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B IIACTOSillleA 3AM8Tite C0118PlKIITCSl CH811YJOlllASl_ TeopeMa, o6o6mAIDlllASl TeopeMy 
/1 2/ 

A.H.KonMoropoaa ' 0 COxplllleBHJI ycnOBBO-nepl!Oilli'18CKJIX ABlllKeBH.Il IIJ;'ll ManoM 

li3M8li8Jillll WBKlUUI raMIInbTOIUlo 

TeopeMA. PacCMO'!'pliM CJICTeMy raMl!JlbTOBa 

X =- y = (X= (X I , • • • , X m ) , y = (y I' • • .. , y a) ) , 

aH aH ~=- a-q·cf=dp(p= (pl' ... ,p,.), q• (ql, ... ,q .. )) 

c WBKnlleA raMBJlbTOBA BllllA 

H = H 0 (x, y,p) + H 
1 
(x,y,p,q), 

e6naAAIDllleA CH8.1lYIDlllJIMll CBOAC'I'&aMJI: 

1. cl>yBKnliSl H O ( x, y , p) 3ABJICHT llll8nHTli'I8CKll OT X , y , p B 06nACTll 

lxl<h ,lyl<h, p ~G(h::>O). 

Be 

2. aHo = ~ = 0 npll 
ch ay 

3. cl>yBKnliOBAm.BNA onpeAenuTem. 

~ -axay 
J{Oc a ~H 

-=--::..Jl. 
ay ~ 

o6pamaeTCSl B uym. B 06nACTll G 

4. cl>yBKilliOBaJlbBbiA onpeA8nl!Tenb 

det 

Be o6pamaeTCSl :a uym. :a o6naCTll G 

MATpBilbl 

~ 
ax-~ 

~ 

L.!4-ay ax 

npll X = y = 0 

2 

1~1 a P 2 
npll x=y 

5. B o6nacTH ·a BblnonBeBN ycnoBHSl 

I x) 

0. 

.\a (p) - i(6>,k) ~ 0 , .\
4

{p) + .\ f3{P)- i{6>,k) , 0, 

x) 
3To ycnoBJie ll3nllmBe, ecnu ~ = !.!h. 

ax ay 
., 0 npH X = y 

3 

o. 
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I 

rne A a(p) a h {3( p) - npoaaaon&Hbte col5cTaeHHbte aHa'leHH>I 
aH a 

M8TpHilbl J{ O IIpB 

k I - npoH3BOAbHble w(p)=-..-J!--1 
0 

,(w,k)=Iw
1

k
1

H 
o up x=y• I= I 

X-=y=-0 1 (1)= 

uenbte 'IRena. 

6. 4>yHKUHH H 1 ( x, y, p, q ) aHanHTH'<ecKas no x y p , q B o15naCTH F·: 

lxl.< h, I y I < h, p~:G, llmql < p H nepaonH'<eCKaH no q C nepHOllOM 2rr ('p > 0) 

Torna nns mo6oro K> 0 HailneTC>I M=M(K,p,h,G, H 0 ) > 0 Taxoe, 'ITO ecna 

B06JiaCTH F: lxl<b,lyl.<h , p{;G, llmql<p CnpaBall.IIIIBOH8paaeHCTBO 
x) ~ 

I H
1 

( x, y, p, q ) 1 .< 11 , TO cymecTayeT paanoJKeHBe ol5nacTII fl = ReG G = G 1 u·a 2 

Taxoe, 'ITO G 2 Mano, T.e. mes ·a 2 ~ K mea G , a nn>1 mo6oro p(;;. a 1 cymecTayeT 

HHBapHaHTHblil OTHOCHTSnbHO llBHlKaHBi! CHCT8Mbl ( 1) 

MH CBOiiCTB8MB: 

Top T 
p*' 

