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I. B B e .11 e 11 11 e 

Hccn&.llOB811119 rpyDDOBHX CBOICTB .llH$¢epeiiU118nbBHX yp8BII811BA B •8CTIIHX DpoBSBO.Il-

/12/ /84/ 
BHX 2-ro UOpH.IlK8 DpOBO.IlBnOCb B pa60Tax 1 • 8 p860T&X 1 p8CCM8TpBB8DCR BODpoC 06 

IIIIB8pBa.BTIIHX DO.IlrpYJID8X rpyDDM nopeiiD8 II CBliSB 8TIIX DO.IlrpyDD C CBCTeM8MB KOOp.llBIIaT1 

B KOTOpHX pa3.1l8Dll~ll D9p9M8IIRW9 B yp8BII911BII nann&C8 B DpoCTp811CTB8 penBTBBBCTCKHX 

cxopocTeA no68•eacxoro. 

/5/ 
B pa60Te 8BTOpoB upRB&.Il&IIH B03MOlKIIH& nonawe 1186opH 1186mo.ll8&MWX nepeM&IIIIwX. 

nocne.llaBe ae •c•epnwBBJOTCB, 118DpBMep, B cnyo~8e ypaBBeBBB Jl8nn8c8 aa6op8MB1 cooTBeT

CTBYJOIIlBM DO.IlrpyDD8M rpyDDM nopeiiDa. TaKJI'III o6p830M1 DODRM9 11860pH1 COOTB9TCTBYJOIIlB9 

.llB8roaan•aanBB BBB8pBaaToB p8anB•awx no.11rpynn rpynnw .llBB~eaaB npocTp811CTaa, ae naJOT 

BCeX B03MOJKIIMX 11800poB KB811TOBMX 'IBCBIIo CooTB9TCTBYJOIIlBe CBCT9MM KOOp.llB118T CO.Il8p~8T 

nBWb DOB9pXIIOCTB Tp8113BTBBIIOCTB B 119 BKDIO'I810T DOB9pXBOCTB annaDTB'I9CXOro TBD8. 

B 8TOA p86oTe uox8aaao, uo yp8BH911B& Ilipe.llBHrepa Mo~eT 6wT& 38DBC8IIO B HBBB

pii&IITIIOM BB.Il9 B DpoCTp811CTB91 rpynna .llBR~9BBll KOTOporo 9CTb rpyDD8 ypaBB9HIIllo 8 cne

.llYJOIIIeft p8ooTe Mhl DOK8~9M1 'ITO HIIB8pB811TIIhiA DOT9RUHan1 DpoDOPilHOH8nbRMI CK8nllp110A 

xpBBBaae STOro npocTp8HCTB8, aBTOM8TB'IecxB Y.llOBneTsopHeT ycnoBBHM pa3.1l&neaBll nepe

Mellllb!X B COOTBeTCTBYJOIIl9M ypaBB911BB llipeJlBBrepa. TaxBM o6pa30M1 38.119'18 xnaCCB$BK8-

UBB CRCT9M KOOp.llHII8T 1199nDKDTR'I9CKOrO TKD81 B KOTOphlX yp8BH911Be nann8C8 JlODYCK89T 

p83.1leneBBe D9p8M911RMX DO DO.IlrpyDD8M rpyDDM nop&IIU81 BCT9CTB9RHO o6o6maeTCllo CooT

B9TCTByJOIIlYJO Kn8CCB$11K8DBJO .llnll ypaBRQHBll llip9JlBHr9p8 cnenyeT DpOBO.IlBTb DO DOJlrpyn

D&M rpyDDbl .llBB~911Bll H9KOTOporo pBIII8ROB8 DpOCTp811CTB81 rpynna KOTOporo 9CTb rpyDD8 

ypaBIIQRBll llipeJlBBr9p8 H B TepMBII8X KOTOporo BCCn9.1lY9M09 ypaBH9HB9 RM99T HHB8pH8HT-

HMA BR.Il. 
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2. Onpe.QenSIDIIIB8 ypaue.us 

PaCCMOTJIBM nKB8IB08 O.llBOpo.llB08 7P8BB8.U8 BTOporo DOpll.llKA C BCitOMOI cWIIItllB81 U 

