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1. B B e Jl e a· H e 

B 
., /1,2,3i 

, nocnenuee BpeMH B pSIAe pauOT · paammanacb, Teopu11 non11, B KOTopott 

.BM8CTO OOb1quoro •nnocKoro• l!MDynbCHOro DpOCTP8HCTB8 BBOJlllnOCb p -DpOCTp8HCTBO 

DOCTOSUIHOi! Kp1!B1!3Hbl. B OCHOB8 aToro 0606111eHl!!I TeOpl!H nonn ne)Kl!T DOH!ITl!e C)lBl!ra. 

p -npoCTp8HCTB8 DOCTOHHHOil Kp1!B1!3Hbl. B OTJillqlle. OT OOblqHoro npoc,Tp8HCTB8 MllHKOBCKO-:-

' ro, r)le CJlB!frl! O6paay10T .KOMMYT8Tl!BHYIO rpynny, 3)leCb C)lBl!rll ll8KOMMYT8Tl!BHbl I! He 

06paay10T rpynnbl, EcTeCTBeHHO, qTo, TaKoe CHnbHOe aaMeHeHHe reoMeTpHH, uapSIAy c sis.;:; 

HblM nporpeCCOM ( ycTpaHeHl!e paCXOJll!MOCTeil) t npl!HOCl!T I! aaaqnTenhHble TpYJlllOCTll. 

0AHO' aa TaKHX ycno*Heautt, TaK B83blBaeMaH oco6eaaocTb • cpoKycupoBKI!•, paccMaTpHB~- 1 .. 

' /1/ 
nbcb IO.A.ronbcpSBJlOM B pa6o1'e ·, rAe 6bm npeAn~*eB cnoco6 perynapiiaanuu sToil oco-

6euuocTH (aopMH~0B8HBbli! C)lBllr). 

JlnH pa3'b!ICH8Bl!!I SToro Hlln8Bll!I paCCMOTpllM npoCTettiuy10 neTnIO BTOporo nopSIAK8 

nonnpuaanl!oHHb1i! onepaTop ( pac., 1) • 

P11c. 1. 

3aM8TllM, qTO oco6eHHOCTb •cpoKyCHpOBKI!. BO3HllK88T TOnbKO B )lHarpaMMSX, CO)lep)KSlllHX 

38MKBYTb18 cpepMllOHHble - neTnH. BMeCTO li -cpyHKJlllll li ( f + t ) . Bblp8)K810lll8il 38KOB ,, -

coxpaHeBll!I aueprlll!-l!MDynbC8 B OObJqaott Teopm~, 3)l8Cb B03Bl!K8eT T8K B83b1B80Mblil 

M8Tpllqllbli! sneM8HT onepaTopOB C)lBl!ra 

< P I d O ( f ) d O ( -t ) I P > (1;1) 

/2/ 
( CM0 • ) , HBn!IIOlllBilC!I OOOOlllE!HHeM p -npocTp8HCTB8 DOCTOSIHBO~ B -cpyBKUl!ll HS cnyqatt 

/1/ 
KpBBl!3Bhl. 11cn0nbaysi !IBBbli! BBJl onepaTopa C)lBBra ' nerKO DOK838Tb, qTo· a.TOT M8Tpuq-

Hblil aneMeHT JlOn*eH Jl8B8Tb BKn8Jl He TOnbKO B oqeBBJlHOM cnyqae, KOrAa., ·I',. t no 

u npu n106b1X cp111tcupoBaBHb1x f u 1 · B TOqKe p , YJlOBneTBOPSIIOlll0il ycnoBBIO 

pf pt =- 1. (1.2) 
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. IloC1I8)1HH8 _ )1B8 ypaBH8HBSI onpe11e11snoT B '18Tblp8XM8pHOM p -npocTpSHCTBe )lByMepayio 

nriaepXHOCTb; HcXO)lSI H3 KIISCCH'l8CKOro JlHPSKOBCKOro onp8)18118HHB 8 -¢YHKilHHJ9TY CH­

_TYSllHIO MO~O 6blll0· 6bl BblpS3HTb CIIOBSMH: , apryMeHT 8. - ~HKllHH o6pamaeTCSI B fiYllb 

HS )lBy~epHoff noaepXH,.°CTH'. O'!eBH)lHO, '!TO nocTpoeHHe IIOCII8)10BST81lbHOff TeopHH IIOIISI 

HS OCHOB8 TSKOff B81IH'IHHbl 6y11eT B8CbMS 3STpYJ1HHT81IbHblM. 

B HSCTosimea 3SM8TKe Mbl IIOKSJK8M, 'ITO 6blll0 6bl 6011ee npaBHllbHblM He 38)1SBSTb 

8 ·~¢yHKllHIO ·caol!CTBSMH, npownsnomHMHCB llpH HHTerpHpOBSHHH ee B npOH3B8)18HHH C llPY~ 
I 

rHMH ¢yHKllHBMH, S HCXO)lHTb H3 pa31IOlK8HHB no H8KOTOpblM IIOZIHblM CHCT8MSM, T8CHO CBSI-

3SHHblM 9,reoMeTpHeff P_ -np_OCTpSHCTBS nOCTOSl~HOff KpHBH3Hbl 0 IlpH TSKOM IIOCTp08HHH 

oco6eHHOCTb_ ~¢oKycnpoa~n• He_ naeT BKIIS)lS B MSTpH'IHble 9118M8HTbl onepSTOpOB C)lBHra. 

