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§ 1. 

B B8CTOIIM9A patioTe paCCM8TpHB8IOTCll Monena tiapBOllOB ·xax CBSl38.II.IIhlX COCTOSI.IIBi!: 

/1/ 
Tpex ICB8pKOB, rnaBHOA 38)l8'19A _paOOTbl SIBnll9TCB nonyqeaae ypaBB8BBSI BHCCTIIJ , HS oc-

llOB9 ypaBB9BHll )lllll Tpex '18CTHn: 

M ) (iJ 8- II )+ M V 1,
2

,
3 

I rf, = 0 • ( 1. 1) 

· 3necb • rf,- rf, {zt' lC 
2

, lC ,>-cnaaop, 38BBCIIMHA OT Tpex CilHHOpBbIX HBJl9KCOB a I , a :i, 
•r •:1,•a 

a a 1,2,3,4. bonee )l9T8llbHO MOlKHO B81IHC8Tb: rf, - rf, A a A a . A a • HO 
• 1 1' a a• a a 

3)l9Cb HH/191CCbl ICBapxoB Mb! tiy11eM onycKSTb, B ypaBH9BHH ( 1.1) 
a 

<v> < t _a + Y. e 1 Av{z 1 )), 
I d lC V ( 1,2) 

I 

,y<v> -OObl'IHbl8 11apa1tOBCKH8 MSTpBnbl y<v> 1 neliCTBy10mae aa CilBBOPHbli!: HH118KC 
I 

Av ( z 
1

) -cnatioe Baemaee snexTpoMarHBTaoe none, . ·V l,2,I -'ln9H1 npe)lCT8B-

n1110mai!: B38HMOll8i!:CTBH9 M9>KJlY TP.9MB KBapKaMB, 38BHCBMHA OT Tpex penHTHBHCTCKHX CKa-

/2/ 
M -Macca, KOTopa11 npHHHMaeTCB aecLMa tiollbmoi!:, Kax a i, npenhlnymeli patioTe , Mb! 

tiy11eM BBOJlHTf? B V MaTpH'IHYIO CTpyxTypy c IlOMOMblO MaTpHn y< G> • 3necb tiy-
1, 2,1 . (S) J 

ne: tionea YIIOOHO UM9Tb neno C 8pMHTOBCKBMB M8TpBH8MH P,- l•Y1 J nm1 KOTOpbIX 

p I - 1 • Tax KSIC B ypaBHOHUH ( 1 • 1) Bblp8lK9HUe 
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'C •\ - M )( a 
2 

- M )( d 
3
- ll ) 

npeo6pasyeTcS1 xax cxangp, ay:aaro, 'IT06bt u V 1, 2, 1 61,1no cxanSipoM, Ho H8'18THBSI ,popMa 

B3 . p l 6y.neT, 0'18BB.llHO, nceB.llOCltBIISlpoM, IToSTOMY MSI o6ecn8'18HHSI npaBm,.lihlX TpaHc-

cj,opMBIIBOHHblX CBOllCTB OCHOBHOro ypaBB8HHSI (I.I), MOJKHO BBO.llBTh B V 1,2,a TOIIhltO '18T-

Hhl8 cj,opMbl B3 p , B KB'l8CTB8 npocTeltmero BapBBBTB BO3hM8M KBa.llpATB'IBYIO cj,opuy 
I 

u, B3 coo6palK8llHlt CHMM8TpBB KBapKOB, llOIIOlKHM! 

·v 
1,2, a = ( ·p P +·p ·p +·p p ) W CR 

2 
R 

2 
R 

2 
) 

121121 1'2'1' (1.3) 

2 2 2 
r.ne W -CHMM8TpH'IHaSI (j,yHKitBSI Tpex nepeMeHHHX R I O R , R , ITO.ll'l8PK-

/2/ . 2 • 
HeM, 'ITO, ttaK H B pa6oTe • Ml,l 6y.neM paccMaTpBBaTb ypaBH8HH8 (I.I) ne B CBSl3B C ·Ka-

Kolt-nn6o CX8MOlt KBaHTOBolt T8OpBB llOIISI, a npoCTO Kalt penSITHBBCTCltB-BHBapuaHTHO8 o6o6-· 

/3/ -
Jll8HH8 npocTeltmelt MO.ll8JIH I B KOTOpol! 0.llHH KBBPK HaXO.llBTCSI B H8KOTOpolt s(j,,j,eKTBBHOlt 

HOT8HI1Ha1I&HOlt SIM8, KOMH8HCBpy10mea OCHOBHYIO 'laCTh 6oni.molt MBCChl M , B ypaBH8HBB 

(I.I) rnaBRbllt MaCCOBbllt 'III8B 6y.neT -Ma , MllltCRMan&Hoe co6CTB8BH08 3Ha'leHR8 cyM

Mbl 

·p ,·p 2 +p,·p ,+·p 2 ·pa 

paBHO TpeM ,u DOTOMY, B COOTBeTCTBBB C HOIIOlK8HB8M ·o KOMH8HCaDBB Macchi, 6y.neM C'IH

T8Th, IITO: 

w = 
M 

2 
- U ( R 2 R 2 R2 ) t' 2' I 

3 (1.4) 

'IT06bl, rpy6o roBOpSI, B3aBMO.ll81lCTBB8 Re ltOMD8HCHpoBano 6oni.me MaCChl, '18M ee ecT&, 

npe.nnonOlKBM, 'ITO 

UCR
2 

R
2 

R 2 )>0 
t ' 2 ' a 

HTait, OCROBHO8 ypaBH8HH8 6yneT: 

npu R 
2 ·> 0. 
l 

(1,5) 

l{a- M){il - 1,1 ){a-M) + plp2+P,P3+·p2p3 CM 1 -MUCR 2 ,R2,R 2 )))if,=0. 
I 2 8 3 I 23 

Cl.6) 

nng HOIIY'18HHSI OKOH'laT81IhHblX HpH61IlllK8HHblX ypaBH8HHli B HBH60II88 npOCTOM BHll8 Mbl TaK

lK0 BOCllOJIL3yeMCSI npell01IhHblM nepeXOllOM npn M ➔ oo 

4 

l, 
l 

/ 

§ 2. CBSl3BHHhl8 COCTJ)RHBSI B'OTC}'._TCTBBe BHemHero 91I8KTP2MBrHHTHOro 

..!!.!ll!!!.. 

PaCCMOTpHM Cny'IBlt OTCrTCTBBSI Bn8ltTpoMBrllHTHOro llOIISl1 Kor.na •AV =0, B. BT~M 

cny'lae B ypaBH8HBB ( 1,6) I 

' a 
a I • i l: ,y<.., c...i... > 

V=O I ax" (2.1) 

• J· 

Bos&MeM BpMHTOBCK_Hlt onepaTOp npoCTpaHCTB81IHOro OTpalK8HHR! 

r,2, a = ·Y;o> • ·Y CO> ,y<O> 
, 2 a A A A 

" " " I 2 I 

A,. 
2 l 

-onepaTOy 3aM8Hbl 3HaKa npocTpaRCTB~HHblX KOOP.llHHaT TO'IKH X Kax BH.nno, 

1
1, 2,1 ,• I, n HOBTOMY co6cTB8HHble ana'le~RSllpaBHbl ~I. PaccMoTpHM cooTB8TCTBy10mne 

ypanneHHH .11nS1 co6cTB8HHHX (j,yHKnHlt BToro onepaTopa: 

1/1' = I 1/1 = rf, 1,2,a 

.,,, -
I 1,2,a tf, =- rf, • 

TaK KaK oneparop I 
1,2.1 

KOMMyTHpyeT C onepaTOPOM 

ca
1 

- M)( a
2 

-11 ><a,- M > + P,P 2_+Pi°P 3+·p 2p 3 
3 

(2.2) 

(2,3) 

(M
3
-MV), 

TO B -paccMBTpHB88MOM cny'lae ypaBH8HH8 ( 1,6) 6y.neT COBM8CTHO KaK C ycnoBH8M (2.2), 

TBK H C YCIIOBH8M (2,3), 3aM8THM, 'ITO .lllISI V, C Tp8MSI CHHHOpHblMR HHll8KCaMH (B OT-

' . /2/ 
IIl~'IHe OT P~_6oTbl ) ycnOBHSI (2.2) H (2.3) no cymecTBY 9KBHBBII8HTHbl, T_aK KaK 3HBK .,, 

H0 (j,HKCHpo~BII, neliCTBHT01IhH0 1 COBepmHB DOBOp0T Tpex '18Tblp0XB8KTOpOB BOKpyr O,llHOlt Hpo-

CTpBHCTB8RHOlt OCH HB 2" • BHARM, 'ITO 3RBK .,, M0HR8TCSI Ha o6paTHbli!, T.e. YCIIOBH0 

(2,2) nepeXO.ltHT B (2.3) H Hao6opoT, TaxRM o6p830M, Mbl MOlK8M npoH3B01IhHO npHHSITh 

(2,2) HIIH (2.3). ITpHM8M AIISI onpenenenHOCTH (2,2). Torna 3aKOH npeo6paaoBaHRR CHHHOpa 

r/, B o6meM cny'lae 6yneT: 1 

-~<0> ,y<0> ,y(0) A,. A,. A,. if, = .,,, 
1 2 , a 1 2 a (2.4) 

M ➔ .. 

flepeltneM Teneph K ynpomean10 ypaBHeHHR ( 1,6) c noMomi.10 npenem,aoro nepexona 

, nnn BTOro 38HHW0M ero 601100 HO,llpo6HO! 

