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§ 1. B uacTomneA pa60Te npoaeAeuo AaJibueAmee paccMOTpeuue aonpoca o nocTpoe

HBH KBaaunOTelllUiana An.ll cny'lall B3&IMOAeilCTBYIOWBX nonell C npoeKTHpyJOmeli CB060ABOII 

ABYXBpeMeuuoA <PYHIUIHell rpuua .llnll HeKoTOpbiX MO.llenell,, yKaa&HHbiX HB)I(9. B pa6oT9
151 

6bln npeAno~eu cnoco6 nOCTp09HHII KBa3HnOT9HUHana Anll Cny'lall CUHHOpHbiX ntmeil, 

KOTOpbiil nOHBManCSI B CMhiCne KBa3HOnTB'I9CKOrO AOAX0A8 B T90pBH n0n11, pa3pa60T&HHOrO 

a 
11 •2 •3•41 

u Apyrux pa60Tax. Cnoco6 ocuoaau ua npeAno~euuoM B /S/ cy~euuu ua npo-
/5/ (+) 

exTBpoaauuoM npocTpauCTae aonuoBLIX <jlyuxnuli {ua o6ooua'leHHOM B pa60Te xnacce 41 ) 

Taxoli cnoco6 cy~eaust, c OAHoli cTopouhl, noaBtmHeT BOCCTa&OBBTb npuMeHBMOCTb Teopuu 

B03MymeHBli Anst cnuuopHhiX noneli, a c Apyroli cTopoubl, OCTaBn!IST OTKpb!TbiM BOnpOC 

06 o6meil CTpyKTyp9 KBaaunoTeHnHana BO BC9M run&6epTOBOM npocTpaHCTBe BOnHOBbiX 

<jlyur.~u. Ha pa60Thi/S/ BBAHO, 'ITO B TaKoM cny'lae xaaaunoTeunuan Henb311 nocTpouTb 

no TeopBH B03MYW9HBli B BHA9 psma no H90TpHnaTenLHbiM CT9n9H11M KOHCTaHTbl CBSI3H, 

a o6saaTen&uo noSIBHTCH 'lneHbl c oco6euuocTbro npu uyneaou ee auaqeuuu. B aToii pa6o-

Te CAenaua nOnhiTKa nponHTb CB9T ua STH BOnpOCblo 

§ 2. llns npocTOThl paccMaTpuaaeTcst aaAa'la o aaaBMOAelicTBHSIX AByx ABYXKOMno

ueuTHbiX cnuuopuhiX noneli c uyneaoli Maccoli, xoTH npeAnaraeMaH cxeMa, O'leBHAH0
1 

npuMe

HHMa C T9M ~e ycneXOM H B cny'lae '19Tbip9XKOMnOH9HTHOH <jJopMYnHpOBKH TeopHH C OTnH

'IaromeliCSI oT uynst Mac coil. Cnoco6 aaaHMOAelicTBHSI AnH o6muocTH paccMOTpeuuA ue <jJHx

cupyeTc>I, u cymecTaeuHhiM >IBn>IeTC>I TOn&Ko npeAnono~eune, 'ITO H.IIPO ypaaueHH>I BeTe

CanbneTepa pacxnaALIBaeTC>I B p>IA no xoucTauTe CB>IaH. Bee psmhl Taxoro Tuna, xax 

06bi'IHO, oj>OpManhHO C'IHTaiOTCSI CXOASIIIIHMHC>io 

al ( 
0 1 

= 
1 0 

) . 
BBOilHM 9/lHHH'IHYIO 

2 0 -i 
a ( 

i 0 

MaTpnny =( 1 0 
0 1 

K 
a 

), 

) H 

• rne 

03= 

o6LI'IHbie 

1 0 
0 -1 

) . 
MaTpH'IHbl9 

a p. = ( I, -a K ) , ;;' P.= ( I , a K) , 

'19Tblp9XB9KTOpb! 

npn'leM rpe'lecxne BH.lleKChllnpuunMaiOT aua'leHHH p. =0, I, 2, 3, a naTnucxue-K=I,2, 3. 

~eTpHKa BBOilHTCII M9TpH'19CKHM T9H30pOM 

g = gpv 
pv 

1 0 0 0 
0 -1 0 0 
0 0 -1 0 
0 0 0 -1 
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B STHX o6o3H8'19HH!IX BblnOAHSIIOTC!I COOTHOWeHH!I 

up.:? +u v:;p. = 2 /"
11

1 

uP. u 11 + ;;v u "= 2 gp.yl 

H ace MaTpHUhl HBA!IIOTC!I 3pMHTOBblMHo' 

YpaaHeRHe cao6onRoro nayxKoMnoReHTROro cnHHOpHoro non11 c uyneaoA MaccoA, KSK 

H3BeCTHO, MOlKHO Bhl6paTb B BH!IB 

u~' a "' (x) = 0 • p. 
KaK o6bi'IHO, yno6Ho nepeATu ,K HMnyn&cRoMy npencTaaneHHJO c noMOWbJO npeo6paaoaaHH!I 

¢yp&e, KOTOpOe 38UHCblBSeM B BR!Ie 
,/, ( I lpX 
'I' x) = -- J r/J(p) e d p 

(1Jr) 4 

Torna HeTpynHo BaATH, 'ITO nponaraTop D 
0 

( ~ Y) a HMnyn&CHOM npencTaaneHHH 

MOlKHO BBeCTH B BUlle 

D 
0
(p) = 

u Jl p 
~· 

p + i. 

(1) 

nonHS!I ljJyRKUH!I fpHHS !IBYX B38UMOU9llCTBYIOWHX none!! pSCCMaTp!1BSeMOrO THUS 

6yneT onpenenRT&CH ypaaHeRueM BeTe-Gan&neTepa,KoTopoe MOlKHO aanHCSTb CHMBOAH'Ie-

CKU B sane 

g = go+ g J< g I (2) 

BAH B HMnyn&CHOM npencTaBnBHHB B CUCTBMB UBRTpS MSCC 

... .... 8 . .., ... ... 
g(p ,p';po,qo·P'o•q'o) =(211 ) &o(p,po'qo)o(p -p')8(po-p'Jil(qo-q~) + 

.. 8 ....,. ... , 
+ (211 ) ( g 

0
k g ) ( P , P' ; P 0 , q 0 ' P ~ • q 0 ) • 

B nan&RefimeM nyJKKO npouTTepapoaaT& (2) H nepefiTR K nsyxapeMeHHOH ljJyHKUHR fpBHa, 

0603H8'189MOll 3HIIKOM 
= - ,----" ~ 
g = g 0 + g 0 k g 0 + g 0 k g "l k g 0+ (3) 

J1CX0!1!1 R3 (1), HeTpy!IHO HSllTH !IBYXBpeMeHHYIO ljJyHKUHIO fpHHS !lAB ronbiX 'ISCTRU, C HOMQ

WbiO KOTOpOI! Mhl CTpOHM nonHyiO, 8 CI!CTeMe UeHTpa MSCC OHS IIMBeT BUll 

=::: ( ... ..., , ) :::=: ... ... ... ,) , ) 
& 0 PoP ;p

0
,P0 =G 0(p,E)o(p-p 8(p 0 -P 0 

rne G 0(p,E) o603HS'ISeT MSTpRliY 

G
0
(p ,E)= ~-A+(p)A+(-p)+2.LA-(ji'}A-(-;). (4) 

\p \-E ~ 2 \p .. \+E 1 2 

3necb BBeneHbl HOBble 0603HS'IeHHB: p 0= 2 E , u - o6bl'IHblll TpeXMepHblll MSTpH'IHblll 

aeKTOp CHBHS, 
+' .. 

A ( P ) = 

A-(p .. ) 

•• 

\p\ +~ ; 

2\ p' I ,. .. .. 
\ p \-u p 

2\ p' I 

4 

(5) 

;r,; 
,, 

,,, 

::r 

:,.~,· 

w ~{.~; 

::··!\:'i. 