_2. npoeKTHBHSB nayMepHSSI MOA81lb Teopnn IlOIIB 

Mb! 6yneM )lllSI ·npOCTOTbl IlOllb30BSTbCSI )lByMepaoli - M0)181lbl0 paCCMSTpnaaeMoro Ba­

pnail':ra . o6o6meHHOff .TeopHH IlOIISI,- A HMBHHO, ace B8KTOpbl HMllyllbCOB 6ynyT C'IH'l:STbCB 

npHHSAII8lKSmHMH.)1ByMepHOMY npocTpSHCTBY IIOCTOBHHOl! KPHBH3Hbl. Co6CTB8HHO KOOp)lHHSTbl 

a· 8TOM npOCTpSHCTBe onpe)lellSIIOTCB npoeKTHBHblM o6pS30M. npn IIOMOmH ·TpeXMepHoli c¢epb!, 

Ecnn o603HS'IHTb 'lepe3 p (a= 1,2) B8KT0pb1 )lByMepaoro npocTpSHCTBS. IIOCTOSIHHOii. KPH-
\ a 

BH3Hbl 1, a_ '18p83. !j>i (i= 1,2,3) .. , BBK_TOpbl _TpexMep_HOrO 8BKm!:)10BS npOCTpSHCTBS1 TO HMBIOT 

MBCTO COOTHOWBHHSI 

<!>OPMYIIS )lllB p·acCTOSIHHB 

CTOii ani:t:. 

!Pa 
p = --, 
a 9\ 

2 2 2 
!Pt .+!P2 +!Pa= 1 (2.1) 

s(p,q) B npOBKTH,BHblX KOOPJlHHSTSX HM88T 'IP83Bbl'ISHHO noo-

cos s (p, q) = !P Q . 
(2,2) 

· 311ecb· Qi - npoeKTHBHhie KoopnnHSThI, cooTa·eTCTayro~ne BeKTopy q • T SKHM o6pa3oM, 
~~-. ~ . . ...... ;,-_ . .,,,. 

pacc::oSIHH8 M8lKJ1Y TO'IKSMH p -npoCTpSHCTBS IlOCTO.BHHOl! KpHBH3HbI 's(p,q)'. eCTb. npocTO 

yron, · 06paao~aaah1li · 11ayMsr aeKTopaMn TpexMepHorti' npocTpaHCTaa. CneiioaaTellbHo,· · rpynrta 

)lBHmeanA npoCTpSHCTBS IlOCTOSIHHOii KPHBH3Hbl H30M0p¢Ha rpyrine apameanl! Tp8XMepaoA 

C¢9pbI. 

-Moi1<Hci'·ace nocTpoeHHe TeopHH 11011st aecTn a. npoeKTHBHblX Koop11naaTax •• Mhi npnae-

- . ABM '3)1i?Cb IIHWb .aeo6xonnMyIO HSM ¢opMy11y cnanra ( cp. C ¢opMy11oli (2.1) pa60Tbl/l /) 
. A A A 

Do' ( f ) =_TA T f -. (2,3) 

Onep11nn~ T M , eCTb 1:peXMepuoe OTpalKeane B rnnepn110CKOCTH, nepneunHKYIISl])iIOA e11nHH'I• 

HOMY aeKTopy M ' H HMeeT BHJ:l 

4 

1 't 

··1 

. t 
I 

j' ( 
I 

.. 
T/P .p -2!P(!PM); 

(2,4) 

·A - B8KTOp BSKYYMS c KOOp)ll!HSTSMH. I 0, o, 1 I . 

3 •. I'_eoMeTpl!'.IeCKHli_ CMblCII oco6eHHOCTH '¢oKyCHpOBKH' 

noKalKeM, '!TO oco6eHHOCTb "¢oKycnpOBKH" CBB3SHS C cymeCTBOBSHH8M TO'leK, Heno11-. 

'<'flH)KHbIX OTHOCHTellbHO ABH)KBHY'l p -npocTpSHCTBS nOCTOSIHHOli KpHBH3HbI. PaCCMOTpHM 

MSTpH'IHb!l! 81l8M8HT ( 1.1 ) • 3anHCblBSSI B ero B anne 

<PI d 0 (f) d 0 (-t) jp>=< d
0
(t) d

0
(-f)p jp> (3,1) 

H paCKpblBS!I neilCTBHe onepa.Topa d Jt)do(-1') Ha BBKTOp p '. Yl10Bll8TBOp!!IOmnA ycllOBlIBM 

( 1.2). BHAHM, '!TO B8KTOP p H8Il01lBH)K8H OTHOCHTBllbHO 9Toro npeo6pa30BSHHB 

d 0 (t) d 0 (-f) P = P (3,2) 

B npoeKTHBHOl! 3SIIHCH ycnoane H8110)1Bll)KHOCTH ( I .2) HM88T BH)l 

(!Pi') =(!P15)=0. (3,3a) 