2 a 
f,t, =I a 1 a 2a 1 -Mca 1 a 2 +a

1
a

1
+a

2
a

1
)+M ca

1 
+a

2
+a

1
>- 1i1 + (2.5) 
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+...!C (·p ·p +·p p +·p ·p)--1!..(•p p +·p p +p ·p )UCR 2,R 2 ,R 2 )}tp=O. 
3 121828 3 121828 128 

PaccMOTpBM B03M0lK.Hhl8 co6CTB8BHhl8 3B8'18BHSI KOMMYTHPJ'IOIIUIX onepaTOpoB: 

( p p ) • 
I 2 

(·p p ) • ( ·p ·p ) • 
1 8 2 a 

(2.B) 

li~ 
3aM8THM, 'ITO mo6ol! H3 STBX onepaTOpoB)paB8B np0H3B8.118BHJO .IIBYX 0CT4llbHhlX. IloSTOMJ' HX 

B03M0lK.Hhl8 co6cTBeaab1e 3H8'18HHH )l'.1111 Bee paBahl I 7ana .IIBB. B3 aux 1, a ocTan1>a1,1e -I. 

(0) 

(0) 

(I) 

(2) 

(3) 

Ilpe.11cTaBBM npoB3B0llbH08 

(2.B): 

p ·p pp p p 
I 2 1 3 2 3 

I 1 1 

-1 - 1 1 
(2.7) 

- 1 1 -1 

-1 • - 1 

"' 
B BB.118 CJ'MMhl co6CTB8l1Bl-lX cj,ymm111! CHCT8Mhl onepaTOpoB 

"'=,f, +,f, +,f, +tf, 
O I 2 3 , (2.8) 

3.11ec1> "' o6o3H4'188T ·co6CTB8HHJ'IO cj,yaKnBJO CBCT&Mhl (2,61), CO0TB8TCTBJ'JOillYIO co6cTB8H• 
' I . 

HhlM 3H8'18HHSIM B3 CTp0KB ( j ) Ta6nan1,1 ( 2. 7) • .llml 9'l'Oro 13B8.118M npoeKnKORBhle onepa-

TOp1,1: 

r - ..!_ ( 1 + ·p ·p ) ( 1 + ·p ·p ) ( I + p ·p ) 
0 II I 2 18 28 

r = ..1. (1-p p )(I-·p ·p )(l+p ·o ) , 
.1 8 12 ta· :ra 

r. - ....1. ( 1 -p p ) (1 + ·p ·p )( I-·p
2
·p } , 

• II 12 18 · 8 

r
8

a _l_(l +p·p )(I-pp)(I-pp )·. 
8 .• 1 2 1 8 2 8 

IlpoBe.llH yMaoxcea11e, nony'IJIM: 

•ro 

rl 

r = 
2 

_1_ ( 1 + ·p ·p +·p •p +•p •p ) I 
4 12 18 28 

1 ( 1- ·p ·p -p ·p +·p 'P } 
"'"'.4 12 18 23 

.....1.. ( 1 -·p p +p p -p' ·p } 
4 12 13 28 

r = _1_ c 1 +p •p -p •p -·p •p > 
8 .4 1 2 t a 2 8 

B 

( 2.tl) 

(2.10) 

-.i
! 

;,-

3 8 
0TKY.118 l: r

1 
= 1 I H U0aTOMy 

1=0 
"' = l: •r i .,, 

J=O 
• IloKaJKeM, 'IT0 aTO H 6yAeT npe.11-

CT8Bl18HH8 ( 20 8), T.e. 'IT0 

r "' = "' I J 

.llel!CTBHT8llbBO, no CSM0MY onpe.11e11ea11JO onepaTOpoB r (2,9), HM88M 

' 
(1-pp )•r a(l-pp )r =(1-p·p }r =0, 
.·120 180 280 

c1 +·pp ) r
1 

=<l+p p )r
1 

=<I-p •p >•r =0, 
I 2 I 8 2 8 I 

c 1 +p·p)r =<I-pp )r = c1+pp )r -o . 
. 12 2 18 2 28 2 

( l - Ji I p 
2 

} r a = ( 1 +pl p 
3 

) ,r
3 

= ( 1 _+ p 2p a) r a = 0 

OTCI0.118 cne~yeT, 'ITO .llllSI l!p08KnHII (2.10) 

\pp°,t,=tf, 
1 2 0 0 

p p ,f, =t/, 
I a O 0 

·p p tJ, 
2 a o tJ,o 

·p ·p ,f, =-,f, 
l 2 I I 

·p p .,, =-,f, 
l 8 I ' I 

·p p ,f, = ,f, 
2 3 l I 

(2.11) 
p p ,f, =-,f, ; ·p p .,, = ,f, ; 

I 2 2 2 I 3 2 -2 
p p ,f, =-,f, • 

2 8 2 2 

p ·p .,, = ,f, p p ,f, =- ,f, 
123 3 1_aa a ·p ;pa tf, a = - tf, 8 • 

Bo3BpaTBMCSI Tenepb K ypaBH8HUIO (2.5) H npeo6pa3yeM ero .B ypaBH8HH8 .llllSI tf, J • nm, 

SToro noMH0lKBM ( 2.5) cneBa aa r I H nepe.11B11HeM ero aanpaBo qepe3 onepaTop1,1 a 
AO ,f, • Ilpu nepeCT8H0BK8 r I C ;j k 3H8K p M8HSl8TCH Ha 1)6paTHhlll. TaK , Hanpn-

k 
M8p: 

•ro a1 -air 1 r
0

a
1

a 
2
=a ;a

2
r, 

r a a a =a ·a a r . 
0123 12ao 

B p83YllbT8T8 yxa38HH0I! npoueAyp1,1 nony'IHM: 

a a a tJ, - M(a a ,t, +a a ,t, +a a ,t, >+ M
2

Ca ,t, +a ,t, +a tJ, )-Mv-.,, =0 , 
1 2 3 o 1 2 a_ 1 8 2 2 3 1 1 1 2 2 a 3 o 

2 . 4 a M 
a a a ,t, - M c a a ,t, + a a ,t, + a a tJ, ) + M ca ,t, + a tJ, + a ,t, >- _ M 1/J + _ u,t, = o, 
1281 122 133 280 10 23 82 3 I 3 l 

2 4 a M 
a a a ,t, - M ca a ,t, +a a ,t, +a a ,t, >+ M ca tJ, +a ,t, +a ,t, >--M ,t, +- v ,t, =o 

I 2 a 2 I 2 I 1 8 0 2 a a I a 2 0- a I 3 2 3 2 

2 a M 
a a a ,t, - M ca a ,t, +a a tJ, +a a ,t, >+ M ca ,t, +a ,t, +a ,t, )- ...!. M ,t, + _ v ,t, -o, 
1233, 120 181 282 12 21 30 3 3 3 3 
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3ami:meM nepBoe R3 8TRX ypaBH8HRA B cjlopMe: 

M(a,t,+iJ,t,+iJ,t,)-u,t, -(iJiJ,t,+iJiJ,f,+iJiJ,t,)+..LiJiJ a ,t,=O, 
11 22 aa · o 12a 112 211 11 12a o ( 2.12) 

8 OCT8JlbHbl8 TpR B cneeylOllleM B11,[le: 

rf, m(-2..iJrp -2-iJiJrf, >+-2.:(orf, +iJrf,)---2..c(oiJ,f, +iJiJ,f,)+ 
1 411 1 o .411 2 2. a o .4M 2 a a 2 . .4M 2 1 2 2 1 a a 

3 
+-Lu,t, +_aaa,t,, 

4112 I 411 a . I 2 a I 

,t, = < ..1... a 2,t, - _ 3_ a a ,t, >+...:... ca ,t, +a ,t, >-2.. ca a ,t, +a a ,t, > + 
2 411 0 4 M 2 I a O 4111 I a a I 4M2 1 2 I 2 a a 

(2.13) 

+ 1 
4112 U rf, 2 + ~ a a a ,t, , 

411 a 1 2 a 2 

' 3 
rf, = C-iJ rf, 

a. 4111 a o 
_ 3_ a a ,t, >+~ca ,t, +a ,t, >- _ 3_ ca a ,t, +a a r/1 >+ 

41112 120 4M 12 21 4112 121 21 2 

+ _1_' U rf, + _3_ 0 0 0 rf, 
4111 2 a 411 a 1 2 a a 

YpaBH8HRlil (2.13) UOK83b!B8IOT,- '!TO Mbl MOlK8M C'IRT8Tb rf,
1 

• ,P 2 1 ,f, a B8nR'IRH8-· 
I 

MR nepaoro nopS1n1ta ManocTR no OTHomena10 1t 

plillllta, miAneM · · 

,t,=2..orf,+_l 
I .411 I O II 2 

,t, - _3_ a, rf, + _1_ 
2 411 o M 2 

rf,a 
3, 

.411 

1 
aa,t,o+ T 2 

1 
M 

Y'IRTbIBSlil HBHO 'lneHbl nepaoro no-

noncTaBnlilH 3TH BblpalKeHRlil 'B npaBylO '18CTb _( 2.13). nony'IRM 'ln8Hbl BTOporo nopHllK8 Ma-

noCTR: 

rf, 1 
3 

4ii iJlrpO -
3 

811 2 

8 

a,-aa,t,o+ 
11 a 

! 

