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paper J'rom a series in which the con-

:::;equenc:ch o:f j nvar:Lanoe of Qliantum F·ie1tt'Thcory uudel'.' an f

parameter i{e group are inv-er,tieated. Part I dea:D, w":ith the 

consequ<:H:10e~, of invar.l.ance of a general Lagrangian under nuch 

a group. 
_~ ( ·-, .~•-.•. '· • _l , l • ;.· -~ ~. f r: 

tionn of' f II current density \,perat ors If' the corresponding char-

ge operatois 1Je:ing a :representation of.the Lie group on" the 
."r• ' ~-· .:~,~ •·-n. ' ·v:.\ 

state vector '.3pace. Invariance under· extended transformations, 

i.e. tran:~:t orm~tl6rn:, in which -the param;t ers are functions al:!'' 

the spat2...:ti~; _po:1\lf; leadn to the necessity of introducing f 

noncommut:ir{g~'v-ectoi;;:_.f'ieia.; .. ~he ge~er~i ~;tr~citu~~. ~f the La

grang:ian cor;e·spo'ndi~g to these fields i~:·e;;-tablir:;hed and .~ 

their po~sible physical counterparts ~re d{~cJ~sed. Part II~~ 

will contain a si."rnilar inve stii,al':i.on in the framework of an 
: . · .. ~ .r, ·.::•,·;::~)-

S-matrix theory, and Part Ill will be devoted to a detailed -

clarrnj_fit'a\ion of ·po~-fible traiis'forrriii:tion g;o~p-;··.:i~d the cor-
.:·, , ; , , , 1 • 1J:::-.r-· ~?',i,':_ 

responding classification of particle :fiel,.f's···--and tlieir :i.nte 

ractions. 

.,, ... 
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. I • -· J.n t !Q£!!£i!2B 

During the.last years considerable progress has been made 

in the study o:f elementary particle interactions and the selec

tion rules governing them, and there have been several, more 

or less successful attempts at t4~<?.r;etical interpretations or 

classifications _of the ·corresponding ,,in_teractions, the best ..;. 

known of ,vhich is the Gell-Mann - N~sh.:ijima interpretation in 

· terms of the Strangeness quant_um number,. and the various modi

fications of this scheme. 

Although it has been clear that any conservation law in 
'•I .. •:· ,. _.•,, . 

quantum field theory must be the consequence of some invariance· 
' ' . .. __ : -~--

property of the fields under investigation, there have been re-
:'-~;-'!'-· .' ', . . .. ' 

latively few attempts to study in quite a general form the oon-
• . I. 

sequences of the invariance of a theory (we will spe_cify below · 

what exactly is meant by this term) and to investigate the pos-
. . ; .. . : . · .. 

sibility of obtaining al~ possible fields and their interactions 

on the basis of the fundamental postulates of quantum field 
• . • • .•. • • 1 • ,~ .-. '••' • ,.., ,~ •'. 

-..•l.l • , •.• < 

theory and the structure o:f the admissible transformation gro- . 
. l* (' ' .,.._.-· :·· . . ~-

ups, which, as will be shown below, are Lie_groups which _turn 

out to possess the important (from .the mathe_maticaJ. poinJ 9.f. ... 
~.J: .. .] .,~- . __ .'.:o'-: ·:•_.· -. .; . .' ' .. ,. ~~ ·,, __ 1~--.-~• . .i • .;. ............... ,, ., ,. 

view) property of being compact and _y1hich are well. st_µdied. _in 
!·-. . .•.. . . ' ' ·- ~ ~- ~t ... . ' , ..... , 

the mathematical literature._ 

Such an investigation has been started by the autho_r in 

I956· and some of the results obtained have been quoted in an 

unpubli·shed dissertation(!~ Essentially the same results have 
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been publ:lshed at about ·the 
. f?) 
t;i.me by Utiyama\.:;; and are 

en~1ent:L1:1.lly ;1 generalizatio_n of Schwin.g~r' s analyf,is of con -
·; . . . 

stant ph,::,se transformations and thc:Lr extension to gauge trans-
• '• --, -1 . 

formations, .wh:Lch leads to the introduction of the electromaenetic 
. .·. 1. _; , . , • ·. . 

field (21, C:D. ThErne re::;u.lts, together with some general properti-
_,-1 .. ·: " 

er, of the groups whj_ch leave invariant the Lagrangian form of ,, . . . ., . -, . 

