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§ 1, BB8Jl8HB8 

/1/ 
Co Bp8M8HB IIOSIBJl8RBB pat50T BopHa B HHq>elll>Jl8 110 H8nBH811Holl aneKTp0JlBH8MH-

K8 CBOt50JlHOro 11onu CTano BCH0, 'ITO H8nBHe11HaB TeopBSI npBBOJlBT K KA'leCTBeHHO HOBhlM 

H ropa3Jl0 t5onee t5oraThlM cjiH3H'18CltBM npenCT8BJl8HHBM, u.elKenB Te0pHB nBHelluau. Il03TO-. 

't MY 11pencTaBnBeT IIPBHIIBHHAllhHhll! BHTepec pemeHHe H uccnenosaHHe HenBHellHI,IX Monenel! 

TeopBH nonSI, 

B M8T8MATHKe H3BeCTHhl TO'IHble peweHH~ nBIIIJ, nm1 c11e11uam.Horo Jtnacca HenuHell-
' . . n1 

Hhlx ypaBHeHHII, K , 'lucny nocneAHHX npuHannelKHT ypaBHeHHe MBHHMSllbHhlX nosepXHocTell 

I (1) 

3To ypaBHeHH8 scerAB 8MBIITB'l8CKOro THI!~ H 1108TOMY OHO MOlKeT 0llHChlB8Tb nBIIIJ, He 

B3Me.HuIOmuecu BO BpeMe~ BBJl8UHB, T81tB8 JtaK;· uanpBMep, H8TBl!CeHHe MhlllhHOI! nneli:JtB 

Ha 38Jl8HHhll!. K0_HTYP Bnu, ~e1t~TOP7.'e CTAIIB0HAPHble ABBlK8HRB lKHJlKOCTB H ra3,a, OAH81t0 

'/H8TPYAHO COCTABHTb ananorB'IH0e ypaBB8HB8 

' 2 ' 
Cl-¢ 2 )¢+2¢¢¢-0+¢ )¢ cO 

t XX X 1 XL X U 
(2) 

ltOTOpoe MOlK8T OIIBChlBATb pa3BBB8IOmH8CB
0

BO BpeMeUB npoi:iecc1,1, TAK K8K OHO r1111ep60-' 
2 2 

IIB'18CK0rO TBna npB yCII0BHH l+ ¢ - ¢ > 0 • YpaBHeHHe (2) non)''l88TCB H3 ypaBHe-

" ' HRH ( 1) 38M8H0II y ~ ly , ·3aMe'laTellhHhlM BBnBeTCB To, 'ITO 8TO ypaBH8HBe 0K83bJB8eTCB 

AByMepHhlM ananoroM nenHHel!HhlX. ypasHeHull aneKTPOABHaMHJtH Bopna-Hncjiem.Aa, IloAo6-
' . ' ·. • . · /8/ ' . I 4/ 
Hhle ypaBH8BHB paCCM8TpHB8nBCb n.H.BnoXBHll8BhlM B B.rall3eH6eprOM , Hamel! 

ll8:Jbl0 BBIIBeTCB pemeBH0 38;:t8'1B Komu AnB ypaBB8BHB (2). 3To· p~meBHe, DOMHMO Toro, 

'ITO OHO BHTepeCHO C8MO no cet5e, A88T B03MOlKH0CTb npoKB8HTOB8Tb none, OllBChlB88M0e 

. HenHB81!HhlM ypaBB8HB8M (2). 

C reoMeTpB'18CJtOII TO'lltB 3peHBB peweHHe ypaBB8HHB (1) z~¢(z,y) onpeAellBeT 
. I • 

B 8BltllHA0BOM npOCTp8HCTB8 MHHHMAllbuyIO ll0Bepx11,ocTb, T,e. nosepXHOCTb MBHHM811bH0I! 
J 

. nnomaAB, . orpaHB'l8BHYIO 38Jl8HHhlM K0HTYP0M, B ltO0pAHH8T8X Z , y , 1 Z nnomaAb 

nosepXB:X:TU paBHA 
Saffy'l+¢~+¢ 2 dz dy 

" y 
(8) 
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H ypaBBeBHe (1) !IBllBeTCH ycnoeueM SKCTPeMYMa HBTerpana (3).,AuanorB'lBO ypaenenue 

(2) smnaeTCH ycnoeueM SXCTp8MYMa BBTerpana 

S·=ffv 1 +<P-¢ 2 cix dt 
X t 

(4) 

KOTOphlA BHpa>KaeT nnoma.tll• noeepXBOCTB z-¢ (x,y) B nceBll0eBxnUA0B0M npocTpaBCTB8 

c MSTprutoA d s 
2 = d t 

2 
- dx 2 - dz 2 TaitBM . o6pa30M, ypaBBeBHe (2) MOlKBO paCCMaTpB-

.eaTb xax ypaBBeBBe SKCTp8Malll,BhlX noeepXBOCT8A B nC8Bll08BKJIBJlOBOM npOCTpaBCTB8. Ha 

