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BaeAeaae 

Ill 
B npellbillYDieA pa6oTe aaTopaMH 6bin8 

12 3 41 
MOAenH nons Bopaa-Huljlen&Aa ' ' • TaM 

peweaa 38Aaqa KowR.AnH AByxMepaoA cxansp­

*e 6hlno noxasauo, qTo c reoMeTpuqecxoA 

TOqXH 3p8HHII aT8 38)l&qa MO*eT p8CCM8TpHB8TbCII K8K 38Jl&qa 06 OThlCX8HRR llBYXM8pHOA 9XC­

Tp8M8DbHOA noaepXHOCTH B TpexMepHOM nceanoeBXDHAOBOM npoCTp8HCTB80 npOXOllHOieA qepe3 

saA&HHY~ AH~~epeHDBan&ay~ nonocy. 3Ta Toqxa speaus nosaonseT o6o6mHTb saAaqy, a aMea-

uo, paCCMOTpeTb npo6neMy 3KCTp8M8DbHOA llBYXM8pHOA BOBepXHOCTH B D + 2 - M8pHOM 

nceanoeaxnunoBOM npocTpaacTae. Oxa3biB&eTcs, qTo Taxas saAaqa MO*eT 6hlTb peweaa TaM 

*e cnoco6oM, qTO a nns TpexMepuoro npocTpaacTaa. 

C ~H3Rqecxoll Toqxa speHHH STa sanaqa sanseTcH o6o6meuueM uenaaellaoro nons Bop­

ua-Hu~en&na aa cnyqall asaHMonellcTBy~max onpeAeneHHblM o6pasoM nonell. 

nanee p83BHB83TCII npoueAypa KB8HTOB8HRSI STOll CHCTeMbl, 3aMeq&TeDbH0 1 qTo npH 

&TOM BpeMH H KOOpllHH8T8 X OK83biB8~CSI KB8HTOBbiMH onep8TOp8MH H8p!IAY C 

BODHOBbiMB ~YHKUHIIMB noneA. Bee KB8HTOB8HH8 B uenOM CBOAHTCS K KB8HTOB8HR~ aexoA nH­

aellHOII cRcTeMbl nonell, nonqaaeaaoll aenaaei!HbiM AononaHTenbHbiM ycnoaasM, xoTOpble no­

no6uo yCDOBB~ nopeHU8 B KB8HTOBOII 9DeXTpOAHH8MHKe orpaaaqaaa~T KD8CC llODYCTHMhlX 

B8KTOpOB COCTOIIHHHo 

§ 1. Peweuae sanaqo Kowa ADH aenaaellnoll cacTeMbl n -nonell 

PaccMoTpHM n + 2 -Mepaoe nceaAoeaxnanoao npocTpaacTBO ( t , x 

Z ) C MeTpHKOII 

d s 
2 

= dt 2
- dx 

2 
- I dz 

2 

I 
J= 1 

nycTb B aeM 38ll8H8 ABYXMepaas noaepXHOCTb 

z
1 

= ¢ 
1 

( x,t) z 
2
= ¢ 

2
( x,t ); ••• 

3 

zn=¢n(x,t). 

z 
I z ~ 

(I) 



nnomaAb sToA noeapxsocTH onpenan&&TCR HHTerpanoM 

r · 2 S a - f f dx dt y [ 1 + I ¢ ) [ 1 
1•1 l,x 

7 
¢ ¢ ) 

l,x l,t 
l 

l,t 
+<i 

I• I 

I 
I• I 

I ll 2 2. 2 2 
= - f f dx dt 1 + I ( ¢ - ¢ ) - I ( ¢ ¢ + 2 ¢ ¢ ¢ ¢ ) 

l•l l,x l,t t-.'J l,x J,t t,x t,t J,x J,t ) 

rna 

¢ 
a ¢ 1 < x, t > 

l,x a x 
¢ 

l,t 

a¢ < x • t 

iJ t 

(2) 

BenH'IHHY S Mbl MOlK&M HHTepnpeTHpoB8Tb XSK cjlyHXIlBIO ll&ACTBHSI CHCT8Mbl n noneA 

C RnOTHOCTbiO narpaHlKB8H8 

L =-/(1 +I 
2 

¢ •• )< 1 ¢2 )+ ( I 
l,t 

! 
I• I I= I 

¢ ¢ )2 
l,x l,t ' 

(3) 
Ia! 

KOTOp8!1 npH /1/ n = 1 nepexonHT B nnoTHOCTb narpaH>KHasa non>1 Bopsa-Mscjlenbna (eM, 

(5) ), YpaBH8HHSI 3Anepa, SIBnSIJOIIlH&C!I ycnOBH8M SXCTpeMyMa HBTerpana (2), BMCJOT BRit: 

2 
¢ ( 1- ~ ) ¢ +2I 

I= I l,t j,x,x lc1 

¢ ¢ ¢ -( 
l,x l,t j,x,t 

+I ... , 
2 

"' ) ¢ =0 
i,x j,t,t 

( .i = 1,2, ... , n ) • 

3anMUIM •w~anbHhte naHHble Koms nn>1 SToll CHCTeMbl a MoMeHT epeM&HB t = 'l 

¢ ( x,t) I 
j ... 0 =a I (X ) ; ¢ ( x,t) I 

j,t t=O 
= bj (X). 