:! 

i 
., l 

J 
"1 

I ., 
I 

·1 
I 
' 

:1 

/ 

\ 

3 
iJ ,f, ..: _3_ iJ iJ ,f, + _1_ y, = ---2 01, 2 0 SM 2 1 a o Ml 

,f,=_3_iJ'l!-
a 411 a o 

2.:aa,t,+_1_ 
g1,12120; M' 

flOllCT8BRB ( 2. 14) B ypaBH8HR8 ( 2.12), H8Alt8M: 

2.c/ +a2+a2>,t, 
4 I 2 I 0 

u rf, - _l_ iJ 
1

-a iJ ,f,
0 

+ ...1..."" = ·o. 
o SM 2 1 M 2 

Coaepmaa anec& qiopMan&HblA nepexon K npeneny npa M ➔ .. 

R noTOMY "' 

ca2+iJ2+a2)rf, -..i.. u rf, =O • 
I 2 a O 3 O 

rf, = "' = "' = 0 • I 2 I 

rf, • TaKRM o6paaoM, nony'l88M yp8BH8HRe: 
0 ' 

2 JI 2 4 
CiJ +iJ +iJ --U ),f, =0 

I 2 I 3 

C nonorumTen&RblMR ycnoBRRMR 

Cl-pp )rf, =(1-pp)rf,-0-pp)rf,=0. 
1 2 1 a 2 a 

, nonY'!RM: 

( 2.14) 

( 2.15) 

( 2. 18) 

(2. 17) 

3aM8TRM. 'lNI, ypaBH8HR8 (2.18) RM88T M8CTO llnR BC8X iJ I K8lt C sneKTpoMarHRTHbIM 

noneM, Tall. 11 fiaa aero: ( 1.2) R ( 2.1). 

B pacCM8TpRB88MOM cny'!ae ( 2.1) 

a 

2 □ = -al =- xi l: 
a=O 

iJ 2 
aa C ) • g a? 

I 

BbinenRM Tenepb llBRlK8HR8 neHTpa TlillK8CTR R OTHOCRT8nbHOe llBRlK8HRe Tpex '18CTRn. TTpo

naaeneM nnH STOro aaMeny nepeMeHHbtx: 

T.e. 

X = X 
I 

X = 

+ ...!..i 
3 

:,: • X 
2 

x1+x2+:i: 3 
3 

+~ 3 • x 1= z -

y=2x-:i:-x, 
I I 2 I 

9 

Y1+ Y 2 
3 

y=2x -x -x. 
2 2 I a 

( 2. 18) 



. HMeeM 

' 0TKYA8 

rAe 

a 
a,., 

_a_ 
a.,,; 2 

a 
a" a 

1 a 
3 az 

1 a ---3 a,. 

1 =--
3 

a 
a,. 

+ 2 a 
ay, 

a 

a 
ay, 

a y I 

a 
ay2 

+ 2 a a' 

a 
ay2 

Y2 

0., +O., +O., = ..!O., + 
3 

3 <O +O + 0 ) , 
I 2 2 I 2 a 

a 
gaa (_a_ ) 2 o, = I j - 1,2 , 

a=O ay a 
I 

0 = i g aa ( -2._ _ ...l_ ) 2 , 
a a=O ·a a Y, aya 

2 

YpaBR8HB8 (2.16) npHHHM88T BHA: 

10 + 9(0 +O +O l+4U (R
2

,R
2
,R

2
)) "'=0. 

x 1 2 a 12 a 

(2.19) 

{2.20) 

CoBepmHM 3A0Cb BnxoBCKHA nepeXOA K 'IBCTO MHRMblM 'oTHOCHT8JibHblM BpeMeHaM' y<0 >, 
m I 

y
2 1 llOJIOlKHB 

y<O) 
I 

. (4) 
":' 1 y I 

(0) 

y 2 

. rAe yU> 
j 

-B8lll8CTB8HHbl8 nepeM8HHb18, "forAS 

rAe 

0 =- I'. 
I 1 

' l'.i = I 
a= I 

2 

(_a_ >2, 
aya 

j 

0 =- I'. 
2 2 

i = 1,2, 

=i 
co 

y2 

O ·= - I'.' a a 

' I'.,= I 
a=I 

_a ___ a_> 2 

ay a ay a 
I 2 

Bb1p83HM eme R
1 

qepea y , nna CBMMeTpBB 38llBCH YA06RO BB8CTB 

TorAa na OCHOB8HHH {2.18): 

y = a 
(y +y). 

I 2 

10 

'l 
1 

ti 
'' 

\: 

"· 

2 
1 2 

= _1_ ( 2y 2 + 2y 2 . - 2y 2), R,=9(y,-y2) 
9 I 2 a 

R2 - _l_(y -y )2=~(2y2 
2 !I. I a ', !1 I 

+ 2y 2 - y 2), 
a 2 

' 
R2= _l_(y -y ) 

2 
...1.( 2y 2 + 2 y 2 ·- y 2 ) , = a 9 2 a 9 2 a I 

rAe Tenepb B Aanee KBa.ripaT '18Tblp8XB8KTOpa 6yAeT 8BKJIHAOBCXHM: 

' ' 
Y2,= I (ya)~ 

a-1 

(2.21) 

ITonoJKRB 2 2 2 2'2 {2.22) · 
U(R ,R ,R )=U (y ,y ,y 2 ), 

I 21 y 123 

38M8TBM1 '!TO Uy SIBJI_BeTCB B81I!8CT88RHOil CRMM8TpR'IHOll ,j,ynxnnel! Tpex nep8M8HHhlX 
2 2 

Y 1 - • Y
2

• y 
2 

, ITocKOJibKY npocTp8HCTBO TO'l8K y -eBKlIHAOBCKoe, BBAHO , '!TO B 
a 

cnny { 1.5) aTa q,yHKllHll B83A8 nonOlKHT8JibH8, CAenaB yK838Hl!ble npeo6pa30B8HRB, nepenn-

meM ypaenenne (2.20) B cneAy10mel! OKOH'ISTenhRol! q,opMe: 

10 
X 

2 2· 
- 9 ( I'. + I'. + l'.

8
) + 4 U ( y , y 

I 2 Y I 2 
y 2) 

a 
,f, (y , y , y )=(). {2.23) 
,.,,a • a , a l 2 I 

I . 2 a 

PacCMOTpHM Tenepb BCnoMoraTenbRYJO 38A8'!Y ua·cd'iCTBeBHhl8 3B8'18HHB AJIB cxannp

noro ypaBH8BHB THna. ll!peAnnrepa B 8-MepnoM 8BKJIHAOBC~o'M npoCTp8HCTB8 TO'l8K y • y 
. I 2 

l-9(1'.,+l'.2+1'.a)+4U (y2,y2,y2) I c/>(y ,y )=,,t( Y ,y2) • 
,. 1 2 a r 2 1 {2.~4) 

I ' 
B 9TOM ypaBH811.HR BC8 - /',. I DOJIOlKBTenbBO onpeAeneubl, llOJIOlKBT8JibH8 H ,PYHKllHB Uy 

,IlOSTOMY BC8 COOCTB811Hhl8 3H8'18HRH £ nonOlKHT8JibHhl, IlpeADOJIOlKRM 1 .'!TO B3RM8Hb1Il88 

He Bbip0lKll8HO R COOTB8TCTBY8T s '-cocToBB.HJO. Huaqe co6CTBeHH08 3H8'18HR8 (=(o 

rooopn, npeAJionol!<nM, '!TO npn 

BIIAa: 

fa ( 0 BM88TCH 8ARHCTB8BB8SJ co6CTBeHB8R 'PYHKllllSJ 

rAe 
2 

Ya 

¢ (y ,v J=¢(y2,y2,y2), 
o 1 2 r 2 a 

ef, -oomeCTB8HH8B CRMMeTpH'IH8B, 'PYBKIIBB Tpex Cl[SJIBpBhlX BHB8pH8HTOB 

• YAOBDeTBOJ)HIO man ycnOBBJO nopMBpoBKB: 

f ¢ 2 ( y 2, y 2, y 2) dJ d 'y = 1, 
I 2 I I 2 

11 

2 
y 

t 

(2.25) 