OT R838BBCBW:Z D8p8M8BBH:Z J: I 1 J: a 1 ••• zD 

r.lle a
1 

•iJa/iJz 1 , 

:Fru]•allu +b1 u +ca-0 
II I 

u -iJ 1u /iJzl iJzl; 
II 

IIBnSIIDTCSI 3li.QABRbiMB tjllllltllBliMB OT 

r1-a 11 , b 1
sc 

xl 
z• ( z 1, zll, ••• zD), OnepaTOpH 

.USN ( l) rp7DDH G llmiBM B BB.Il8 

X -t• L+" ..2. 
iJ.zl iJu 

(1) 

.llODyCJt88NOI ypaaae-

(2) 

r.11e e• • '1 ooeWRitUB D8p8M8BBHX J: • u • Ycnoa•e BB&apB8BTBOCTB ypaaae.usr 

( 1) OTIIOCJIT8m.IIO OU8~TOpa ( 2) BM88T BB.Il 

X :F r a 1 • ..\. F r n l , 

DpB'I8M Oll8p8TOp X npo.llOnJK8R R8 DpoB3BO.IlBbl8 BTOporo ll0Pll.llll:8 OT 

A • A ( z, u, u , u , ... u ) • Tu 11:a1t ypa&ae.ue ( 1) nsaelso, G 
I I D 

RYIO IIO.Ill"PYDDl rrpeo6pa30BaBBI T 

z'-x, u'•tu+ch(z) 

(8) 

U 1 a MHO lKIITenh 

CO.Il8plKBT 58CII:OB8'1-

(4) 

c onepaTOpilNB X • .. u _!_ , X t-"' q, (x) !!__ , Mle t. - nposaaom.abiR napaNeTp, a , 91 (z) 
iJu ilu /1/ 

ecn. niD5oe pelliea•e ypaB.II8BRH ( l). B pa6oTe noJta3a.llo, 'ITO T - aopMan&llbll .QeniiTem. 

G 11 npeo6paooaaa1111 cj)altTOp-rpyiiDbl G/ T xapuTepnyiDTca orrepaTopaNB Bll.lla 

,'1 
iJ --· X • !• + Cl Q 

iJzl iJu 

rne .-:• Cl , 8 T81tlK8 MBOlKJIT8nh A aaascHT Ton&xo OT 
" 

nene.11a c TO'IBOCT&ID no nocTOsrBBoro cnaraeworo. Koopn11aaTbl t: 1 B 

RBXO.IlHTCH 83 CBCTeMbl onpenenii~X yp8BB8BBI 

(2') 

0 DpB'ISM Cl onpe-

u onepaTOpa(2') 

x1 III 
Ol>oaBa'leBBH TBII:IIe JKe, KaJt B pa6oTe ; NBTpHDB II a 

11 II ae ayne&aH, a ypaa-

aenlle ( 1) B8 CBnbBO BblpolK.Il8BB080 T,e, HB B Jtal[OI CIICT8N8 K00p.ll11B8T ae CBO.IliiTCH K 

.llllojlcpepeHiliiBnb.IIONY ypaBHSBBID , peme.1111e KOTOporo 38BIICIIT OT OCT8n&Hbtt ( D -1} H838-

BHCHMbiX 118peN8HBbiX 1[811: OT napaM8TpoB. 
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! .. ~·I 
~11 
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·l~i 

,,...\ J 

Beo'IIIHbl • II 

f I,J + ~~ J,l • u a JJ, , ,. •u-A 

2 iJu 2- D ____ ,.. 
-(ak ·= k ) - K tl 

iJzl 2 ' ,I II 

(IH , +uH -o . 

(Ktfl) •(Kl = t) 
I ,j I .. 

0Dp8.1l8n8Hbl C DONODlbiD ypaBH8HIII 

• ••• lk 
8 I 

k 
i,k • 1,2, ... n 

i,i •l,2, ... n (15) 

i- 1,2, .• ,11; (6) 

(7) 

(8) 

(9) 

8
1 

- CIINBOn KpoaeJtepa, paar M8Tpllllbl II a11 II paaea n • Cxanapaaa ~YRII:IlBH H 
k 

ltORTpa&apB8HTHHI BSKTOp 

RO 

a I II KOCOCBNM8TpB'IHbll T8R30p 

H•-2c +a 1 +%a•a 
,I 

··- bl + akl r• 
tf 

K11 •a -a 
l,f ,,. 