CHcTeMa ypaesessll (3) 5yneT rnnep6onH'Iecxoro THna npa ycnoBHH /5/ 

2 . . 2 2 ( ! + ~ 

"' )( 1 - I ¢ )+ ( I ¢ ¢ ) >0 
I= I 

l,x 
1=1. l,t t=l l,x l,t 

(4) 

(5) 

(6) 

3ToMy >K8 ycnOBHIO non>KHbl YllOBneTBOp!ITb H8'18nbHbl8 ll8HHbl8 ( 5) • 

/1/ 
Tax >Ke xax a nepellneM x nepaMeTpsqecxoMy npencTaaneHHIO neyxMepnoll noaepx-

HOCTH ( 1), BB&IlSI HOBble napaM&Tpbt: 

4 

'\ 
jl 
',< 

rl: 
•' 

I 

l 
" ll! 

.,! 

. ~ 

j 

~.~ ·"-

a,p Torna t = t ( c., , > ) , x•x(a,{3 ), 

nno!ll81lb (2) 9TO!I npaepXHOCTH T8D8pb 38DHIU8TCR TSK 

s -- f f da dfj -..l(r at{3)
2

- ;~; ~ I 

rne BB81l8Hbl B&XTOpbl 

z - z (a, {3 ) • 
I I 

-; (a, {3 ) •I t (a, {J ) , x (a, ,li ) , z (a, {3 ) , ... z (a , p ) I 
I a 

(7) 

r 
a 

(a ,p )=I ta(a,p), z t,a (a, {3 ) , ... z n,a (a, fJ ) I x a(a , {3 ) , 

r fj( a , {3 ) • I t p< a , fj ) , x f:J( a , f3 ) , z "(a , f3 ) , .. , , z CJ (a , p ) I 
1,,._., n,,.., 

z =~ 
l,a a a 

Cxanspsoe npoaaaenesHe a nceenoeaxnanoeoM npocTpaHCTBe a cooTBeTcTBBH c M&TpR'Iacxol 

cjlopMoll onpeneneso cnenyJOIIlHM o6paaoM: 

• 
(-; 

a 
f"Q) =t tQ-x xQ- I z z 

13
• 

f.l a ,..., a tJ lc: 1 t,a I, 

narpaHlKH8H CHCT8Mbl n + 2 none!! t (a,p), x(a,fj),z (a,{j), ... z (a,{3) 
I a 

paees: 

.. .. .. ... 2 
L •-y(ra rfj)-r,: 'f3 

Ycnoese rsnep6onH'IHOCTH CHCT8Mbi &MeeT es:.11: 

.... -+2.,. -+2-1> 
( r r ,1 - r r 2> 0 , 

a ,:.. a ~~ 

Ma (8) cnenyJOT ypaeHeHHst 311nepa 

a 
ila 

(} L 
--.. --

a r a 

KOTOpbi8 MOlKHO 3BnHC8Tb B cj:lopMe 

4 4 

iJ 
+ 

a ;J 
cl L = 0 , 

a ;1, 

r 2 r 'J - 2 ( r r/3) r tl + r ~ r - N L - 1\1 L CJ a r p a a, tJ a,,., a tJ 

5 

~ 

r 

(8) 

(9) 

(10) 

0 • ( 11) 

' '··~~ 



L 

rne . .. .. 
N---(D,r 

L2 a 

.. 
• • .!_(D 

L~ 

~:a... • ... ... ... ,. ... 
D • r a rf3f3- 2 ( ra r fj) ra,p r f3 r cr,a 

... ... .. ... 3 ... 
La a ( r a r f} r 13- r f3 r a 

... ... ... ... ... 3 

Lf3•(rarf3)ra-ra rf3 

• rp 

CacTeMa ( 11) conepJKHT n + 2 ypa8BBHBH, B3 XOTOpbiX TOnhJ:O D nBHBAHO H838BRCBMbl, 

9TO nerKO yCTSHOBRTb, npoeKTRpyll nesy~ qacTb (1 I) B8 BBKTOpbl 

Y<~HTbiBBH paseacTBa .. 
( r 

a L a ) • (; f3L {3 ) 

.. .. .. .. 
L~ 

( r a L f3) • ( r f3L a) • 0, 

y6eli(Jl88MCH 1 'ITO 9TH DpoeKUHH TOJI(Jl8CTBeHBO pSBBbl ayn~, 

r R 
a 

.. 
r{J 

Ill 
HenoonpeneneHHOCTh CHCTeMbl (II) CBII38B8 (KBK yJKe OTM8~8nOCh 8 ) C DpoH380-

noM B Bb16ope napaMeTpoB a a fJ 

Ecna Mbl nonoJKBM a = t {3 • X o TO nonyqRM! 

