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OpocTp8HCTBeauo-auepreTaqect<aH 3aBHCHMOCTb nacnepcaa qacna ueATpoHoB B peat<TO

pe a npoH3BOnbao ~Ht<caposaauwA MOM9HT BpeMeHH (onaoMepaoe pacnpeneneaae) sneps~e 
II 21 

paCCMBTpHBBnBCb B pa60TBX ' • 

/2/ 
B npaseneHbt ypasaeHHH nnH nnoTaocTeA npoH3BeneaaA k -ro nopHnKa onaoMep-

HOro pacnpeneneHHH aeATpOHOB C yqeTOM DOnHOA DpOCTpBHCTB8HHO-aHepreTHqeCKOA 38BHCH

MOCTH. 3TH ypBBH9HHH B npHHDHDe D03BOnH~ onpenenHTb nacnepCHID qacna H8ATpoHOB B 

~HKCHpOBBHHWA MOM9HT Bp9M8HH B nro6oA qaCTK o6h9M8 

auepraA aeATpOHOB. 

peaKTopa a B nro6oM HHTepsane 

B pa6oTe
11 1 

BhtBeneuo o6paTaoe ypasueuae nna npoa3BonameA ~YHKDHH onaoMepuoro 

pacnpeneneHHH HeATpOHOB B peat<Tope (npH ycnoBHH, qTo B HaqanbHhtA MOM9HT Bp9M9HH CHC

T9M8 Conep~ana ToqHO onHH H9ATpoH) C yqeTOM npOCTpBHCTB9HHO-aHepreTHqecKOA 38BHCH

MOCTH nnOTHOCTH pacnpeneneHHH. 3TOT nonxon 00099 KOMDBKT9H H B DpHilllHD9 D03BODH9T 

nonyqRTb CBMO pacnpeneneHHe H9ATpOHOB B DpOH3BODbllO ~HKCHpoBBHHhtA MOM9HT Bp9M9HH 

DpH DID60M pe~Me pa60Tbl peat<TOpa (npH yCDOBHH 0 qTo T9DOOBbiMH ~~9KTBMH MO~HO npe

He6peqb). Ho nonyqaTb caMo pacnpeneneuae qacna ueATpoaoB ynaeTCH narnb a act<nroqaTenb

BbtX cnyqaax H npH aTOM B onaorpynnoBoM onao30HHOM npa6na~euaa131 • 06btquo ~e anon-

H9 nOCTBTQqHQ 3H8Tb BH8DHTHq9CK09 Bbtpa~eHH9 noR nacnepCHH qacna H9ATpoHOB B KOHeq

HOM HHT9pBane Bp9M9HH (MeTon ~eABMBHa), noR BepOHTBOCTH perHCTp8DHH neTeKTOpoM KOp

penHpoBBHHbiX aeATpoHHbiX nap ( M9TOn PoCCH) H noR CD9KTpanbHOA DDOTHOCTH MOmHOCTH pe-
' /4/ 

aKTopabtX rnyMoB • Ba~ao TBK~e onpenenHTb KOppenHUHID peracTpanHA ueATpoHoB B npo-

Me~yTKax speMeHH, cnenyromax npyr 3a npyroM ua ueKoTopoM paccToHHHH/B/. Bee aTH se

naqauw npoCTO Bbtpa~8IDTCH qepe3 KOppenHUHOHHYID ~YHKUHID nponecca pa3MH0~9HHH H8AT

poHOB H HB TBKOA OCHOB9 6wnH onpeneneHbl B onHorpynnoBOM onH030HHOM npH6DH~9HHH/B/ • 
171 

B pa6oTe 6btno oTMeqeuo TO oqesanuoe o6cTOHTenbCTBO, qTo npoH3BOilHmaa ~YHK-

naa nsyMepuoro pacnpeneneaaH 
H 

2
( x', t'; x, t) 

B cnyqae MBpKOBCKHX OpoU9CCOB ynOB09TBOpHeT OTHOCHT9DbHO nepeMeHHbiX X , DpH 

3 



t>t' TaxoMY ~e ypaeaeaa~, 'ITO a npoaaeonamaa ¢yaxuaa 

[H/x,t) 

onuoMepuoro pacnpeneneuaa, a noaToMy xoppenauaouuaa ¢yuKnaa naueAa~x npoueccoe TR

na paaMao~eaaa ynoeneTeopaeT TaKOMY ~e ypaeueua~ (oTaocaTenbuo nepeMeauoA t>t' ), 