2 
y 2· 



\ 

rne 

' d 
4 

y = 11 ( d yea> ) 
a= I l 

2 
Bb1p83BB y 2 '18p03 RI C llOMOll{bIO i!>oPMYn ( 2.21). MOJK8M uanucaTh T81!:JK8: 

l 

¢(y,y )--¢(y2,y2,y2 
0 I 2 I 2 I 

-f(R
2

,R
2

,R 2 ), 
I 2 I (2.28) 

rJ:te 
2 

f - eemecTB8BB8H CBMM8TpB'IB8H il>YHl!:llBH Tpex CK81IHpBbIX HBBapBaBTOB R, • Ta 

1!:BK, no onpeJ:teneBHJ0, ¢0 ( y I • y 2) YJ:IOBn8TBOpH8T ypaBB8BHJO ( 2.24) npe 

HCB0, 'ITO ypaBB8HB8 (2.23) BM88T pemeuue BJi:J:la: 

. £ - £ 
0 

, TO 

.,. · ( 2 2 2 ,._ 
"I' =,P y ,y2 ,y )'>' 
••••2••a 1 1 •1• 

2 2 2 
( x ) = f ( R i , R 

2 
, R ) <fl (x) 

a 2• •a 3 • t ••,•a 

(2.27) 
B KOTOp0M 

(0 + m
2

) <fl =0, 
" 

(2.28) 

rne 
2 

m = f o TaKBM o6pa30M, Macca paCCMII.TpBBaeMoro CBll38BBOro COCTOllllllll 

Tpex KB8pl!:OB onpeJ:tensieTCSI CO0CTB8RBblMB 3B8'18BBHMB £ " J:IJLII ypaBB8BBH (2.24). Hcno~i.-

3Yll'. ( 2.28), BRAHM, 'ITO e ij,ypi.e-npenCTaeneBHe: 

6yJ:1eT 

<fl =I 
•l(p('ls.0 -p'Z) 

e <fl (p) dp (2.29) 

.P 0 =E =y'j" 2 +m 2 ., 

PacCMOTPBM Tenepi. npeo6pa30BaRB8 0Tpa~8BBR (2.4).BcnencTBHe '18TROCTB ij,yBKllBB 

B ij,opuyne (2 •. 28), Jl3 uero BblT8K88T, 'ITO 

-~ ·r: ·>Pa A ,.<fl =,<fl, 

Ho B3 (2.29) uaxonuM: 

A,,<fl 

n norouy 

-l(po,.o +; ;") <fl (p ) dp I e 
-l(po,.o_; i"") (I (-p) dp I e 

0 
·YI ·r° ,y ... <fl (-p) =4'(p). 

(2.30) 2 I 

12 

':_'j 
·'i 

~ 
! 

•i 
I 

; 

II 

•.;_ 

PaccMOTPBM CBCT8MY ll8BTpa Mace, B l!:OTOpolt npocTp8BCTB8HH:bllt BMnym.c p pa-

B8B uymo. Tai!: l!:81!: B aTOM cnyqae npeo6pa30BaBHe OTp8lK8BHH J:IOlllKIIO 0:blTb TOJKJ:18CTB8BBbIM 

DnB 

·i', '>'°, -~ <fl = <fl <fl'-4 
• 

•~ po ...; po ,y" Po <fl 
I 2 I 

a -
R m cl) 1 

(2.31) 

IlepeltJ:18M Tenepi. I!: llpoB3BOIIl,BOlt CBCT8M8 OTC'l8Ta. TorJ:ta KOBapBaBTBbIM pacmupeuueM 

STOro ycnOBBH 6yneT: 

rJ:te 

(•y
1 

P )(y
2 

P )(,y
1 
p) <fl =m•i 

( ,y I p ) 
a 

= l: 
a=O 

aa Cal Cal 
' •)', p 

(2.32) 

O6paTBMCH Tenepi. I!: J:IOllOllllBTenhBLlM ycnoBBHM (2.17). IlpBM8RBB BX K pemeBBIO (2.27), 

ualtneM: 

( 1 - p ·p ) (I • ( 1 - p p ) (I = ( 1 - p p ) ·(I = 0 • 
I 2, II 21 

(2.33) 

To l!Ce cs.Moe oyneT u nnsr ij,ypi.e-oop83a: 

(1- (' p )(I•{ 1 -p ·p} (I m(l-·p'p )4 mO 
1 2 1 a. 2 a ( 2.33') 

PacCMOTPHM CO0CTB8HBbl8 3B8'18BBSl l!:OMMyTBpy10max SpMBTOBCKBX onepaTopoB 

P, • ·p2 , P, • H3 ycnOBRlt (2.33) cnenyeT, 'ITO AIIH 4 nnn ece STD co6cTB8BBble 

3Bll.'18HRSl paBH:bl 1,nnR ece - 1. ~opMMhBO STO cneJ:tyeT H3 COOTHOW8BHll: 

i =;•+i" 

(I' 

(I,, 

(l+p,)(l +·pJ(l +p,) 

8 

u -e ,H 1 -·eJ < 1 -e,> 
8 

.KOTOpoe Bb1T81!:88T H3 (2.33). JleltcTBHT8ni.uo, 

(I 

(I 

< 1 -·p ) • • • < 1 -·p > 4 • = < 1 -·p l 4' = o , 
1 2 a 

I 

(l+p
1

)"4"'. m(l+p
2

)(1" ={l+·pJ<fl"'•O. 

13 

(2.34) 

(2.35) 



OTCIO/lS, B 'ISCTB0CTH, cnenyeT, 'IT0 npH nel!CTBHH BS CilHB0p <I) Bee ·p j paBBbl: 

pl <I) =p2<1) =pa<!) • (2.36) 

3Ta · tpopMa nononHHTenbHhIX ycnoBHll, no-BH/lHM0MY, Hanoonee yno6Ha nnR npnMeHeBHH. Tlpe:ac

Jle 'leM nepel!TH K HBTepecy10meMy HBC B0ilpocy 0 BhlllCHeHHH CilHH0pHoll CTPYKTYPhl- <I) 

38IlHmeM B03M0:acH0e npencTaBneBH8 /lHpSK0BCKHX MSTpHn y (V) • PacCMOTpHM CHS'lana 

O0hl'IHblil cnm1op C 0/lBHM Hll/l8KC0M a H npencTaBHM ero B oomenpHHHTOl! ~OpMe: 

rne X 
a,• 

t/J = I a 
X lj I 
x2i 

-llBYM8pHhl8 CilHB0phI. KaK H3BeCTB0, 

y(V)=•y(O) p !(V) 
v = l, 2, 3 • 

nel!CTBHe C00TBeTCTBylOmHX MaTpHil 

V 
rne s 

v> t/J = I X ltl 

-x2,i 

(V) 

I 

-llByMepHhl8 CilHH0Bbl8 

'Pa 0y/l8T; 

p,f, = I 

=l<svx1>,1 tf, (sV X ) 
2 I 

MSTPHilhI: 

s(I)' = I O 1 I (2) 

=I o -i I ·s . 
1 0 i 0 

s 

X :i.1 

Xl,I 

(8) 
=I 

(2.37) 

I , 

1 o I 
0 -1 

I 

/l8l!CTBy10mHe Ha HH/l8KC Mb! M0JKeM Il09T0My Il0nBhll! CilHH0pHbll! HB/l8KC a - 1,2,3,4 

pa30HTb Ba /lBa HH/leKca; a=(a,j) rne a = 1,2 - HH/l8KC BepXHell-BHJKHell K0Mil0B8HThI, 

j - 1,2 -uui:teKc CilHH0Boro C0CT0>IHHSI, Torna MSTPHilhl ·>" • p • (y"·p) 0Y/lYT /l8l!CTB0-
(v) . 

BaTb T0nbK0 Ha HH/l8KC a , 8 ! - T0nbK0 Ba Hll/l8KC j , TSK 'IT0 Mhl M0JK8M 

nonoJKHTb !(V) = s (V) H 11anHC8Tb ( 2.37) B BH/l8: 

B TaK0M npe/lCT8Bil8HHH ·>" 
Mn, neilCTByIOmHMH HS HH/leKC 

·>"=I 1 01 
0 -1 

,y(V) = ,y(O) ·p 

p •. ( ,y' p 

a 

P =I 

s<v> • 
(2.38) 

) T8KlK8 BhlpSlKSIOTCH llBYM8pHblMH M8Tp1ma-

0 I , 
0 

YoP = I o 1 
-1 0 I . 