.. 
( 1- :I z~)z +21: 

l,t J,xx 
z z z 

l,z l,t J,xt 
-( 1+I 

I• I 
z ) z -0 

l,x J,xx 1•1 D•l 

( j • 1,2, ... n ) , 

T,e, nepBoaaqanhHY~ CHCTeMy (4). 

Ill 
B&16epeM napaMeTpbl a R f3 , TSK JKe KSX B B 0 T,e, TSKBM o6p830M/ ~T06bl 

MSKCRMSnbHO ynpoCTHTh HSWy CHCTBMY ypa8HeKRA, 3To llOCTBraeTCK 381l8BB8M ewe llBYX 

ypasaeaaA, noonpenenH~WRX CHCT8MY (IJ) 

.. 
r~ (a,f3 ).0 , 

a 
r ~( a , f3 ) • 0 • (12) 

Ill 
C yqeTOM ypa8aeaaA ( 12), CMYcn KOTopYx pe31>KCHea B , ( 11) nepenameTcH 8 cnenyJO-

D!eA ciJopMe: .. 
(r ;

13
); fJ-(; {3~ );

13
-(; 

8
,;

13
>; -o. 

a a, a, a a, a (IS) 

.llanee MoJKao ewe ynpocTBTh ( 13), ecna npBHKTh BO BBBMSJIBe, qTO nocxonW!:y paseacTBa 

( 12) BbiDOnHII8TCII llnll BCBX a , fJ I TO 

6 

.. .. 
3aMeqag, qTO ( ra r fJ) o1 0 

OKOH'ISTen&HO Dony'ISBM 

(; f3 • r ) -% _d_ 
a, a i) fJ 

r o 
a 

-o 

(ra.p'r/3 )•% :w ;~ ·0. 

ra,{Ja 0 

.. ~ 
- 0 r 

a 

.. ~ 
- 0 . r f3 

(14) 

(15) 

CacTeMa (15) no suernaeMy BHilY co8nanaeT c cacTeMoA ypa8aeaaA nn11 onaoro nonB, nony-

11/ .. .. 
qeuaoll B ( 13) I p83HHU8 COCTOHT 8 TOM, qTO Tenepb BeKTOpbl t 0 r -n+2 -MepHbl~, 

. a fJ 
06WHM pernea&eM nepsoro yp&BHeHHII CBCTeMbl ( 15) HBnBeTCSI 

r (a,fJ)•; (a)+ r ({3) • 
1 2 

( 1'6) 

TaKHM o6p830M 0 Mbl HMe8M 2( D + 2) HeB3BeCTHblX <jlyHKUHA 

1,1 
(a) • (fJ) ( i = 1,2, ... D + 2 ), r 

2,1 

KOTOpbte UOnlKHbl 6bJTb onpeneneHbl 113 OCTS~WHXCH llBYX ypaBHBHHA CHCTeMbl ( 15) H 2 n 

aaqanhHbiX naHHbiX Korna (5), KOTop&Ie Mbl c4JopMynapyeM B HOBbiX nepeMeHHbiX 

Ill 
KaK 6htnO noxaaa11o 8 , ycnosae t • 0 MOJKIIO BblpaaHTb B nepeMeJ!Hbi~ a 

KSK ycnoBHe a• f3 a I • 3To naeT ewe nsa ycnoBHH nna onpeneneaaH 

Heqan&Hbte naHHhte (5) B nepeMeHHblX a fJ 38DHIUYTCH TSK! 

t(a,fj)/ 
a=fJ 

=0 

x(a ,{3) / =a 
a={J 

z. (a,8)/ •a. (a) 
I a • f3 I 

7 

( i = 1,2, ... n ) • 

r 
I 

a 

H 

H 

H {J, 

f3 .. 
r 

2 

( 17) 



KpoMe roro, BYpaJauur ~epea DpOB3BOABY8 DO 

aueeM eme D 

iJ<f.j (x.t) 
iJt 

ycn?BBI (cM./1icTp. 6) 

a 

b (a ) = 
I zl~ 

zl,f:j :~I 
/a-~ ( i • 1,2, ... n), 

I 

Ita z a I 
t~ X {j 

Ecna BCIOMoe peme&Be ( 16) aanacan. a sane: 

... .... .... a -+ 
r(a,~)-%(p (a)+p (p))+% f .. (A)dA, 

~ 

TO Jlei[TOp p ael"'[o onpeAerureTCJl aa ycnoaal (17) 

; (a)= I 0, a, a (a), ••• a (a) I. 
I a 

~ OT t,x,zil 

(18) 

(19) 

(20) 

Beti:Top ; = I .. , .. .. I onpeA8JIJleTCJl aa ycaoaal ( 18) • nocneASBx ABYX ypaaseaal 
t :a: • I 