+ n -2 R , 
Un-1) 

K II , p8BHH8 COOTB8TCTll88 

(10) 

( 11) 

(12) 

onpeneneHH B 8CCOil11BpoB8RHOM C ypaBH8HR8M (1) PIIM8HOBOM Dp0CTP8HCTB8 

PIIKOI1 DOCTpo8.11HOI no ~pMyne (9) 

v C MeT-

" 

ds 1 •1 a dx 1 dx 1 I. 
II 

KaK o6bi'IH01 R -cxanHpaas xpaaaaaa STOro apocTpaHCTBa, 

(18) 

r i - CIIMBOnbl KpacTo4J
kf 

~ens 2-ro pona, 3SDHTOI OTM8'18Hbl KOB8pllaHTHb18 DpOR3BO.IlHbl8 OTHOCRTen&HO ~YH.IlSM8H

TanbHOro T8H30p8 aii • 

YpaBH811H8 F'f a] c 0 Ha3biB88TCH SKBIIBaneHTHbiM ypaBH8HHIO ( 1), ecnR nepB08 

Dony"'aSTCR R3 BTOporo npHM8H8HH8M cnenyJOmHX onepanall: 3aM8Hbl He3aBRCHMbiX nepeMeH

HbiX 
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:r'• s'(s), (14) 

llBB8ABoA 38N8Bbl HCII:ONOA cjlyBitllBB u'•t/l(ll}a 

aeJtoTopyro cjlyHJtnaro OT s 

B )'WBOllt8BBB neBOA '18CTB ypaBB8BU sa 

F'[u]• e·fk.'ll) F[u l . (15) 

fpyDilblo 110nyCJt88Nb18 8JtBBBlUI8BTRbiNB ypaBB8BBJIMB, DOAo611blo 3JtBBBalleBTJibl8 DO O'I'BOW8-

BBIO 11: onepanBB (14) ypaBBeBBII o61l8A810T OllBIIN npocTpaRC'I'BON V o npoC'I'paBCTBOo 
' a 

acconallpoBilHROe c ypaaaeaaeN ( 15) Fful=O , xoatjJopwso npocTpaHC'I'BY v , ero n 

nsaeAahiA sneNeBT 

da'~efk.'ll) ds 2
• 

(18) 

Ypasaease (1) 11 sKBBBanes'l'aoe eNy no cjlyBitDBB ypasaesae :F'(ul aO , rile 

F'[u ] .. e -O<xl F[e fk.'ll)] (17) 

061l811810T OI1RBN 8CC011BHpoB8BBI>IN npoCTp8BC'I'BONo npa STON 111111 SltBBB8118HTROCTB DO cjlyRJt~ 
UHB llBYX H9BblpolKJl9HBbiX yp8BB8BBII, HM810DlBX OllBBilltOBble Jt08(j141BilB8BTbl a lj , aeo6-

XOilBMO B llOCT8TO'IHO COBD8118HBII CBH38BBbiX C RBMB CJt8n&pOB H B T9R30poB K
11 

: 

Bena'l1!a~' H B 

seaall F[ul-0 II 

H'-H, K' =K 
ll II 

i,j -1,2,-n. (18) 

K .. aaahlsaiDTCB assapaaBTaNB ypaBBesaa ( 1). Ecna nesble 'ISC'I'B ypas
lJ 
F1

[ u]•O CBli38Bbl COOTRomeBB8N ( 15), TO BX BBB8pB8RTbl 

H' = e ..0 H, K' -K 
u lj 

i,j• 1,2,." D • 
(19) 

S, fpYnna ypaBReBBB Wpe1111arepa 

Ill n.B, 0BCBRRBKOBbiM 11011:838110 , 'ITO eCnH 11118 ypaBH9RIIB ( J) HRB8pH8RT HJ'O 

To rpynna G/ T SToro ypasaessa ecTb no11rpynna rpynnbl 11BB~eaas paNasoBa npocTpaH-

cTB8, KoatjJopMHoro acconasposaasoMy. CnpaaellDIIBA 

fpynna G1T ypasaeaas IUpei1BHrepa 

F[ul•.6. u +(E-V)u•O 
2 

TeopeMa: 

(20) 

9CTb rpynna 11BB~8HBA DpoCTp8BCTB8 0 KOHtjJopMBOI'O 8CCOilHBpoB8BHOMy, .6. - BTOpoA 11Bcjl-
/2/ 2 

!J>epesnnallbHbiA napaMeTp BenbTpaMB OTBOCBT81lbHO cjlopMbl ( 13), B81lB'IBR8 E - DOCTO-

6 

aallall, V -cxanllpllbll DOftllllUno CoriUic;ao tjJopwyiUIM (10..)-( 12) IUIJI. ypa11 .. BBB (:.10) 

It· , H B al 87117T. 