• o!)nanaJOIUHil CJISllYIOIUH-

}. i1HaapH8HTHbiQ TOpbl T 
P(U 

3all8~>1 nap8MeTpH'<8CKHMB ypaBH8HBRMH 

x = f .., ( Q) , y = g .., ( Q) , p = p.., + h .., ( Q) q = Q + r ..,( Q), 

rne f..,(Q) , gJ.Q) 0 h..,(Q) B r (U ( Q) - aHaJIHTH'<9CKH9 tPYHKilHH Q , nepBOllH'Ie-

cKae no Q C nepHOllOM 2rr 

2. 11aaapHaHTHbie Tophi T Pw Mano OTJIH'<aiOTC>I OT H8B03MYIU8BHbiX TOpOB X= y = 0 , 

p = P.., • T.e. 
I f.., (Q)J <K lg..,(Q)I<K, lh ..,(Q)I <K J I r ..,(Q )I < K • 

a, JlBHlKQHBa Ha TOpe 

Q = "' , rne w = 

TP.., ycnoaHo-nepaona'<aCKoe c n '18CTOT8MB (U•((U 
1
, ••• , (U .)1 

T.e. &.. 
ap I ,...,...o, p=p"' • 

JloKa38T8JibCTBO STOll T80p8Mbl OCHOBbiBaeTClii Ha B03MOlKHOCTB npeo6p830B8HH>I CHCTa

Mbl ( 1 ) C nOMOIUbiO KaHOHH'<eCKOil 3aMeHbl nepeMeHHbiX B CHCT8MY faMBJibTOB8 C tjlyBKUBail 

faMBJibTOHa BBJl8: 
H= H(X,Y, P) + H 2 (X,Y,P,Q), 

rne 
aii' a.H 
ax= Tv ., 0 npu X= Y = 0 tjlyuKnus H 2 (X,Y,P,Q)a ol5nacTB F': 

I Xl<h'<h. I Yl < h' • P {; a' C a , 

(h'> 0, p' > 0) YllOBJ18TBOpHaT HapaaaBCTBY 

I 
IImQI<p'<p 

1 + .! 
IH 2(X,Y,P,Q)I < M e 

a Mapa paaHOCTH ·a\ a• Mana BMecTe c !I 

C aToll nen&JO nonolKHM .. 
H(x,y,p,q) = H(x,y,p) + H(x,y,p,q) 

x) .. 
a .. Rea ecTb nepece'<eHue ol5nacTu a c nonnpocTpaHCTBOM 

npu aTOM o!SnacTb a npennonaraeTcst orpaBH'<eBHOil, 

4 

• 

(2) 

(3) 

Imp - 0 

··s'\1··· ~:: 1: 

i:~i 
~! . ., 

I 
I 

I\\ 
'/ 
r 

I ~~ 
I '41 
~~I 
~ .,. 
~ 
1\ 
~·· .,: 
~ 
~t i*' 'I! I ~. 

~I ~·,\11:'; 

,r ;~,I 

I, ;~ ; I 

~ 
~: ,, 
II 

t 

rne H (x,yp) - H0 (x,y,p) + H 1 (x,y,p), 

H 1(x,y,p) ~(2rr )" 9 H
1
(z.y,p, q)dq 

u xoHTypBbiil HBTerpan a nocnenaeM paBaHCTBe 6epeTC>I no noaepJt'HOCTH 

nycTb nanee X= f( p) , Y= g( p) - pewaHBa CBCT8Mbl ypaBHeHHil a H 
- ax 

maeTC>I a peweaae x = y - 0 npa H 1 ( x, y p) .. 0 • CoaepwBM Tenep& 
131 

KaBOHB'IaCKylO 3aMaHy nepaMaHHbiX 

x=x'+f(p'), y'= y- g(p'). 

p•p', q'•q+..H..y-~x' 
ap' ap' 