(15) 

.. = • 

2 
l+l: a'

1 
(a) 

1•1 

.fu+ t •. 2W >< t-:t b2 <a) >-tO: •• (a)b (a})2 
1-l I l•l 1 l=l I I 

:t •• (a) b (a) 
w = .1=1 I I 

• J(t+i_ a'ZXI-f b2) +d a' b )2 
IEJ I t=l I t-=1 I I 

•.Cl+l: a' 2)-a' :t a' b 
~I_ j J .._. I J 111 = 

~ l • • 2 
"11'«1+:!: a2Jel-l: b )+(l: a' b )2 

i=tl I I= tl I l=l I I 

• 

(21) 

. ~·~ 

~,1 

l~ 
' 

............_ 

!11 
cllyBJtiiBB "• 0 rr,. "I , K8lt R B CJIY'I88 OABOro DOJIII 8 , HM8IOT BBT8p8CBYII 

cpB:SB'IaCXBII CMblCJI, 

8'1 (a) - 9TO lt8HOHB'I8CKHII HMDYJibC DOJill c/J1 ( z,t) 

T8RbH01 KAK HaTpYAHO DpoaepHTb 

rr -~I = ~)( 1-t;~ a ;
2
(x))- a'1 (z) ,;La~ (z) b 

1 
(z) 

iJ¢ -
l,t 

J Jl D 2 D. ( 1+:-E a' 2 (z))( 1- I b (x)) +(I a' 
l i•l I l•l I I= I 

r.11e j a n 2 
L = - ( 1+ I a' 

2
(x)) (1 - I b (x )) + ( I a' b ) 2 

I I I I 

1=1 ·-· ·-· 

-nnoTBOCTb narpaa•&aaa (3) npB t - o. 

b )2 
I 

npa t • Q, .lleiCTBB• 

(22) 

rr x (a) - 9TO nnoTBOCTb RMnynbca CBCT8Mbl nonell c narpaa.aaaoM (3) npa - o. 

HaEoaen, 

rt 

rr (a)= G ( x, 0 ) = - I rr (z) a'·(z )• 
X 

rr t (a) 

I= I 
I I 

- I a' b 
tart I I 

J ( 1+ I a' ll) ( 1 - I ( I a' b )2 

1=1 I 1=1 1•1 l I 

- STO DJIOTHOCTb raMBJibTOHH8H8 HBWell CHCT8Mbl 

(a)= H ( x. 0) • l: rt </> - L = 
I= I 

D 

1+I 
I• I 

I l,t 

,2 
a I 

J< l+:E a' 2 )( 1- i b2 )+(I a' b ) 2 

lz=t I 1•1 I 1=1 I l 

=J1+I, (a'2+~r 2 )+(I a~ rr 
1 

) 2 
I= I I I I= I 

9 

(23) 

I' 

(24) 



Cne.llOBaTen~o~~o, peweaae 38ll8'1B Kowx nns CRCTeMbt yp8Bseaxil (4) MOlKHO npencT8BBTb 

c yqeToM ( 19), (fO}. (22), (2S ), (24) cnanyJOIIlBM o!Spaaou: 

Cl 

t (a 
1 

fJ ) a ¥ + ~ J [ H ( .\)- 1] d.\ 

a 

X ( Cl • fJ)-~ + % J G (.\ ) d.\ 
2 {j 

(25) 

zi (a,f3 )= ai(a) +Bi (f:l) 
2 +~ 

a 
J~r(.\)d.\ 

{3 

( i - 1,2, ... n ) • 

HaTepecao OTM8TRTb0 'ITO yp8Baeaae (4) BM88T llB8 '18CTaYX peweaRR: 

¢ i ( x, t) z a
1 

( ~t ), a ¢ i ( x,t) = v 
1 

( x - t) , rne a1 

H Vi - npoR3BOnbaY8 cjlyHKilRRo 3TH p8W8HRH onaCbiB810T 6erylllR8 B OllaOM a8DpaBneaRB 

eonHbt npoaaaon&aoll cjlopMbt, Oaa nony'I810TCR &3 o6111ero peweaaa ( 25), ecns nonolKRTb 

b i ( X ) = 8 'j ( X ) = Ui ( X ) 

H8We pewesae ( 25) RMeeT Ball: 

ana 

t(a,fJ)=~+% 
" 

x ( a , 13 ) = a + :! - ~ 
2 

b1 ( x ) =- a l ( x ) • - vt ( z ) , 

a a 

J I u' 2(.\)d.\ 
I {3 1=1 

a a 

J I u'
2

(.\) dA 
f3 1=1 

I 

a 

z 
1 
(a, fJ) = 

u 1 (a ) + u ()) 
l + ~'2 ( u' (.\) dA= ui (a}. 