,, 
• 

~ ~ ... 

smnlliOTCII onepawpaMB DpoellTRposaJDUI KaaBMBp&. B aaweM cay'lae ORR Blotll 

R8BTbl BOOHOBblX ojlyHJUlBJI, OTBe'18iO!IlB8 COCTOliJlBliM CO CJIBJIOMt HA!!pABil8HBbiM 

CTBei;IBOMY RMJIYnbCY HnH o6paTHO. 3Ha'IKH 1, 2 OTHOCIITCII It CDBBOpllbiM BBJl 

Bb!X 'IACTJill, 8 BMecTO OTC:yTCTBYIOlllBX 3H8'11t0B nonpa3yMeBAeTCII COOTB8TCTB)'J 

Hall MATpRllAo nerllO 38M8TB'n>, 'ITO Bblp8lK811118 (4) BJIOOB8 'COBJI8.11AeT C COCJ 

/5/ 
Bblp8lK811B8M ( 12) R3 B HOBOil UOCTAHOB]I;e 38A8'1Ho flo&TQMY R 8 H81118M en 

HAll ojlyHJUlBII fpBB8 HM88T Upo8KTHpylOWII8 CBOIIC:TBA. HaM CROBA ftYlKBO BB8CTR 

rfJ (p-+)- r/J<+,+) (p .. ) + r/J<+,'f'(p .. )+ r/JhH(p-+) + .p.·l,.,(p-+), 

(+:j:) .. + :j:,. .. .. .. 
rne nonolKelio r/J... (p) a A ~(p) A .J.-0 )r/J (p). B 9TOM c:nyqae ojlymtllRII r/J(p 

OT JlBYX CUBIIOpllbiX IIH!I81lCOB, !!pHIIBMAlOIIUIX 3B8'1811BII 1, 2 II 8 ( 6) nepe'IIICA 

Hbl8 opueHTAilBU CURHAo nsyxspeM8HB811 ojlyHKUBII fpllll8 ronb!x '18CTRll !!p08KT1 

' ~~ 
BOAHOBYIO ojlyHKilBlO B UOJlHpOCTpaHCTBO ~ C OliRHAKOBbiMII opueBTAUB~ 

(+) .. (+) 
'IRT, ecnll r/J (p )C cf! , TO ORA HMeeT BH!I 

l+(p) *"'(+,+) (p1+r/J(·,-) <P>· 
(-) (o) (•) 

AHanOrH'IHO BBO!IHM MHOlK9CTBO ljJyiiKilRil cf! , r11e ec:nB t/J (p)Ccf! , TO 

"'(·) (p)- "'(+,•)<P> +l•.+) (pj 

H K8~8B ojlyHKUBH paCCM8TpUB88MOrO THil8 npenCTABilli8TPH B BR!I8 

"' (p .. ) = r/J(+) (p .. ) + r/J(·) (f). 

B HameM cnyqae 
.. 
G

0
(P ,E)r/J(P') ,ecn~~ v4 )C 41<-> H nns seex r/J(p) 

/5/ B nanbHellmeM,. BMell B BRAY , nerKo aanHcan. onepaTop, &Jtsusane&TI 
.. ~+) 
B npocTp&HCTB8 4! , KOTOpb!ll, O!IBAKO, He 6yneT OC06h1Mo Mbl ero CBOBS 

qepea ~ , B oB 6yneT nasaTbCH MaTpB~ell 
...-., . ...,. + .... + .... - ...,. - ... 

G
0

= ~ l\p I+E[ A 
1
(p) A

2
(-p )-A 1(p)A 2(-p)] 

I p !I!.. E 2 

06paTIIblll eMY onepaTop 6yAeT 38!18B8TbCII MSTpu~ell 

....- ·1 i\ 21 ... 3 ... + + .. ... - .... 
[ G

0
] =-[ E -\p I-E(E-\p\)A 1(p)A 2(·p)-E(E+\pi)A (p). 

rr\ p \ .--. I 

B onepaTOpBOM BRAe g;; , [ g 0 ] ·I coneplKBT 811l8 H MHOlKBTenb 8 ( p - p' 

§ 3. nepel!neM It UOCTpoeBBlO OCBOBHOrO ypasHeBBII KB83RUOT6HliUAnbHOT 

aanBcblsaeMoro 11 sune [ g ( p-+, p' ; E ) ]'
1 

r/J (p' ) = 0, 

•I 
rne [ g <P: p';E)] - nesblll o6paTHbill onepaTop nsyxspeMeBuoll ljJyHKilBR fpRHI 

(3HS'IOK 'neBbill', lt&K 06bl'IBO, B9 CTABBM). 3anaqy 0 JIOCTpOBHRR SToro OUeJ .. 
MOlKeM paCCMSTpBliSTb KSK 38!18'1)' 0 pemeBHR OTHOCBT91lbHO ljJyHKilBB "'(p) l 

; ( p • p'; E ) ¢ (p') = t{J { p ) • 
PeweBue aToro ypaa&eHBII .. ~ .. ... ·1 ... 

¢ (p, ) • [ g ( p ', p; E ) ] r/J (p ) 
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BhliTOnHSIWTCH COOTHOW9HHSI 

up. :Jv + u ":;P. = 2 {"1 

uP. u" + :;v u p. = 2 giL" I 

TCSI 3pMHTOBhiMH. 

•naoro aayxKoMnoaeHTHoro cnsrsropaoro nonsr c HynesoJ! MaccoJ!, Kelt 

eTb 13 ssrne 

uP. a p. 1/1 (x) = 0 • 

epeJ!TH K HMnynhcaoMy npeacTasneaaro c noMOWbiO npeo6paaoaaaasr 

.raaeM B au.ue 

l lpX 
1/J(x)=-- fi/J(p)e dp 

(?.zr) • 

'ITO nponara Top D 0 ( lf- Y) a HMnyJibcaoM npencTaBJieasra 

u" p 
~ 

p +i< 

D 
0
(p) = 

( 1) 

puaa nsyx B3eHMoaeJ!cTayromux noneJ! paccMeTpuaaeMoro Tnna 

aaaeaHeM BeTe-CaJibneTepa,KoTopoe MO~Ho 3anucaTb CHMaonaqe-

g = go+ g J< g 1 

(2) 
CTaaneHHH B CHCTeMe Jl9HTpa Mace 

8 ··) -+ -+ 

.p'o• q'o) =(217) go(p,po' qo)o(p -p')o(po-p'Jo(qo- q~) + 

-8 -+ -) , 

+ (217 ) ( g ok g) ( P • P'; Po • q o • P ~ • q o) • 

pOHTTepupoBeTb (2) H nepeJ!TH It JlByXBpeMeHHOJ! ¢YHKJlHH rpHHa, 

= -------- ~ g =go+ go k g o + go k go k g a+ 

(3) 
0 HafiTH JlBYXBp8M9HHyro ¢YHKilHIO rpHHa JlJIR ronbiX 'leCTH!l, C TIOMQ-

rronayro. B cucTeMe neHTpa Mace oaa HMeeT aun 1 

( ~ ~- ' ) = ~ ~ .. , ) 0 ' ) & 0 P,p ;p 0 ,p0 =G
0
(p,E)o(p-p (p

0

-P
0

, 

T MBTpHny 

-+ • + -+ + -+ • -::\ -+ 
G 0 ( p , E ) = _

17
_
1 
_A (p) A (-p )+ _n_r_A (pJA-(-p). (

4
) 

IP 1-E ' 2 IP .. I+E I 2 

- 06bl'!HbiJ! TpeXMepHbiJi MaTpH'!HbiJt 
03H8'19HHH: P 0 = 2 E . u 

+' -+ -) .. 
A (p .. ) = ~ p 

,.. 21 i I (5) 

A-(p .. ) =~ .. P 

21; I 

4 

,., i. 
~ 

JIBJlliiOTCH onepaTOpaMll npoe&THPOBAIIJIH KasaMllpa. B aawew Clly'lae OBB BhiA&nlllOT &OMJro

HeHTbi BO.IIHOBbiX oj!yHXIUIA, OTBe'laiOIIlHe COCTOJIBBHM CO CIUIIIOM
1 

BanpasneJIHbiM liO DPOC'l'pAJio!o 

CTB9RHOMy HMli:YIIJ>Cy JU1J1 ofSpaTHO, 311a'lltH 1
1 

2 OTIIOCHTCJI It CliHIIOpRbiM 
BlrlleltcaM OTA~· 

llbiX "'aCTJIJ(, a BMQCTO OTC:yTCTB:YIOIIlHX 3Ha'lltOB liOApasyMeBaQTCJI COOTB8TCTB710DlaH 8JIRBB'I

IIaJI MaTpRU:a. JlerJto 34M8TBT:b1 'ITO Bblpa>KeHBe (4) BDonlle ·cOBD4J:l4eT C COOTB8TCTB7101IlHJol 
/5/ 

Bblp4>K8HB9M ( 12) 83 B BOBOA 1IOCT4110Bite 34J:la'lll, fiOSTOMy B B llaineM cnyqae CBOISOA-

114ll oj!y!Dt.Qall rpa11a HM88T lipoeKTBpyiODlHe CBOJ!CTBa, Haw CBOB4 Jly>KJIO BB9CTII pa3nolKeBBe 

"' (p .. ) = .p<+,+) (p .. ) + .p<+,'f(p~)+ .p<-.+~(p .. ) + yJ·'·"'(p .. ). 