Cny'laA nnaroaallbHOro MSTpH'IHOro 9118M8HTS (I.I) paCCMOTpeH B pa6oTe 
111

• nerKo BH)18Tb, 

'!TO SHSIIOrH'IHSSI CHTYSllHB CKIISAblBSeTcg B JlHSrOHSllbHblX MaTpH'IHblX 

Ilp0H3B8)18HHA npOH3B01lbHOro 'IHC1Ia onepaTopoB C)lBHra. B cny,iae Tpex 
' A A A 

poa cnanra < P I d 
0

( ..f. ) d 
0

(s) d o<f)jp> nMeeM COOTHOWBHHe 

;_o(f);
0
(S) ~:\f)S' =;" T" " p =p 

TA Tf A TATfS 

KOTOpoe IlOIIY'ISBTCSI, _ecnn BOCIIOllb30BSTbCSI 0'18BHllHblMH' ¢0PMYIISMH 

A A 

T T = 1 M M 

A A A 

TM TN TM.; T " 
TM N 

Ycnoane H8IlO/lBH)KH0CTH BBKTopa !J' HMeeT 3)18Cb BH)l 
-A A A A 

(TATfA,P)=(TATf-5, !l') =0, 

B Clly'!ae npOH3B8)18HHB npOH3B0llbHOro 'IHCIIS onepaTOpOB C)lBHra 

• A A A 

<pjd 0 (f 1 Jd
0
(f1 ... d

0
(fn)jp> 

81l8M8HTSX 

onepaTo-

(3,4) 

(3.5) 

(3.36) 

(3.8) 

Mbl MO)K8M acer11a npencTSBHTb CIIOlKHhiii onepaTop, CTosimnl! B o6Knanxax,a an11e nponaae-

11eHHB JlBYX OTpS)K8HH.l!; 

;o <1 1> 00 (i',i) ••• o"o<i'n)S' = TMTN!J', (3,7) 

r)le l,f H N 3SBHCSIT1 B006me rOBOpB1 OT BCBX IlapSM8TpOB f I , .. , f 
11 

MaM(f 1 , ... ,f,,) N = N ( i' I, ... , f D ) • 
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• V 

·'· 

YcnoBllSI ReD0JlBHlKHOCTH B STOM cny11ae cnenyJOI!lHe: 

(5'M) =( 5' N )=0. (3.38) 

Mhl. BH!lRM, "ITO XOTll cnnar smnlleTCll onH03R4'lllOII ouepaitHell H pa3BI\IM 3Ba'leRBllM 

·napaMeTpOB COOTB8TCTBYlOT p83Bhle upeolSpa30B8RBll upocTJ)aBCTBa, _nnll E~lKl!.Oro onepaTopa, 

nocTpOeBBOro D3 C)lBHrOB, cymeCTBYIOT TO'IJtD, neuonBBlKHhle OTHOCHTellbRO nellCTBDR sTOro 

oiiepaTopa. 3nall pe3yru.TaT · nellCTBHll onepaTopa na TBXYlO TO'IEY, Mhl ne MOlKeM BOCCTaHO­

BHTb napaM'.eTphl SToro npeol5pa30B4BDR. Ha-aa SToro D B03HHX8eT OC008HBOCTb 'cl>oxycn­

pOBKH'. 

. OTcrona llCeB cnocol5, XOTOphlM MO>KBO ycTpaBDTb oco6enBOCTb , cl>oKyCHpOBJtD'. HylKBO 

paarut11aTb cnnura He no peayru.TaTy ax .nell~TBRS na nexOTopNII nexT·op, a xax upeo6pa3o­

BaBl!ll npOCTpaBCTBB. 8TO nocTRraeTCll nepeXOAOM I[ BBTerpapoaaHRlO no-rpynne ABRlKeRBII 

p -npocTpaHCTBB B annapaTe s -MaTpRithl. 

noneano cpaBBDTb MaTpR'IBhlll sneMeRT (3.8) C COOTBeTCTBYIOillHM BbipalKeBReM 061\111-

ROII TeOpHD,x) 

" " < p I d O ( f 1> ... d 0(l 
8

) J p > =8( f 
1
+f 2+ ..• +f

8
) (3.8) 

.MbI BIUUIM, "ITO B o6hl'IHOlt Teop1111 D3-3a KOMMYTBTBBROCTD CABDrOB 3aBDCHMOCTb OT I' 

OTCYTCTByeT, ncnenCTBDe 11ero oco6eHHOC'n> pacCMOTpeHBoro Tuna ne MOlKeT ao:~HDXHyTb, 

4. OnpeneneBRe a· -cpyDKllHD a· !IpOCTpancTBe noCTOBHBOli .KpHBH3Dhl 

Xopowo D3BeCTHO, "ITO B cnyqae eBXnHJlOBa npocTpaHCTBa 

CBOHMD c'Bol!CTBaMH aanaeTCB paanoJKeBReM 

1 
8 ( p - q ) = (2,r) 2 

_lx(p-q) 

f e dL 

8 -4>YB~llDll CO BCeMH 

( 4.1) 

Bena11una 
tpx . 

e T8CHO CB.B3ana_c rpynnoli CJlBDrOB OBKnBAOBa upOCTpaBCTBa, A DMenno, 

BCBKOMY_ BeXTopy JlBYM8pHoro 8BKnnnoaa _lt -npOCTJ)aHCTBa X =(it ,x J OAH03B8'1HO COOTBeT-

CTByeT Henp11ao.n11Moe onHOMepHoe IipencTaanenne rpynnhl cnnuroa p -npOCTJlaHCTBa. 
lpx 

8Kcnon_enTa e MOlKeT 6bITb B3llTa B xa11eCTBe 6aauca SToro npencTaaneHHll, JlellCTBHe 

CJlBHra Ha 9XCDOH8HTy·cne)lyIOJilee: 

" d (k) e lpx = e _l(p+lr.)x (4.2) 

x) 
B oobl'IHolt Teopun nellcT»He onepaTopa cnnara d (t) CBOJlDTCll K cnoJKenn10 

HMnyru.con 
" 
d O (f } I p •> a I f + p '> • 

8 

l 
I:~; 
j~ 

l1t 

I 
.l 

) 

L 

if 
f! 