2 I 

tJ 

Ha nepBbiX neyx paaeacTB ( 26) HMe&M t ( a, ;; ) + x(a,f.> ) = a 
1 

110 z (x,t)=u (x+t). 
I I 

BTopoll cnyqall au8noraqea • 

§ 2, KB811TOB8HH9 H9UHH8IIHOH CHCT&M~ yp8BH8HHII (4) 

B nepBOM cny'l88 

(26) 

D09TOMY OKOH'l8T&nb-

06bi'lHaH npouenypa KBSHTOBBHHH no cyruecTBY onapaeTcH aa npennono>Keaae o naueA­

uocTH CB060UHh!X nonel\ H paCCM8TpHB88T B38HMOll9HCTBH8 :i!THX nonell KBK B03MYf118HH8, 

npu KBaJ!TOB8!1HH UOJI5! Eopaa-Halj>enbll8 Mhl HM&eM C C8MOrO HB'IBn8 H8UHf:ei!H08 CBOOOllH08 

10 

none (npa D • 1) HUH CRCT8My H8UHH8iiRYX noneil ( DpB D > 1) 0 B38HMOll8ilcTBYIOIQIIX 

MOlKllY co6oll, Hues pewesae 38ll8'1B Kowa nn11 aToll senaueiluoA CBCTeMY, T,e, HMesr Bwp&llle­

H&e ll11SI DOn8BbiX cjlyi!KilBil %I (a,fl) '18p83 RX H8'1BnbHY9 3H8'18HBII a
1 

(x) B qepea I[SBO­

HH'I8CKH CODpHlK8HHh18 HMnyn&Cbl 1T 
1 
(x) 0 T8KlK8 B3BTbl8 B R8'18nbHYI MOM8HT, MY MOJK8M 

38ll8Tb0 K8K 06bi'IH00 D8p8CT8HOB0'1Rbl8 COOTHOW8HHB M8lKllY a (x) 
I 

B rt (x) 
I 

npa t -0 
H TOM CBMbiM OUp8ll8nRTb ODepaTOpbt 

ro MOM8HT8 BpeM8HB, 

¢
1 

( x,t) = z 
1 

(a , {j ) ll.IIB BpoH3110.1IbHO-

nepenaweM H8W8 peweaae ( 25), aaena auecro a B {3 HOBYe B8peM8HHYe: 

a=,+r,/:.J=e-r. To rna 

f.+r 
t ( f., r ) - r + ~ J[ H (.\)- 11 d.\ 

f.-r 

(+r 

x <e. r>- e + y, I a(.\> d.\ • 
(-r 

z 
1

((,r) = a, ((+r) +a ((-r) 

2 

'~+r 
+ * f rt (.\) d.\ • 

~-1' 

Ecnu B HB'l8n&R~II MOM8HT • 0, 'ITO B nepeMeRH~X " .. 

(27) 

COOTB&TCTBy&T r = 01 

corn8CHO K8HOHH'l8CBBM npBBH.II8M BB8HTOB8SKH 38ll8llRM nepecT~HOBO'IHY8 COOTHOW8HBB: 

[ z.(f.,O ), rt. (~',0)] =ll .. fj ((-~'), 
1 J 1) 

(28) 

TO H3 peweHHH (27) BOny'IB8TCR, 'ITO DpB r.¢; 0 Bp8MB t((,r) H J[00pllRH8f11 x( (,r) 

CTBHOBSITCH OU8p8TOp8MH1 H8KOMMYTHpyiOIIlRMB M8lKllY C06oil B C BO.II8M Z. ((,r) , , noe-
l 

Kon&Ky G(.\) a 11(.\) Bb1p8lK8IOTCR qepea none aYe tjryuuxa corn8cuo ( 22) a ( 23). 

TBKHM o6pa30M0 HM8SI railaea6eproBY ORepaTOpY t (f,,r) 
1 

X (f.,r) 
1 

z i (;,r) , 

Mhl RpRXOllHM K npo6neue cjlopuynHpoBBH T80pHH B KB8HTOB8RHOM RpoCTpaJICTBe~P_OM8Hll. 

npa BB8HTOB8HHH H8Weil H8.1IHH8i!HOII CBCTeMY MY BCT8H8M HH TO'II[y 3peHBR
0 

pa3BHTY10 
Ill 

B § 3 • H Meauo, auecTo D none A </> i ( x, t ) , noa'IHHIIIDDIBXCR ypaBReRBRX ( 4), pac-

CM8TpHB88TCSI CHCTeM8 n + 2 noneil t ( ;,, ) , x ( -~,r ) , z ( !,r ), ... z (f,,r ) 
1 D 

, BeltYIIlBM I[ nauellaYu ypaaaeHBaM: c narpaHJKH8HOM L =% ( 1 2 - r:) 
T -. .. .. 

r - r =0 u· r,r 
a c nononu&Ten&HYMB aenaueiiHYMB ycnoBHaMB 

;2= 0 
a 

•2= 0 _, 

B.IIB 

11 

:2 + -;2 =I) 