(6) 
rAe nono>Keao r/l<±.+>(p)- A ;(p) A j:-0 )r/1 (p .. ). B STOM cny'lae 4!YHXllHII r,b(p .. ) 

3aBIICS1'1' 
OT AB:YX CliHBOpBbiX lllrlle&COB, 1IpHBBMaiODliiX 311a'leBBB 1, 2 II B (6) nepe'lllcnel'lbl B03MO>K

Bble Opl!eRTaJlHH CDIIBa, .QayxapeMeBBall oj!y&KliHll I'pua ronhlx 'laCTHU: liP081tTHpyeT nJO(iyro 
' ~~ 

BOnBoayro oj!yHKU:HIO B liOAliPOCTpaHCTBO 'I' C Oll)lllaltOBhiMII oplleHTaJUIHMII CliHHa, 311&-
(+) .. <+) 

'IBT, ecna r,b (p )C ~ 1 TO OHa BMeeT Blrll 

rp<+(p) - "'(+,+) (p1 + "'(.,-) <P>. 
(-) (.) ~ (•) AaanorB'IHO BBOilBM MRO>KOCTBO oj!yHitllBI ~ 

1 
rAe ecna r/1 \P)C~ 

1 
TO 

.p<·> (p) = "'(+,•) (p) +r/1(·.+) (p .. ) 

H Ke~aa oj!yHKllHH paCCMaTpBB4eMoro TBDa npeACT4BJIR8Tpll B BBil8 

"' (p .. ) = "'(+) (p .. ) + .p<·> (p .. ). .. .. 
B 114WeM cny'lae G0 (p;E)r{l(p"') ,ecna r,b(p )c~<·> a AJill acex r,b(p) 

/5/ 
B AanbHel!weM, BMell B BRAY , nerJto sanacaT:t. onepaTop, SKBBBaneaTHbll! g

0 
(+) 

B npocTpeaCTBe ~ , KOTOJ)Idl!, OABaKo, ae 6yneT oco6blw, Mbi ero caou o6os11a'lllw 

'lepes ~ , a oa 6yneT AaBaTbca MaTpanel! 

~ ', .. + .... + -+ - -+ - .. 
G0 = ~IIPI+E[A 1 (p)A 2 (-p)-A 1(p)A 2(-p)] IPI!!...E 2 

06paTIIbiJ! ewy onepaTop 6yAeT sanaBaTbcB MaTpuneJ! 

I. 
(7) 

......., •I 
[ G 0 ] = 

--
1
· - [ E 

2 

-I p I .! E (E -I PI) A ~(p )A,·p) -E(E+-I;I>A -(p)A-(·PJJ. (8) 
~rl pI .-. I 2 

B onepaTopHOM aa.ne g; , [ g 0 ]"
1 COAep~T eme B MHO>KIITem. 8 ( p - p' ) • 

§ 3, nepeJ!AeM It IIOCTpOeHBIO OCBOBBOrO ypeaHeBHH KB43HliOTeHliHan&HOro IIOAXO.na, 

381IHCb1BaeMOro B BRAe 
[ g ( p-+, p' ; E ) f 1 r/1 (p' ) = 0 , 

(9) 
·I 

rne [ g (p: p';E)] - ne&bll! o6paTHbll! onepaTop nByxapeMeaaoll oj!yHitlUIB rpaaa g (;, p'; E) 

(3Ha'!Oit 'neBbiJ!', 11:411: 06bi'IHO, Be CT4BHM), 3aAa'ly 0 HOCTp08HBB STore OIIepaTOpa Mbl 

MO~eM paCCMaTpHBaTb Kalt 341l4'1:y 0 peWeHBJI OTHOCHTenbHO oj!yBKIUIH 

t=:f ... ..... ... 

g(p ,p'; E) ¢(p')=r,b(p .. ). 
Peweaae sTore ypaBaeaasr 

_,. 1:$ .... .... ·1 .... 
¢ (p' ) = [ g ( p ', p; E ) ] r,b (p ) 

\j 
1:, 

5 
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.P (p) ypaBaeaasr 

(10) 

(11) 



1103BOIUI8T BAM 3AnBCATb CpA3Y H ypABB&BB& (9), H3-3A oco6oro XAp&JtT&pa g0 Mbl, 
/1 I · 

O.llB8JtO, H8 MOJt(8M npSIMO nOlllo30B&TbCSI <jlopM81IbHblM p831IOJt(8HH8M (2,11) B3 , nnSI 

Toro, '1To6bl A06BTbCSI T&ltOA B03MOlKBOCTS, A06&BHM It HylleBOMY 'III&Hy H8JtOTOpyro nonpae-

J( 
ml 

KY 
0 

TAII:BM o6pa30M, 'IT06&I oH <;Tan. Heoco6&IM, HM&H B BRAY nony'leHH&Ie B pe-

T81tHM o6p&30M, 'IT06bl BM&CTO g0 3yllbT8Tbl, BAM lt&lKeTCSI ecTeCTBeHBblM Bb16paTb }( 0 

nOBBII.IUI¢ll 6&1 H&IU onepaTOp g;: , T,&, Bb16epeM 

H /P. E ) = G 0 ( p, d - ; 
0
(P, E ) = 

ni --+ + -+ + -+ - -+ 
__ [A (p )A~(-p )+A (p )A {-p)]. 

I p I~- E 2 I I ~ 

Torna ypaeHeHRe (10) nony'IAeT, BH.Il 

i ¢ = .p +. }( 0 ¢ 

rne 
,_.,....~,..... ; 

g = Ko+ Ko K Ko+ KoK gJ{ Ko• 

(12) 

(18) 

(14) 

Y aToro HOBOrO onepaTopa BeT oco6eHHOCTeA B HylleBOM '!lieBe B .lliiSI Hero MOlKHO npHMe

HHTb p831IOlKeHB9 THna (2,11) B3 
111

: 

( - ·I_ - -i - ·I - ·I 
g ] - [ go] - [ go] g oK go [ go] + ........... . (15) 

M&t npennonolKBIIB, 'ITO ll.llPO K pacxnan&teaeTCSI no TeopHH B03MymenHA, oTcrona cnenyeT, 

'ITO T&IDIM pSI.llOM SIB1Ille!'C51 H (15), nnSI llpOCTOTbl BBO.IlHM o603H&'leHHe 

2 

.... •l 
[ g ( r 1l = [ g ]' 1- r 2W ( r 2) , 

0 

(16) 

rne r JtOHCT&HT& CBSI3H, W(r ) - cTeneHBOA PH.Il no aeoTpHII&TellbHbiM CTeneBHM r • 

H3 (13) nerxo nony'IHTb 
- 2 ·I - ·I 

¢=[ g (r )] .p +[g(r2)] }{o¢· (17) 

1 
B nallbHeAweM Mbl .llOIIlKHbl yqeCTb qneH J( o¢ , 113 (12) HeT~Y.IlHO ysHneTb, 'ITO}( 0 

CBOB& HBIIH9TCH llpOeKTHpyiOWBM onep&TOpOM C HHB&pH&HTHblM IIO.IlllpOCTp&HCTBOM ell (.), 

nnSI y'leTa 3TOrO 'IR9H8 p831IOlKHM ero 110 IIOIIHOJ!: CHCT9M9 <jlyHKIIHJ!: H COCT&BHM S::HCTSMY 

ypaBH9HBA .lliiSI BBO.IlBMbiX T&KHM o6pa30M K03<jl<jiHUH9HTOB, 

nnSI QUHC&HBSI CIIHHOpBOJ!: CTpyxTyp&l BB9.1leM CIIHHOpbl C06CTB9HHble <jlyHKUHH 0119-

paTOpa llpOeltiiHB CIIHHS HS .ll&HHOM HS11p&BII9HHR ;; , Ollp9.1l91ISieMOM 06bl'IHbiMH IIOIIS!pHblMH 

yrnaMH. Mx MOlKHO 3anacaT(b B :•¢e ) 

e 2 cos ....fl_ 

x<+> <ri'> = 1..i... 2 
e ~ sin _2... 

2 
( 

·I</; ) -e -2- sin _L 

x<·> <ri'> = ~...:£ 2 • 
e 2 cos~ 

2 
OHB sopMHposaHhl K enHHHue, opToroaanbHhi MelK.Ily co6ol!: H CBSI3BHbl c !'poeKUBOHHbiMB 

onepaTopaMH cooTHOWeHBHMH 

6 -
'l, 

l ~ 

A+ (i: x<+> <; > • x<+> <; > 
+ .. () ... 