(4) cn81lYST, 'ITO CK1111BpB08 none, llO1l'lBHHIOIIl88CB ypaBB8BHIO (2), BM88T narpaB)l(]JaB TBna 

Bopna-Hmj,em.lla 
✓ :f fl f -1+¢ -¢ • 

X t 

§ 2. p_emeBHe 'lSCTnoA 3alla= KomH 

HaAAe~ pemeBHe ypaBBeBHSI (2), YllOBneTeopmomee naqam.Kl>!M ycnoe11:sw: 

¢1 =a(x); I t=O 
±!_/ =b(x). 
at t=0 

Ycnoe11:e rnnep60nR'lHOCTB yp8BB8BHH (2) llnlI Ba'lam.BhlX AaBm.lX 03Ba'la8T, 'ITO 

l+a' 2(x)-b 2 (x)>O. 

(5) 

(8) 

(7) 

nonhlTaeMCB ynpOCTBTb ypaBB8BHe (2) 1 BBOllB BOBhl8 nepeMe!Ull,18 a,{3 :X=x(a,{3), t = t(a,{3 ). 

TorAa z= ¢(x(a,{3), tf.a,{J))=z(a,{3). TaxuM o1Spa30M, Mbl umeM pemeBHe ypaeneBBB (2) 

B napaMeTpB'lSCKOM BUile ; = ;(a,{3) , rile ; BSXTop c KOMIIOBeHTaMB t; x, z; ; =It; x, z I • 
Ecnu OIS03B8'lBTb 'lepe3 ( ; f ) cxanSipBO8 npOH3B81l8BH8 B8KTOpOB ; B -:, c-: -; ) • 

1 2 1 ) 1 2 ' 

=t t - X X - z z .• TO ypaeneoe (2) 3anBm8TCB cnellYIOIIIIIM o6pa30MX 
I 2 1 2 1 2 

; : D /Jr ~ ~ ; f3 ) D a{J + ; J D aa = 0 , (8) 

x) Ilpu nepexo•e OT ypaeneBHB (2) x .ypaeneBH10 (8) M.bI eocnom.aoeanuc& B3BeCTBhl-
M.bl q,opMynaMH: / . 

za ta I ; 
Dzx=I z/3 t/3 

Xa za1f; 
Dzt=I x/3 _z/3 

a 2 2 
D z xx = ta D {J{J - 2,t at fJ D afJ+ t f1 D aa 

D
8
zxt ~- xataD{JfJ+ ( xatp+ xpta) Da{J - xpttf'aa 

a 2 

D ztt = x;D{3{3- 2 xa x {JDafJ+ x/1D aa 

4 

D=I xa ta I 
X {J t {J 

rile 

\

t 11,. xu, 
D = ta x a 

'·" 

.. a i 
r = -a aa 

2-+ a r • 
r = ---, 
a,a a a 2 

tfj xp 

. a-; 
'{3 '"·ajJ 

a2, 
r = 
a,{3 'aaa{J 

z, ... \ 
Za 

z f3 
• 

, .. a , 
'pjJ aji. 

M.bl nOCTpOHM 

Bh!M llaHHhlMi 

rnnepoonn'lecxoe pemeHBe ypaeueBHB (8), ynoeneTBOpmomee uawnM ua'lam.-
/5/ ' 

B CHny B3B8CTHOA T8Op8M.bl STO pemeHH8 OYll8T 81lHHCTB8HHblMo rnnepoo-

nH'lHOCTb ypaBH8BHit (8) 03H8'188T, 'ITO 

.. .. 2 .. -+ 
( r 'f3 ) - r 

2 
r ~ > 0 a . a p 

(9) 

YpaBH8HH8 (8) HM88T cneny10mne npocTbl8 ypaeHSHHH xapaxTepHCTHK 

; 2 =0· . ..., 2=0 
, ( 10) 

a • f3 • 

3TH •xapaxTepHCTH'l8CKH8' ypaeHeHHlI 

BM8CT8 C OCHOBHblM ypaBH8HH8M (8) MO>KHO paCCMST-

t(a,/3), x(a,{3) , z(a, ¢) • H3 

pneaTb KSK CHCT8M}'.Tp8X ypaBH8HHA llnB Tp8X cpymu111A 

(8), (9) n (10) cnellyeT, 'ITO 

Da,{3 = 0. 
(11) 

3TO 03H8'188T, B oomeM cnyqae, nnueAHYIO 38BHCHMOCTb Me:lKJlY c-rpoxaMH ll8T8pMHH8HT8 Da,{3' 

T.e. ; cr h (a,{3)-; + B (a,tl) ;fJ. 
a,p a 

noxa:aceM, 'ITO A - B • 0 • JlnH noro yMuo:acHM cxanSipHO ( 12) ua 

.. .. 
fa H '{3 

(12) 

H )"IT8M (9) 

n (10), nony'IHM 

) (
.. .. .. .. " 