quo.ntum field thElO.!',Y, form th8 contents o:t: Sec:;. 2 and J of thls 

paper. It i;J shown that the "inte.rnal deg:rees of freedom" (as 

contra~ted to the space-time properties) of the fields.are such 

that the ''internal space" is a finite dimensional Euolidian spa

ce so that the cor:respontline transformations a.1·c orthogonal li

near trarn,fo:r·mation~">. ·rhe invariarwe of the (quantum) Lagrangian 

with respect to Ruch transformations leads to the conservation 

of f charee::;, where f is the number of parameters charaoter.izi.:ng 
.· -- . ,, : ,.•. ' 

the given _group, and t.he commutation relations of the correspon

ding operators coinctde wj_th those of the infinj_tesimal "opera -

tors of the_ group, so that the charge operators. are a representa

tion of these infinitesimal OJJCrators in the state-vector space 

of the system. 
'·•· t'\ -·:. "_.,.\.., , .. 

In Sec. J the .notion ·of "extended invariance II is iutroduce.d. 

This means that invario.nce of the Lagrangia:'l i:, required not on-
.. -~~- .. ,. , ,· ... ~r· 

ly for transformation::.; j_n which the parameter:, 2.rr: c01rntant in 
-~. 1 .. :.·: S ' • , I • 1 

space-time, but also under _point-dependent tran:;formattons. Phy-

sioally such a re~uirement can be motivated by impQsing the con-

dition that i:f a theory i:;; lnvar:Lant under a r;:·-r::.1p of :Lntern.al 

this :Lnva:r::Lanr:::0 rit•.l? t not depend upo:n: 
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the point of location of the observer, so that two observers in 

distinct space..:.timE:(,.points shotild be able to carry Out inde -

penden.tly arbitrary tra~s·fo:tma.tions from the· group' under con

sideration, \vi tliout destroying ::;t,he in":a:tiarice of the observable 

quantities~ 
. . ·. .' ··': ·"\ . ,· 

In order to ensure the invariance of t~e Lagrangi-
; • , ,•, I 

an forrrialit,m under such extended 'transformations it becomes ne-
. , 

cessary to introduce supplementary opera:f'or fields (in the· same 

mariner 'as the Maxwell field c~~'"'be introduced to reestablish 
' , , 

the invariance of a charged field Lagrangian, when extending 

constant phase trans:formations to gauge transformation~). The 

covariant vector fields introduced in this manner are subjected 

under our group to generalized gauge transformations of these

cond kind (3.7). The possible general form of the 0 free Lagran

gian" corresponding to these vector fields is also investigated 

and it turns out, that it leads to complicated nonlinear field 

equatioris, which have not been investigated in the general case. 

A similar.:analysis, but in the framework of an S-matrix 

theory is the subject of'Part II of this series~~nd·Part III 

will contain a detailed analysis of the -'structure o/ admissible 

transformation groupn v,i th the final scope of obtaining' ii.'" ci~s

sification of "elementary" particles and.the structure of the 

corresponding Lagrangian (this was in part carried out by Schwin~ 

g~rC~)) ·or s.::.inatrioes. t'hi~ investigation is only a preliminary 

step to the construction of a Quantum field 'theory in which 

physically meaningless quantities, such as interacting field 

operators etc. no longer occur and the basic quantities of the 
~ 
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theory are closely connected with r;roup· representation::, and inva

riant tran::;ition amplitud·es· (in this connection attention mu_st 

rSe··calJei.i.''to attempts ·in this directj.on. 'by Segal(J;1,), which are 

however in a much too abstract form as yet). 

~.:.._11~~~!2!!E~.2.-Ir.rf2::g11~~i@f.fL!E~!!~f 0 !:!!!~i2::2.B-~.1._§ft~2.iiir~1 

~£~tagts_~nd_~~E!~g~-P.~!!~!i!~£ 

We take as our starting point Schwinger'r, genera~ form of 
,r;" • : . ·1: . . 

the Lagrangian density (d), (1) 

H (X), (2.1) 

A 14 
where are a set of antihermitian matr:Lces and X sets 

A
,.,.. 