'ITO a cpenuee qacno qacTau. 3ToT aaMe'laTenbu~A ¢axT HMeeT MecTO a Torna, xorna cny

qal!u~ll npouecc paaMuo~eaaa aaeacaT ae TonhKO oT epeMeaa, ao a OT Ao6aBO'IBblX napa -

MeTpoe, Taxax, xax npocTpaacTeeau~e xoopnauaT~ , auepraa qacTHU U H BeKTOp 

uanpaeneuaa ax cxopocTH n , npaena, B cnyqae uenpep~BHO Meaa~mHXCR napaMeTpoB 

u ' n BbiBOn upaMoro ypaeueuasr nna npoaaeonamell ¢yuxuaa H CBII3aH c ae-
/ 8/ I 

xoTopbiMB MaTeMaTaqecxuMH TpynuocTsrMa • Ho ax MOlKllo o6oATB, ecna o6nacTb B3Neae,. 

uaa napaMeTpoB r , u , 0 paa6BTb ua xoaeqaoe qacno auTepsanoe, a xoTop~x 3TH na

paMeTpbl npRHHMa~T nocToauuble auaqeaasr, a ecna qacTHll~ c paaub!MH 'xoopnauaTaMa' 

u • {} paCCMaTpHB8Tb Kai "'aCTHll~ pa3B~X TBnOB, KOTOp~e MOryT 

npeepamaTbca npyr B npyra no aaeecTaoMy aaJtoay, Torna cpaay wo~ao aanacaTb ypae-

ueaaa nna npoaa eonamax ¢yuxuuA HI H H 2 a Bb!BecTa ypaeueuasr nm~ uepBbiX MOMea-

TOB onuoMepuoro pacnpeneneuaa a cooTBeTCTBeauo nna aeATpoHHbiX eaaHMBbiX Koppenauaoa

HbiX ¢yHKUBII, Taxy~ CHCTeMy ypaBR0HHII MO~HO p8CCM8TpBB8Tb KBK CKCT0MY 1 MBOrorpynno

Boro ' npa6na~euaa. Ho MO*Ho coeepwHTb npenenbu~ll nepexon K aenpep~euo Meaa~maMca 

napaMeTpaM u {} , nocne qero nna nepeoro MOMeHTa OQHOMepaoro pacnpene-

neaaa nonyqaeM aaeecTuoe ypaeaeHHe EonhnMaua nna cpenaeA ueATpoaaoll nnoTaocTa, nna 

BTOpblX ueaTpanbRbiX MOMeHTOB ( KOTOpbte RMe~T CM~Cn 6aaapBb1X nnOTBOCTeft B 3aBRCIIT 

OT neyx 'TO'IeK' npocTp8HCTB8 ( f , U , {} ) ypaBHeBBR TRna ypaBHeBHil nnsr 6RB8pHOro 
/ 2/ 

ae~Tpoaaoro noToKa , a nn11 nnoTHOCTH xo ppenauaouuoll ¢yaxuaa OTHOCHTenbao nepeMeu-

llbiX, OTHOCSIIIlR XCH K MOMeHTy BpeMeHH t > t' , - ypaeueuae, no eaewaeMy eany coenana~-

mee c onuoponHbtM ypaeueuneM EonhUMaua nn11 cpenueA uei!Tpouuoll nnoTuocTa. 

Koae'IHO, peWHTb 3TH ypaeaeHHH B o6JneM c nyqae aeB0'3M»KHO, noaTOMY n nH neMOH

CTpaQRB Bbimeaano*eBHbiX paccy~euul\ Mbl 6yueM acxonaTb aa pacnpocTpaueauoro uu¢¢y

aaouuoro npa6nu*euaH, xoTopoe coae pJKHT namb 'xoopnaaaTbt' r , u • CqaTaa nocnea

aae nacxpeTHblMH, 38UHC biB8eM ypaeueuae llnll npou3BOUIIWBX ¢YHKURII 

H=H(x ,y ,t); 
l J ru e ru 

H = H ( x' 
2 2 ru 

• y' , t'; X 'y 
ru 

• t). 