B(a,{J r r{J)=(r ,r )m½....IL-
a a a{J a13 

;2 = 0 
a 

A(a,f3)(;fJ?a)•(;fJ;a{3) =½ /a ;µ=0 • 

Tax KSK (; a ; fJ ) = 0 
, TO, cnelloeaTSn&HO, A=B-0 • HTaK, Mhl nony'IHIIH cncTSMY 

ypaBH8HHA 

HnH 

.. 
r 2. 0 ; 

a 

2 2 
2 

t -x.-z 
a a a 

.. o 

2 2 2 
t/3-xfJ.,-z p= 0 

➔ 

r2=0; 
f3 

➔ 

r = 0 
a,fJ , 

t a,{f 0 

Xa,{f' 0 

za,f 0 
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AmI Tpex 4'Y:HXIlnll t(a,/3) , x(a,/3) z(a,/3) • nocKom.K:r K8l!C/l8H 113 «j,y'HKIIJIII t . , X H 

~ nOJl'IIIHSleTCSI :rpanuenn10 BToporo nopRJ11ta, To AOJIJKH.bl 6hIT& 38Jl&Hl>I Ha'laru.H.ble 3H&'leHHH 

«j,y'HKDHII H IIX 'npon~'ao)lHhlX. Kax 6:rAeT BIIAHO 113 A8Jll,H0llmero,-nepBbie ABS yp8BHeHBH (13) 

HBJIHIOTCH :rcnOBIIHMH Ha H8'l8Jll,Hhle Jl8HHhle, 113 ltOTOphlX onpe)lemnoTCH He)lOCT8l0DlHe A8H

H.bl8 AIU! ,j,:ymomll 1- ( a, fH H x (a, /3 ) 

06mnM pemeHBeM nocneAHero :ypaaneHHR (:13) HBnHeTC,r . . 

:ca,J3)=r\(a) + °?2(/3), (14) 

rile r (a) n r (/3) - nponaaon&m.le «j,y'HltDHH. Ha nepnhIX JlBY'X :rpanneHIIII (13) non:y'l&eM 

;, 2 (a) = 0; 
1 

.. 
r' 2(p) =0. 

2 (15), 

C<!JopM:ynnp:yeM 38Jl8'IY' Ko~H (6) B HOBhIX nepeMenHbIX a II fJ • CneA:r10mee OOCTOHTem.

CTBO noanonsreT npepelibHO :rnpOCTHTb napaMeTpH'lecxoe npeACT&BJienae H8'l811bHhlX A&H

m.lX (6). HMeHuo, nerxo aaMeTuTb1 'ITO Bh16op napaMeTpoB a u. fl onpeJ1eneH :ypanne-

HH.IIMII (13) c TO'IHOCT&IOJlO npeoopaaoaaHH~ a,."A(a') , "P=1J(f3? , rAe Au B_ npoua--

BOJlbHhl~ «j,y'nmuu c 8/lBHCTBeHJU,lM orpaHH'leHHeM A ~a, B'({J"J ,/ 0 x). noaToM;r, ecnu 

Bb1p83HTb a H /3 Kalt <li;ruxnuu o~ - :r u a=a (x,t) r f3s=f3(x,t) H DOlIOlKH'l'b 

A(x) = a(x,O) B(x} = '{J( x,O) , TO :rcnonue I = 0 Bhlp83HTCH B BHll8 a'=f,"=x 

On;rc1taH WTpuxu, Mhl MOJK8M 083 . orpaHB'leHHH o6mHOCTH C'IBT8Tb, 'ITO 

noaTOMY H8'l81IbHLI8 A8HHhl8 381IHIII)'TCH TaK: 

DpB t=0 a=f,=x. 

t (a, a}= t 1 (a ) + t 
2

( a } = 0 

x (a, a)= x 
1 
{a ) + x

2
(a ) = a 

~ ( a, a ) ~ z (a ) + z 
2 

(a ) • a(a ) • 
1 

KpoMe Toro, BhIJ)8JKSH a cfi 'lepea np9uanoJ1m.1e no a u 
at 

iJ,f, 

at 
f :; :; I 
I :afJ :afl.l 

I x' (a} 

x': (/3), 

l
. x'j (a) 

x~ (fl) 

r·1 (a) I 
z' :i (/3) 

t· 1· (a )I' 
t' ({J) 

2 

'·x) .. 2 -+ -.. 
JlellCTBHTelibHO, dr = 2( ra r /3} da d fl , BO npB 

cla dfJ = A'(a) B'({J) d 2:r 2 

u, C.II8Jl0BAT811bll:O, A• B'= 
1+ 8 • 2 

./ 0 • 
2(ra r/J) 

6 

(16) 

{J t,z,x HM88M ,· 

·t-0 . di°2--Cl+a'-'cx>l dx 2 , 

B, C.II8AOB8T81IbHO, npn a• {3 

b (a ) 
\ 

x' (a/ z'i (a} I 
, X: (a) z'