H --·2(E-·v )+__!_:_!_R ,a1.o ,It -o~i.J-1.2.-·•· 
2(a-1) II 

PaccwoTpBN 11onycuJOm:ee T'7 •• rpyiiii)' ypaasesae 

:F' {a} • -l... I .6. 
1 

a + (E - V ) a I• 0 , 
H 

(21) 

(22) 

rAe I{ ·113 (21), 118BaSI '18C'I'b J:OTOporo CBll3aJI8· C ypaBB8BB8N (20) JMHOlK8BB8N R8 

·ap H e -6 • rAe e 0 -:IHI • Tax xax nocne ywsollteBD ypaBBeBBB u nepBI>IA NBOlii:B-

Tellb ap H BBBapRaBT H 113 ( 211 paae.a H ·ap H , TO B pa3yllbT8'1'8 8'1'01'0 npe 

ot5pa30BaBBB cornac.ao cjlopMyne ( 19) 

H'• H apR 
·1 

• IH I -1, 
(28) 

K~·-K 11 l,j • 1,2, ••• a • 

npocTpaiiC'I'BO V' · , acconaapoauaoe c ypaBB&BBeN ( 22), llaeTcll tjJopwynol ( 18) npR 
D /2/ 

e0 • 1 H 1 • 1 2( E-v )+ ..!...::.! R 1 • K111t aaBeC'I'.ao, cawsonbl Kp&c'I'Ocjlljlen• •r
1
? npoc-

TpasC'I'Ba v,. xo.atjlopkdk, v D CBSI38Hbl c CBNB01l8NR KpacTOcM!ensr r k l!JIOC'I'paB-

CTBa v 
D 

D » 
COOTBOWeBReN 

rk .r•k -·Bk 8 -·Bk 8 +a'· 
II If I I I I II 

, kt 0 
a t 

rile 0
1 

•.08/iJs 1
• !' 

npaBRM8H BO BBBM8BB8 
" 0 'II a.., • e a 

nony'IBM 
ak• eO[a'k + n;_2 Of) 

-0 , 
a 11 - e a 

11 
• b

1 
- .8 b'·· . 

k • 1,2, ••• D I 

OTKYI18, T,K, 
·k 
a - 0 llDB npeo6pa30Bassoro ypaase.aasr: 

,t a-2 ,kf a··--•· of. 
2 

B TepMasax npocTpaHCTBa v;. onpe11ena~m:•e ypasse.aa11 (5)-(7) aanamYTCII 

meN WTpHXR B BellB'IBR8X0 OTBOCHDIBXCH K V ~ ypaBB8BBll ( 22), onym:ellbl): 

'•·• + '1,1 -
0 

iJa k 
2- --(a ' ) iJ :l 1 k ,I 

"-o . 

7 

C:M) 

(28J 

(B ll8nbHeA 

(51) 

(81) 

(71) 
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L 

·' 

Ycnossa (8) paaRemsMoCTB ypaaaea•A (8) B csny (21) • (281 ynoaneTsopeaN TO.necTaea~ 

BOo nanee IIOE8.8M1 qTO 38 C~8T nepexona K yp8BB8BB~ 9KBBB&n8BTBOMY IIO ~BXDBB yp&B• 

seHBJO ( 22) 1 MO.SO cnenaTb B8ETOp a I TO.necTBeBBO p8BBbiM symo, HeTpynao BlllleTJo1 

~TO npB npeo!Jpa30BaBBll ( 17) nmr yp8BB8BBB 

- -v " ·F [u1• e :F[ e u 1-0 (28) 

sens~se a'-•'+2a'1 "I o flonCT8BBB CJOna BNp8llt8BB8 (25), IIO~BM CHCT8MY 

yp8BB8HBil ;•.o a asne 

2 all v D- 2 11 
6 

II 
(v -~2 61 )=0, 

I --
2
-· a 1 =2a 

I 4 

OTKyna 
D- 2 

6 + coast. v = ---
4 

(27) 