BB11/ly BSlKH0ll ponH MaTpnn p B /l0il0ilIIHTenhHbIX ycnoBHHX. Y/lO0HO BM8Tb neno C npencTaB-

14 

I 
I 

·-\ 

·;~ ,u 
lti 
I ,i 

{, 

·l __ ~ 1~} 

·i , 
<1f~ 
'iilf ii' :;1 

neBHeM, B K0T0pOM /lHSrOBSnbBS B8 ·i' 8 p • lfTO0bl BSilTB C00TB8TCTBY10my10 MSTpll-

ny noBopoTa ocel!, nnarouanRanpy10mero p 1 38IlHID8M TOllCA8CTBS: 

2 2 
½ (,y' +p ),y' ( ,y' +·p ) = ½ { Yo +·p )( ,y' -·p ) ,y' = (y' ) +py' -y"p -·p,y' =p•yo,.j- =p 

1 
2 

½ ( ,y' :.. :p ) p ( ,y" + ·p ) = ½ ( ,y' + ·p )( ,y" - p ) p y'p 

(2.39) 

+p 2_ (y' )2-·py' p =•y'pp=·t'. 
2 

BoahMeM MSTPHilY S , Jl<)ilCTBy10my10 Ha HH/leKC a 

llBilll10my10cH yHHTSpHol!: 

+ 
s s 

s 

2 
(y' + p ) 

~ 

·f'+ p 

..; 2 

+ 
s 

(y' ) 2 + ·>" p + p,y' + p 2 

2 

Terna T0llCA8CTBa (2.39) M0JKH0 aanucaTb B BH/l8: 

s+-y' s o 1 I 
1 0 

1 0 
s:+:p s = I o -1 

= 1 • 

TloaTO!Vy M8TpHll8ll s Mbl H B0Cil0nh3Y8MCll /lilll /lHaroBanuaanHH p • B B0BOM 

npe/lCTaBn8BHH, nonyqa10meMCll C Il0M0mbJO Il0B0poTa ocea, ocymecTBilB8M0ro 

6yneM HM8Tb: 

s , Mhl 

0 
>"=I 1 

TaKHM o6pa30M, Tenepb: 

pt{, . 
a, J 

1 
o I , 

a·I 
= (-1) t/J 

a,1 

TlepeHeceM aT0 Ilp0/lCTSBneBH8 HS ClIHH0pbl 

meM: 

1 0 
P - I o -1 I .. 

a= 1, 2. 

<I) 
a i•a 2' a a 

<I) = <!)Ca · ·i } r a , 'i 
2
> • Ca a• J a > t' l ' 2 

(2.40) 

B H0BhIX 0003HS'leHHHX 38IlH-

a 
Booome,npR ~RKCHpoBaHHhlX j I • j 2 • j a '<I) HMeeT 2 - 8 K0Mil0H8HT, 

0/lHSK0, 6naronapH /lOil0ilHRTenbHhlM ycnoBRHM ( 2.36). OCTSIOTCH nHmb /lB8 K0Mil0HeHThl, a 

Bee 0CTSilbBhle paBBbl nynIO, nefiCTBRTenbBO, 
a -1 

pk <I) = l - 1 J k <I) k = 1,2,3 , (2.41) 

JB 



a BCXO)UI H3 (2.36) MOllCHO y6eJlBTl>CB, "ITO OTJIB"IBLIMB OT 11ym1 MoryT 6L1Tb JIBmb Te 11:0Mno-, ' 

B8HTLI IJ>. 1 Y 11:0TOpLIX 

a 1- a 2 - a 1 = 1 

a 1=a 2 =a
1
-2. 

Ta1tBM o6pa30M, cnaaop 4i MOlKBO npe)lCT8BRTb B <j)opMe: 

rJle 

ell = 

(1) 

(1) 

ell 
11' I, I 

e11<2> 2 • I 
I l ,I • I 

2 a 

ell =ell 
I I. I 2 • I a ( 1,1 l l, ( I, I 2>.c I • I a ) • 

e11<2> 
I • t ,J 

l 2 a ellc2,1 i'• c2,12>,r2,• a> • 

(2.42) 

ITocMOTpBM, z:az: J18ACTBY10T Ba 

ITocz:o.ri&z:y npR Jl8 liCTBR11 Ba ell 

ell B T811:0M npeJlCT8BII8B11R M8TPRllLI p R (y' ·,y' ,y° ) , 
k l 2 I 

Bee p I: paBBLI, MLI 6yJ1eM onycz:aT& y HRX HH)l811:C It : 

OCHOBblB8SICb 118 ( 2.40). eanameM: 

(1) 

ell 

pell= I 
I l. •2• I. I 

. -ell(2) 

It' 12 •Ia 

BHAHO, "ITO -~ M8HSl8T RHA811:C 

(al:= 1 ) ~ la1:=2). 

IToSToMy ( ·>'°. . >'°2 
o6paTHO, CneJ10BaT81IbHO, 

y' ·r° ·>'° 
l 2 I 

r-. ) 38M8HRT 

ell(l) 

I l • 12 • I a 

(2) 

4i 
I I 'f 2 't 3 

a = a 
2 = a ,= 1 

1

4;(2) • 

II• 12 • la 

(1) 

ellll,12' 1 3 

L 

aa 

PaccMoTpHM eme JlRpaz:oBCKoe coopmKe&He, ITonolf{HM, z:az: o6bl'IHO, 

+ 
ell = ell yo ,y'_ ,y' • 

I 2 3 

HJIII 

16. 

( 2.43) 

a 
l 

= a =a = 2 
2 a n 

(2.44) 

/ 

y,) 

I \, 

. I 

.' 

ell 

+(I) l 
lelll 1 , .. 2, 1a ,y',y',y' 

• l 2 a 
+(2) 

ell I 
It' f 2 • a 

Taz:RM o6pa3oM, Bblpaitceaae BBB8pB8BTa 

·.z.+(2) 

I 1' 12' 1a 

ell +Cl) 
11 ' I 2' la 

4i ell 6y)leT: 

+ + (~ 
ell ell = I ( ell ( 2> ell( l) + ell (l) • ell 

I. I I 11 ,1 ,I 1
1

,1 2,J 1
1
,1

2
,1

8 
1,1,' 

1• 2 • a 2 a a 1 2 a 

(2.45) 

(2.46) 

no CRX nop Mbl Rcnom,aoeanB TOIIbKO J1ononBRT8JlbBL18 ycnOBBSI (2.36). O6paTHMCSI Te

nepb K ycnoBBJO (2.32) JllIR. cpyp&e-KoMnOH8HT, HanameM ero C Y'l8TOM (2.38): 

( •>'; Po -•y' p ; s- )(,y" p" - ·>"'. p ; i )(,y' p0 -,y' p ps ) ell = m1 ell 
11 1 2 2 2 2 a aa a 

HJIB 

·>"; ·>"; '>"'a ( p0 -·p ; s- )( p O -p p s- )( p 0 -·p p S ) ell 
I 2 3 

m3 ell 

ITepeXO)lSI I[ opellCT8BII8HBJO ( 2.42). aaliJleM: 

m• 
ell( I) 

;c2i 
= ·>" . .,a_ ,y' 

I 2 a I -- -- ·- ( 1)1 l p0 
- p S I )l p0 

- p S 2) .< p0 
- P sa) ell 

( p0 - p s )( p0 - ; s- )( p0 ~ ;; ) ~ (2) 
I 2_ 3 

( p0 + p S )( p 0 + p s- )( p0 + p s ) 'iii <2> 
l 2 I 

( p" - p·s-1 ) ( p" - p-s- 2) ( p" - p·s a) ell( I) 

CneJXoeaTen&uo, 

( p" - ~ s )( p - p s- )( p" - p , s- ) ~Cl) = ma'~ (2) 
l 2 8 

(2.47) 

- - - _ - _ -(2) - ( I) 
( po + p s I)( po + p s 2 )( p" + p s a) ell = ma tl> • 

C Jlpyrol! cTOpoHb!, 38M8TBM, 'ITO T0lf{)l8CTB8HHO: 
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( o --)(·o - I P -ps P +m +ps).-m{p0 +m -pl), 

(p0 +ps){p 0 +m _;.-) -m (p0 +m +pl). 