1 
{a) ~ 

\

. x'1 (a) t~ {a) '\ 

x' {a) t' {al 
. ,2 2 

(15) npu a= P 
Ha1tonen, npunne1taB ypannelll1B 

t' 2 (a) - x'- 2 {a) - z'-
2

{al=0 · 
l l 1 ' 

t': (al- z'-2 {al - z'
2
(a) = 0 , 

• 2 1 

non:r'laeM 

t 
2 

(a) 1 X ,Ja) 

meCTb ypanuelll111 (16), (17) u (18) AnB meCTH c\JyHltDBA 

z {a) • Ecmt BCKOM08 pemeHB8 aanucaTb B BRJ18: 
2 . • 

➔. .. a .. 
1 (a,{J )= ...l.(·p {a)+p {/3))+ .J.. f ,r (>.) dA 

2 2 {J 

TO «j,y'HltDHB -;{ _;j 
nerxo onp~AenseTCB ua panencTB& (16): 

t 
1
(a) 

(17\ 

(18) 

x 
1
(a) , z/al • 

( 19) 

·p{ a) -1 O, a, a {a) I . 

«l>:yBKDBB 
i1 (a)= I n-

1
{a}, n- (a) ,rr (all onpeAense1'CB B3 

X % 

b 

paseliCTB (17) a (18) 

1 + a• 
2 

' 

a'-b 
rr•__.rr;,, 

__ 11 

1 + a' 2 t 

rr 
t 

•+ 
✓ 1 + a' 2_ b 2 

X 1+ a'-2 . \ ■ 

B1,16op 3RU4 fT \ eec;rmecTBSB8R, T8K xax OB M8HB8TCB npn 38M8R8 

3H8lt 
,, . , non;y'IBM 

-b 

a ,. .. 

", 
1
- , 2 
+a a - a'b ; 

" .jl+a't-bll 

rr • . ✓ 1+ a' 2- b2 

✓ 1 + 8 • 2_ b2 

TaKBM o6paaoM, pemeBBe 38A&'IB Komn Ana :ypaeeeRBll (2) BMeeT nRJ1: 

f3 
tla,{3)=¼ f 

a 

l+a'
2
(.\) d.\ 

V l+a'\>.)-b 2(.\) 

fj f a'(A) b(.\l d A 
x(a,fJ)• ~-¼ 

2 a V 1+ a' '{A)-b\l{A) 

( 

A) a(a) + a(/3) f3 b ,{.\) 
z a,p = ____ + ¼.f 

2 a .,/1+ a',}.}-b 2
(.\) 

d .\ • 

P • BM6pan 

(20) 

«l>yHKllHH fT t , ,r ,. fT z BM8IOT 

B8lKRhlA ,j,H3B'l8CKBil: CMbICn. «1>ymt11BSI fT z - aTO lt8H~, 

.fieACTBHT81IbRO, K8K H8TP:YAH0 npoaepHTb 

HR'l8C::1tHil: BMn;rllbC nonH </, ( x,t) 
npu t=O 

7 



" a =" ( x, 0) = al?. 
. a ¢ • 

I . b(x) ·- vl+a'~x)-b 2 (x) 

rp;e, f. =v' 1 + '¢ 2- ~- nnOTBOCTb narpaalKBaBa ( 5) nons ¢ ( x, t) , npu t = 0 
X 1 

f=y l -1:a' 2(x)-b 2(x) , "x - DnOTBOCTb HMIIyllbca noml ¢(x,t) npu t=0 

' 
,r = G (x,O) =-rr (x,O)a'(x) = a'(x)b(x) 

yl+ a'tx)-b 2(x) 

HaKoueu,· ". - nnOTHOCTb raMHllbTOHHSHa nong ¢ ( x,t) npu t= O 

rr = H ( x,O) = ( ,r ¢ - f. ) . . . ' -=- l·+a'2 
yl + a'll... b2 =-y(l+a'~l+rr--;y-•· 

(21) 

(22) 

(23) 

liHTepeCHO 0TM8TIITb, 'IT0 ypaBH8Hll8 (2) IIM88T ABS 'l8CTHblX pemeuus: 
1 

cf.= U ( X + t) 

II <f>=V(x-t) , r11e u H V - npOH3BOllbHble ¢,yHKIIHH, 3TO nerKo YBHA8Tb, ecnu• 38-

nucaTb ypaBH8HH8 (2) B KC>OpltHHaTax U=x+t H v=x-t: 

cf, ¢ 2 cf, - cf, 2¢ + 2 ¢ ¢ ¢ = 0 • (2 a) 
, UV 

1 
U VV _ V UU U V UV 

3TH peweHHII onHCbIBSJOT 6erymue BOnHbl npoH3BOnbHOil qiopMbl, Ouu nony'laJOTCH H3 ·o6mer~ 

peweHHSI (20), ecnu nonolKHTb b(x)= a'(x~ a(x);;. U(x) u b(x)-a'(x) a(x) = V(x). · 

§ 3. PeweHue o6meA 3a11a'IH KomH 

Ha'lanbHbl8 ll8HHbl8 KomH (6) MO)KHO reOM8TpH'l8CKH HCTonKOBSTb KSK KpHByIO 

z = a(x), t= 0 (24) 

B IIC8BA08BKnH/lOB0M npoCTpa~CTBe_ 

T8llbHOil nnOCKOCTbIO 

X • z I CHa6)K8HHyIO B KaX<Aoi! TO'IK8 Kaea-

dz= a'(x) dx + b(x) dt. 