C npOH3BOJl>IIU8i! tjlyHKUBail V = x'y + p'q + f(p') y- g(p') x', 

8 peayn&T8T8 38M8Bbl tjlyHKnB>I faMHnbTOH8 CHCT~Mbl ( 1) cornaCHO ( 8) I 

rne 

npu 

H(x', y~ p', q') = H ( x', y~ p') + H ( x', y', p', q') , 

9 H ( x', y', p', q') dq'• 0 u ali = aH- .. 0 

:z:"=y'=O • 

KaaoHB'<eCKS>I aaMeaa nepeMaBHbiX 

x' =X as 
+---· 

ay' 

p'=P+ ~' a q' 

ax' ay' 

y = y'+ as --· ax 

Q= q'+ __Q,L 
aP • 

C npOB3BOll>IIU8il tjlyHKnueA V = X y' + P q' + S(X, y', P, q') npBBOllJIT 

K BBllY 

rne 

H = H ( X, Y, P ) + R 1 + R 2 + R 
8 

+ R • + R 
8 

, 

R = I as 
I --··· 

a= I a q' 
a 

__ a_ H (X, y', P) + [ H (X, y', P, q') 1 ~ 
aP N a 

+ I < aiJ's· _aa H( x, y',P > -..tl.. -L ii < x, y', P > ), 
ya xa axa ay: a= 1 

R 2 = H-( x', y', p')- H ( X, y', P)-

I 
a=t 

as 
---ay' 

a 

L H ( X, y ~ p ) - I 
axa U=l 

R 8 = H ( X, y', P) - H ( X, Y, P) +I 
a= 1 

as 
~ qa 

as 
ax a 

R • = H (X, y~ P, q')- [ H (X, y', P, q') 1 N 

RB H ( x', y', p', q') - H (X, y', P, q') , 

5 

a H ( 
a p a 

!!._ H (X, Y~ 
ay'a 



A {J(p) - npoH3BOJibHbl9 COI5CTB9HHble 3H8'19HHH MBTPHIXbl }( O IXpB 
aH a 

(p) =To lx= =o • (cu,k) = I "'J k 1 H k 1 -npoH3BOilbBbie 
p y I= I 

H 1 (X, y, p, q ) SHBJIHTH'IeCKBH no X 1 y p , q s or5naCTu F·: 

< h, pc;;.·G, llmq I < p a nepaonH'IeCKaB no q C nepBO)lOM 211 (p > 0) , 

mo6oro K> 0 ualineTCH M=M(K,p,h,G, H
0

) > 0 Taxoe, 'ITo ecJIB 

zl<h ,lyl< h , pc;;. G , llmq I< p cnpasen.IIBBO HepaseucTso 

< M , To cymecTsyeT paano)l(eHHe or5naCTII tl = ReG x) G = G u·G 
I 2 

Mano, T.e. mes 'G 2 "S_ K mes G , a nng mor5oro p~ G 
1 cymecTsyeT 

uocaTeJibHO nsalKeHHll cacTeMbi {I ) T 
PIIJ 

Top • ojSnanaiDmaA cnenyiDIIlH-

T 
Pcu 

IHTHbl9 TOphi 381l810TCH napaMeTpH'I9CKHMB ypaBHeHBRMH 

= f "' ( Q) , y = g "' ( Q) , p = p "'+ h "' ( Q) q = Q + r "'( Q) 
1 

• h"'(Q) 

epHOJlOM 211 

a r"' ( Q) - aaanHTH'Iecxue <jJyaxnaa Q nepaona'le-

THbie TOphi T Pcu MBJIO OTJIH'IBIOTCSI OT H9B03MYIIl9HHbiX TOpOB J: = y = 0 , 

lgw(Qli<K, lhw(Qli<K, lrw(Qli<K. 

TPw 
i.!!..n_ 

HS TOpe ycnoauo-nepaonaqecxoe c n 'IBCTOTBMH W=(w
1
, • .,,w,)l 

I =y=O, p=p w • 
w = 

ap 
3TOi! TeopeMbl OCHOBbiB89TClii HB B03MO)I(HOCTH IXpeor5pa30B8HHlii CIICTe-

10 K8HOHH'I9CKOli 38M9Hbl nepeMeHHbiX B CHCTeMY raMBJibTOHB c WHKnllel! 

H= H(X,Y, P) + H 2 (X,Y,P,Q), 

= 0 npa X= Y = 0 !jlyuxnas H 2 (X, Y, P ,Q) a or5naCTH F': 