.I 

~-

llr.x 
JlpyrHM'.H cnonaMH, d(k) =e B ,[18BBOM neupDBO!lBMOM npencTaBneHHH eCTb TaI:lKe. 

a MaTpana, ocymecTnm110maR onepan1110 c.nnnra. Tiocxoru.xy. rpynna c.nnnron enxrutnoBS 

npocTpaHCTBa • a6enena, nee ee npenCTanneRBR onHoMepBbl 11 .nellcTnne MaTpDllhl ·eCTb 

nonpocTY yMHolKeHBe Ha 11ucno. 

E~~ee Toro, HD B O!lBOM'. npe.ncTanneHDD H8B03MO>KHO OTnD'IDTb B8KTOp B npocTpaH­

CTBe 11enpDBOADMOro npencTaBneHDll OT onepaTopa cnnnra, neliCTBYIOJilero B STOM llpOCTpaH• 

CTBe •. HHa'le ronopll, H8B03MO>KBO OTnD'IDTb TO'IXD npoCTpBHCTBa OT ·sneMeHTOB rpynnw. 

s· cny11ae Teopnn nonll B P -npOCTJ)aBCTBe nOCTOBHHOII KPDBD31_1bl CDMMeTJ)Dll MelKl!.y 

xoopnuHaTaMD TO'IKD D B8KTopaMD, napaMeTpD3YIOIIlDMH cnnnru npOCTpaBCTBa nOCTOBBHOH 

KpDBD3HbI BH!lDMbIM o6pa30M napywaeTCll (cM. pa3n, 2 pa60Tb1'
21

). Mbl nOKaJKeM cell11ac, 

'ITO STa 8CDMM8TJ)Dll B pa3BDB8eMOll Teopun nonll He smnB8TCll npannunnaru.noll D MOlKeT 

6bITb yc-rpaHeHa, ecrut o6o6meBRe cl>opMYnhl ( 4.1) Ha cny11al! upOCTJ)aBCTBa noCTOBHHOli 

KpDBD3Hhl npoD~BO!lDTb C y'leTOM CBOIICTB rpynnbl llBDlKeHDII SToro npocTpaBCTBa •. 

/1/ 
Kax yKa3aHO B pa6oTe I Mb! MOfeM BB8CTB c4>epD'18CKDe KOOP11DH8Tbl B npocTpaH-

CTBe nOCTOBHHOli KpHBD3Hbl, nocne 'lero sneMeHT 0·61.eMa 6yneT HM8Tb BDn 

d O = sin dO d¢ • (4.3) 

H3B8CTHO, 'ITO .sneMeHT o6'beMa npOCTp8HCTB8 nOCTOllHHOli KPHBD3Dhl, unu,' 'ITO TO JKe, 

sneMeHT noaepXHOCTH TpeXM8pHoli c4>ephl, MOlKeT 0bITb )lOnonHeH no DHBapaaHTHOro sneMeD-

Ta o6'beMa rpynnbl -rpexMepHbIX apameHHII, a HM8HH0 1 

d g = _1_ sin O drf, dO d¢ , 
(8,r) 2 

(4.4) 

r)le ¢ ' (J D . rf, - yrnhl 81inepa. Bee HHTerpanhl no npoCTpaHCTBy nOCTOBHHOll KpH~D3Hhl 

MoryT 6hlTb TpnananbHO npeapamenbi B HHTerpanbI no rpynne apamennll cneJly10mu~ o6paaoM: 

f f(O, ¢) sin O dO d¢=4irf f(O,¢) dg. (4,5) 

nonb3Yl1Cb. STHM COOTHOW8HDeM, MbI MOlK8M B ¢opMynnpOBK8 Teopnu nonll DHTerpanbl 

no npocTpauCTBY noCTOBHHOli KPHBH3Hbl 38M8HHTb. HHTerpanaMH no rpynne JlBlllKeHHlt. 8Ta 

aaMena noCHT 1111c·To 'cl>opMallbHbilt xapaKTep, noKa He paccMaTpHBaIOTCB MaTpH'IHbie sneMeHTbI 
I ' 

onepa~opoa c.nnnra, 
I 

Tipn DHTerpnpoaannu no npocTpaHCTBY nOCTOBHHOll xpHBll3HbI eCT8CTBeHHO·noru.3oBaTb-
. . £ 

CB c¢epn'leCKHMH cl>YHKllHllMH Y m (0,¢) , KOTOpble npencTaBnBIOT col5oll nonuy10 CHCT8MY, 

Tipon3noru.naB 4>ynx1tnB na c4>epe .f(O,¢) MOJKeT 6b1Tb paano>KeHa. no BRM B Pllll <t>ypbe 
. f . 

f f ::£ c (f) ,Y (0,¢ ), 
f=o m=-l '" '" 

f(O,¢) ::£ (4,8) 

rJle 

• cf(f) .. f ; l (O', ¢1 f (0~ ¢') sin O' dO' d¢' • .. (4,7) 
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• no!1CT8Bnllll (4,7). B ('4,6) 1 HM88M 

f(O,if,) =J sin O' dO' d¢' f(O',¢') I 
e ... 