~ T 

(;/:-; )=0 
!. r • 

(28) 

(29) 



YcnoaHR (29) MO*Ho aanacaT& xax paseacTBO ayn~ Teaaopa saeprRH-HMnyn&ca CRCTeMw 

n + 2 nonell, Tax. xax 

T = T • 11 = ';2 
... 2 -o + r 

'·' 2,2 e r (30) 

T ·T =G - ( ;e: : ) = 0 
2,1 I, 2 ~ r 

B § 3111 
noxaaaao, 'ITO Taxast naaellaag caCTeMa n + 2 none II c aenaaellswMR Aononaa-

Ten&HbiMH ycnoBHRMR (30) SKBRBaneRTH8 nepBOH8'14nbHOII aenRaeiiHOII CRCTeMe n nonell 

¢. ( x,t). TaM lKe noxaaaso, 'ITO ecnR ycnoaae (29) awnonssteTcst AnR aa'lan&aoro BpeMe­

' HH r= 0 • ( t = 0) 1 TO ORO 6yAeT BYnOnB9BO R B npoR3BOnbHblll MOM9HT BpeMeHR r , 

EyAeM XB8HTOB8Tb naaellay~ CHCT8MY (28) 06bt'IHYM o6pa30M1 DOTpe6oBAB1 HCXOilH R3 

npaauana cooTBeTCTBHst, '!To6w AononBRTen&Rble ycnoaast (30) Bbmonal!nac& a cpeAH&M. Ta­

KRM o6p830M1 Mbl nony'I89M orpaHR'I9HRR R8 Jl0DyCTHMbl9 B9KTOpbl COCTOS1HRS1 118W911 CRCT8-

Mbt1 aHanorH'IHO TOMy, KAK B KBAHTOBOII snexTpollRH8MHX9 Tpe6yeTCR1 'IT06bt YCDOBH9 no­
p9HU8 BbtnOnRstnOCb B Cp9AH9M no AonyOTRMbiM B9KT0p8M COCTOS1HHS1, Pa3HRU8 COCTOHT B 

TOM, 'ITO B HIIW9M cnyqae AOnonHHT9nbHY8 ycnoBHR H8nHH9l!Hbl, 

nocxonbKY H8W9 0 + 2 KOMDOH9HTH08 none DOJl'IHHR9TCR ypaBH8HH~ nanaM6epa ( 28), 

TO pa3nOlK9HH9 ~ypbe aTOrO nonst HM98T BRA: 

.. l<ke-wr) 
+a-(k)e ]

1 
f !; .. ~ [a+ (k) e.l<k.f-«>r) 

.. 
I ( C T) = (31) y2rr 

" = I k I . 

nnl! aanbael!wero YA06Ho ODI!Tb nepeiiTH K H30TpoDHbiM KOOPAHRATAM a = .: + T • p = 1;-r .. 
R npei!CT8BRTb1 cornaCRO ( 16), B9KTOp I (lj, T) B BHJJ.e: 

~(a,( )=I (a )+I 0• ), 
I 2 

rae 

~ 

dk -+ .. lk } -+ +ik,'J 
1 (,) )._1_ f ___ [a+(k )e ' +a-(k)e 

1 y2rr o ay2k 

1 (a)= 
2 

y2r. 
f~ 
0 y'2 k 

-+ lku 

[ a+ (-k) e 

TaK lKe xax o6bt'!Ho, Mbt nocTynapyeM 

- ika 
+ a -(-k) e 

a-; 
=[ 1, H l , 

a, 

12 

l. 

(32) 

Tax xax 

TO 

n 

HcH -H-I H., 
t X i=l I 

_a_t_.[t,H,l 
a, i~=-[x ,Hx] 

ar I ...!.:.J.. =- [ zl • H I J • 
a r 

..... 

(34) 

Y'IRTbi88R (31), COOTROW8HRRM (34) MO*HO YllOBneTBOpHTb
1 

ecna RpBHRTb 

l a-, (k ) , < (k ')] • S ( k - k' ) 

[ a-(k ), l+(k')] =-S (k -k') 
X X 

(35) 

[ a (k) • 
I a+ (k ~] =- S 8 ( k -k' ) ( i,j =1,2, ••• n ) • 

j lj 

3A9Cb Mbl CTAnKBB88McR C nonolK9HH9M0 KOTOpoe B03HRK89T RpH KB8HTOB8RRH Sn9XTpoM8rHRT-

HOro non11, T,e, KOMMYTATOp Anll KOMnOH9HTbl nOn!! 

3H8K no Cp8BH8HB~ C KOMMyT8TOp8MH OCT8nbHbiX 

B HHJ19~RHHTHOCTR M8TpHXH B npocTp8HCTB9 nonel! 