o_f hermitian field 011erators. 1.rhe matrix indices of rej:'er 

only to the space-time transformation properties of the operators 

In order to be able to describe various 'physical properties 

of the particles associated with the field:=; X;;, . .. the. la1;Je~, must 

·po:.-:;sess nome internal dee;rees of freedom (i.e. they must consist 

of sets of components su~tably labelled) which_can be subjected 

to various trarwformation groups. 'rhe following natural rec1ui

rements are to be imposed on ;cmch. 11 internal transformations: '. •-· . . . 

i) L . 
must be invariant under the transformations of the group 

G 
, -' or at most invariant ur) to tne_?,ddition of a ~ive:r.ei:1_?.e; ii)all 

physically sienj_ficant relations, such a·s com.mutai:ion ::relatjons, 
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expectation values o:f S-ma:trix .-elements ::,~tc, should also be left 

invariant. From ·these requirements it' fo+lows imm~diately that 

the internal space, i.e._ the syste~ ,of c~mp2nents of -X. ,, must 

have some sort of scalar product defined in it, which shall as -

sure the positive definite character of e.g. the anticommutator 
! .. . , 

of fermio~·- ~perators or the eILergy density of bosons (cf .also -

(2)). 

Thus the internal space must be a Riemannian manifold, but 

if we do not want to get entangled with nonlinear field equations 

it is reasonable to suppose it a finite-dimensional Euclidian 

space. The corresponding transformations of thef internal space 

are consequently linear orthogonal transformations= rotations. 

Consider the f-parameter group of , linear transformations 
. -

of then-dimensional internal space 
~-~ ~ 

' "' . X,.. = L Mn (Ai.., ... 1 Af) Xs 
_S:-1. (2.2) 

.... ~. 

"The irifihitedimal bperators of this group can be written in the 

form 
. i 

MY~ (~,_,. .. ii\.tJ = ~,.s- ~I ~\~T..-: ,, 
"= -1.. 

(2.J)_. 

or in obvious matrix notation 

, •· ... -·.'. 0\. -__ --

t =- (I- 1. ht\.""T )X. (2.4) 
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In order to pre::;erve the Hermitian character~ of the field o:pe-

rators j_t i:-;; necessary that the matrices To.. be imaginary. 
. A,.. 

The commute vl'ith the _,,To. ·as 'they refer_ ta dffferent 
~ - . ' 

degrees o:f f-re~dom, so that the invariance requirement on the 
?: ' . _ .. _:· t _; . . ' - . . > ·, ·. ,:,.'>'. 

L&grangian leads to the Hermitian property of the infinitesimal 

Let th,~ structural constants of the group, 

fined by the relations 

with the "ell known propertie~ 

(2.5) 

be de-

( ')' ,.) 
L.. 0 

A-variation o:t the Lagrang:j..an with respect to _:A.': can be 

.... put ir_1;i;; o the f ormx) 
{ . { 

. h L ~ ~ t L ex A~ I" C\_ X,) d t4 0 A~ (x) , 
A - ~~~ . (2.8) 

and de:fj_ne8 the current densities 

(2.9) 

-----xJH;;;--b~-:_t.,;};;;-;;bi trary functions of the coordin~te s, 
vanishing on the two limiting spacelike surfaces·· which 
intervene in the action prin,_ciple; cf. for example (±) §21. 
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which satisfy the conservation ·1aws-

\ cl" x ~r_~· r·\)(j' = o; :·, 
. . ., ~ ' .. . 

·7~ .-· 

Q
·o. \. . ,.\ ,... • 0.. . . •• t. . = .. ) v.Cf,. •i•,_..(,~) ·"' CvV\!, • : . 

C, . 

. ···~ :.' -: 
' 

(2.10) 
~ ... - ·:.... -~ .:. ., ,;. . 

Repeating thi ~suai argum~~:{ ((!) § 22) it 'c5~-~ ·be seen that· 
"·:· 

l x, Q ~1 =a: T Cl x , 
(2.11) 

and (2.6) implies 

L Q", Q ', 1 ~ [ C: e a_c , 
4;: 

(29'12) 

\ .. , 

that is the various charges do not commute,in general. 
On the other hand, the transformation (2.2) can be expres-

'~ .. 
sed as a unitary transformation Qf the field operators• 

r + X;:MX=U XU u+u=uu+=r .. (2.13) 
,T~. I ; 

with U acting .. on the state vectors (e.g. in the o·~cupation 

nu_mber representat1·on !!. -can· be expre·ssed in terms ·of'the crea

tion and annihilation operators). For infinitesimal transformati

ons (2. J) l! can{be ~?(:,:pressed by ·means of ·- Hermitian operators 
~ ;. ~ . -' --~· . 