(1) 

(2) 

rne y • oTaocHTCH K npenwecTeeuuaxy aanaanbtBa~max ueATpoHoB co pTa • e •, a 11anex-

Cbl U B ( 1 ) ( 2) npHBBMa~ BCe B03MO*Hbte 3H8'1eHBH, T,e, X y 
0 

-BeKTOpa: 

4 

' I 

-I 
I 

(0) c1H•-l:!(g 

at '·" 

B cnyqae i • 2 ypaeaeaae 

aei!TpOHOB C KOOpnauaTaMH 

npeepameauA qacTHU c xoopn 

3nech 

g(O) = v(u) l: 
0 

( r, u 

g(e) =). 
0 

( x,.- Yon 
ru 

(R) 
g 

g(E) 

v (u) 

I , 
r 

v(u) IR 

I v(u ') I 

c xopocTb 'IE 

pacnana npeuwecTeeaaHKa aa t 

COOTBeTCTBeHHO M8KpOCKOU 

qeuue pacceaaaa HCIITpoua a" 

c eqeuue pacceauaa uei!Tpoua 

npOH3BOllHW81l ¢yHKQHR pacnp• 

aanaanbtea~mnx uei!Tpouoe er 

G 

w 

rue I 1 (r,u) 

Or 

1-
Ir 
I 

I w (u ' ) 
0 

- M8KpOCKOU 

BeHHO SHepreTH'IeCKHe cneKT: 

npoaaeouamaa ¢yuxuaa pacn~ 

38U83nbiB8 10WHX aeATpOHOB, I 

pble MOMeHTbl pacnpeaeneuRH 



BB naueAu~x nponeccos TR

JTenbuo nepeMeuaoA t> t' ) , 

r MecTO a Tarna, Korna cny

ao a aT uo6asoqa~x napa -

>rRB 'IBCTRU U B BeKTOp 

lBO MeB!IIO!IlRXCB napaMeTpoB 

¢yu~tnua H 
1 

cBBaau c ue

ioATa, ecna o6nacTb R3Neae,. 

PBADOB, B KOTOp~X 3TH na

p83H~MB 'KOOpARRBT8MR 1 

!rDOB, ltOTOpble NarrT 

ay wo~ao uanacaTb ypaB-

•BBReRH!I ADS! nepBblX MOM8H-

tHbiX BaaaMa~x Jtoppensnaoa

ltBK cacTewy 'Maororpynno-

It aenpep~BRO M8R1110I1tHMCII 

teaTa onaowepaoro pacnpeue-

H811TpoRROII DDOTBOCTR, ADII 

lbiX nnOTHOCTell R 38BRCRT 

1a ypaBaeuaB nnH 6aaapaoro 

lHH OTHOCHT8DbBO nepeMeB-

0 BHernHeMy BRAY COBDBABJO

HHOII nnoTHOcTH. 

!lKHO, 003TOMY UDR neMOH

pacnpOCTpaaeHHOro ns~y

u • C'iHTaB nocnen-

HKURtl 

(!) 

: ) . 
(2) 

HOB copTa • e •, a Rnaex-

T.e. X Y 
0 

-B8KTOp8: 

I ( g(O) + g(R) + g(E) 

'•" 
n 

+ I 
a x .. u 

(e) 
g 

a HI 
+ 

a) .... 
(8) 

i • 2 ypasueaae (3) &MeeT MecTo npa t>t' S - MO!IlBOCTb HCTO'IBHit8 

ueiiTpoHOB c xoopllJIHBTBMR r, u • Opouaaonsrmae ¢ya~tnau pacnpeneneaull 3neMeaTapu~x 

npeBpameaall 'IBCTRU C KOOpARHBTBMH r' U HM810T CD8AYJO!IlRII BRA! 