I vI< h' • P.;;. G' C G , IImQI<p'<p 

0BJI9TBOpHeT HepaBeHCTBy 

IH,(X,Y,P,Q)I < 

G \ G' Mana BM9CTe C M 

10 nono>KHM 

1 + I 
M 8 

H(x,y,p,q) = H(x,y,p) + H(x,y,p,q) 

ecTb nepeceqeuae or5naCTH G c nonnpocTpaHCTBOM 
G npennonaraeTCB orpaHR'IeHBol!, 

4 

• 

{2) 

{3) 

Imp = 0 

Jl
~~~ 

,. 

t 
~ 

~ 

I •\ 

\•i:i' 
~I 

·~ 
~ 
-~··1 

~ 
~ 
• ~ 1\ 

'··'I 
/·,' 

\~(: 

~ 

rne H (z,yp) - H
0 

(z,y,p) + H
1 
(z,y,p), 

HI( x, y, p ) = (21T fD 9 H ( :r. y, p, q) dq 
' I 

H XoHTypHbiA HHTerpan a nocnenHeM paaeucTae 15epeTCSI no noaeplt'HOCTH n -Mepuoro Tops, 

nycTb )lBJiee X•f(p) , Y• g(p) - peweuae CHCTeMbl ypaBBeHRA A_= _iLq o6pa• 
- az ay 

maeTCB a peweuae x=y-0 npu H 1(z,yp)s0 • CoaepmBM Tenepb a cacTeMe {1) 
131 KBHOHB'IeCKYIO 38MeHy nepeM9HHbiX 

x=x'+f(p'), y'= y- g(p')' 

P•p', q'=q+ ...d.L y --lLx• 
ap' ap' 

C UpOH3BOilSilllel! !jlyHKI(Hel! V • x'y + p'q + f(p') y- g(p') x', 

B peayJibTaTe aaMeHbl <jJyuxnHa faMHilbToaa cacT';.,Mhi { 1) cornacuo { 3) npuMeT san: 

rne 

npa 

.. H(x', y~ p', q') = H ( x~ y~ p') + H ( x', y', p~ q') , 

ali" aH- .. 
0 9 H ( x', y', p',. q') dq' s 0 H 

aT 
%'=y"'-=O • 

KaHOHH'IecxaB 3aMeaa nepeMeHHbiX 

x'=X + ~. 
ay' 

p'=P+ ~' 
aq' 

ay' 

y = y'+ as --· ax 

Q- q'+ ...1.L 
aP ' 

{4) 

C UpOH3BO)lSilll91! .PYuxnueir' V = Xy' + P q' + S(X,y', P, q') UpHBO.!lliT H ( x', y.,, p', q') 
X BH.!!Y 

rna 

H = H ( X, Y, P ) + R 1 + R 
2 
+ R 

8 
+ R • + R 

1 
, 

R = I as 
I ---

a= I a q' 
a 

__ a_ ii(x,y',P> +[H(x,y~P,q'l 1 + aP N a 

+ I ( __i.L _a_ H ( X, y ~ P ) - ft _j_ H ( X, y ', P ) ), 
ay: ax a ax a ay~ a= 1 

R 2 = H-( x', y', p')- H ( X, y', P)-

I 
a= 1 

as 
ay:-. _a_ H ( X, y ~ P ) - .I 

axa a=l 

as 
a· qa 

R 8 = H ( X, y', P) - H (X, Y, P) +I ~ 
a= I axa 

R • = H (X, y~ P, q')- [ H (X, y', P, q') 1 N 

= 
\ R & 

H ( x', y', p', q') - H (X, y', P, q') , 

5 

H ( X, y', P), a 
a p a 

£...__ H ( X, y ~ P ) • 
ay'a 

{5) 



H ( • • • ') ~ ( • • ') l(lt,q~ x,y,p,• • ..., h
1 

x,y,p e 
It I .,to 

[; (X, y,'P, q') ]N • I h.,( X, y', P) e 1<t,q~ 
o<I~<I<N 

K nepeMaHHh!e x' 

paBaHCTBaM (4). 