·• Q""" in the form 

u = I + l I Q" SJ°' (2.14) 
-~ 

It is e~sy to verify that the operators G.."'- satisfy the 

cq~uta_tion' ::relati,9:ns (2.Jl) and (2.'12) a.nd are. tht1:5 identical 
. ' ... ! ,. . . . ~- ,, ~-

·1 

i 

' 
I 
( 

• a 
.1 

I 

. \ 
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~·-!" . ·~\ .. ; "' • 

!J ;' 
.... ~:j ,.,, 
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with the operators (2.10) •. Thus fen:·· finite transformations we 

ob~ain 

Now· 1et · us·,co:risider briefly the structure Qf t:fre.:.possible 

transformation groups. _As shown: in Cha.1>ter XI Of{§) the ·Lie. al

gebra. of an euclidian space is compact a.nd decomposes :tnto:. the 

direct sum of ·its center (the commutative subgroup) a.nd' a. set· 

of simple compact Iionconimuta.tive algebras which -a.re idecil's in.· 

·the original algebra..· The vector space·'o':r the L·ie:algebra'is· 
' 

unitary with _the Hermitian scalar product 

(2.16) 

Thus it is sufficient to consider separately commutative a.nd 

purely noncommuta.tive algebras. 

The comrnutative groups, ,which can be considered as rotations 
• • .; l • \ ,· :• 1 

. . ,.·· . . ' . -· ,.-_, ~' . --· ·.. . · .. 
around an a.xis in the internal space, or alternatively as con-

st?-nt Ph,l.l-~e . tra.nsforma.t~ons ,have been thoroughly studied in (J) 
. ,. ,: .: \ 

and (1) and will not be considered here. We only note that the 
. . ,'•• .... ,.::; ' :· ., f._,· ,., : .. 

"cha.rgesft associated with various phase or gauge transformations 

commute and can be used for classification of the states of a 

system ( thi::;, problem. will be t:z;.eat~d, in, d~taiJ. · in. Part III of 
• • . ·;_. ;.!' . ... ·• . •• 

..... , 

this series of papers). Exampl~s of noncommutative groups have 

be;~ inve-st:i.gated by: different au th ors (11 - -(!Q), and 

s1;ecial examples will be investj_geted below( po.'.:t ill). 
some 
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' 

l~-~~i~ll£~L~EQ'!:!:2~lnY~ti~llQ£~~~£_£~~QQ!~!i~-Y~ct2r ., 

lie1£~ 
As a generalization of the extension of the group of constant 

phase tran·sforrriations" t!J.a t leads· to the introducti91:?c oJ ,the 

electromagnetic field with it :3 own gauge .transformation of the 

second. kind (of.(!) ~e5}. -i-22. or Schwinger's O?,'.':i,ginalrwor~ CD) we 

will:.-now consider "extended transformation gl'.'ol,l.ps 11 in which the 

parameters .. /\.o. ·; are arbi:t;r.ary,.-. functions of the space-time. co-~,.. ,... .. ...:., 

ordinates. This extension is bas~d upon :t;tie independence oL_ the 
•• c• 

internal degrees- of freedom on the s1n.19e-time transformation 

l)ropertie~ and me2.11s that we may apply to each, space-~ime poi~t 

its own internal trans;formation.; 

Consider the extended transformations 

., : 

'X, (x) ::; M (A.
1 

(x) 1 .. , 
1 

A~ (x)) X.Cx) 
1 

(J.l) 

or their infinitesimal form 

: 'it<~) ~,Q. - i L ~A~ tx}-1 ~) X (x;<~ ~t'(l() ( l+ l L. hi: (~)T.._) · (J. 2) 
. " . . ;.0. . . . . .. . . ~ ) ' 

where we have made use of the antisymmetry {2.5) 'of the ma.tri..; f 

ces T~ • 1_ihe variation of the Lagrangian has. the form 

b" L = - .: L X'tir T ~ X a/i ~ A
4 

(x) 
"' . 

[_ 
• d,. f< 

= Cl J/" (><) 0 A,~ (x )' · (J.J} 

which is no longer zero, as 

boundary surfaces. 