3necb 

g(O) = v(u) I a ( r, u ) I G ( x , y ) - X 
ru ru eru 

(R) 
g 

v (u) 

, 
' 

v(u) IR ( u; .r -+ r') ( x,: - x ) ; 

- CKOpOCTb 'IBCTBnbl C rpynUOBOII 3Repraell E u ; 

(4) 

- fl0CTOSIHH8SI 

pacnana npenrnecTB8HHHXa aanaanbiBBJO max aeiiTpoHoB co pTa • e •; I • , I R , IE 

COOTBeTCTBeHHO M8KpOCKODB'IeCJtH8 Ce'leHHII nornomeHHR (BKDJO'IB11 neneaae), nanH08 ce-

'ICHBC p8CCCRBHR HCIITpoHB H3 npOCTp8HCTBCHHOII sqeijKB R r B sqel!Ky R' , • nonaoe 
r 

ceqeaue paccesaaB aeiiTpoaa 3aepreTB'IecKoll rpynnbi E u B rpynny E 'u a G ru 

npOH3BOURWaR ~YHKUHB pacnpeneneHHR BCCX MrBoBeHHblX HCIITpOHOB H npenrueCTBCHHHKOB 

38ll83ll.hlB8JOIUHX aeiiTpOHOB 8ABHH'IHOrO 

G 1-
I, I r +-- h 
I I 

w I w (u ') x .. w o. , 0 N u 

rue •I 1 (r,u) 

8KT8 p83MHOJKeHHB HeiiTpOH8 

w (x , ) . w (y ) l , o. fU en 

=I w (u") y , , eno 
u 

c 

. 
KOOPUHH8T8MH r, u : 

(5) 

W (u) - COOTBeTCT
e 

BeRRO 3H8preTB'i8CKBe cneKTpbt MrHOB8HHbtX H 38U83;Jlb1B810WHX HeiiTpoHOB0 a b ( x, y ) -. 
npOH3BOURW811 ¢YHKURR pacnpeneneHRR BCeX MrHOBeHHblX aeiiTpOHOB R npenrneCTBCHHHKOB 

aanaanhiBaJOmax uei!Tpouoa, nopoJKnaeMbiX neneaueM onaoro snpa ropJO'Iero. Oepable R BTo

pbie MOMeHTbl pacnpeneneHHR aei!TpoHOB neneHHII onpenenRJOTCR H3 COOTHOlUeHHII 

5 



~ 
a z 

r 

~ a b ... 

T;i 

"o~v(l-fl); a b.., ~ v
1 

"vfl
1 a Y 

=v (v -1); 
0 0 

lr 

~ 

abru 
ayay~vlvk-v-{38. 

lr kr I Jk 
1 

~~v---v 
0 I az r aylr 

(6) 

rne v - ,..-+I v - cpenaee q&cno aeATpoaoB neneaRa (RHIISICC '0' oTHOCHTCR IC Mrao-
o • • y-

B9RHbiM aeATpoHaM); 13
1 

• rJ- - nona aana~llbiB&IOIIlRX ueATpoHOB co pTa ' i '; l3 a I {3 
1 

• 

Bee npoaaBOilHble B (6) (8) 6epyTcR B ToqKe z = y - 1 . EcnR npennonolKRTb, qTo np~ ne-
r or 

neHHH OllROrO Rllpa rop10qero RCilyCIC89TCR He 6onblll9 OllHOrO 3111lll31lb1BII1011l9rO H9ftTpoHII, TO 

v 1 vk -v-{3 1 81
k=0 

(7) 
~ 2Y fJ , 

0 I I 

a "o("o.-1) npalCTHqSCJ<R COBilllll!IST C BenRqRBOft V ( V 1) 
161 

ITonRbiA KOacl>ci>RilHSHT 

p83MHOlK9HRR ReftTpoHII C J<00pllHHIIT8MR 

k 
"' 

I I~.+ I 
a z 

r U 

aGru 

a y era 

I= 

uonyqaeTCR H3 COOTHOW9HRR 

I r ( r,u ) 

I a ( r,u) 
v (8) 

Ma ypaeae a aa (3) nna H ~ cneny10T ypaeueHHR nnR cTauaoaapablx J<oppenauRoHHhiX <jlyaKuRA: 