A(n )x' (n )• 

A- ( ; ) x<+> ( : ) = 0 A(n .. )x<·l(~ )= 

BBB.IlY p831IOlK&HBSI (6), B ltOTOpOM 'IBCIIO KOMDOBeBT <jlyHltiiBB t/J (p .. ) COBDf 

'III&BOB B <jlopMyne ( 6), MOlKBO paCKII8JlbiB8Tb B OT.Il&llbBOCTB <jlyHKilHA B3 'IE 

TBposaaHblX nonnpocTpaHCTB. 0603H&'IHM sanpaBn.eBHe npocTpaBCTB&HHoro a 
.. p 
n• -- R 

I ; I = q • Bo-nepBb!X, Mbl Bbi.IleiiBM pa3nolKesBe no npocTpSHCTBe 

I 'PI 
cy q • D01Ib3Y51Cb, HBnpBMep, DO.IIHBOM&MR nareppa 

a q -a dD ·q D n=0,1,2, ....... . 
L (q) = e _q_ - ( e q ~ , 

D ~ dqD a>-1 

·CnBHOpHyiO <jlyBKIIBIO namero TBII&, 38BBCSIIUYIO TOllbKO OT . .ll&HHOrO HSIIp&BIIE 

III060ro npoe!tTHpOB8BH~ro nop,DpOCTp&HCTBa, MOlKHO pa31IOlKBTb no IIOIIHOA 

BOA CBCTeMe r±,+ l -+ -+ <±> .... -+ 
ell f (n ) = Y fm (n ) X - (n ) x<±l( -n ) , 

m I 2 

rne Y fm (n) - o6&I'IHbie c<jlepH'leCKHe <jlyHJtilBH, 

CeAqac seTpynso BaATH pa31IOlKeaue .pyaxnaH 

-+ .... niq - -+ + -+ + .. - -+ -+ 
H

0
(p,E)¢(p)=--[A(n)A (·n)+A (n)A (-n)]¢(n,q) 

q 2_J:!I I 2 I 2 

"" "" +f V(+-) (+,•) .. p(·,+) 

= I I I I F fm ( ¢ ) ell• ( n ). + F • ( ¢ 
v=o f=o m=-f Lm r.m 

) ~-+> <;)I 
fm 

rne 'IHCIIOBble KOS.p<jiBIIH9HTbl onpenenmoTCSI <jlopMYIIOA 

v<±+> TTivl .. q a <±+>T a -+ 
Ff (¢)= · JJ qe q «lle (n)L (q)¢(n,q)d0 d< 

"' f(v+a+ 1) cOXql q 2-E 2-i< m v 

3neCb 3H8KH llpOeKTHpOB&HHSI y 
cp ( ~, q) B CBS13H C ( 18) MOlKHO He IIHC&T 

110 CIIHHOpHblM HH.Il9KC8M B93.1le IIO.Ilp&3yMeB&eTCSI, B T&KlK9 BB9.1l9HO SIBH09 

IIOK83biBSIOIU99, 'ITO KOS<P<PJIIBeHTbl SIBIIHIOTCH <jlyHKIIHOB81I&MH ¢ , B CBR3B 

(17) MOlKHO 3BIIBC8Tb B BH.Il9 
+f V(+,•) --, •I (+·) 

I I I { F f ( ¢ )[ g (rl ] {¢ f (n)L 
V=O f=.o m=-f m m 

¢(p) =[g(T'2)li.P + 

( ) •I (-+) .. 
+ F ;.: (¢) [g(?\] («llf.m (n) L: (q')) 

Hawa aana'la cocTo.IUia B TOM, 'IT06bi pa3pewHTb aTo ypasHeHHe 01 

<jlyHKIIHH ¢ llpH .llSHHOJI npOH3BOIIbHOA <jlyHKUHB 1/J • nouweM peweHH 
Jl(:t +) 

HHSI B BH.Il9 (22), rne <jlyHKUHOH&Ilbl F . (</J) .lllllJ HCKOMOJI <jlyHKUHB 

onpeneneHHbl9 3B8'19HHH, .lllllJ KOTOpblX BBe.lleM 0603H&'leHHlJ 

·FV(±:j:J(¢) V(±:j:l 
fm =afm' 

]lnSI STHX KOS<jJ<jiHUHSHTOB HylKHO H&ATH CHCTeMy ypaeHeHHA, 8CTBBIIHH (23 

'19HHYIO <jl
0
pMyny - CHOB& B (22), HeTpy.llHO H8JITH, 'ITO HX MOlKHO onpene 

meA CHCTeMhl 

7 
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3 anucaTb cpa3y H ypasueaue (9), 113-38 oco6oro xapaKTepa g0 Mbi, 

( ) /1 I · 
eM npHMO nollb30B8TbCB tjJOpM81lbHblM p83Jl0li<8HH8M 2,11 B3 , .Ung 

·HTbCB T8KOA B03MOlKHOCTB1 J1008BHM X RYIIeBOMY 'III&Hy H81COTOpy10 nonpaB

/5/ 
o6paaoM, 'ITOobl oH CTan ueoco6biM, HMeB B BHAY nony'I&HHbie B pe-

Kall<eTCB ecTeCTBeHHbiM BblopaTb J( 0 T8KHM o6pa30M1 'ITOObl BMeCTO g 
0 

m onepaTop 7': , T,e. Bbi6epeM 

H /P· E ) = G o< p, <l -- g 
0

( p, E ) = (12) 

1Ti --+ + -+ + -+ - ... 
---[A (p )A

2
(-p )+A (p )A (-p)]. 

IPI2-E2 I I 2 . 

ueuae (10) nonyqae~ BHA 

g ¢ = </1 +. J( 0¢ (IS) 

r.,.... ~ r _, 
g = go+ &o K go + g o K g Jt go • (14) 

onepaTopa ueT oco6euuocTell B uynesoM 'llleae u AIIB aero MOlKHO npBMe

Tuna (2,11) H3 
111: 

[ - ·I_ - •I - ·I - •I 
g J -[go] -[go] goK go [go] + ············ (15) 

H, 'ITO MPO K p8CXII8AblB8eTCSI no TeOpHH B03MymeHHJ!, OTCIOJ18 ClleAy&T, 

HBIIHE!TCR H ( 15), .UnH npOCTOTbl BB0)1HM 0003H8'1eHHe 

,... 2.. •I 
( g ( T } ] = [ g ]"I- r 2W ( T 2) , 

0 
(16) 

Ta CBB3H, W(r ) - CTeneuuoA PM no ueoTpunaTellbHbiM CTeneulJM r • 

rKo ITOIIY'IHTb 

- 2 •I - •I 
¢=[ g (r )] </1 +[g(r2)] J<o¢• 

(17) 

eM Mbl AOIIlKHbi y'!eCTb 'III&H J( o¢ , 113 (12) H&TpyAHO YBHA&Tb, 'ITO J( 
0 

pO&KTHpyiOWHM OnepaTOpOM C HHB8pH8HTHbiM nOAnp~CTp8HCTBOM ~\-), 
'IJieHa p83JIO:>KHM ero no ITOIIHOJ! CHCT&Me tPYHKnHJ! H COCT8BHM CHCT&My 

OAHMbiX T81CHM o6pa30M KOatjltjJHUH&HTOB, 

ug cnuuopuol! CTPYKTyp&I BB&A&M cnuuopbi co6CTB&HHbie tjlyHKUHH one

cnuHa ua ASHHOM nanpasneuuu ; , onpeA&IIH&MoM oobi'IHbiMH nongpHbiMH 

e 2 cos ..1L 
(+) (ti') = l..i_ 2 

e 2 sin _2._ 

- e -2- sin _j}_ 

x<·> (ti') = l_j_ 2 • 
e 2 cos JL. 

0 38ITHC8T(b B :H¢& ) 

2 
( 

·I¢ ) 

2 
OpTOrOH811bHbl M&lKAY COOOil H CBSI38Hbl C !JPO&KUHOHHbiMH K &JlHHHUe, 

HOW&HHlJMH 

6 

• ·~ 

A+ (i: ) X<+J ( ;_ ) • x<+> (;_ ) +.... () .. 
.A(n)x'(n)•O 

A - < ;; J x<+> < n ) - o 
.. (18). 