YcnOBHe r1mep6onH'lHOCTH (7) 03Ha'laeT,. 'IT0 nnocKOCTb (25) nereceKaeT H30TpODHblH 

K0HYC 

dt 2 
- dx 

2 
- dz 

2 0 

(25) 

(26) 

no llBYM npllMblM, 11, Boo6me, ycnoBne r11nep6onuqaocTH l+z 2 -z 2 >0 oaua'laeT, 'IT0 Kaca-
x • . 

TenbHSII nnocKOCTb K HHTerpallbHOi! DOBepxHOCTH nepeC8K88T. KOHyC (26) no llBYM npS!MbIM. 

B npe/lblllYill8M naparpaqie Mbl HamnH HHTerpallbHYIO noaepXHOCTb ypaBH8HHSI (2). np0X0llSl

lllYIO 'lepe3 KpllBY,IO (24) H ~acaTellbHYIO nnoCKOCTell (25). 

8 

' 

i>' 
I ' 

I·• 
\ ~, < 

ii ' .1,, 
•·, ~-t 

! 

'' ., 

····.~i' 
,I 
y 
'~l 
' ~: 

fi 
~ 

l;~ 

f .-~ 
~ ,, 

I . ,, 

,\ 

)' 

,ti' 

.... 

,~ 

• PemuM 3ap;aqy Komu o6mero Bu11a, a HMeHao: 38AS'la B napaMeTp11'lec1toM _ Bllll~ npo-:-

113BOnbHaH npOCTpaHCTB8HHO-DOlt06HaH KpBBSH 

t=fO.) , x= g (>.) z = h (>.) .. 
cua6lKeHHSB B Ka)KJloil,T0'lKe JtaCaTellbHOA nnocKOCTbIO 

dt =f'(>.) dX!+ f
1

(>.) dr 

dx = g'(>.) d>. + g 0.) dr 
. I 

dz = h ( .\) d>. + h />.) d r , 

(27).' 

(28) 

nepeceKaromei! 1130TpOnHhIA KOHyC (2~) no llBYM npS!MblMl Tpe6yeTCSI HallTH HHTerpallbHyIO 

noBepxuocTb ypaBiieHHB (2), npoxo11Sllllyt0 'lepe3 KpHBYIO (27) 11 xacaJOmyrocsi nnocKoC:Tell 

(28). YcnOBll8 npocTpaHCTB8HHOil no1106HOCTII KpllBOA (27) 03HS'l88T 

f' '2().) - g' 1>. ) - h' 1>, ) < 0 • (29) 

Tpe60BSHH8 nepece'leHHB nnoCKOCTSIMH (28) 1130Tponuor.o- K0HyCa no llBYM npBMblM (Tpe-• 

60Bau11e runep6onu'lHodTu) BbipaiKaeTCsi uepaBeHCTBOM: 

[ f'(>.) f I(>.) - g'(>.) g I(>.) - h'(>.) h 1,(>.)] 2_ 

(30) 

.:.[ f' ~(>.)- g' 2 (>.)-h' 2(>.) ][ f 2 (>.) - g 2 (>.) -h 2 (>.).] > 0. 
. I I I 

EcnH o603HS'lHTb p (>.)=If(>.)., d,>J. h(>.) 111 P 1 (>.)=I fl(>.). g I(>.). h,(>.) I • TO ll8HHbl8' 

Komn .(27) H (28) Bblp83HTCII B Bllll8: 

i'=p(>.) 

a ycnoaHSI (29) n (30) B BH11e: 

p',>.) <O 

di' = p' (>.) d>. + p (>.) d r , 
I 

c; · n:. ;;· 2 r > o • 
I I 

(31) 

(32) 

KaK H B 'laCTIIOil 3SA8'18 KowH, HCKOMB.SI HHTerpanbHaB II0B8pXHOCTb_- rjnep60nn'l8CKOrO 

THna, H Ha Heil B K8)KJ10il T0'IK8 HM88TC'.SI /!BS H30Tp0IIBblX HanpaBneHHSI. npH l]OAXO/lmll8M. 

Bbl60pe napaMeTpOB a H fJ MOlKH0 C'lHTSTb, 'ITO 3TH HanpaaneHHg aa11a10TCSI B8KTOpaMn 

,: H ?fJ, BX0llSIIllHMH a ypaBHeHHe (8). PaBeHCTBO (10) H oaHa'laeT, 'IT0 BeKTOpbt ,;,:;·H r~

uaOTponHbl. TaKHM o6pa30M, Mbl CHOB8 npHXOAHM x· CIICTeMe ypaBHeHHil {13), OTKylta, _Tax 

lKe KaK H pauee, cne11yeT (14) H (15). 

I 

BBHllY Toro, 'IT0 Bb16op napaMeTpOB a H fJ onpe11eneH C TO'lHOCTbIO 1;10 npeo6paao-

BSHHII a=A(a?. /j=B({J?, MOlKH0 
➔ ➔ 

6ea orpaHH'(8HHB 06IllHOCTH C'lHTSTb, 'ITO KpHBaSI' r = p(>.) 