K ( r', u'; r, u ) a 11, ,(t'} 11 (t") -11-, jt') rr (t"), 
t ru ru ru ru 

(9) 

r 11e II (t") -qacno H9ftTpOHOB C lCOOpllRH8T8MR u B MOMGHT t" t 8 o6o3Ha-

"' 
qaeT p!13HOCTb t = t" -t' , 3TH yp&BH9HRst RM910T BRil! 

ilK -.\' 
__ t (r',u';r, u)=T Kt+l: A p. (r',u';r,u)e • + at na • • • 

( 10) 

• -.\ ft-•'> 
+ v i A.ft

0
w

0
(u}I,v (u'')I 1(r,u")f dt' K,,(r',u';r,u"] e • 

Q 0 

rne 

jt =II , !t') C 
• r u 

(!~ n, ~t') c- (t') 
r u eru 

( 1 l) 

C (t') - qHCno npellW9CTB9HHHKOB 3111l831lbiB810DlHX Jl9ftTpoHOB COpT& ' e ' B MOM9HT 
eru 

t' , acnyCJ<&IODlHX aeATpoHbl c ICOOpllHH&T&MH r , u , a T -<~nepaTop, neAcTBYIODlHA 
ru 

H8 KOOpllHH8Tbl u , Ecna Tenepb nepeATR 1< aenpepbiBHbiM napaMeTpaM u 

T O BC9 BenHqHHbl 1 38BHCRlllRe OT U , 6yllyT HM9Tb CMbiCn DnOTHOCTeA, cyMMy 110 

6 

u" B ( 10) BYlltHO 3!1W9BRTJ 

30M! 

T K (r',.u';r,u) .. (-v(u) 
"' t 

+ f d11" v(11") I E( r; u" · 

+ v ( 1 - f3 ) w 
0 

(u) f du" 

rne I t • I • +I • , I 
0

( r,• 

D(u) - ~<oacl>cl>m•eHT llRcjlcjly 

, Haqanbaoe ycnoexe 

K 
0

( r', ' 

rne CMhiCn eenaqaubl u 

cne.!lylOIIlRX H3 ypaBH9HHR ( 3) 

X , , R X , nonyqaeM: 
r u . 

rne 

Tru Q (r',u';r,u)+ Tr', 

+ I .\ I' • ( r, u; r', 11 ') + 

+v
0 

(v
0
-1) w

0
(11) w

0
(u 

Q { r', u ' 

li(r',u';r,u) nenhTa-<flyaJ<: 

ypaeue,uHA ( 13) R ( 14) auan· 

llOMOIIlH npeo6pa30B8HHst Jlan. 

KOTOpoe B CBOIO oqep91lb H9D 

nnOTHOCTH MODlHOCTH WYMOB ! 

<In (r', u'; r,u)\ ~ > ~ 4 f d' 

rne -qacToTa B ru 1 w 

i • ( r' u '; r,u ) HMeeT J 



(6) 

.KBA8KC •o• OTHOCHTCB K Mrao-

~BOB copTa • i • i {3 a I {3 • 
I I 

:na npennonolKHT&, 'ITO npa ne-

aanaanbiB8JOillero ael!Tpoaa, TO 

(7) 

r 161 
nonHblll KO~HIIH8HT 

R H3 COOTHOW8HHR 

I ) 
--V (8) 
u) 

lpHbiX KOppenBDHOHHbiX ljlyHKIIHA: 

MOMeHT 

+ 

-A 't-t'> 
e • 

t" , a 

(9) 

o6oaaa-

(10) 

(II) 

OB COpTa ' e ' B MOMeHT 

T ru -onepaTop, l!ellcTBYJOIIIHA 

IbiM D8p8M8Tp8M Q 

=MbiCn DnOTHOCTel!, CyMMY DO 

u" B ( 10) uyli<Bo aaweBBTh KHTerpanow, a onepaTop T ru nellcTBYeT cnenyJOIIIHM o6pa-

30M! 

+ f du" v(u") I E( r; u" .. u ) K, ( r',· u'; r, u") + ( 12) 

+ v (1-{3 )w
0

(u)fdu"·v(u")I,(r,u")K,(r',u';r,u"-); 

rne I • -I.+I., I
0
(r,u) •fdu'I E(r;u .. u'), 

D(u) - KO~HnH8BT ABcj>cjly3BB 0 6, r - onepaTOp nannaca, neiiCTByJOD!BII H8 KOOpABB8Tbl 

, Ha'l8nbHOe YCDOBBe ADR yp8BH8BBR (10) BM&eT BBA! 