y' • p' q' BJ>Ip4lKam-,c.ll 'lepea X , Y , P Q cornacuo 

Boa&MeM cjlyHKIUIIO S( X, y', P,q') B BBJl& 

S •S 0 +Sx X +S,., y'+ ~Sxx X
2 

+Sx,.•Xy' + ~s,.,,.,y'l, 

rae cjlyHKilHSI S
0

= S
0

(P,q')ynosneTsopSieT ypuaeBKIO 

( cu, ~ ) + [ ;
0

( P, q')] • 0, a q' N 

B9KTOpbl Sx = S X ( P, q') B S y' • S y {P,q') YJlOBII8TBOp!IIOT CHi::TeMe YP8BHaHBll 

(5) 

( cu , asx .. a•u- a 2 li 
--- ) + [ H x< P, q~] = -- S X- --- S • , 

aq' N axa1• ax• ,. (B) 

a s , .. a~- a•u-
~)+[H .(.P,q?] »--Sx---S, 

aq' Y N ay•l ay'aX y 

( cu , 

a MaTpHilbl Sxx• Sx:J.P,q) 1 s x,.'"'sx,.•(P, q') 

Me M8TpH'IHblX yp8BH9HBll 
H S,.,,."" S,..,.• (P,q') YllOBnaTBOpSDOT CBCT&t 

< cu , ~x)+[ 11 < P, q?J = s a•ii + a•!T s 
aq XX N XXay'{JX axay• XX 

- s a 2 ii a 2 ii , .. 
x,."'ai"" -~a sx , +I 

a 
Sx , 

a•ii 
a x• 

- s , ,. a a•ii 
axa ~ >. X Y a= 1 

a a aya 

- .-a 
= a~ a H s -S, [ (P 1 S --+•-- X' ( cu , ---!! > + Hx,.' · • q N. xx ay' 2 ' axay' ,. aq' 

a 2 H a2 li .. s , ___ - --- s , • + l: 
x,. axay' ax• ,.,. a=l 

< s a 
X -

a•li a a 2 H" 
--- -s ,-- ---

( cu , 

a ay' 
a 

a X a y' ,. a a X a a X ay' 

a s , , - '> 1 8
, a2 ii a'H s 

.......LL_) + [ H , , ( P, q = X ~ + ~ x,.'-a q' ,. ,. N ,. ay a y 

a2 H 
- s,.,,., ax ay' 

2-. a u 
ay'aX 

s , , +I ,,. ,. 
a= I 

<s a a2 ii 
X--
aay: ~ 

a a2
-s,.. ____ H_ ). 

a axa ay'2 

6 .. 

(7) 

a •i a2 -
3)lOOb H - H ( X,y',P) I cu • cu ( p ) - ..i.!LI , M8Tpllltbl -:;--::T , ___!!_ I 

• aP .. x-,.~ ax axay• 
llaBTblllpK X•y'..O 1 [H 0 (P,q')]N 1 [Hx(P,q')]N K T.Jl. 03H8'18JOT 

i::TB9BBO 3B8'19BB9 cpymtiUIB [ H ( X, y ~ p, q ') ] N B ee '18CTBblX llpOil3BOJlBblX Dpll 

B x) 
nycn. TeD8pb B 06118CTH G N C G - {!. BbiDOIIHaHbl YCIIOBHll 

I (cu, k) I> B I k ("+I> IAa -i(cu,k) I>Bfkl"'"+l) 

., , , • o( D+ I) 
" a + " fJ - 1 ( cu, k ) I ·> B I k I .. 

Jlllll scex JXenoucneuxwx 3Ba'lexuA k = ( k , ... , k ) Taxuxl 'ITO lkl= I I k 
1 
I < N 

I .. B 1•1 
llpB Jl0CT8TO'IHO M81lblX B > 0 B o6naCTH P E G N lim q' I <p- 38 CHCTeM~ 

(5), (6), (7) HM99T 8H~TB'l9CKOe peweBBe, YllDBII9TBOp.IIIOIIl99 B STOll 06118i::TI 

CTB8M 

I So(P,q')l <MB-<
2