38/l88TCH ypaBHeHIIIIMH a·= /3 =). • B caM0M nene, ecnH KpHBaB -; = -p(>.) .., onpenenseTcs 

Ha HHTerpallbHOil noBepXHOCTH ycnOBHHMH fJ = B (>J • /3 = B(>.) 1 'To, nepeX0/lSI K napaMeTpaM 

a' {3', nony1u1M a'= fJ'= A • 
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Ta.BM olSpaaoM, 

; I (>.) + ;2 ( ).) • -p (.A) ' 

a, c:net1osaTem.ao, 

... ... ... 
r'

1 
(>.) + r'

2 
(>.) • ·p'"t>.) 

BBOllll B8KTOp 

; (.A)= ; •• (>.)- -;,2(>.) ' 

MhI MOlK8M aanBC8Tb BCKOM08 pemellBe B BBll8 (19). Ha (34) c:nel(yeT, 'ITO 

172().} •-;'{).}I (; ().} p'(.A)} m O • 

BeKTOP ;(>.) nelKBT B IInOCKOCTB B8KTOpOB ; 'U) B ; .<-A> 1 8 1 cnenosaTem.eo, 

;(>.) • c
1
(>.) .;•(>.)+C

2
(>.) -;

1
(>.) 

Ha (36) B (37) nonyqaew 

C (>.) = 
... 
p •2 c.<>->- -<"P' ;.> 

v < p' -;> -·p' 2 
I 

2 
V Ci,, P ... .> - p' 2 

T.e. .. ,·~ ... , .. .., 
p p.-<-p ·p.)p ... 

p (>.) -

y(p'p)-p'2 
I 

(33) 

1(34) 

(35) 

(36) 

(37) 

'(38) 

(39) 

noncTaBJUlll (39) _B (19), IIMy'I.BM nnll KOMIIOR8RT BCKOMoro B8KTOpa ;( a,/3} OKOll'laTem.-

Hble BblpaJK811Bll (cpaBHB C (2)) 

t(a,/J )= (~(a)+ f(/J) a 
2 + ½ f 

x(a,/j) a 

z(a,{:i)= 

g(a)+ g(Ji} 

2 

h(a)+ h(Ji} 

a 

+ ½ f 
{J 

/J 

a 

+ ½ f 

... , 2f (>.)-( ... ,, ... } f'(>.) 
p 1 p p 1 

y(·pp-)2-j1'2 ·p2 
I I 

·p' 2 g .<>.}-(pp) g'(>.) 

v < "ii'' P > !.p'-'P.' 
1 

-;, 2li P" - <-;· l1 it·_<>-> 
2 \{3 y(pp-} 2 -p' ll p-+2 

1 

d>. 

d>. 

dA. 

§ 40 .Jl~!J!_8RlK8B8 cjlopMYnapoaxa napaweTpH'18CKoro npenCTaane111111 

peweRBll zyaaR8Hllll (2) 

(40) 

J.1ano>K8HHblli MeTOll peweHHll Kown nns1 ypaBH8HBll (2) 0

H8B01lBT Ha MblCllb O TOM, 

'!TO C CaMoro eaqana MO>KHO paCCMaTpHB8Tb CHCTeMY Tpex noneA t(a, {J) ; ll(a,{Ji z(a,p} 

10 

9 

I, 

c narpaHlKHaHoMx) f =v c? ' )2 - ,212 ·• a f3 a_ ·{3 (41) 

11:0TOpbtll IIPIIBOllHT It ypaBH8Rll10 (8). JlellCTBRT8JlbRO, ypaBH8Rllll Sllnepa nnll 3TRX nqnell 

a 
aa 

af a 
+--

a ra a13 
. af •

0 
ai13 

MO)ICHO aanHCaTb B BBll8! 

rne 

.. 
afg_ 

aa 

fa 

a fp 
+ --

a/3 

I < f. af 2 ... a f 2 
TI'"2 a~a-- +fa--)• o, 

a I-' a /3 

u af2 ... ... ... ... ... 
n --- = ( r r {J) r - r 2r 

a? a /3 f3a 

➔ af 2 a ➔ ➔ ➔ 
f Q = ¼ -- = ( r r a> r - r 2,➔ 

I-' af!p a I-' a a /3 
_BbllIOIIHIIII nmjJ<j>epesn11poaaBiie B 4><>PMYII8 (43), nony'IBM ypaBH8HH8 

➔, .. ' :. .. ➔ .. , 2 ... 
r r a,,- 2 { r r/3) r /3 + r /3 r - N f - M .f "' = o a 1-'fJ a , a aa a , /J ' 

rne 

N = 1 

l 
;2c,- ;«>-2<;- ,,,><, ,- >+-;132<";; >J 

a {3/3 a ,._, a,{J a · aa a 

1 .. ... .. ➔ .. ➔... ..2,- .... 
II=·- [r 2 (r_ r )-2(r •a Hr ,1/3)+r

13
,~r r/3)]. f.2 . a pJ3 {J a ,._, · ap aa 

Y'lHTblBaH paBeHCTBa 

(r f 
a a •(; /J ,f /3) = fll 

(42) 