A(x) does noi:; vanish on the 

-~ 

I 
' 

. .._,__ 

l 
l 

,! 

i 

. I 
I 
l 

I 
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However .·we can reestablish the invariance ()f the. Lagrangian 

by introducing supplementary fields 

term in the Lagrangian :1 Li. , such that 

L = - ' ~ ~ u~ :t L cJ,.... o.... 
0.. 

and a supplementary 

(J.4) 

It is clearly insufficient to subject the field U~ ...,. to the 

gauge transformations of the second kind known from electrodyna

. mies 

,,/'' 

as in this case 

= - L J; of' .,\,,/x) ~ l ~ X A/'4 l Ta., T j] lJ: )..j <xl '• 
~ ~,, . . . 

(J.6) 

The first.term cancels ,with (J~J) and the second cancels only 

if we subject the vector fields to the generalized 

gauge transformations of the second kind 

1-t 
In order to .have a oomple,te ·.escription of the lJa. :,_ field 

we must investigate the possible form of the corresponding 11free 

---x;-;~;~;;al~;-~h; same ;esult was obtained by Utiyama (g) 
by means of a less elementary proof. For. the special ... 
case of the J-dimensional iso-rotation group the same 
result has been obtained by Yang and Mills (1). 
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Lagrangian", imposing the nab:trE~l conditions that it be of the 

gene::.:al form ( 2 ~ 1) o:r· :ceduc:Lble' to;· that- Torm bJ means· of intro

ducing-- su:t table supp1emi':ntary' viu·1.a.1)}JJS ( since we a:r.e looking 

for first order equatiotia), ana that the Lagrangian he invariant 

under Lorentz transformations and extended. internal transforma

tions (here invariant mel-ms' as· usual, invariance up to possible 

appearance of expressions in the fo.rm of a four-dimensional di

vergence)~ 

· As well knovn.:1 fx•om electrodynain:i.os, or the theory of·. the 

Proca field, the supplementary variables needed to obtain first 

order equations i'or the vector field are antisymmetrical tensors 

of the second I'ank, so that besides U :_ we introduce the f 

Z
,...., 

anti symmetrical tensor fields o.. , for which we suppose the_ 

following transformation law under the extended transformation 

(J:-7) 

··.!zf-'Y -· / P.,.'I . • '\_, -f<{ zfAV 
~ - L ½ + l, L.a c°" x At 

-lt. { 
(J.8) 

.·;.;-

(there ar_e _no terms involving the derivatives of A,.· , because 

· of the antisymmet=::-y). •. Tl--:ts means. that the internal space· compo'""-. 

U
~ . , 

nents of the vector · and the tensor Z.'"'" transform cogredi-• 

ently under our group (leaving aside the derivative of,c.; ~'c... 
' 

which for our present purpose cctn be considered _as a 11 c~,nstant 11 ). 
f 

Using the well--kn.own facts- 'from the ·theory of Lie groups, 

that the structural constants are "tensors" under the transfer-. ~ , 

i'' 

mations. of the group, and that;, :for :fixed index CL- they fo_rm 

a matrix reDr~sentation of the ~enerators_ of the 1ie group (one 
<, 

' I 
1 
J 

f 
l ., ', 
' ; 

i 
~ 
'\ 
. I 
1 
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can easily verify that the identity (2.7) is just the represen

tation of (i. 6) in an f~dimen.sional Euc!'idean space \,,·1th the 
• . • . • . ' .' i-1 ,. :" 

·. scalar prod~ct defined by (2.16). We are able to write the 

,, ~quations (J.2),.· (J.7) and (J.8) in the form 

;(~ = r cso.' ~ i L, ;c C: ;t'~) X,,i l 
. -t C 

10·: :~, [ ( b°'t - l L_ Cc;_ Ac) u; _·. df'(A,G.. 
1 

' C . 

, ' 

'z:\/. _ · ~- (. ~: ~tL: c~' x:c )'z :y . 
( ' C ,. . . ,J 

and the : 1ftn1elri'c tensor" 

(J.10) 

can be used,: :'f.QI lowering or raising internal· indices ~nd for 

forming,; . iny;a.riant,s. 