A-( D .. lx(·)( n )= x·>( n). 
BBHAY pa3110lkeog (6), B XOTOpOM 'IHCIIO KOMrroH&BT WHKIUIB </J (p-+) COBIT8)18eT C 'IHCIIOM 

'III&BOB B tjlopMyne ( 6), MOlKBO pac:ttnll.llbiEI8Tb B OTAellbHOCTH tjlyuKuHA H3 '!eTblpex npoex-

THpOB8HHbiX ITOArrpOCTpaHCTB, 0603H8'1BM B8rrp8BII&HBe npocTp8B=BeHHOrO HMITyllbC8 
.. p .. 
n • -- B I p I = q • Bo-nepsb!x, Mbi BbiAeiiHM paanoll<eu~~:e no npocTpaucTaeuuoMy BMrryllb-

1 "PI 
cy q , nOllb3Y51Cb 1 H8npBM&p, nOIIHHOM8MH nareppa 

d" D = 0,1,2, ........ 
-- ( e ·• q"....., ' La (q) = e • _L_ 

n n! dq" a>-1 

·CnauopuyJO tPYHKilHJO H8Wero THIT81 38BHCHWYJO TOllbKO OT. )18HHOrO HanpaslleHHSI 
.. 
0 H3 

IIJOooro npoeKTBpOB8HH~ro no)1npOCTp8HCTB81 MOlKHO p83110lKHTb no nOIIHOJ! OpTOHOpMHpOB8H• 

BOll CHCTeMe t±.+ l ..,. ... c±) ... +v ... 
~ f (n) = Y fm (n ) X- (n ) x<-,-n ) , 

m I 
2 ( 19) 

rAe Y fm (o) - Oobi'!Hbl& ctjlepH'IeCKH& tPYHJtllHH, 

CeJ!qac HeTpyAHO H8l!Tu p83110ll<eHHe tjlyuKuuu 

..... -+ tri - .... + -+ + -+ - -+ -+ 
H 0 (p,.E)¢(p)=_q_[A

1
(n)A (·n)+A (n)A (-n)]¢(n,q) 

q 2-E' 2 I 2 

oo oo -tf J.l(+-) (+,•) _,. p(·,+) 

= I I I I Fem (¢) ~ o ( n ) + F o ( ¢ 
1-"=0 f..c m=--1' <m r.m 

(20) 
<-+J .. a 

)~ (n)! L (q), 
fm V 

rAe 'IHCIIOBble K03.ptjJHUH&HTbl onpeAeiiiDOTCSI tPOPMYIIOII 

vc±+> .._ 71iv! ·q a c±+>J a -+ 
Ff (¢)= ff qe q ~f (n)L (q)¢(n,q)d!1dq. 

m r(v+a+l) c!1xoJ q 2-E 2-i< m . " 

(21) 

3AeCb 3H81CH npO&XTHpOB8HHSI y </;(;,q) B CBSI3H C (18) MOlKHO He ITHC8Tb, CyMMHpOB8Hlle 

ITO CITHHOpHblM HHA&KC8M B&3)1e ITO)lpa3yM&B8&TClJ, a T8Kll<e BB&)1eHO SIBHOe 0003H8'1&HHe, 

nOK83b!B8JOWee, 'ITO K03.ptjJH!lHeHTbl SIBIIlJJOTCH tPYHKilHOBaii8MH ¢ , 8 CBH3H C (20), tjlopMyllY 

(17) MOlKHO 38nliC8Tb B Bllll& 

¢(p) =[g(Ti)j~ + I 
V=O 

+f 
I I 

f=o m~f 

' vc+,-J --a ·I <+·J a 
Ffm (¢ )[g (Til (¢em (n)Lv (q~)+ 

) ~-1 (-+) .. 
+ F"<-+ (¢)[g (n] (~0 (n)La (q'))!. 

f .n f.m V 

H8W8 38)18'18 COCTOlJII8 B TOM, 'ITOobl pa3peWIITb 3TO ypaBHeHII& OTHOCHTellbHO 

(22) 

tPYHKUHH ¢ rrpH )18HHOII npO)I3BOIIbHOil tPYHKUHH o/J , noliW&M pew&Hll& aToro yp8BH&-

HRlJ B BIIJl& (22), rAe tjlyHKUHOH811bl F V(:!:_ + \.p) llJllJ IICKOMOJ! tPYIIKUIIH cf> np11HHM8JOT 

onpelleii&HHble 3H8'l&HlllJ, JllllJ KOTOpb!X BB&)leM 0003Ha'leH)IH 

F~±p(¢l=av~!+J (23) 

,llllll 3THX KOStPtPHUII&HTOB HYlKHO H8iiTH CHCT&My ypaBHeHHII. BCT8BIIlJlJ (23) B (2!:!) H nony

'I&HHYJO tP9PMYIIY - CHOB8 B (22), HeTpyAHO H811TH, 'ITO HX MO:>KHO onpell&IIIITb H3 Cneayro

mell CIIC,eMhl 
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~~ 

ll(+·l --·1 .. 
00 f' 11'<+-> 11(+-l ·-- ., <+·> a 

F. ([g(r~]Y, )l: :t l: [a 0 ,,F0 l[g(r2)](4t,,L, )I+ 
LID. v'-of~o.~' t.m t.m -r:m II 

, •I (·+) a II(+•) 
II <-+> FJ.'(+. )I ["i(riJ] ( 41 , , L , n ] - a t.. 

+ af' m, f,. f ,. II 

FJ.'(-+> ( g(~f 11/J ) + "f-
t.. 11..0 

I 
f~ 

f' II'<+·> J.'(· +> -- • <+·' a 
l: [a

0
, , F

0 
l[g(r 2)] ~41., , L) I + 

1111 ~' t.m Lm Lm V 

II'<-+> 

+ at 'm, 

V(-+) -- ·I (•+) 
Ff,. l[g(,.,] (.41f',. 

a 
L , ) I ] 

II 

V(-+) 

~a • 
f,. 

8Q3MO>KHOCTH, ICOTOpblO Jl&OT H&M T&IC&!l CHCTOM&, Mbl OOCYJlHM B Jl&I?>BeimeM, 

BBII IIBJillloTCSI .j!yBJCUHOH&nbHbiMH 1/J , ltOTOpblO Mbl 0603H&'IBM 

V(+·) 
at.. ( ,, t/; ) 

11(-,+) 
a fm ( r "I t/; ) . 

(24) 

(25) 

Ee pe111e-

C !iOMOIIXbiO (22), (23) OICOB'I&TenbHO nony'l&eM 

¢ =[ g(r2) f\p +[g(r2)]"
1 i 

.. f II(+,·' r+,-> v<·.+> 2 <-.+) a 
l: l: I af (r~ 1/J) 410 +a • (r 1¢)410 IL11 

11~0 

Ocsosuoe ypassesue JCB&3HOnTH'IecKoro 

f.c:o •=·f m Lm Lm Lm 

UOJlXOJl& (9) 38UHWOM B BHJlO (26) 

- ·I 
[ g

0
] .P - V t/; =0 

(27) 

H )lnll BBeJlOBHOrO T&ICHM 06p&30M ICB83HUOTeHUH&na UOny'IHM cne)lyiOIIXee onep&TOpHoe 

s&rpa>KeBBe . 

v =[ g"J 1-[g(r2)f':_[g(r 2lflf' ~ ~ 1(41~+,-· 
· · v=o f=O m=-f m 

La ) II(+,·>( 21 ) 
11 

at.. r .... + 

<-+> 
+(4lfm 

a V(·,+l 
L

11
)afm (r 2 ! ........ )1, 

(28) 

r)le H&nH'IHe TO'IeJC yJC&3hlB&OT, 'ITO npH )lellCTBHH v H& K&KyiO-HH6yJlb ~HKUHIO, 

OH& )lonlKH& 6biTb UOCTasneH8 H& 9TOM MeCTO, '-iT06hl Bblli(:HHTb 38BHCHMOCTb KB83HUOTeHUH8-

' v(+ - \ 
na OT KOBCTSHThl CB!l3H OCT&eTCII 58 liTH ee )lnll K09qlqlHUHeHTOB a f~ + (r 1 ...... ), nns 9TOil uenH, 

nonb3yl1Cb (16), (18), (19). (21), HeTpyJlHO HSIITH 

FJ.'(± + 11[ --z;-2)]"' ( 41<± + 1 La .H = IJ ,/J IJ ,-r 2 Fv<±:p[ W(r ~(41<± + La,)] 
fm g f'.,' V W f'f' mm fm f' II 

II(± :j: ) -- •I (± i- ) a 
F0 I [g(r~] ( 41 0 , ,L ,) 

Lm Lm V 

ll(±:j:) {±:j:) 
=-r 2 F0 [W(r 2 )(41 0 , ,La,) 

t.m L m Jl 

F~±+>l[g(r2) ].
1

¢ I=£~+'</±+ 1 
)-r 2 F;~<± iw(r 2 ) t/; 

rJlO BBe)leHO o603HS'IeHHO 

8 

• 

·$1 
I 

- - a <±+>T .... 
fv<±+(ly/±+>)= ~ f f e"qqa L (q) 41fm (ii)t/;(n ,q)dl 
f,.; r<v+a+1)· <0> (q) 11 