; f ( O', ¢') y f (0, ¢ ) , 
., m (4,8)' 

T,e. npH paccMaTpHB88MOM HHTerpupoBaHHH aeml'mHa I * y f (0, ¢) v2co'lf,') .rtellcTayeT 
m m 

K8K fj -,jlyHKllHR 
f,m 

I 
f,m 

;! (0', ¢') Y f (0,¢ )mf;(0-0') fj (cp-¢'), 
m , (4,9) 

( Mbl B nanbH8illll8M nng KpaTKOCTH He BblllHCb1B88M npe11enOB CYMMHPOBBHHR no f 

H m ) , ITOCKOllbKY B8llH'IHHbl yrnOB O H ¢ llOllHOCTbIO 3B)l8IOT B8KTOpbI npOCTpaHCTBB 

noCTOllliHOll KpHBH3Hbl, Mbl MOlK8M 38llllC8Tb ( 4,9) B BH!18 

* 
< p I q> = fj ( p, q) = I y f (p) y f (q ) 

" f,m m m (4,9a) 

rne p ll q - B8KTOpbl co c,jlepH118CKHMH KOOpi:tHHBTBMH (¢,0) H (cf,', 0 ') COOTB8T-

CTB8HHO, PaBeHCTBO (3.9)_ MOlK8T paCCM8TpHB8TbCH KaK onpeneneane MBTPH'IHOro sneMeH­

TB .< p I q> • 

i"' 
PaccMoTpHM Tenepb MaTpH'IHbtll sneMeHT <pl d Jfjq >, KOTOpbtll MOlKeT 6btTb 3anacau 

TBKlK8 B Bane· <p I d
0
(f)q>, HcnOllb3YR p83!1OlKeHHe (4,9 ), HM88M 

" * e ,. .*£ e " · e 
.<pld (f)q>=I Y (p)Yf(d 0 (f)q)= I Y (p)T (d

0
(f))Y (q), 

o f,m m m f,m,n m mn n 
( 4,10) 

f " " 
rne T (d (f)) - MaTpnna npeo6pa30BBHHR d 0 (f) , nellcTay10maR a npocTpaucTne npen-

, mn O ' . f " 
CT8Bn8HHH rpynnbl Bpameunll C B8COM f • 8blp8lK8Hll8 T mn (d 

O 
(f)) 03H8'188T, 'ITO yKa-

' " 
38HH8H M8Tpnna 38BHCHT OT napaMeTpOB npeo6p830B8HHR · do(f) , HanpHMep, co,OTB8TCTBYIO-

max yrnon 3llnepa. 

B ,jlopMYne (4.10 BHOBb npoganHeTCH 8CHMM8TPHH M8lKJ:IY B8KTOpaMH npocTpaHCTBa 

H napaMeTpBMH npeio6pa30B8HHll, OnHBKO Tenepb RC8H cnoco6, KOTOpbIM Mb! MOlK8M BH!10-

H3M8HHTb H811IH onpe_neneHHH H cnenaTb .TeopHIO nonHOCTblO CHMM8TpH'IHOil no OTHO,lll8HHIO 

K HMnyllbCBM BCex 'IBCTHll, H838BHCHMO OT Toro, KaKHM o6pa30M CTpOHTCH H3 JIHX narpan-
/2/ I 

lKHaH ( CM. } • A HM8HHO, 060611lHM pa3nO>K8HH8 ( 4,6) Ha cny11all HHTerpapOBBHHSI no 

rpynne. Pun <l>ypbe 6yneT HMeTb nan: 

HanoMHHM, 'ITO 

f f 
( f( ¢, 0, tf,) = I I Cf T ( ¢, 0, tf, ) • 

· f=o, m,n=-l •t mn 
MaTpH'IHble sneMGHTbl T (¢,0,tf,) , 38BHCHlllH8 

(4.11) 

OT uenpepbIBHblX 
mn 

napaMeTpoa ¢. 0, tf, 

rpynne, Kos,jl,jlanaeHTbl 

onnoapeMeHHO npenCTBBnRIOT co6oll nonayIO CHCT8MY ,pyHKllHll na 

Ce HM8IOT BHJ:lx) 
ma 

x) • 
nng IIpOCTOTbl Mbl onyCK88M 3)l8Cb HOpMHpyIOlllH8 MHOlKHT8llH 1 KOTOpble, B0061ll8 

roaopg, pa3Hble nng pa3nH'IHhIX f 

8 

f . * f 
c (f) = f T, (¢', IJ', tf,? j f(,p', O'ij,') sin O'. d¢' d/J'dtf,'. 

mn mn · · ' ( 4,12} 

MaTpH'IHhlll sneMeHT <pl q> pa3nar,aeTCB no ,jlopMyne 

<plq>= I 
l,m,k 

*f 
T ( g ') T f ( g q) = .< g I g q> 

mn P mu · ... P 
(4.13} 

f 
CHMBon T .,,. ( . g P) noBCHHM cneny10mnM o6pa30M, 3an8JlHMCH q>HKCHp0B8HllbIM B8KTOpOM B 