2 
K 

0 
( r', u '; r,u ) = u ( r'; u '; r, u ) , ( 13) 

rne CMbiCD BeDH'lBHbl u cnenyeT aa (9) npa t'•t" • Oua onpenenaeTCB aa ypasueuaA, 

cnenyJOD!BX R3 ypaBH8HBB (3) ADB H 1 • HanpaMep, nacjxjlepeauapya ypasaeaae (3) no 

X , , R ::1 , nonyqaeM: , .. 

rne 

T,.. Q ( r', u '; r, u ) + T, 'u, Q l r, u; r', u ") + I A0 p • ( r', u '; r,u ) + 

+ I A p • ( r, u; r', u ") + 

+v
0 

(v
0
-1) w

0
(u) w

0
(u) jdu"-v(u") I

1
(r,u');;,u,IJ (r', r) 

Q ( r', u'; r,u )o:::u 2 
( r', u'; r, u)-; 5( r', u'; r,u ), ,.. 

( 14) 

( 15) 

B(r',u';r,u) - neDbTa-ljlyHKUHSI C OC068HHOCTbJO npH 
, , 

r , u -r,u • Kpaes&le ycnoBHH nnH 

yp8BB~HII ( ]3) H ( 14) 8H8DOrH'lHbl KpaeBbiM ycnOBHBM llnB Bel!TpoHHOll DnOTHOCTH, npa 

DOMOD!H Dpeo6pa30B4BHB nannaca yp8BH8HH8 (10) CBOllHTCB K "CT81!HOH8pHOMy" yp8BH8HHJO, 

KOTOpoe B CBOJO O'lep8llb H8DOCp8ACTB8HHO onpel!enaeT 6HH8pHyJO DDOTHOCTb CD8KTp8DbHOll 

DnOTHOCTH MOIIIHOCTH WYMOB! 

<In (r', u'; r,u)l
2

> • 4 f dt K,cos (2rrft) ;:.4Re K 
0

( r', u'; r,u)!, . 
-uu 

rne -"'8CTOT8 B ru ). Ypasueuae llDH npeo6paaosauuoll ljlyHKDHH 

K • ( r' u'; r,u) HMeeT BH.Q! 

( 16) 



( S- T ru 

+ .,- I. 

ltOOpAHHaTbl 

K ( r', u '; r, u ) =a 
2

( r', u '; r, u ) +I. ~ • IJ , ( r', u '; r,u) 

A,+ s 

A.fJ. w .~u) 

A 
0
+ s 

f du"v(u") I. f ( k,u") K ( r', u'; r, u"); 

+ 

' r u' B ypaBll9HliH (17) - ~HitCHpoBaBH~e napaMeTp~, ~YHKUHH 

AOflJKH8 YAOBfl9TBOp11Tb eme K paeB~M yCnOBHHM OTHOCHT8flbBO R r'. 

(17) 

K 8 (r',u';r,u) 

8 DpH6nHJK9HHH DOCTOliHH~X C9'19BHA (17) DpHHHMa9T ~OpMy CTaUHOHapHoro ypaBH9HHR 

AH¢$y3HH: 

-~ K ( r', r) + K 2 K (r', r)=a 2 (r', r) +I. d.op. eh',x) 
' . . . (18) 

A + . s 

I. ~ 2 s + a 0 - e+ S K = 
0 

a= v( I. - v 1-tJ)I. ) 
o a r 

(19) 

a=vi. k{J . . . 
a rp8HH'IBbl9 ycnOBHH MOJKHO Bbi6p8Tb B o6bi'IHOA ~pMe 

K~r',R) = K (R,r)=U; . - (20) 

rne R -panHyc - BeKTop KOOpAHHBT 3KCTpanonHposaHnoA nosepXBOCTH peaKTopa. 

npH paCCMOTp9HHH KpHTH'I9CKHX peaKTOpOB aana3AbiBaiOIUH9 H9ATpOH~ AOCTB TO'IHO y'IH-
- / 6/ 
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