

TO 

•Cl•I p 
•r•t 

(ctha)=v-2 
fl 

H3 
/8/ 

sh Ii a 
•lrr(tt!i l 

e 

f(u+r+2) 
Q 

•lur 

r<u+l-r) ,[(1-u)e 
J (a,u,r)=..J.!. i __________ (e 

11 Cl ( Cl + 1 ) r ( 1 - r ) Hr) 

f+!i 

ot-!i 

•lm7 

IlpH DOJIY'l8BHH (Il.13) y'IHTbl58nHCb csoliCT58 f -q,ymtnHll 

(cha), 

~ 

Q (ch a ) 
-l) u+!i .(Il.13) 

sh Ii a 

[ ( U + 1 ) = Cl ,[ (a) 
sinm 

" [(u) [(1-u) 

Mb! sblpaJKaeM 6naronapBocTb H.H. Buneu1rnuy u 10.A.JlaBBnosy aa MHoroqucneBHhle 

o6cyJKneBB!I u Il0M0JD;b. 
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