(aanpHMep,
0

B8KTO!)OM BBKYYMB B=A=(Q,0,1},}, a BC8 OCT8llbllbl8 B8KTOpbl f 6yneM 

nony11aTb, nel!CTBYB Ha B COOTB8TCTBYIOlllHM npeo6pa30BaHH8M cnnera 

" 
P = d O (k P) B (4.14) 

TaKHM o6pa3oM, Mbl KalKJ:loMy neKTopy P conocTaanueM ·neKOTopb1il cnaar d 0(k ) , E :no 

onepaTop C/lBHI'B 38llHCbIB8Tb B k -napaMeTpH381lHH (cM. ,jlopMyny (I.I; ·pa6~Tbl/i/}, TO 

B8KTOp k p COBll8Jl88T C p , 5iCH0 1 'ITO· 9TO COOTB8TCTBH8 B38HMHO OAHO3H8'IHO,' ITo.3TOMY 

_acer11a cnpane11naaa ,jlopMyna 

·<piq>=< d(kp'>a1;•·ck >a>..:<a1;· 1ck >~·<k >IB>. 
0 OQ OpOq ( 4.ill) 

" 
TiocKonbKY cymecTneueu·nHlllb caM q>aKT coananeHHH npeo6pa30Ba~Hll d 0(k P) H .d 0(k q), 

8 B8KTOP_ B - npoH3B0llbHblll, TO Mb! MOlK8M cnenaTb eme O/lHH lll81'
0 

H H8llHC8,Tb. 

:<pl p.:..< d (k )d (k ) >. 
0 p 0 q 

(4.16) 

PaBeHCTBO (4,16) Ollp8B!1b1B88T 38Meay (4.9a) HB (4,13), MaTpH'IHblll 3118M8HT (4.10) .. 3a­

llHIIl8TCSI Tenepb a no~aoCTbJO · CHMMeTpH'IHOM aane ·~ 

" 
< P I d 0 (l ) I 1:1 > = I 

J,m 

* A A A 

1£ {d 
0
(k )) T f (d

0
(f))T f (d

0
(k ))'. 

mn P me sn q (4.17) , 

BepH8MCR Tenepb K oco6eHHOCTH q>OKyCHpOBKH H pBCCMOTpHM MBTPH'IHblll 31l8M8HT (1.1) 

< P I d"0 (f) i•J (t) I P > 

*f " f " . f " f " 
= I·. · T . ( d 0 (k ·)) T ( d 

0
(f)) T ( d. 

1 
(t)) T ( d (k )) 

f . ,._ mn P ma sr O rn ' 0 , P 
,m,~~r,a 

f " f "• t f 
I T'" ( d0 ( k P)) T".,( d O (kP)) T ma 

!•~.~1 r,a 

.. f .. ' 
(d 0(t)) T (d "1 (t))= 

or O 
""" (4.18) 

= I Tf i; (k )~ 01 (k )) 
f,m,r,a rm O P O P 

T f (; ( f )) T f ( ;-o'(t)) 
ma O ar 

• •••."~ * ' A ~ A · 

- I 1f (d (t)} Tf (d (f)) =.<ti f·>=fi( f, t). 
ra · 0 •~::. · . re O . .. , ,. , • . .. " 

, M1,1 nocno1lb30BBnHCb ·3necb ocuoBHbIM caollCTBOM npencTaBnenHH 
4lifi , A - , A ·• .. 

T ( do(f ) ) T ( d 0 (t)) ~ T ( d J,.f) dc1(t,) .) (4.19) 

.. H caollcTBOM yHHTapaocTH ;..aTpHn 1 
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T 2 cice» 
.... 0 

;e c~·•ce» 
.... 0 

( 4~20) 

-. UenO'IKB paBelICTB (4.18) nOK83bIBaeT, 'ITO 3aBHCHMOCTH OT p Ha caMoM nene neT 

, B •nonnoM COOTB8TCTBHH c cjlopM}'noll (3,8), 3THM noxaaano OTCYTCTBHe oco6e1IIIOCTH "'cjloKy­

CHpOBKll"' • 

5. YTo'lnenHe annapaTa TeopHH nons 

B STOM paanene Mb! noKalKeM, 'ITO Beeb annapaT Teop~H nonH B cny'lae p -npocTpan­

CTBa noCTOHHIIOil KpHBB3BbI MOlKBO, BHIIOH.3M8JIHTb II COOTB8TCTBBB C o6o6meBBbIM 3aKOBOM 

coxpaaeBBH sueprun~uMnym.ca (4.13). 

flpe)l{Ae Bcero · OTMeT~M, 'ITO npn nepexone OT HBTerpnpoBa~Bll .no p - npocTpancTBY 

K·BBT8rpnpoBaBBIO no rpynne IIBB>K8BHil p -npOCTpaBCTBa llOCTOlllIBOil KpHBH3BbI KaK 6ynTo · , xr . ';21 ' 
-BC'l8388T BLineneuaaR pcm. CIIBBrOB p -np0CTpaBCTBB (cM. cj,opMyny (2.16) pa60TbI ). 