BcTasnss s (24), (25), nerJCo saiiTH 

f' 
":t l: l: 
Y~ t~ m~' 

f' 
I l: I 

II~ f~ m'=l' 

I a~:<+-l F:-+-l [ W ( r 2
)( <tt', 

t.m' Lm Lm 

La ,)]+ ::~-:)F~+·> [ W(r 2 
)( 41~·.+> L 

II L m Lm L m 

J.'(+-) .p<-+-) 11(+-) 2 

= f 
0 

( - ) - F0 [ W (r ) 1/1 
tm r2 t.m 

v'<+-l v< --+l. <+-> a 
a 0 , ,.F 0 l W(r' (oll 0 , ,L, )] + 

Lm Lm Lm 11 

V '(-+) V(-+) (•+) a V(-t) t/J (-t) V 

+a
0
,,Ff [W(r~(41f,,L,)]=ff (--l-FI 

t.Dl m m v m r2 

0TJCn&JlbiB8ll o6cylK)leBBe BCOA CHCTOMhl, BBHJlY p83)leneHHll CB060)lHOrO 'lnOH 

cnaraeM&IX MOlKHO OlKHJl&Tb, 'ITO no)lo6soe pa3)lenesse nony'IHTCll R y ee pe 

poe Mbl npeJlCTSBHM B BH)le 

a 11f<±+>(r 2 lt/J >--1-A11f<±+>t.p<~)+B~<±+~W(r,l¢). 
m r2 m Lm 

BHJlHO, 'ITO s KB83HnoTesnsane noHBHTCll 'lneH, co)lep>KaiiXHII nonrocsyro oco6e 

n0nb3Yl1Cb (18), (28), (81), HeTpyJlHO H&llTH 
)lnll sero cne)lyrolllee swpalKe: 

,.. v (_1 ) 1/J = _L 
q 2_ E 2 

~ ~ +f (+-) V(+-) (-) (-i 

I l: I l<llr.. A fm (1/J )+4l fm 
r 2 r 2 1T i q v=O f=o m=·f 

'Bo-nepa&rx
1 

BHJlHO, 'ITO oco6&rll 'lneH HBnlleTc!l npoeKTHpyiOIIXHM onepaTopoM. 

TO ,\ V(_l_) t/J=O. 
,2 

8 CBS13H C .j!opMyn&MH (18), (19), (82) BH)lHO, 'ITO BbiUOnHSIIOTC!l paseHCTBB 

~ + ..... + ... 
:= A 

1 
( n) A 

2 
(-n) t. V (....!... ) tf; = 0 

r2 

j, 
A-~(;) 

, tjlyHKUHSI 

A:(-;)t!V(_l )1{1=0, 
r2 

t!V(_l_ )t/;C<II(-) • 3H&'IIIT onepaTop 
T,e, )ln!l nro6oll tjlyHKUHH .p 
HMeeT HHB&pH&HTHOO OOJlOpOCTp&HCTBO 

41(-)' 
2
s B T8KOM cny'I&O MOlKHO roB 

npoeKTHpyrowHe CBOllC'I;B& HBnSIIOTCSI )lOUOnHHTenbHbiMII K OO)l06HbiM CBOllCTBB 

JlBYXBpeMeHHOll tjlyHKUHH rpHH& ~ 
0 

, 8 T&JClKe BH)leH MeXaHH3M OlKH}l&eMOI 
(+) 

9TOrO •meHB npH cylKeHHOM paCCMOTpOHHH 38Jl8'1H H& npOCTp&HCTBe 41 

MoJKHO noKa3&Tb, 'ITO nps T&KOM paCCMOTpeBBH 3&Jl&'IH ycTpasseTCSI 11 '1.11 

UH&ne, He 38BHCliWHll 0T ICOHCTSHTbl CBH3H, H T8KHM o6pS30M nony'IHTb TO'! 

pliJlS TeOpHH B03Myllle11Hll, nns 9TOrO 'lnOH&, B CBH3H C (16), (18), (19), ( 

sa liTH 
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1 
00 00 f' v'c+-> V(+-) ___ .t C+·> a 

t/J ) l: l: l: [ af, , F. I[ g (r 2) 1 ( 4t, , L , ) I + 
v"::.:of~om~' m Lm "Ym Jl 

, ·I (·+) a 
1 

II(+·> vc-+> FV(+·ll£~1 (<llf, ,L.,,)I =a,_ 
+af'm' e.. m 

)+ I 
... ~ 

I 
f~ 

f' v'<+·> V(. +> -- • <+'·• a 
I [a 0 ,,F. l[g(r2)1\<ll.,,L)I+ 

m 'rr::l' t m Lm. t. m V 

v'<-+> 

+ a f'm, 
II(-+> -- ·I <·+> a 

F0 l[g(~1 (.<llf, L ,)11 
Lm 1D J1 

II(-+) 
-a . 

fm 

)l89T HSM TSKSSI CHCTeMa, Mbl 06Cy)lHM B )lS~HeAmeM. 

SllbHbiMH t/J , KOTOpble Mbl 0603HS'IBM 

( ,, "' ) . "h+> ( r 2 1 .P ) • 8 fm 
OKOH'I8T9nbHO HOny'IS9M 

(24) 

(25) 

Ee peme-

·L -- ·I oo oo f 1/(+,., f+,·) V(·.+) 2 (•,+) a 
2) 1 'I' + [ g (r2 )1 l: l: I I •e.. (r, t/1) <llfm +a fm (r llfi)<llfm IL., 

v=O l',.o m=·f 
He KB83HOHTH'I9CKOro HOJlXOJlS (9) 38HBW9M B BBJl9 (26) 

- •I 

[ g
0

] .P- V 1/J =0 (27) 

KHM o6paaoM KaaaBnoTeKUBana nony'IBM cne)lyromee onepaTopHoe 

- "' • 1 ~ • J.QO il' +f <+,·' a v(+ ·> 
[ g ( r -J] -[ g \r -,] 2 .z. I I ( ellf L ) a,_· (r 2 1 ,... ) + 

(-+) 

+ ( ellfm 

v=o f=0 m=-f m " 

V(-,+> 
L ~) a fm (r 21 ........ ) I ' 

(28) 

3biB89T, 'ITO HpH )lel!CTBHH v HS KSKYID-HH6yJlb ¢yHKllBID, 

SBHeHa HS STOM MeCTe, lfT06bl BbiSICHHTb 38BHCHMOCTb KB83BHOT9HHH8-

(+ - \ 
TSeTCSI HSllTH ee Jlllll K03ipqlHllH9HTOB a~~ + (r 1 ...... ), nnll STOll nenu,X 

( 19) • ( 21), HeTpyJlHO liS liTH 

c+ + > + c± + 
( ell - La ) I = o , o o rr 2 F"<-+> [ W ( r 2j (ell La,) ] 

f'rn' Jl W ff'mm fm f' Jl 

<±+>a 
( ell f ;._ ,L,.. ,) 

V(±+> <±+> a 
=-r2F0 [W(r 2 )(41 0 ,,L,) 

tm t m J1 

·I 

t/1 I *c± + > c±:,: > 
2 

v>c± ) 
f fro ( .P ) - r Ff,. l W (r 2 ) .P 1 , 

a 

8 

#-

fv<±+(>lfic± + >) = ~ f 
fm HV+a+1)· <!l> 

8CT8BllSISI B (24), (Z5), li9rKO HSllTH 

f'' 