Taking into account all th~mention.,ecl:facts, .we see that 

the only interesting bilinear Lorentz invariants, linear in the 

: +irst derivatives of \J: . an~ , iz1-t: are 

I 1 = I. ( <)r u/· - c>v u,.. ~) 21(: = I q,. {,( c} u V - 0 u,.. ) 2,..~ 
°"- 0 ,.. a.. y 0... {,J q,, ' 

I ~ l. ~ L ~ I,,." -, -::: ' U"' -...."'2 Co.. , (J.11) 
.:2.. 1.. L f4 o.. 1 -"3 L o. o ,...,, 

1 

These.forms are not invariant under the extended group, because 

· of the derivatives of A,Cx) appearing in_ {J.9)·( they are how_; 
,,...,, ,•··, (··· 
",J. 

eiter i,nvariant ,· for oonstant ) .. c. ) but they can be combined so . ' 
. \. 
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-L\. ~J ;-~ :-;":£ t ~ -:·. ·_;_ ·') ~ • ~~· ; .. -- Ci.t: --- '•_,t_·:.:..i 

as to ,Yield an invaristnt, the var:i.ous .terms with derivatiV(?S can-
::1r~_~., ,-~~ :_ .~ ~}-8 ·: ·. _ ··1 ;:_i, ,:---,:· .~ •• . ·J:'." . C. ::) ..,: · ~-·::.l-. 

- ' 

celli~g with one another, ox- by ,J8:Lng antir,ymm!2)try ~nd neg],ecting 
:JfLi .. ~➔ -J ~,'_J· ':- !. .. -:_J .:.:, . - :' .. :... .. \... ,_}~: ~:;_:1_ ~~ .-J> .: :.)_ · ~)~--·~~:;. .. ,. ,··, -.~!"-, 

terms of the form of a d:i.v~1-gp?~8. ~ - ~r'.th~ ~e _ arg~1::~rt \}U\· ~r~ ;,}Cd .,.,, •• '..! 

. ... -- . . . ·, ... 
almost tiniquely to the freer- Lagrang~a.n-(f or th~ ': lJ-;z \:t:ield, 

( ,..j '-,; . \,.~> ,,; " : .:·~ _:·· <... _. . --~' --- . _:-::.- J •,, 

of the form .:i 

(P L~Ui1.) =-~ \l ½ i;~:, (o~ ~vq/-!~vU,.q)} 
. /) .... . . ·--"" . '·' - . -- . 

... \ V.: , ?~:.-t"'°'" . ) 
::) .... 

~~ . 

-½\ z~:, Z~v) + t i z:v, c•:l ( u: q~ ~u.: u:)}j ,(J._l
2

) 
. '• ; \ ,..... . ' ) . ·.--

where summation over repe't:)_ted :L°ndice~:; ·-:rs understood. The·, first 

two terms i~ the Lagrangian can be evidently~tF~nsformed-into 
. ~ . ~-· - . . . . .. . . . ' .... 

one ~nether, up to a divergence. The form (J.12) reduces to the 
j f: . , 5 --· a€,. .. . . . ·_:;-

, 9ne. u:,;1::d by Schwinger ( ',:.._ )_. f~r ,·,.Ce = --D _ ;. · . ·-
\. v:~ - ·.. .. C .··_~. . -i· 

'\ ..... ~ 
i 

l.> 

1rhe resulting fj_eld equations ( taking into account the 

coufil'.irig.f2wi tli the X: ...::field th'i.•oUgh 2t:i_': ( J. 4)) a:rb nonl:i.near 

general:izations of the Maxwell equations or tfie fo:.rin · filH.H:';•pro-

posed by':Yahg, and Mii'::tb .,({)1"· :;,_::: -' c-· (: ;) C, ' . .' ~ _: .~I ,:~ ~ : 

·.:_;.;?,Ci:~ -:: :_ "' ... .U . .1. ::; ._\ : f ~~- ··~ · x) 

Z /-'-V '\I'- . V ~-Yut"' ... i (:\' ( I'\. u·" V ,...) 

, -= Q U, r-" , u c + 2- C c.. u c;\. .e. ~ u ~ \J" .. ;_ ,.,-., i , (:J'. i)) 

t 
~ind', 

. ' ..... ., 

'(° ·• I 
! 

{ 

o~z_;v 

'i ) 

• I , \·' 
_µ '...._/ ,_.{) • ' ; 

~•) ,, 

. ; \ ... , "....o \..; 

p 
lo 

,£ ~··-

- ~ c:J u~ ~\,, 
. ~ ·\ -~ .::~ '. 

,· I . " .- '\ --,:· 
___ \ ( ~ ! ~ . -·· '·.t ~-' >~\() _: _\. 