+ 

t(l;,r) 

XOMilOR9HT X 

HM99T DpoTHBOnonO)J(Rbll! 

z. 
I 

, npH'IHHa STOrO 

Z .,, z , npu Tp8XTOB-

xe oneparopoa a (k) R a -(k) 
I n 161 

, 'IT06bl H369>K8Tb R3B9CTROro npOTHBOp9'!RS1 , Mbl 

AOnlKHhl p8CCM8TpRBaTb + 
a 

t 
H a K8K Oll9p8TOpbl p0lKil9HHS1 H YHR'ITOlK9HRR KBAH-

TOB non11 , a onepaTopbt a+ , a + a 
" I 

p0>Kil9HHI!, COOTB9TCTB9HHO, llnst KB8HTOB noneA X 

'a 
I 

H 

K8K onepaTopbt YHR'ITO>Keaast a 

nanee HBM np9JlCTOHT Hal!TH nonyCTHMbl9 B9KTOpbl COCTOI!HI!!l H81U8l! CHCT9Mbl, DO 

KOTOpbiM B CpeAH9M YllOBD9TBOpRIDTCS1 AOnonHHT9nbHb19 YCDOBHH B niD6oA TO'IK9 npOCTp8HCTB8 

). Kax noKa3aHo a
111 -BpCMCHH ( f • Jl0CT8TO'IHO ll0Tpe60B8Tb BblnOnHCHHS1 STHX yc-

nOBill! B H8'18nbHbli! MOM9HT = 0, T.e. 

< A'l T 
fl•V 

( .;, 0) : I A > = () • (36) 

rna llBOCTO'IRH 03H6'1B~T HOpM8DbH09 npoH3B9A9HH9 onepaTopoB, 3To ycnoBHe 9KBHB8n9HTHO 

cneny~WHM llBYM ycnoBHHM 

< A 'I : ;. '(el : I A > = 0 
I 

<A' I r' 2 W: I A>=O • 
2 
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(37) 



nocnenaae ynooao aanacaTb nna ~ypbe-oopaaoa oneparopoa 

rne 

<A'I :b (p):l A> =0 
I 

< A'l b (p) : I A > = 0 • 
2 

b (p) 
I 

lp.; 
r' 2 (0e d,; 

I 

-+ lp~ 
r' 2(.; ) e 

2 
d.; • b <P> = r 

2 

t',t"'> H 1" 2(0 
I 2 

(38) 

(39) 

PaccMoTpHM nonpooaee onepaTopw b (p) H b (p) • HeTpynuo aaneTb, 'ITO 

+ 
b I (-p) ~ b 1 (p) 

(40) 
b (-p) = b+ (p). 

2 2 . 

TaKHM oop830M, llOCTBTO'IHO UOUC'IHT8Tb HHTerpanbl (39) npa nonolKHTenbHbiX 3H8'19HHHX p. 

11MeeM npu p > 0: 

- ~+ q-p ~ ql- p 
b (p) = !I J y q2- p2 : a (_ ) a - (- ):dq 

2 2 

-~ 
-2-2-~ _ P+q ~- P -q 

f y p-q : a ( -- ) a ( -- ) : dq , 
0 2 2 

b2(p)=~ ~ ~- P+q)d ~. + (l'.::g_ )a (-- : q yq -p . a 2 2 
(41) 

p 

~ P+q ~- q -p 
-~ J yp 2 -q 2

: a-(---)a (--): dq, 
2 2 

KpoMe roro, I!Me~>M 

·• 
b (0) k +:-; + (k) ii -(k) ' dk 

(42) 

b 2 (0) J k :: +(-k) ;-(-k) dk • 

14 

3aMeTBM, ~o oneparopw aseprRB B BMnynbca ecT& 

f H {()de •f lkl 
... + ... -
a (k >a (k) dk • b 

1 
(0) + b 

2
(0) --

fG<e>~-f" 
.. + .. 
a (k) a- (k) dk • b 

1 
(0) - b 

2 
(0) • 

(43) 

Haxoaeu, oneparopw b (p) 
I 

B b2 (q) YIIOBn&TBOpRIOT cn&AYIOIIIBM XOMM)'T&IlBOIIRWM COOT-

HOW&HRHM: 

[ b (p). b (q )] - ( p - q ) b ( p + q ) 
I I I 

[ b 2 'P> , b 2 (q >I = < p - q > b l p + q) (4-f) 

[bl (p), b2(q) l =0. 