TToSTOMY ycnOBHBM (2.47) Mbl Y.llOBn8TBOpHM, 11onoJK11B: 

;co _
1 

a 
'D (m + po +· p s-k ) I M ·BI I I , 

Ital · 1,' 2 • a 

a 
41 <2> = I Il (m + po - p s ) I N B I I I 

ka l I:: I' 1 1 I 

rne N -MHOJKIIT8nb HOpMHpoBXH, KOTOpbIA 110.llDHpaeTCH Tax, 'IT06bl 

- + 
41 41 = 2 :I Bl B 

1,1 ,I 
l ,J2, 4 I I 1 • 12 ••a 

1 2 a 

noncTaBHB (2.48) B (2.48), 11ony,1HM: 

N 2 :I 
I , I , I 

1 2 a 

2 :I + 

I 1,1 i/ I a 
B 

11,12,1a ·BI • 12, I a 
1 

+ a 
B Il 

1 1 , 12,lli.=l 

+ a 

a 
( m + p0

- psi.) Il 
k=l 

( m + p0 + p-s: ) B 

a 

( 2.48) 

(2.49) 

I+ 
l{li/la 

·2 
+ N :I ·B Il 

1
1 

,1
2

, 1
1
1tal 

(m +p0 +is-) Il (m+p•-p_s_) B I. 
· 1t i.- 1 1t ll 1

2
,1

3 ,1 ,J 

Ho 

(m + p0 + p-s)(m +p0 -p-:-s-)·-2m 2 +2mp0 -2m (m +p•)., 

H 11O8TOMY ·2 
N = 

1 

I 2m (m +p0
) 11 

Ta1tHM o6pa30M, _(2.48)_ MOlKHO nepellHCaTb B BH!le: 

.(l) 
(1) 

= t;. 
B11,12,la 

c,<2> = t;. (2) 
811,12,11 

18 

(2.50) 

I 

'i 

I . \ 

rne 
co a 

I m+E+psk t. = n J ' k= 1 v'2m(m+E ) 

{:E a po = v' p 2 '+ m 2 ) 

• 
(2) a 

m +:E - p s k 
(2,51°) I!,. = D I I . 

k= 1 v' 2m ( m + E) 

Ecna BBHO .y'I8CTb HH.1181:Cbl KBapxoe, MOlKHO HallHCaTb (2.50) 6onee iieTan&ao: 

410) 
t;.< I) 8 ) ( A I ) • C Aa ' I a> • (A 1 ,J 1 , .2•2 

41(2) 
A<

2
> 8 ) ( A I ) 

=u. (A'J),(A2,12' a'a 
1' 1 

(2.52) 

A = 1,2,3; i • 1,2. 

/4/ 
MbI llpHwnH 3.[l8Cb I[ 11pe.11cTaBn8HHIO Bera H nanca • B '!aCTHOCTH, B CHCT8M8 118H't' 

I 
Tpa Mace, Korna npocTpaHCTB8HHbIA HMIIYnbc paBeH aymo, a :E= m , ~MeeM t;.CI) = /!,.(2)= 1, 

H IIO8TOMY 

41( I) 41<2>. a, 
vt • v2,v1 

V=(A,j). (2.53) 

3anHmeM B STOM cny'Ia8 nontryIO BOnHOBYIO ,pyHKIIBIO 

,/IA A A (x1,x2' xa)• 
1 ' 2 ' a 

A={A,a)=(·A,a,j), (2.54) 

'11ml paccMaTpHB88MOrO CBSl38HHOrO COCTOSIHHSI (2,27) CBCT8Mbl TpeX KBapKOB, nna 

,a =a =a 
1 r 2 I 

6y11eT: 

,/, ' 2 2 2 - IE t . 
'YA A A ( X l' X 2 • X a) = f ( R • R ' R ) e B , ' ( 2.55) 

1
, 

2 
• a t 2 a I v

1
,v

2
,v

1 

t=_l_(x"+x"+xo ); 
' J 1 2 a E= m • 

\ 

KoMnoaeHTbl ,f, 11m1 npyrux aa6opoB a 
1

, a a paBHbl Hyn10. Tax Kalt 
2 2 2 

2 a 
f ( R l , R 

2 
, R a) SIBJISl8TCSI CHMM8TpH'IHOii 'PYHKUB8A X l , X 

2 
, X a •. Mbl BB.llHM, 

'ITO ecnu BOnHoBaSI 'PYHKIIHSI (2.54) SIBJISl8TCSI CHMM8TpB'IHOii no OTHOW8HBIO K ( X 1. A 1), 

'( x 
2

, A), ( x 
3

, 

H aao6opoT. 

A ) • TO B 6y11eT CHMM8TpB'IHO no OTHOlII8HBIO K V • V • i, 
a v1'"2'va - ' t 2 a 
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§ 3. Cn.s3811Bh18 COCTORBH.S npH BBIIH'IHH cnaooro aneKTpOMBrBHTBOI'O non.s 

PaccMoTpHM oonpoc o MH.sBHH cnaooro nuemuero snez:TpouarHaTuoro non.s • .lln.s npoc-

TOThI oytteM C'IHTBTb era ue 3BBJ!ClllllHM OT Bp0M8BH. •Av (x) =AV (i) • B STOM cny-

qae B ypaBB0HHH ( 1.6) onepaTOpbl a I 1Ip0ACTBMIIIOTCSI ~pMynaMH ( 1.2). Kaz: YlK8 oT-

M8'1BnOCb, 8TO H8 H3M0HBT aamHX paccyllCAeHHII, C IIOMOlllbX> 11:0TOphIX ohtno ynpomeuo OCHOB-

aoe ypanueaHe 38 C'leT npettenbBoro nepexotta M .... • Mbl nonyqana.ypanaeaae: 

ca
2 

+a
2 

+a
2 

1 2 a 

C AOIIOnHHT9n&HblMH ycnoBHRMH: 

-...!U'),P=O 
3 

(1 -·p p ),f, a( 1-p p ),f, m(l -·p p ),f,aO 
1 2 1 a 2 a 

(S.1) 

(S.2) 

EAHHCTB8HH08 OTnB'IB0 yp8BB8BBSI (3.1) OT (2.16) COCTOBT B TOM, 'ITO Tellepb Bi>IpalK8HHH 

ai 'ASJOTCII Be ,j,opMynaMH (2.1), a ~puynaMli (1.2). nony'IBM ll08TOMY! 

rAe 

1IpH'10M 

sx 
I 

a 
I 

•v-o 

w 

' 

a2 
l Dx

1 
+ e I s X 

I 

a · - - a i(--v Av(x 1 ) +Av(x 1 )~+½· I 
OX I ilx 1 V,jt 

v,fl 
U a 

V,ll 
:F. 

_i_ (,yv•r"-·r"·rv> • 
2 

ii A I' (x) 

ii XV 

a AV (x) 

ii XI' 

,,i;"' :Fv•l'(f} • 

(3.3) 

Mht Y'IBTblBaeM 3A0Cb, pa3yM00TCR, nBmb 'ln0Bbl nepnoro IIOp.SAKa ManoCTB no OTHOm8HHIO 

K AV ( i) • Ypanueane ( 3.1) 3allHW8TCSI noaTOMY B BHAe: 

( □ + D + D - e 1 s"i 
X l x 2 XI 

- e S 
2 , .. 2 

-e
1

S +..i.U),f,=0. x, 3 
(3.4) 

Kaz: H B np0AhIAYlll0M §, conepmBM 3A8Cb 3BM8HY nepeM8HBhIX (2.18) B npoaaBeAeM BBl:OB

CZ:HII IIOBOpoT I: 'IHCTO MHHMblM 'oTHOCHT0nbHblM Bp0M0HaM'. ITony'IHM! 

IO -9 (,f +.:\ +.:\ )+4U - L l,f,- (x,y ,y )=O, (3.5) 
x l 2 I 'I' X.y ,Y a a a 1 2 

t 2 t' 2' a 

rtte 

L = 3 e 1S + 3 e 2S x + 3 e S = 
x, Y t' 7 2 XI 2 3 XI 

20 

·I 

= 3 e 
1 

a 
I g"'v I (_1 _ __ a_ + 2_a_ - _a_) A (x+-Li) + A ( x- +1'..J)·x 

V= 0 - 3 a XV a y V a y V V 3 V 3 
1 2 

a • - -
x(..!..~+2_il _ __ a_ )l+3e1 l: {"l(.l..iL.-~+2_il_)'A (x+..2'..2).+Av(x +.l'.:i)(..!.-2... 

30:,:V oy~; ily: . 2 V=O 3 il:,:V oy~ ily: V 3 3 30:,:V 
-!_+ 2-L)l+ 

ii V oyV 
y 1 2 

a 
· + 3 ei I 

v=o 
r I (...!. 0 __ a ___ a_ ) A ( x + --1'...§ ) + Av( i" + --ia) (.1.,...L _:..!_ __ a_) t 

3,a7' ii V ii V V 3 . 3 3il:,:V ilyV oy V 

3 
+-

2 

y 1 y 2 1 2 

a 
I 

1=1 
el I 

V,jt 

V ,,. V,jt - YI 
u I :F , ( X + J ) . 

3ttecb, KaK H B npeA1>1AYJll8M §. 