.,,, 
;•. j,'; 

( 
·,,-.,::. .-.. \ s. 

C >,-.., 1. .~ u "-' .Z (. }=-:JV. 
•, '.) d U , U \ , , :~ . (J .14) 

"'\: ,: q~ jJ (; -~: ~ .i:".} ~-- ; 'f. :· . .J ·_L :-.:_.0.a.L ~;- i.":_..::~j:-1::·· ·r.11~ .. c~-sn ·:i.: ·J ·~~~ :: . i; ___ ; ~----·~: 

--f4~ xJ,_;..;:;,,;.:,.-"'."-:.-..,.~-.;,,,-➔-~.r..: ;·:_u-,~)l),, ·.. td ;,/;, ., C ;_ :".''-F J :i ;,--,rj_·_i: :;;, j_;. ,· .. ,. ,_, 

Utiyo.ma (~) ho.s rrov:ed that the free Lagrangian of the 
· ~r1 , -i:1:eld can depdnd ,.:6n1.y .o-'n the ,.;c·on1b:tna tlo:n :l!1.r:;6,t:.,>u; ,:inn,_: 

its derivatives in the r.h.s. of Eq. (J.lJ). It is evi
dent that our Lagrar1glart (J.12) ·differs only by a diver-
• ~ .. •· 1!" ' f' '0'1' -~" .:... p ·, ,.. ;; 01'' th·1> C" '"'1.,..1) ... , r:, i -· - tf\"",, ·'.), ., ,~. 4· -t~ -~" -6 t: .. 1ce 1 .... 1,nc ,,qua.,, .L." e.-.. re_,.,, ... on • ..l"--".:. .L,·,•",,t;X 

would however lead to c,ecoi1d>order etp.:i.at:lon:, • 



'• .' ' .• : ~.J' 

' . ~- :..: 

'rhe nonlinear .character' 'of these field 'equa.tioni( l;eias to 
' '.,) .. l • , •.• t '., , :· 

g];"'eat. difficulties in analys-ing ·their .quant~~n propertied; which 
,''. , . - .. ' /.. •'. . \. . '., ' . . .. ~ . . . 

w:L11 not be investigated he:re. We only'_want to call attention 
' '• -, ,,.·, . . :... .. . . . ' -

~ • ' I 

to tl!e fact, that due to the vani~~hil'lg of the rest mass of the 

.. , ·U -, :field (a term would lead to noninvari-

ex;i~tence oj;. ,the g~ui3e.".'.'"tt~n'.<:it_?rmatio:p., .not. all tht.,.9o~n12ont?nt s of 
. - . .. .. . ·- ·~ ... ,.• . 

., _.,th~. : .. U ,:-field will. _be :dyri~mical variab.les ( th~ ~ame is well 
, . , .~ •. ' ... •· · . .: ~ ~ j· } • ·-

.. ,._:_·J;enown for the ele9trqmagnetic ;field; wh~9h ,_ . as yet, is the on;.. -~ . . . . . .. •. . .. ' .. ... -.,• .,.( , ' ~ / . 

. " 
ly Lt -field· known,- to,,hav.e a physical c9,.nt~rpart). __ _ 

\1-1tl.11. ..:...fro.l'-lc.tc"o...._,tt.·( 01-<~ .!>\•t.e.a..{c·.,.sf'so{ U-t,~r.t1 fy;..;,~,l 

As_,q.lread.y: menti9ned~in the li t_~r,:1t~1re so far, excepting of 

cours§? :the f;lec.troµiagAe.ti.c .ftelµ,,_, a:p~ · tp._~ Yang...;MilJ.s ~-:fie:ld, 
. .•. ·-···· -- ' • ... ': ' ,-. ' t_} ' 

. q,.Sso;e;:iat~,d-.with _e~te:nded isotopic invariance -( -l ) and ·the gra-

,;Vi tationa;.li:·fJe,l_d __ or more- exactly;' the field of the Riemann_ af:-
. _. ~; .. :.. ' . ~ ' 

f·ine- con~_e.~.:~io;n,, ~1hich as _shown by Utiyama, plays the rof e of the 

,1 _~ U-field __ ;for ":exJe_ncled Lorentz" trans:formationstJ i. ~. Lore~tz 
' 

... also ,called attention to the fact, that in order to obtain the . . ~ . ..... .. -~- . .-' . : . ., . . . . . ' . _... ' . . . 

and the 

by the "covariant derivative" 

(J.15) 

.•For the extended Lorentz group this coincides with the usual 

notion of covariant derivative,. and •in the case of .electrodynamics 

o,; .. e.iumeum.ril HHC'fl!Tp \ 

~'-epm.1x m;:eneJ10Ba1nt ii 'j 
6M6JU-IOTEKA 
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it reduces to the v1ell kn.own recipe of introducing gaue;e invariant 

interaction terms. 