Mb! noKa>KeM, 'ITO B cny~ae BBTerpnpoBaBBH no rpynne BbI1Ieneuny10 ponb CIIBBr0B M0>KH0 

coxpaBBTb. 

YKa>KeM npelKAe Beere, 'ITO ecna BeKTOp , napaMeTpiay10mnll CIIBBr, BM88T 

cneny10mne KOOPllBIISTbI: 

" 
K 1 = sin O sin¢ K 2 = sin 0 co~ ¢ , K r cos ¢ 

TO MaTpBna CIIBHra DO (K) 6yneT BM8Tb BBi! . . 

D 0 (K )=g(-p) g(0)g(¢)=g·
1
(¢ )g(0)g(¢), 

rne 

cos¢ - sin¢ 011 II i 0 

_· .... f I &<¢>.; 11 sin ¢ cos¢ 

: I\; 
g(0)= ir: cos0 

0 0 sin 0 cosO 

. " 

(5.1) 

(5.2) 

(5.3) 

( /4/) ·- . 
CM. . • HHl,IMH cnoBaMB, CIIBBrB D

0 
(K)= d 0 (0,¢) Bbl1I8IlHIOTCH B3 npOB3BOlll>B0ro 

BpameBBH g(¢,0,tf,) • 38BBCH!Ilero OT Tpex yrnoB 3ilnepa. ¢,0,"' , ycllOBBGM' rf, =- ¢. 

/2/ 
Tenepb Mb! M0>KeM nepeilTB K o6o6meBHIO annapaTa KBaannoneil • OrpaBB'IHMCH, 

/1,2/ . . ' 
. KaK B B pa60Tax • Cny'laeM _nceBIIOCKangpuoil M8301IHHBMHKB. Mbl 6yneM C'IBTBTb, 'ITC 

x) TTepexon K BHTerpBp0BSIIHIO. no rpynne IIBB>KeHn'il p -npocTpancTBa M0>KII0 C'IB­
TSTb 06061ll8HH8M nOIIHTBH BBp',l'yanbB0r0 BMnym.ca.,_B ~BCTOH!Ileil pa60Te ST0 06061UeHB8 
MBBBMam.uo, ·TaK KBK B811B'IHBbI· MaTpH'IBl>IX· aneMeBT0B 0CT8IOTCH npe>KHBMH. Onnaxo ecnB 
ll0IIBOCTblO 0TK838TbCR OT Bbl)l8118HH0il ponH C)lBBroB; TO nony'laeTCH naneK0 HJlYIIlBe qman-
'leCKBe cnenCTBllst. . 

10 

\l 

-----( 

KBB3HnonH HYKII0BOB rf, B MesoaoB ¢ · RBilSIIOTCSI cj,yuxnirn1-.m Ha rpynne· IIBHJKeanli · v-· 
npciCTpanCTBa. 

"' "' (~ p) •·-<t,=¢(g1,)-

E1IHBCTB8BII08 orpaHB'leBBe, H8Kll8)lblBaeMoe Ba _onepaT0pbl KBa3nnoneil · tf, 
. ' 

BHII cnapBB!IBBil -

<. "' ( g ) V, ( g ) > = ( m +; )•I 8 ( g , g ) , 
P qQ i P q, 

.<ef, (gk)¢'(g)\=<'µ2+k2):l8 (gk,go)8(¢k+rf,k!• 

B 

(5,4) 

<p- ST0 
::,.\'' 

'(5.5) 

OcTam.ui,1e nonapBbie nponase11eirng Kaaannoiieil npn ycpe11lie1mu· no BaKyyMy iia10;r nyiu:.. 

narpan>Knan BaanMoneilcTB~H HMeeT Brill 

" " A g<"' 1¢. I "1,, = g f i (g) <g I g I g >•rf, (g )¢Cg> dg dg dg ~··c5 a> 
P Pk..q q k,pqk • 

/ . V 
nerKO BH)l8Tb; 'ITC npll BbI'IBCll8HBB MaTpB'IHblX 8118M8HT0B "'IIBWHlfe"' BHTerpHp0B8HH~, Jl0-

6aB/18HBbI8 npn nepexo)le OT sneMeHTa npocTpaHCTBeHnoro.o6oeMa K aneMeHTY rpynnoBoro 

_o6oeMa, Tl)llBH81lbB0 YHH'IT0>KaIO,TCH. 'ITo6bI· MllTPH'IBbIG 8118M8BTbl, nony'laeMbie npH .paano-

>KeHHH s -MaTpiiru,, " 
iA 

S = e , 
(5.7) 

. . .. 
6 

n1 . 
nonB0CTblO C0Bnananu C npHBeneBHbIMH, HanpHMep, B pa 0T8 • Heo6xonuMO nonenHTb 

MaTpH'IBbiil SlleMeHT, C00TBeTCTBYIOIIlHil npoB3BOlll>HOil nuarpaMMe, Ha ( 2,r) a ' '; rne. iz 

'IHCII0 B83aB!ICBMbIX neTem. (coCTOS!WllX KaK ·H3 q,epMUOBHblX, TaK H 6o30BHblX IIHBBll). 