Tax xax ypaBsesBB (22) s (28) o!!nanaJOT onBBM 8CCODHHpOB8BHNM 1IpoCTp8HCTBOM1 onpe-
1 1 

nensJOmBe ypasaesaa ( 5 ) - ( 7 ) CBOnBTCB E ypaaae.BBBM KsnnBBra 
1 

(5 ), npB~M u=const, 

nocxonbxy senB~sae u onpeneneaa c To~oCTbJO no nocTOassoA, !Saasc anre!!pN nu coc-

TORT B3 Oll9p8TOpoB 

X - ~~ a a-;r 

4. HasapaasTsaa cpopMa ypaaaeusr Ill~nssr~a 

noxa•eM, 'iTO s peaynbTaTe npeo6paaoaausa (28) c lj)yBKnaeA (27), ypassesse (22) 

nepexonaT s ypasseaae lllpenssrepa B npocTpaacTae V' , rpynna ABHllt&BBB xoToporo 
n - II -, 

ecTb rpynna ypaaseHHR. Tax E8K nna ypaBH9HBB ( 28) al = 0, a II= a • r = r ~ 
kf kL t 

TO b I = - atf [ :e B yp8BH8HB8 HM&eT BBn 

- II tf I -
. F [ u ] ,. a u II - a [ tf n 1 + c u ,. /l 2u + c u = 0 , (28) 

Bbi'IBCliBM xoa<jlcj>snsesT. c npeo6p830B8BHOro YPB8B9HRSI, 4>opMY1II>l (10) 1 \ 18) B ( 23) 

A BlOT 

R IIpR a•=o HMee1M 

- -, 
H =-2c+a 

,I 
+ Y, a Ia- + D •2 R = 1 

1 2(n·l) 

c -- Y, +~R 
4(n-1) 

F[u],.fl
2
u+[-Y.+ n.:..2R1=0 

4(n-1) 

8 

(29) 

yp8BH8BJre 'F ( U )•0 8CTb yp8BII811118 IIJpenBarepa B 1IpocTp8aCTB8 V~. , ltOBij)opMHOM 

8CCODBBpoB8aliOMy C YP8BB811R8M (20), llpJr &TOM DOT&IIIIRan DpOnopnJrosanea Cltanapsoil KpB• 
B113B8 R aTOro DpOCTpaiiCTaa, 

11/ 
Cornacso , ecnB tPrllltnBa ¢ (x) &eTr. pemea•e ypaaseus ( 1), To ljlyan•a I 

</J '= t !_<f...- u u T81t•e Bl>liB8TCSI pemeBB&M STOro yp8BB8BBSI, 0TcJOna cn:eny&T
0 

~TO Ba MIIOro"' ax 1 -
o6p83BB :F( u 1• 0 lt0NMYT8TOp 

(·F , x) = 0 

OnepaTOp F 1 
COOTB&TC::TBYIOIIlBA lP8BII8BBJO ( 29 j 1 MO--o p8CCM8TPBB8Tio lt81t IIIIBa-

17/ psaaTsNII aBijllj)epemuranr.aNA onepaTOp BTOporo IropanEa (onepaTOp nannaca sa npo=-

p811CTB8 V: ) , 0TM8TBM1 ~0 B Cliy~ae 1IpOCTp&IICTB8 IIOCTOSIIIIIOi! 1tpBBB3BN :F-

TO'IBOCThJO no npoxaaonr.aoro cnaraeMoro onepaTOp Ben&TpaMR-nannaca. 8C::Th C 

nBTepaTypa 

l, n.B, 0BCBBIIBEOB, rpyDIIOBNe CBOICTB8 na¢tjlepesnaan&IINX YPBBII&BIIIl:, HOBOCB!Japclt, 
1982 ron. 

2. H.M. re/IbljlaB:A, P.A. Masnoc, 3.R. Illallllpo. flpe.QCT8BII811RB rpynnN Bp811l8HBB • rpyllllN 
nop&IIII8o 'P113M8TrR3o 1 958 • 

3, n. BasT&PBBTil, R.A. Cwopo.QsscxuA, M. Yrnup•. Rnepsaa 

4. n. BuaTepiiBTil, H.41p.m. Jlnepaag ojmaua, l. N! 5 ( 1965). 
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