Y,=-(yl +y2),' Y(O)= i y(4) 
1· I • 

·rtte 

11Hll 

(() 

YI -nemecTB0BHhI8 11epeMeHHb1e. PaccMOTPHM Tenep& cncTeMy coocTBeBBblX ,j,yHB:-

Ami ypaBB8BHSI (2.24): 
\ 

</, 11 ( y 1 'y 2)' D=(l,2 -· ), 

l-9(.:\1+.:\2+.:\.)+4Ul' 1¢,. (yl ,y 2) = £,.¢,. (yl •Y2 ), . (3.7) 

xoTopaa nuecTe c q,yaxnnell ¢ 
0 

(y 
1

, Y 
2

) oopaayeT 11onny10 cHCTeMY, nocz:on&z:y 

Bblp0JKA8BO, BC8 £ .. 1 £ 0 • J H IIOaTOMY HM810T M0CTO ycnoBHII OpTOI'OHan&BOCTH! 

J¢ (y ,y )¢ (y ;y )d'y d\, =0 
0 1 2 11 12 I 2 

n>O. (3.8) 

£ 
0 

H8 

PaanOlKHM Tenepb I# tx, Y 1• Y 2) Kaz: (j,yHZ:IIHIO nepeMeHHbIX Y 1 • Y 2 no pac-
• 1 ••~•a ' 

cMaTpnnaeMblM coocTB0HHbIM cpyuz:naau: 

"' a,· 2•·a 
( z, V 1. y 2) ~ ¢ (y • y ) If! (x) + I 

o t 2 .•1••,••a n).t 

. 21 

- (11) 

¢ (y,y)lf! 
D l 2 •,••~•a 

(:,:) . 
(3,9) 



KalC 6blno nOIC838HO. B npe1tblll)'Dl8t-'. §, B cny'lae OTCYTCTBHSI an81CTpOMarHHTHOro nonSI, 1Cor-

11a L = o, HM88TC!I pemeHHe, IIU!I ICOToporo B pa3nOlK8HHH (3.9): 

(a) 
¢, =0 
•i· a 2• a a 

n>_ 1. 

TTpoananH3HpyeM T8n8pb BUH!IHHe 6ec·1C0He'IHO Manoro BB81lIH8ro anelCTpOMarHHTHOro no-
(11) 

11!1 Ha T81CO8 p81lI8HH8o ECT8CTB8HHO C'IHT8Tb, 'ITO ¢, npH ft ~ 1 6y11yT 6eCICOH8'lHO 

ManblMH nepaoro nopRIIIC8 no OTHOllI8HHIO IC paccMaTpHB88MOMY non10. TT01tCT8BHM Tenepb 

pa3nOlK8HH8 (3.9) B cne11y10mee COOTHOllI8HH8, Bb!T81Ca10mee H3 (3.5): 

Ha!meM: 

f 

+ :! 
D~I 

J¢
0

(y
1
,v

2
>IO -9(6l6 + 6

3
)+4U -L l,p(x ,y .~ )d•y d\-=0. 

X 2 Y I ,Y 
1

, y 
2 

1 2 l 2 

4 4 
¢ (y , y ) I O - 9 ( 6 + L\ + 6 ) + 4 U - L I¢ (y , y ) d y d y <ll + 

0 l 2 x 1 2 8 y, x, Y l 1Y 
2 

. 0 1 2 1 2 

(3.10) 

J¢ (y ,y ) 10 -9(6 +6 +6 ) +4U 
0 12 X 123 Y 

-L 1¢ (y ,v )d
4
y d'y ~<a>=o'. 

X.Y 
1

,Y 
2 

n 1 2 l 2 

Ho, ncnon&3YR ( 3. 7) H ( 3.8), nony'IHM: 

f ¢ ( y , y ) I D - 9 ( 6 + 6 + 6 ) + 4 u I ¢ ( y , y ) d 'y , d 'v = 
o 1 2 x 1 2 a y 111 2 1 2 

=f¢
0

(Yl,y2 ¢ ( YI , y ft ) d 'y d 'y D + £ 
n • 1 2 x n 

f ¢ ( y , y ) ¢ ( y , y ) d } d \ =0. 
0121112 I 2 

3Ha'IHT, C y'l8TOM (3.7) (3.10) MOlK8T 6b!Tb 38IlHC8HO B BH/18: 

r11e 

(0 +m2) ¢, -f ¢ (y ,y )L 
X O 1 2 x,y t Y 

¢ ( y , y ) d\, d} ¢, + 8 = 0 
0 I 2 I 2 

TaK KaK 

8 =- :! 
~I 

L H ¢,lll) 

I 2 

. 4 . ( {D) 

f ¢0 (y1,y2) Lx,y • y ¢ .. (Y1,y2)dy1 dy2 ¢, 
I 2 

-aenH'lHHbl nepBoro nopR111Ca MBnOCTH no OTHOllI8HHIO IC non10, 

TO ,8 6y11eT BenH'lHHOA aroporo nopSIIIKa ManocTH, eA MOlKHO npeue6p8'lb B paccMaTpH

BaeMOM npn6nHlK8HHH, B ICOTOp0M Mb! Y'lHTbIB88M TOUbKO nnue!lable 'IU8Hb1' no OTHOllI8HHIO IC 

aneKTpOMarHHTHOMY non10. nony'IHM: 

IO+m
2

-f 
. X ' ' I ¢ 0 ( y I • y 2 ) L x, y ,,. ¢ 0 ( y I, y 2 ) d y I d y 2 ell =0 ·( 3. 11) 

I 2 

PacKpoeM BbipalK8Hll8 HHTerpana: 

22 
j. 

f¢o(yl,vft)L ¢o(yl,y2)d\l 
• x,yt'Y2 

' d y 
2 

(3.12) 

no11cTaBHB c1011a 3H8'18Hll8 L H3 (3.8), 3aM8THM1 'ITO: 

\ 

. a - yk ' d 'y f ¢ (y ,Y )-::----ll•Av(x +-) ¢ (y,y) d y + 
0 I 2 iJyl 3 0 I 2 I 2 

- ' ' + f ¢ ( Y 1• y 2 ) Av ( x +_ll) a ¢o(y1,y2)dy1 dy; 
3 a" 0 Yi 

4 4 
=- f iJ¢o(Y,,Y2) A (i°+..l'..s)¢ (y ,Y )dy d Y + 

v V 3 0 12 I 2 
iJ y I 

+>/¢ (y,y)·Av'Ci° +.J'.!) iJ¢o(yl'y3)d'y 
0 I 2 3 iJ y" I 

I 

( 

d y = 0 
2 

j = 1,2, k=l,2,3 

C 11pyroA CTOp0Hb11 HCnOUb3YSI (2.28), MOlKHO HanHC8Tb: 

f Av< x + __h ) 
3 

2 4 4 -y 222 ,, 
¢ (y ,y )dy dy -fA (x +~)¢ (y,y ,y2)dydy = 

0 I 2 I 2 V 3 123 12 

-Y 2 2 2 4 4 ' =fAv(x+-!)¢ (y ,y ,y 2)8(y 1 +y +y )dy dy,dy 
3 12a 2 a 12 a 

(3. 13) 

( k = 1,2,3 ) , 

r11e l, -'l8TblpeXM8pH8SI 8 -cpyHK!lHH. Ho ¢ 2(y 2, y 2, y 2)'HBnR8TCSI CHMMeTpH'lHOA IPYHK-
1 2 a 

nneff y 
1 

, y 2 i y • TToaTOMY, npoae1111 B npaaoff 'ISCTH q,opMynbl (3.13) aaMeay ne-a . , 
p8M8HHblX: 

yk. ➔ y l 
1 

y ➔ 
I yk 

3{1M8'188M1 'ITO: 

- y 2 ' ' fAv(x +J) ¢ (y ,y )dy dy =A'(x) 
3 0 12 I 2 1 

k = 1,2,3 

r11e 

, · - ;" 2 2 2- • ' • A ( X ) = f Av ( X + - ) ¢ ( y 2, y , y , 8 ( y + y + y ) d y d y d y 
3 12a 12a 123 

AuanorB'lHO nony'laeM: 

23 

(3. 14) 



11,µ _ . 2 4 4 -
f:F {x + -1'..J) ¢ {y ,y) d y d y -:F'"•/L (x) 

J O I 2 I 2 
i = 1,2,3 

rlle 

v µ - y 2 t. , d' 
F'"•/L(x) =f·F' (x +....:'..1)¢ {Y 2 ,Y 2 ,Y 2 )8{y+y+y)dyldy

2 
Y.'(316) 

· 3 1 2 a .• 2 a ~ • 

Hcnonb3JB nony'!eauoe M.11 ynpomeau.11 BblJ)aJKeaust ( 3.12), aal!neM: 

a 
=(e +e +e ) l: 

1 2 3 V==O 
g w i { ~ A' ( ;·) + A~ ( i' ) _a_ ) +' 

ax" II a:.: 11 

+ _a_ l: { e u11' IL+ e. u"•/L + e u"•/L) :F' v,µ (i) • 
2 

11
;,, I I 2 2 3 a 

TaKHM o6_paaoM, ypasn~u11e ( 3, 11) npeo6paayeTCst K BHllY ypaBueaust EHCCTlll: 

a 
10 +·m 2 -{e +e +e) l: 

:s l 2 a 
11=0 

gw i (__!_ A;_, (i') + A' {i') -4> 
iJx 11 11

· ax 

3 }: 
-T ,,,,, 

( e u"•I' + e u "•/L + e ,,v,µ ):F '"•'ti) ,I ell 
1 1 2 2 3 3 a •• a 2~&3 

=0. 