8. 3 a M e 'I a H H H 

CnenaeM irnn 38M8'18Hllil 0TH0CHT81lbH0. orpaHH'l8HH0CTH paCCM0TpennoiinByMepHoil 
I • 

ccj,epn'leCKoil MOJleiin Teopnn nonsr. 

nepBoe 38M8'18Hli8 CBH38H0 C T.eM, 'ITC B HaCTORWeii pa6,oTe, paCCMOTp~H Clly'laii .ccj,e-

pH'l8CKOii reoMeTpllH P -np0CTpaHCTBa, 3Ta ~eOMeTpHH He .MO>KeT 6bIT~- HCnO;,b30Baiia : 

nnn.pa3yMH0~0 o6o6meHHH TeopHH nonn, T~K KaK anec~. He YA~BlleTB0pHeTCH npHHUHn 

COOTBeTCTBIIH, <l>H3II'leCKBll C:Mh[CII M0>KH0. npHnaTb IIHWb cny'laIO annHnTH'leCKOil reoMeTpiin: 
I . . . ., . • 

Ilpu nepexone OT. ccj,epH'leCKOil.reo/,{eTpH!I. K ,SIIIIHnTH'leCKOll 'cjlopMylla, IIIIH 9JlBHra 

. -, Q = D ~ ( f ) !f '' . 
,: ' . ' . ca:1 > 

ecnH ee. paccMaTpllB8Tb K8K ypaBHeHHe OTHOCHTellbH0 f , HMeeT llBa peweHHH (s-ro 'TSK 
. /1/) . 

;a:a3h1B88Mhle ~KnacCH"l:eCKUe" B . "'11eK.ll8CCH~eCKHe• C,llBllrH JI CM. •. flerKo BH.Q0Tb, 'I.TO 
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·-/ 

f 

,·, , .. ' - ' . 
ocooeKHOCTb '«jioKyCHpOBKH' HMeeT MeCT0 T01ll,K0 )lnll·'KIISCCH'leCKHX' C)lB~r0B. BKIIIO'leHHe 

iKe 'HeK~SCCH'leCKHx•·c)lBHroB, HeO0XO)lllMOe np11 nepexone K 81111HllTH'leCKOll reoMeTp1111, 

He BHOCIIT B HSWH paccyll\)leHHH HHKSKIIX 113Me11e1111ll. 

BTopoe -'aaMe'ISHHe KacaeTCH ycll0)KHeHHll, KOT0pble B03HHKSIOT npH yBellH'leHHII 'IHClla 

:-H3MepeHHll npoCTpaHCTBa noCTOHHH0ll KpHBH3Hblo B cny'lae 'leTblpex H3Mepeimll ycn0BHH 

( 3.3a, 6, a), BbI)lellHIOl!lHe ocooeHHOCTb • cj,011:ycupoBKH', aana10T HaM JlByMepHbie noaepxuo-­

CTH •. OnuaKo aTo ycno)KHeHue HHKaK He c11:aablaa0Tc11. Ha uano)KeHHhlX paccyll\JleH11Hx. 

TpeTbe 3SMe'ISHHe CT0IIT cnenaTb B CBH311 C TeM, 'IT0_B HeKOT0pblX aapl!SHTSX 

paCCMSTpHBaeM0I! TeopHH n0IIH H3y'lanoCb He a111111nTH'leCKoe, a nceanoa111111nTH'leCK08 
. I, /3/ · . 

P -npocTpaHCTBO ( CM., . Hanpl!Mep, ) • CneKTp npenCTSBlleHHII rpynnbl. JlBH)KeHHII a:oro 

npocTpaHCTBa ropaano cno)KHee, 'leM B cny'lae ann11nTH~ec11:oro npocTpaHCT»a. Ha_-aa ue­

K0MnaKTHOCTH rpynnbl )lJ31!)KeHHI! 3)leCb B.03HHK8IOT oeCKOHe'IH0MepHble npencTaBneHHH. On­

_ HSK0 M0)KHO Il0KS38Tb, 'IT0 cymecTayeT cepHH YHHTapHb!X oeCK0He'IH0MepHb!X npenciaa-
. . . . . /5/ 

-· neuul!, oopaay10maH nonuy10. CHCTeMy «l>YHKUHII • no 8TIIM cj,yHKUIIHM cymeCTByeT, cneno-

BSTem,uo, -paanoJKeHue <t>ypbe,, H uawu paccy)KAeHHH, ucnom,ay10mue TOllbKO paanoJKHMOCTb· 

H .YHHTapHOCTb; MoryT 0b!Tb .nonH0CTbJO 'noBTOpeHbl H anecb. 

PeayllbTST. JlSHHOII paoOTbl C0CT0IIT B TOM, 'IT0 BblHCHeH reoMeTpH'leCKHll CMb!Cil oco-
i • 

oeHHOCTH 'cj,011:yc11poBKH' II )l0KS38HO, 'IT0 aTa onacH0CTb B paCCM8TpllB~eMOM oooomeHHII 

Teopuu nonH HBIIHeTCH «ji11K~HBHOll II ner11:o ooxonHTCH, ecn11 nocTp<>eHHe annapaTa MaTpHUbl 

pacceHHHH np0113B0)lHTb C y'leT0M rpylln0BblX CBOIICTB onepaUHII C)lBHra 

IlOCT0HHHOil KpHBH3Hbl. 

p -npocTpaHCTBa 

AaTop npHH0CIIT CB0IO 6naronapHOCTb 10.A.fom,cj,aH)ly H B.r.Ka)lbIWeBCKOMY 38• 06-, 

Cy)K)leHHe paoOTblo 
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