Llna BbinOllR&RBR paB&HCTB (38) l!OCT8T0!1!!9 UOTpeooBBTb, 'ITOObl IIOllYCTBMWe B&KTOpbl COC­

TOHHHH UOII'IHHHnBCb ycnOBBIO 

b 1(0) I A> = 0 

b 2 (0) I A > = o. 
(45) 

CaTyauaa aHanorB'IHB xaaaToaoll snexTponaaaMuxe, r11e nna Bblnonaeaua ycnoaaa RopeHila a 
aA-

cpenaeM nocTaTo'lao noTpe6oaaT&, 'ITOObl --J,l_ I <I> >=0. no CMblcny onepaTopoa b (0) 
a X I 

(eM. paBeHCTB8 (43)~ ypaaaea~ (45) onpenenRIOT COOCTB&HRble COCTORBBR H b (0) 
I 

onepaTopa nonaoll saeprua a HMnynbca c co6cTBeHabiMH aaa'le auaMR, paBHbiMB ayn10, On-

penenaM aexTopbr I A > XBX cynepU03HUHIO OpTOHOpMHpOBBHHblX B&XTOpoB lm ,m ,m , ... m > 
t X S l •a 

fjloToHoB acex copToB m, , m x , m z , ... m • a c nonaoA aaepraeA, 
I n 

C onpenen&HHbiM 'IHCllOM 

paaaoll ayn10. 

nocKOllbKy onepaTOpbl b I H b 2 KOMMyTHpyJOT, MOlKHO B&XTOp COCTORHHR, YIIOBneT-

BOpRIOIIIHII (45), aanacaTb xax npoaaaeneaae nayx aexTopoa 1 A >=I A
1 

>I A 
2
>, I A.>­

ynoaneTaopaeT nepaoMy paaeacTBy (45), a I Ai - BTopoMy paaeacTay. TaxBM oopaaoM, 

15 



!..___ 

.. ' mx 
., m . 

A >= I I '" f II dk n dk n"h , ... n 'II k 
I 

I -o "'
1
it -o ]('1sa-o • ,I I -o m ,m ... .. - n () I a 

' X "I • I ~ a •+~ 
D m m m, m .. 

x8( I k -I" k - I• 1 k - ... -I k 
,I 

)x 
"'I "''2 1•0 1•0 1 •O 

I ~ a 

( k "' kt,m t,l t 
X f 

m .m .m ••• m 
t X S a 

I n 

mx m, 
xn a+(k )Ila 

\ t II I -o 
(k 

m 

"I 

> n 
1•0 

I g 

X ,I 
21•0 

8 

·~··· 
. 

1n+2 
D •+~ 

••• k k '" k )x 'kx,1 
x,m x • ... 1 &n ,m II 

.-(k ) ... 

•t ·~·· 

.. · .. 
II 

1 n+2 

• 

a.- ( k • ,I 
b D ~.+' 

>I o >. 

X 
• • I . •+~ 

(46) 

AHanoraqao cTpoHTCH sexTop 

JlO Q, 

I A g > , TonbKO HHTerpapoaaaae no seeM d k 
1 

S9Jl8TCJI OT 

nerXO BH)l9Tb1 qTo onepeTOp 

Top (46), CooTBeTCTBeRHO b (0) 

.. .. .. 
b (0)= I k: a+(k) a -(k) dk 

I 0 
• o6HyngeT• sexrop I A > 

2 

*o6HynReT• sex-

noxaJKeM Tenepb, qTO He STHX aexTopax BbmongJOTcg paseHCTSa (88). HeTpyJlRO noxa-

38Th, qTo npa p > 0 oneparop BRJle 

C(p)- !4 J ..jq2- p2 a+( q-p ' a-( ..I!±L) dq 
2 2 ' 

CnenosaTenbHO, paBHbt HyniO MaTpaqable sneMeHTbl (88), 'ITO s Tpe6oaanocb JlOXaaaTb. 

BonpOCbl, CSJI38HHbl8 C KB8RTOSbiMR s<jM!leKT8MR B STOlt HensHellaoll CBCT8Me1 6yJlyT pac­

CMOTpeH&I s cnenyiOmell pa6oTe, 

B 38KDIO'ieHB8 8BTOpbl cqBT810T CBORM npBBTHblM JlonroM no6naronapBTb n.H. Bnoxsa­

uena aa MuoroqacneBHble 11 IIHTepeca&te o6cylKJl8HHR aaTpoayTblX 3Jlecb sonpocoa. 
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npenpamaeT ero s eexTop: 

n = < o 1 n a-< r. > , 
... I 

..; r ( p+ r )' < 0 I rr a(r +po) 
e e,J 

0' -0 c (p) • I 
I= I 

I I •=I 

TaxaM ofipaaoM, cyMMe .apryMeHTOS oneparopos a ( r ) . I B fl OTnH'IB9TC9 

OT COOTS9TCTBY10lll9li CYMMbl apryMeHTOS S 
8 ~7;~ :p B cany aToro o6cTog-

TenhcTsa MaTpH'iHbte aneMeHTbl onepaTopa C(p) no COCTOgHll!IM 0 npencTaSn!IIOlUHMC!I cy-

nepn03HUH!IMH S9KTOpOB ( 46) 0 p8Bifbl Hymo, no TeM lK9 COOOpalKeHiistM paBHbl uyn10 H COOT­

S9TCTBYIOlllHe MaTpH'IHble aneMeHTbl onepaTopa 

d (p) = ~~ f ~· a- (.2±ll ) 
2 
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a -( .£.::.9... ) dq • 
2 