(3.16) 

YnpocTHM eme ,j,opMynbl (3,14),(3,15),' llnst '!ero Bocnonb3JeMcst npencTaBnOBHHMH ¢>yp&e: 

TTony'IIIM: 

A~ (x) 

A11 (x)=J 
l(qx) 

e A (q)dq 
II 

F 
11,µ IC.i'"'1 ;11,11 (q) dq • J e 

f A (i" + .1'...!) ,f, 2{y 2, y 2,y 2) 8 (y +y +y) d.
4
y d4y d4

y = 
II J 123 128 I 23 

(3.17) 

-- ~ 4 -f el(qx)IJe 3 cp 2(y2,y 2 ,y 2 )o (y +y +y )dy d\, d4y IA (q)dq-. 
128 I 28 12 311 

Ho BBHllY pB.llBHllhBOll CHMM8TpHH 

BHCHT mnn& oT q 2 , IloSTOMy 

</> 
2 

BXOllHlllHll CIOllH HHTerpan B cl>arYPBblX CK06Kax aa-

24 

-- ' 
. I~ -'-'(y2 y2 y2)o(y +y2+ya)d YI f e 

8 
't' 1' 2' a 1 

d} df = f(q2}, 
I a 

Ha OCHOBHHHH ycnoBHH BOpMHp0BKII (2.26) f(O)> • 1. 

HTaK, 

l(q ,.-) - -
A' (x) =J e f(q 2)·A (q )dq 

II , II 

TTocKon&Ky 
l(qx) 

f( 0 ,.> e 
l(qx) l(c,x1 

=f(-~,.)e =f(q-2)e 

MOllC8M BHllllCHTh: 

A~{x)=I fC0,.)A 11 (x )I. 

Auanoru'!Ho 

:F'
11
'"(x)=fe

1
(qxl f(q2):F 11•/L (q)dq={f(0 ):F"•I' (i)I, 

X 

Ha OCBOBHHHH (3,8), (3,9) 

ti (x) =ft/> (y ,y) ,f, (x,y ,Y. )d\ d
4
y 

a 1, • 2 ,•1 o 1 2 •
1

, •
2
,.

1 
1 2 1 2 

11 noSTOMJ 11a (3,2) cnenyeT,'lTO 

c1-·p -p > (I =<1 -pr >4' -<1--p -p )ct, 
1 2 a 2 a 

(3.18) 

(3.19) 

(3.20) 

(3.21) 

(3.22) 

(3.23) 

(3.24) 

KaK 6btn0 c.Qenaao Bbllll8,8TII .QODOnBIIT811hBb18 ycnoBIIH MOJKBO npenCTaBHTb B cnelly10m:el! cj,op

Me: 

·p ct, =p ct, =-p ct, 
I 2 8 (3.25) 

Mbl nony'IHnH ypaBB8HH8 EHCCTIIJ B cj,opMe (3.16), HCXO.[IH H3 B8KB8.[lpllpoBHHBOro 

ypaBB8HHSl ( 1,6). HeTpJ.QBO DOKH38Th, '!TO 8TOT peayn&T8T MOJK8T 6b1Th THKJKe nony'!eB 

aa OCHOBaHHH H3 KBa.QpHpoBHHHOro ypaBB8BHH BH.[la: 

I( 2 2 2 2,. 2 ll, 2 2 . 2 a -M )(a - MJ( a -M} +M (M -V )l,f,=0, 
I 2 a 

4 
PacKpblBHSl STO ypasaeuue, uafuleM,paa.[lenHB ero uaM 

1 

25 

(3.26) 



,1</+;l 
I 2 

2 

+ iJ 
' a 

2 V ) + 
V2-iJ2iJ2-iJ2iJ2-iJ2iJ2 

1 2 1 a 2 a 
M 2 

OTclClna, coaepmua cj,opMam,Hblfi nepexon K npeneny npu 
2 2 2 

+ 
a 2,;2a 2 

1-..2......a I rf, =o • 
M ' 

M ➔ co I nonyqnM: 

(iJ
1

+iJ
2

+iJ
3

-2V )rf, =0. 

KaK BB.[IHO, STO ypaBH8HBe coananaeT C ypaBHeHBeM (3.1), ecnH IlOilO)KBTb V = 2 u . 3 • 

IToBTOplUI npenblnymue paccy~8HBSI, Mb! OilSITb IlpB.[l8M K ypaBHeHBICl (3.16). CymecTB8HH08 

OTilH'IB8 oyneT COCTOSITb B TOM, 'ITO TB.KUM nyTeM Mbl ae nony'IHM nononHBT8IlbHblX ycnOBBll: 

(3.25), c_ noMOl!lblCl KOTOpblX Mb! MO:>K8M OCBOl50.[lHTb ypaBH8HBe BHCCTIIJ OT_ n11paKOBCKHX 

MB.TpBl1 ·Y H OCTB.BHTb B H8M TOilbKO nayMepHb18 CilBHOBble MB.TpH!1bl, neficTBYICllllH8 Ha BB-; 

A8KCbl CilHBOBblX COCTOSIHHA. nencTBHT8IlbHO, no onpeneneHHICl T8H3opa :F"'µ 

_,o,µ µ,o 
=- F 

F =- ·F = H, 1,2 2 ,I 

F = - F = H ,, 2.a a.2 
F =- F = H 2, a,1 1,8 

, 

iJAµ 

iJxO 

iJA o 

iJxµ 
E,-,. ( I' = 1,2,3), 

r.ne E p. u H µ -KOMilOH0HTbl sneKTpH'leCKOro II MarHHTHOro nonell. nanee: 

u0 •P. =-oµ,o = i-y'-yµ= ip sq,.> P. = 1,2,3. 

J'•" = i ,y":yl' =- ·s<v, scp:, p., V = 1,2, J ; µ =/ V 

• ( I) ( 2) 
- 1 S S =·s<a> -i s<2>s<a>= s<'l; · - i 9 CBl .8Cll 

Ta1tHM oop8.30M, ~ 'I ;v,µ F v,µ = i p .; E + s H 
v,µ 

(2) 
·s 

H IIOSTOMY B ypaBH8HBB (3.16) •mea, conep:>KB.lllBll •nupaKOBCKH8 MB.TPH11bl, 6yneT BM8Tb BBn: 

3 ,.. v,µ "" _ .. ( e
1 

o + e o ,,-
2 V,/l I 2 2 

a 

+ e o"•µ ) F' v,µ (x) c» = 
a a 

a 
=- 3 I ek pk s" .E' (x) + I ek ;1: H' (x) I -~ 

k=I 1:=I 

rne E'(x) = f(0 ) E (x) ; H'(x) = (( 0 ) H (x). 
X X 

Ho B c11ny ycnoaun (3.25) ace pk -npH neficTBBH Ha cnHHOp ~ 

nH Mbt nepel!neM 1t npencTaBneHHICl ~ , B_KOTOpoM n11arOHB.llbHB. 

20 

(3~27) 

paBHbl. IToSTOMY, ec-

p 

-» 

TO nnu JtB.lK.[IOA JtOMIIOH8HTbl 

(I) 

c» I I • la I• 2 
(2) 

fill ,I 2'1 a I . 

(J-1,2)' 

~-

c»cahony'IBM 0Tnen1>uoe ypanueuae: 

a 
10 +m

2
-(e+e+e) 

,. I 2 8 
I r."" l ( _iJ_ A' (x) + A' lz) ..:._g__ 

dz" V .v oz" 

a 
- 3 l , I 

a Jlml 

V•O 

a 
el: sk·E'(x) _-3 I 

k•I 

rne ' , • 1 • , 2 • - 1. • 

-e., ·sk 
(a) - I-» 

H'(x) 1,.1
2

, 1, -. 0, 

B nony'l'.eHHOM ypaBH8HBB OCT8nHCb nBmlo nByMepu1,1e Cl(BHOBb18 .MATPIIJU,1 

-1Cllllll8 HS ►ll BH.[l8ltC CnBHOBOro COCTOH.111111 j It • 

(3.28) 

) -
,- (3.29) 

• CV) -

a It • aeACTBy-

B 3a_1tnlCl'leHHe anTop B~pa:,,caeT rnyl501tyJO !SnaroaapuocTb H.H. BoronJOt50By_·3a noc

TaaneuuylCl 3848'1'.Y B BBBMB.HB8. 
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