a C±+>T ..., 
f e·qqa L (q) ellf (n),P(n ,q)dO dq 

(q) 1/ ID 

':t l: l: 
~~~ l~o m~' 

I v'<+·> FV(+-> [ W( 2 ) ( 41<+·> 8 f'm' fm r f'm' 
La )]+ v'<-+)Fv(+·> [ W(r 2 )(ell<·+> L .a )]I= 

v' af'm' fm f'm (29) 

f' 

V(+-) 

= f em 
"'(+-) 

(-
T 2 

) - Ff:+->[ W (r
2

) .P 

l: l: l: 
v '<-+-> v( -+l. <-+-> a 

a 0 ,, Ff l W(r, (ell 0 , ,L, )] + (30) 

Jl~ f'=0 m '=t' Lm m tm v 

V '<-+) V(-+) (•+) a V(-+) 1/J (-+) ~-~ 
+a., , Ff [ W( r ~ ( ellf, , L , ) ] = f 0 (-- ) - F f l W(r 2) t/J 1. 

t. bl m m v Lm r 2 m 

OTKliSJlbiBSSI o6cyJKJleHHe acel CBCTeMht, BBBAY paa)leneHBll cao60JlHoro 'lneHa Ha ABS 

CJiaraeMbiX MOlKHO OlKHJlSTb, 'ITO H0Jl06H09 p83AeneHHe nony'IHTCll H y 99 pemeHHll,- KOTQ-

poe Mbl npeACTSBHM B BHA9 

a"<±+>(r
2I.P >= _1

_ A"'4 '(.p'~ l+ s"<±+ ~W(r' I If!). 
fm ,a e.. fm (31) 

8HAHO, 'ITO B KB83HHOTeHnBane HOSIBHTCll 'IJieH, COA9PlK8WBll HOJIIDCHYID oco6eHHOCTb HO 

n0nb3Yl1Cb (18), (28), (31), H9TPYllHO HSliTH Jlllll aero cne)lyromee Bblp8lK9HH9 

2 
r ' 

~V(_1 )If! =_L q2-E2 £ £ ;e lell<;-> A~-+->(t/1<->)+ell<-+>Ac-+>(.,6->(~l)a 
r 2 r2 ITi q v=o l',.o m=·f m m fm fm v' 

Bo-nepabtx
1 

BHAHO, 'ITO oco6ht~ 'lneH SIBnsteTcll npoeKTHpyiDWHM onepaTopoM. Ecna .p cell(+), 

TO ~ V(_1_) 1/J=O. 
,a 

8 CBSI3H C <jlopMynaMB (18), (19), ( 32) BH)lHO, 'ITO BbiHOllHliiDTCSI p8B9HCTB8 

~ + -+ + -+ 
/::. A 1 ( n) A 

2 
(-n) ~ V (__!_ ) .p = 0 

,2 

.... -+ • 

A-1 (n) A~(-n )t!V (_1 ),P =0, 
,a 1 

T,e, Jlllll nro6oll <jlyHKllHH 1/J , <jlyHKllHSI tiV(_1_ )1/JC<IJ(-) , 3HS'IHT onepaTop ~ V (-) 
( )T 2 T 2 

HM9eT HHB8pH8HTH09 HOJlTipOCTpSHCTBO <IJ - B B TSKOM CJiy'l89 MOlKHO roaopHTh, 'ITO ero 

npoeKTHpyiDWHe CBOliC'I;BS SIBllliiDTCll AOHOJIHBT9JibHb!MH K HOJl06HblM CBOHCTBSM CB060JlHOll 

JlBYXBp9M9HHOll <jlyHKllHH fpHHS ~ 
0 

, 8 TaKlK9 BH)leH MeXSHH3M OlKH)lSeMOrO yCTp8H9HHll 

<+) 
STOrO 'IJI9H8 npH CYlK9HHOM paCCMOTp9HBH 38)l8'1H HS npOCTpSHCTBe <IJ , 

MOlKHO HOK838Tb 0 'ITO npH TSKOM pSCCMOTpeHHH 38AS'IH ycTp8HSI9TCSI H 'IJI9H B KB83HHOTeH

llHane, He 38BHCBWHll OT KOHCTSHTbl CBSI3H 0 H TSltliM o6pa30M nony'IBTb TO'IHYID CTpyKTypy 

PS!Jl8 TeOpHB B03MyWeHHll, nng 9TOrO 'IJI9H8, B CBSI3H C (16). (18), {19), (28), HSTPYJ:!HO 

HSliTH 

I' 

9 



~~ 

E~ ~ 
ll V (O)t/1• ~ l: 

.. 
l: 

t..o 

+f l: I [ <6+,·>~~,,(0))/1) + .. -.+> 
-..t f,. f.. t-

sv<·,+> (1(0)1 t/1)] La + 
f.. v 

wiq v-o (88) 

v<+,•> <·> <+,·> v<-.-+1 <·> <-.+> a 
+ [ ·A f,. ( t/1 ) I (0) 41 f,. + A fm ( 1/J ) I (0) 41 f,. ] L v 

<+> 
B npoCTp8BCTB9 41 BTOpaA rpynna ~naBOB BC~eaaeT, B CBH3B C (18), (19) nerKO 

3.!1M9TB'M>, UO B T8KOM cny~ae B9nB~BIIbl TBil8 

+ + 
A 

1 
( it ) A ( • i: ) ll Q (0) 1/1 , r (n .. ) A-(..,;) /W(O) 1/J 

2 I ~ 

3ABBCn' TOJI.bKO OT KOMilOB9Jf'l'bl 1/J (·) B B npOCTp8HCTBe t<+> onepaTop t!.V(O) H9 )laeT 

axnana B xsaaunOTeHIIHan. 

§ 4. PacCMOTPHM no)lpo6Hee BbiJIIeR31lOlK9HH09, npaMeHeJUIWI llOJlXO.Q B 341,Qa'l8 o6 

OClp8rueHHH onep8TOpOB, 8H8nBTH~9CJ[H 38BJICAmHX OT ll8p8M9Tpa ( B B8JII8M cny'lae - OT J[OB ¥ 

CT8HTbl CBS13H), BCXOAHT H3 B9lt0Topb!X M8TeMaTB~9CKBX paClOT, llOCBAmeBHhiX STOMY sonpo

/6/,/7/ /8/ cy, aenpaMep,, ' • 06ht~so sTy 38A8~ CBOAAT npa onpeAeneHHhiX ycno)3HAX x peme-

HHIO KOH9'1HOfl nBBef!HOfl CHCT9Mbl, 3TO MOlKHO CA91I8'M>1 y'!HTb!BaSI B (20) KOB9~H09 'IBCilO 

~eHOB, AOCT8TO'IHO C)om.moe, 'ITOClbl AilS! BB9.lt9BHOrO Knacca BonHOBbiX ojlyH1tiiHA B npB 

onpe.tteneHHbiX rHilOT938X OTHOCHTenbHO npHM9BSIBWBXCSI p5Ul081 OCT88JIIa51CSI ClecltOBe~H8il 

cyMMa shtCTynana 6hl B JI:A'IecTBe ManoA nonpas:s:a. Mbt npe.ttno~nB ae .ttena-n. ace B 6onee 

6nK3KOM K UHTKp088HHbiM p8ClOTAM BHAe, 'IT06ht H9 nOnh30Ba'M>CA All$! PSU!OB T90pHB B03-

MYJII9HHI! runoTe38MB, o npanum.aocTH xOTOpbtX HH~ero Be aanecTHO, Taxol! ljlopMa.llbHbiA 

llOAXvA npunen K CleCKOB9'1BOI! CKCTeMe (24), (25) BM9CTO COOTB9TCTB)'IOJII9A KOB9~BOI!, 

B3 KOTOpOf!, OAH8K0
1 

MOlKHO o6p830B8'M> KOB9~Bbl9 CBCT9Mbl AilS! npB6nBlK9HHbiX p8CCMOTp9-

HHll, 

nosmnSieTCSI cneAyiOruHll nonpoc: KpoMe oco6eHHOCTH n ayne, cp8BHHTem.Ho nerKo Bhl

cTyn8IOmel!, cyweCTB)'IOT liB H npyrHe OCOCleHHOCTH HO KOHCT8HT9 CBSI3H H lt8lt08 HX BKII8A 

B ItB83HHOT9HUB81I? 0TB9T H8 8TH aonpOCbl MOlKHO nony~H'M>, 83)'~811 CHCT9MY (29), (30), 

Jlng npOCTOTbl MOlKHO A)'M8Tb 0 H9KOTOpOM KOH9'1HOM J\psClnBlK9HHH KnB 0 B03MOJKHOJ! KOH9~· 

BOll tPoPMYllHpOBK9 38A8~H. 803MOlKHOC'M> peweHHH COOTB9TCTB)'!OIIl9ll CHCT9Mbl onpeA91IHOT

CSI ee neTepMHH8HTOM, HeTp)'.ttHO 38M9TH'M> H3 (29), ( 30) 0 ~TO OH JlonlKOB 6ht'M> COCT8Bil9H 
H 

ua M8TpH'IHhiX sneMeHTOB onepaTop8 W(r 2) B npoCTp8HCTBe 41 , 1.1To6ht 38HHC8'M> 

peweHl'!e CHCTOMbl B BHA9 (31 ), He06XOAHM00 'IT06ht T8KOll A9T9pMHH8HT AIIH W(O) 6hlll 