A:3 f\:11~ an tl1e p1iy;_~ic.::.l existence o:f .. the. ·. u·-z - f:lelds is con-

ce:rned, it must be strensed that one cani1ot e:;ciject' to find real · 

particles coriespontling to each ~f th,~, 
; l 

aH not all of the consi-

~e~n~ in,ra:r·.1.·~ncp r·.~•)1·~~t1e~· ~~e Li.~"'- \..,l.,J. ............ ~ ...,, " ..,,., \ ,~.;...1._ - ._:) ,-.::.'-.J.. sttictly ~niversal. For example 

isotopic rotation i.frvn.riance 1s' true. only cts lon[; as ~'lec'tromagne--· 

tic effects are ner,ligihle, and so one may dou.bC'the rear: 

e:.:istence of 'fhe Ya.ng~!J:i.lls field. On the ·other hand' the conserva

tion 12.ws of baryonic and leptonic charge ,,tnd the a:ssocio:ted. 1:n:va.:;. 

1o·' --..~ 'Y',. 'f"":. 'Y•t~., Q I~ •~,· ·.pi-; ·1.-16· ~~ _) .~:- c·-:.,.;.!bl, ;. ··=r ..... ;~ .,. c11•,,~;1·· .;·'.. ,,.d l .. 1.a11<.,e .!.i:ro 11e ... J.e., O~- ½n~ .i. . .1.e __ 1~•:>,":-.,_e po .. ,,,.L y ... .Lt,O:rou.~ aus, an 
•, r , • . . ·.J. ·;.., '."-"·'· -·. , J·• • ; •• : , • ·•: j t.t< .. 1 ,., . • ": 

:;hould therefore lead to obs.ervable ·· ·• U :.:fj_e1'.ds', c·ot1pled :re-~,rec

tively to the baryons ar~di-lHpton::; 'and possibly 't<i'"the:·electromag-

r e·t·1 c f-'·1· e·1 d mhe· c .--, ·t,;,'o .1"·i e' ::,:-J~ .. ,;;;; :~ ·i r• ,;·o(r· •1'e·'..: ;·r··E' s'•1\•ct· · .;/::re 0''ey~1-i;..1.,r · ·t-'-- e· . .-, '.. ... J. .. :L •· • • .L ,.J...., 1r . __ ....... ..L'l.,i,.1o.J .u.1CLJ .. L 1. -,} , •• l t.,.. .. ..., • oJ ui u v .1..l 

Z-:f:Leld, wh:l..ch accord:i .. nti, ti:i"" Schwfngcr (~) . is "r'eipnn\,i1he 'fot 'the ,' 

weak interaction::;. These q_ue st:lorit{ vd.11 be ''investig::tted '':i.n Part:'--III.; 
c· , ,. · • : , · . _ , . - . --, • •· (:\G ,e . . ... , . .. . . . . . . .. 

From the point of vj_ew of rencrmali~ty, the U.;.ficlds lead in· 
•,. I • 

.:'.l ; t ,, .. ; , ,. - • • > • ·~ _- I , ·- . :; ' • ·,· , • ~ •. :· •. . • 

general to nonreno:r.-mo:lizable nonlinear theories, which are diffi- · -· 

cult to invesUgate·;•1itfi t11~- usual methods. However; :for commut'a-··, 

tive groups, the difficultie~ witl hot-~; grai(ei th~ii~fn quantum 

ele ctrodynarrd.c r;. ,tJ-i 0 .. ~·t· r •··11 --1,, -':°';~- L. ,., \1ue., 10~1 'HJ..~ a , .. o 

separately in Part III. 

, f 
·-<··-· .,\ 

: ·, ~ ' : .... · ,. . 

"i . \ 

be ··investigated·--

:'"' 

·, '· ' ' •. ;.,,'-....$ 1 
': 

._, .1. !_:;·:, 

I 

\ 

l 
L 
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