(43) 

(44) 

(45) 

("(afJ=< :)p>=O, 
H8TPYllHO llOKa3aTb, '!TO npoeKIUIB 118BOII qaCTH ypaBH8HlUI ( 45) Ha B8KT0pb1 r" H r Q 

• -+xx/I-' 
TOJl<Jl8CTB8HHO paBHbl syn10. fipoe.ItTIIPYll neay10 qacTb ypaBH8HHII ( 45) Ha B8KTOP R • 

t 
➔. ➔ 

.-e -e 

' X • .. 
R = I ta xa za I 

tp X f3 z f3 

x) 
➔ 

_.. 

TaK 1ta1t napaMeTpbl 

xx) BeKTOpbl £ 1 f 
a JI /3 H83aBHCBMbl, TO B8.ItTOpbl 'a 

➔ 

II r /3 HexonnnHeapHbt 

• X 
. f COCTaBIIHJOT colScTB8HHbtli 6aauc . . 

f 
1 

.;, I l, o, 0 I , f x = { 0, 1, 0 I , 
➔ 

f,=10,0,ll 
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nepneHJllllCymrpHblll K B8JtTOp8M -; H a 1 {J I IlOJiy'IJIM yp8BB8HB8 

➔ 2 ➔ ➔ ... ➔ ➔ ... ➔ .. .. 

r a ( r {J{J R ) - 2 ( r a r {J)( r a/ ) + r p ( r aa R ) • 0 , (46) 

KOTOpoe B TO'IHOCTB cosnanaeT C ypaBHeHBeM ( 8)' T8K K8K c: R)=D 
lit lit 

I 

TaKBM o6pa30M, BCXOJ:(SI B3 narpaBlKH8H8 (41), Mbl nony'll!nH TOOLKO 0.t(HO yp8BH8HH8 

( 46) nmr noneBblX ,j,yHxnnll t ( a, /3 ) , x ( a, {J ) , z ( a, /3) u, cnenoB8T81ll,HO, H811I8 CBCT8M8 

HenoonpeneneHa. He,lloonpe,lleneHHOCTb CHCT8Mhl yp8BB8HHA(45) CBll38H8 C npOB3BOnOM B Bbl60-

pe napaMeTpOB a , /3 • B&16epeM 

CJCYIO q>OPMY dr2 = r 2 da 
2 

+ 2(: a a 

napaMeTpbl T8K, 'IT06bl 
➔ ➔ 2 2 
r p)da d{J + r /3 d{J 

MaltCBMam.BO ynpOCTBTb MeTpB'le

nosepXBOCTB. Taxoe 

ynpomeBB8 )lOCTBraeTCSI B B30TpOIIBblX KOOp.tlllH8T8X a , f3 , Korna 

-;1=0, 
a 

r 2 = 0 , 
fJ 

dr➔2 •2(;: i°{J}da d/3 • (47) 

lfa ( 47) BBJ:(HO, 'ITC H30TpODHbl8 xoopnBH8Tbl ocymeCTBnHIOT KOHq>OpMHoe OT06palKeHHe 110-

BepXHOCTB Ha 11ceenoesxnanosy nnocKOCTb C M8TpB'l8CKOII q,opMOII dad{J • Ilpa STOM ypas

aeane' ( 45) noonpenenneTCR u npBHHMaeT siln: 

➔ 

r_a,/3 = 0 • (48) 

Yp8BH8HHSI (48) B03HBK8IOT T8KlK8 B p83rlll,T8T8 B8pbBpOB8HBSI narpaHlKB8B8 

"' ➔ ➔ 
.>..=(ra rp)=tat{J-xa x/3-zaz/J, 

(49) 

B3 (41) C y'leTOM (47) ll C~OBT B3 narpaHlKH8HOB nnst CBC-KOTOpbIII nony,i:aeTCSI 

6onablx nonell t(a,/3) 

paaea 

, x(iz,/3)- , , z(a,/3) , TeH3op saeprua-uMnym.ca nnn sTux nonell 

T 
aa 

➔ 2 = r ·a 

T{Ja = 0 

T af3 0 

➔ 2 

T {3{3 • r /3 • 
(50~ 

CnenosaTe:m.uo, ycnosus (
1
47) oaBa'laIOT, 'ITC T8H3op aaeprun-uMnym.ca paseu ayn10, Cyme

cTeeaao OTM8TBTb, _'ITC Mb! B~88M CBCT8MY Tpex nonell t(a,fi) 1 x(a,/3) 1 z(a,/3) C BHJl8- • 

q>HHHTHOII MeTpBKOII, B Tpe60B8Hll8 paB8HCTB8 ayn10 nonaoro TeB30pa'saepruu-uMnynbC8 Be 

oaua,i:aeT eme, 'ITC paseB -ayn10 TeH3op saeprm~-HMnynbca xalKJ:(oro nons a OTnen1,aocTu. 