0Trul'I9H OT aynH. nosTOMY AilS! B03MOlKHOCTH YTB9plKA9HHH cyweCTBOB8HBH B KB83HHOT9H

UH81IO ll01IIOC8 BHA8 (31) AOCT8TO~HO npennOllOlK9HHH 06 OTC)'TCTBHH OC069HHOCTOI! y ~neHOB 

BToporo nop>IJlK8, npa xoTopoM H nony'leH8 BhlmenpuaeAeHH8H K8pTHH8, B npOTHBHOM cny

'189 B03MOlKHO HOHBn9HH9 HOillOC8 B ayne BbiCWOro nopHJlK8, 0THOCHTOilbHO AP)'I'HX OCOCles

HOCTell: no r ~ B TAKOM p8CCMOTpeHHB HB'Iero 6onee onpeAeneaaoro noKa aeru.aSI CKaaa-n., T8K 

K8K AIISI HX C)'lllBCTBOB8HHSI H906XOAHMO llOHBA9RH9 OC06eHHOCTell: y 'III9BOB PSIAB TeOpHH 

B03M)'W9HHfl
1 

npB ll0RBII9HHH o6wel! OC069HHOCTH AB)'X8p9M9BHOfl ojlyRKUHH rpHH8 1 aylKHO 
/5/ ' 

BCilOMHH'l'b CABil8HHhiO B 38M9~8HHH no STOMY nOBOAY· 

10 

• 

~~ 
\, 

nony'l8HHbl8 pNyllloT4Tbl MOlKRO IIORHM4Tio cna,ayiOIIIHM o!SpaSOM, B Ram 

B lt843BIIOT9H1UI41l8 IIOSII!IIl.R8TCK llonlOCHOll 'lll&H, O.QHa:s:o, Bllli,ay IUIII,a8BHitiX IIJ 

CBOiiCTB 8TOrO ~eRa, Clonae 9.CTeCTBeHHO paCCM8TpBBa'M> 38Aa~ B CylKeHHO: 
(+) 

npOCTpaHCTBe 41 ero He )''111Tb!B8'M>o A TaX K8X ltOHCTaJf'l'a CBH3H HM99T 

p0B8HH09 3Ha~9HBe, 110 C)'TH ,aena BHX8XOI OCOCieHHOCTB B XBa3HnOT8H1Uiane 

Kose~Ho, ecnu Clbl Ciblna BbiHBneaa ueo6xo.aHMOC'M> y~eTa TaKoro .aononHBTem 

B KBa3HIIOT9HUBilll8, CTOHnO Clbl yny'IWB'M> BbiWenpBB9A9HIIbl9 p8CCMOTp9HBSI, ' 

X J:IOBOJI.bHO CnOlKHOMY BOnpOCy 06 oClpameHHB onepaTopa, aiUIIUITB'IeCXH 3aBH 

DapaMeTpa. 

ABTOP BltlpalKaeT Clnaro.aapBOCTb A.,H,TaBX91lH.tt3e, a TaltlKe y~aCTHBXAM 

aa noneasoe oCScylK.lteBBe aacTo.RIIIell pa6oThl, 
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q~ :I 
.-

.. 
:I 

l..o 

+f 
:I I [ ~~:' Jt'<r:,w(0))/1) + .r:;:> Bv<-.+l (11(0) I .P)] L11 + 

tm v m=-f 
(83) 

(•) (+,•) V(-,.., (•) (• +) IZ 
.p )W(O)cllf +Af (t/J )11(0)41.' ]L m m ua v 

opaB rpynna 'lneHOB BC'IC3aeT, B CBfi3B C (1,8) 1 (19) nerKO 

cny'lae senB'IBmhl TBna 

it) A+( • .;+) 
2 

(·) 
HCHTbl tP 

l1 Q (0) "' , A~ (a .. ) A:<...-) llV(O) .p 

a B npoc'l'JlaBCTBe c~~<+> onepaTop !1 V(O) ue AaeT 

•npo6aee BblmeKanoX<eBBoe, npiiMeBeJUIWI nonxon B aua11e oCS 

B8nBTB'ICCJ[B 38BHCJimBX OT napaMeTpa (B B41118M Cny'lae- 0T KOB~ 

H3 HCKOTOpb!X M8T8M8TB'IecKBX pa60T, UOCBJimeBBb!X STOMY BOnpo-

• 06hi'IHO STY 38Jl8'1Y CBOJlSIT DpB onpeneneBB:&IX yCnOBBJIX K peme

HCTCMbl, 3TO MOlKHO cnena'l'b1 Y'IBTbiBSJI B (20) KOBe'IHoe 'IBCnO 

oe, 'IT06hi nnsr sseneaaoro Knacca BonHOBhlX ,PYnnall B npu 

OTBOCBTen&BO fiPHMCHRBIUBXCR PSUIOB1 OCTaBIU8liC51 tieCKOHe'IHAJII 

a'leCTBe ManoA nonpaBKB, Mhi npenno'lnB Be nena'l'b see B 6onee 

pa60T8M BRae, 'IT06hi He ROnb30BATb.CSI JlDR PllllOB TeOpBB B03-

paBBnbHOCTH KOTOphiX BB'Iero ue aasecTBO, Taxoll cjlopMam.ub!ll 

'IHOli CBCTeMe (24), (25) BMCCTO COOTB8TCTBYIOIUell KOH8'1HOJ!, 

0 oopa30B8Tb KOH8'1Hhl8 CBCT8Mhl JlDR npBDnBlK8HHb!X paCCMOTpe-

Bli BOnpoc: KpOM8 OCQD8HHOCTH B uyne, Cp8BHBT8n&HO nerxo Bbi-

H B apyrBe 0COD8HHOCTB DO KOHCTSHTe CBR3H B KAltOB BX BKDAJl 

Ha 3TH BORpOCbl MOlKHO nony'IB'I'b1 B3Y'I851 CHCT8MY (29), (30), 

8Th 0 HCKOTOpOM KOHe'IHOM llpB6nBlK8BBB BnB 0 B03MOJKBOJI KOH8'1•t 

BoaMoJKHOCTb pewenusr cooTBeTCTByiOmell CBCTeMbl onpenensrcT

·TPYAHO 38MCTBTb H3 (29), (30) 1 'ITO OR p.OnlKeH 6b1Tb COCT8BD8H 
H 

onepaTopa W(r 2) B npOCTp8HCTB8 cJI , LiTODbl 38UHC8Tb 

c ( 31), ueooxoaBMO, 'IT06hi TaKoli neTepMHHSHT nns 11(0) obln 

anSI B03MOlKHOCTH YTBepJKaeHHSI cymeCTBOBSHBSI B KBa3HnOTeH

OCT8TO'IHO npeanODOlKCHBSI 00 OTCyTCTBHH OCODCHHOCTel! y 'IDCHOB 

nony'leHa BblmenpBBeACHHaSI KapTHHa, B npOTHBBOM cny-

B uyne Bblcmero nopHAKa, OTuocHTem.uo apyrux oco6eu

CCMOTpeHBH HB'Iero Gonee onpeneneaaoro noxa ueJUoaSI cxaaa'l'b, TaK 

HCODXOaHMO DOSIBDCHBe OCODCHHOCTell y 'IDCHOB pgna TeopBB 

B o6mell oco6ennocTH nsyxspeMeHaoli ,PYHKDBB fpaaa, uyJKHo 
I 

38MC'I8HHSI no 3TOMy DOBoay, 

10 

• 

nony'leHBb18 pNyn&T4T:&I MOlKKO DOBIIM4Tb cneQyiOIIIIIN OtipaSON, B JlaWJIX yCnOI!IIIIIX 

B KBa3JIHOTeHnB.ane HOSIBnlleTCR nonJOCBOll 'lnaB, OABaK01 allll,a.y Bal!QeBBbiX npoeKTIIPYIOIIIJIX 

CBOICTB &Toro 'lneBa1 6ome 8.CT8CTB8BHO paCCNaTpHBa'l'b 34Jla'IY 1!1 CyX<eHBOM CNh!Cnet Ba (+) • 
lipOCTpaHCTB8 ~ ero Be Y'IIIThiBATb. A Tal[ KaK KOBCTaBTa CBR3H HM88T CTpOrO cjlHXCJI-

pOBaBB08 3Ha'I8HHe1 no CyTB nena HHKAXOll OCOtieHBOCTB B XBa3HnOTeBnBane Be HOSIBDJI8TClL 

Koae'IHO, ecnu tibl tih!na BhlBBneBa ueo6XOABNOCTb y'leTa Taxoro nononBHTen&Horo 'lneua 

B KBa3HHOT8BllBAne, CTOBDO 6bl yny'IWJI'I'b BhiWeDpBB8JleBRb18 paCCNO'l'Jl8BBB
1 

OTBOCJimllecg 

K AOB~BO CDOlKBOMY BOnpocy 06 o6pameHHB onepaTopa, aaanBTB'IeCXB 3aBBCSIIUero OT 

napaNeTpa, 

ABTOp B:&lpaX<aeT 6naronapBOCTb ~.H,TaBX8DBASe, a TaEX<e y'laCTHHKaM CeMBaapa nTcJI 

aa noneaaoe o6cyX<QeHRe uacToB!IIel pa6oTw, 

n B T e p a T y p a 
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