"+Il, ISx(P,q'), S,.•(P,q')f<Mh' 1 B'(IO+I)(a+ 

I sxx ( P, q') , sx,.•< P, q') , S ,.,,.,( P, q') I< M h•2 B •lm(,.+l)+t 

0Tc10na CllallyeT, 'ITO B 06118CTB :F' I X f.< h , I v I< h' 

P E G'. G B - 2 (!. lim Q I <p' =·p- 3·y 
llpB N 1 I N 

• __ fa _h_cupasennusbl xepasexcTsa 
·Y 2M 

I R I M ·• , a ·v I I 2 ·t ·2V 
1 .< h h B, R 2 ,R 1 ,Rc,R

5
<Mb B, 

r.n; V = 3m ( D+ 2) , COOTB9TCTBYIOIIlHll Bbl60p {J > 0 D03BOilli9T Cll9118Tb Mepy 

G 'G'M81IOll BMaCTe c M • nonarallll81lee M •B T, h= 8·~ h'=hl+l~e r)le ' 

·f= 14v uony'laeM, 'ITO B o6nacTa F' sblnonueuo uepaseucTso (2), npB'laM "~ 

Hasonuhte cpyHKDBH H 2 ( X, Y, P, Q) no X B Y no BToporo DOPllllKa BltlliO'IHTellh 

M81lbl BMacTe c M npH X .. y .. o • 3To noasonlleT npHMeH.IITb ueorp&BH'leuuoe 

paa nocTpoeuuyJO JtORCTpyKilBJO. CxonuMocT& eToro npollecca noKa3hiBaaTCll auan• 
11./21 TOMf1 K8K 8TO CJl9118HO B pa6o~ • 

B aaxnJO'IaRBe ueo6XOJlHMO OTMeTHT&, 'ITO ccjlopMfllHposauuall TeopeMa c O'l 

H3M9H9HBliMB OCT89TCH cnpaBa)lllHBOll R B CIIY'189 X8ROHB'I9Cit0ll CHCT9Mbl 

au 
a¢' 

z ¢ • ....!!!.(x =(x , ... ,x ), ¢•(¢ , ... ,¢)) 
ax I m I • 

p •- aH 
aq' ci= .1.!!..( p = ( p I ''"' p ) I q = ( q I ' '" ' q ll ) ) ap .. 

C cpyHKUHell faMBilbTOH8 BH)l8 

B = H 0( x, p ) + • ( H 1 ( x, p , ¢ ) + H J x, p, ¢ , q) ) , 

Kpoue O'laBBilHhiX ycnosuil auallHTH'IHOCTR no x , p , ¢ q R nepBOilH'II 
YllOBn9TBOpll1011l9A Cll91lYIOWHM YCIIOBHHM: 

x) 06nacT& G - {JCG conep>I<HT Te TO'IKH o6nacTu G , paccTouuxe OT K 
JlO rpaHRilhl o6naCTH G 601lbllle B ( {3 > 0 ) , 

7 



( , , , ') ... , , ') l(k,q~ x,y,p,q • M h& (x,y,p e 
1•1-lo 

H (X, y,'P, q') ]N - :I h o<I•I<N .<X, y', P) eiCk,q') 

y' ' p' q' BblpAJKaxn"OB 'lepea X , Y , p Q cornacao 

HKlUIIO S( X, y~ P,q') B Bll,[l9 

X +S.,, y'+ ~Sxx X
2 

+Sx.,•Xy' + ~s., 7 ,y' 1, 

= S
0

(P,q")yAo&neTaopB&T ypaaHBBBIO 

( cu' ~ ) + ( ;o( P, q')) N" 0' a q' 

x ( P, q") H S.,•= S .,{P,q') YAOBn&TBOP.!IJOT CHeTeMe YP8BHBHHll 

) +[ ~x(P,q?]N=~Sx- ~S • 
axay' ax' " 

~ 

.(.P, q?J = a~- s _ a2u- s 
N ay•2 x ay·ax .,· 

(5) 

(6) 

s x.,""sx.,·(P, q') 
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