EcnH BM8CTO B30TpOilHblX xoopnuaaT a_ , f3 BB8CTB KOHq>OpMHo-ranHneeBbl xoopnu-

H8Tbl e , r no q>OpMYnaM 

·a=f-r , f3=e+r, -(51) 

TO narpaHlKllaB (49) 6yneT paBHSITbCH 

.>.. = 12 .,(r - r • • ½ ( t - t .,) - ½ ( x - x c) - ½ ( z - z 2) , G>-- IL ➔ ➔? - 2 2 2 2 2 

: r r~ r ~ ,~ 
(52) 

a_ypaBH8BBH nonR (48) npBMYT BB.ti! 
➔ ➔ 

ree - r" 0 • (53) 

12 

/, 

TeH30p aaeprua-nMnynbca nonell B xoopnBH8T8X e, r -p8B8H 
2 

T" = Tee= r~ = H = H -H :._ H 2 , . \ X Z 

➔ ➔ ' 
T re = Ter = ( r r re ) = - G = - Gt+ G ,/ G • , 

rne H ~ 
➔ 2 

G - IUIOTHOCTB aaeprun a HMnyllbCa nons. Y cnoaBR ·r a= 0 

B8Il8HTHhl ycnoBHRM 

➔ ➔ 2 

-r/ + re= 0 B ( ;r ~) = 0 • 

(54) 

➔ 2 

, rtf0 SKBB-

(55) 

nerKO IlOK838Tb, 'IT01 8C/lll paBeHCTB8 (55) Bhlil0nHSIIOTCR B H811anbBhlll MOM8HT_ Bp8M8HH 

r=O , TO OHB cnpasennnahl u nns n106oro MOM8BTa epeMeHH _ r • B caMOM -nene, B3 ( 48) 

cnenyeT, 'ITC ; =-; (a)+ ; (/3,) 1 a 3HB'IJIT1 ; = -;, ( e - r ) , -;
13

= 1';. (e+r) , TaxuM' 
· l x a t • 

o6pa30M, ec/lll r: B r ~ paBHbl HYIIIO npn r = 0 • TO OHR pBBHbl ayn10 H npu n1060M 

3H8'1einn r 

KaHOHH'l8CKB8 HMnynbCbl noneli t(e,r,) ,- ra,r) 1 z(e,r) COCTBBIIBIOT KOHTp-
➔ 

BBpBSHTHblli 'B8KTOp ;; = I 11 , 11 • 11 I= .!_;__ • EcnH B H8'18IlbHbIII MOM8HT apeMeHH 
➔ ➔ t X ~ a, -. 

•=0 38.t(BHhl r / = p ($ - B ~ / = 11{$,T'o pemeaue ypaBB8HBSI (57) 38UH-
l'=O a, r=0 

Cb!B88TCR B BBJ:18 (19). 'iaCTHhlMH cny'ISSIMB.38.t(S'IB Kown nnR yp8BH8HBSI (53) RBnBIOTCSI 

38.t(S'IB, paCCMOTpeHHhle s § 2 u § 3. B cnyqae §"2 

➔ 

pCe>-to,e,aWI 
,2 

;; <e> = I - . 1 + a ($ , 
,/1 +a'!{$-b2($ 

a'($ b($ - b ($ 

,/1+ a'!l/,$-b" cd ..; l+ a' ~$-b2 ($ I : 

(56) 

B cny,i:ae § 3 p(e) • npOB3B0IlbHO, 8 r1(e) onpenenneTCR q>OpMYnOII (39), B OOOBX 

Cny'IBHX BhlnonasreTCSI ycnOBB8 p8B8HCTB8 ayn10 T8H30pa aaeprBB-BMnym.ca (58). 

3aM8118T8nbBO, 'ITC B cny,i:ae ( 56) K8HOBH'l8CKJIA BMnynbc nonn 

coananaeT c_ nn~TBOCTb10 raMBnbTOHBaHa no~sr t(e,r). npu t -0 l 
"t llpB r=0 

, xauoHH'lecx~a -HM-, 

11 J: nonn xJ_e, i-) npu r= 0 COBIISJ:(88T C nnOTHOCTblO BMnYnbC8 nonn <p ( J:, 't) nynbC 

npu t=0 B, HaltOBen, KBHOBB'18CKBII HMnynbc 11 z nonn z(e, r) npu ~-0 ' coenanaeT 

c KBHOHB'l8CXBM BMnym,coM minB ¢(x,t) npn t = 0 (cp. (60) c (21), (22), (23)). 

§ 4. IlpenenbHhlff nepexon K nnaellBoll Teopnn nonsi 

B yp8BH8BHB (2) npon3BO/lHbl8 non,11 <p Bhlp8lK8Hbl B 80C0nlOTHhlX 8/lBHHilBX, T,8, 

B OTHOW8HHB K H8KOTOpoa xapaKT8pBCTH'l8CKOff KOHCT8HT8 K (aoconIOTBhlll MacmTao nonst), 

BeeneM B narpanlKB8H KOHCTBIITY K SIBllhlM o6paaoM: 
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